










76 ΛCDM: Cosmological Model with Dark Matter and Dark Energy

-1.0

-0.5

0.0

0.5

1.0
∆(

m
-M

) 
(m

ag
)

HST Discovered
Ground Discovered

0.0 0.5 1.0 1.5 2.0
z

-0.5

0.0

0.5

∆(
m

-M
) 

(m
ag

)

ΩM=1.0, ΩΛ=0.0

high-z gray dust (+ΩM=1.0)
Evolution ~ z, (+ΩM=1.0)

 Empty (Ω=0)
ΩM=0.27, ΩΛ=0.73
"replenishing" gray Dust

Fig. 4.5 Plots [39] illustrating different possible interpretations of observations of SNe Ia. They
show the deviation from the prediction of a model of curved empty Universe (ΩM = ΩΛ =
0, Ωcurv = 1; recall that such a Universe expands at constant speed, ä = 0). Among cosmo-
logical models, considered are flat ΛCDM (ΩM = 0.27, ΩΛ = 0.73) and flat CDM model without
dark energy (ΩM = 1, ΩΛ = 0). Model with evolution is the model in which absolute lumi-
nosity of SNe 1a decreases like z−1 (in flat CDM cosmology). Models with non-standard inter-
galactic medium are models with “dust” absorbing the supernovae light; the “dust” densities are
ρ(z) = ρ0(1 + z)α, where α = 3 (dash-dotted line) and α = 3 at z < 0.5 while α = 0 at other
z (thin black line). Data at upper panel are from the Hubble telescope (bullets) and terrestrial
telescopes (diamonds). At the lower panel these data are combined and binned in z. We note that
independent observations of SNe Ia [40] give results consistent with those shown here.

to the Hubble law at small z. We make use of the relation ΩΛ = 1 − ΩM − Ωcurv

and write to quadratic order in z

χ(z) =
1

a0H0

[
z − z2

4
(3ΩM + 2Ωcurv)

]
.

To this order r(z) = a0χ(z) + O(z3), so

r(z) =
1

H0

[
z − z2

4
(3ΩM + 2Ωcurv)

]
. (4.42)

The second term in the right hand side is precisely the correction we are concerned
about. It is clear from (4.42) that this correction depends only on the combination
(3ΩM +2Ωcurv) or, in terms of ΩM and ΩΛ, on the combination (ΩM −2ΩΛ), but not
on ΩM and ΩΛ separately. It is this property that is responsible for the degeneracy at
small z. To study the degeneracy at moderate z one has to use higher order terms in
z in Eq. (4.42). It turns out that the terms depending on the combination (ΩM−2ΩΛ)
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FIGURE 2.8 Measurements of ȧ = aH = H(z)/(1+z) from standard candles (data point at z ! 0) and the BAO standard
ruler in the galaxy distribution (points at higher redshift). The line shows the best-fitting Euclidean !CDM model
to the CMB and BAO measurements at z < 1. There is direct evidence that the comoving expansion rate decreases
at higher redshifts (as expected if the universe is dominated by matter) but then increases again at low redshifts
(requiring the existence of dark energy). From Planck Collaboration (2018b).

a cosmological constant. What is striking about this measurement is not merely that it
allows for independent constraints on dark energy; it beautifully shows us directly that
the expansion of the universe is accelerating. In a universe with matter and radiation (or
any constituent with vanishing or positive pressure), the quantity H(z)/(1 + z) = aH = ȧ

is monotonically decreasing. Indeed, the higher-redshift data points in Fig. 2.8 show this.
However, we see that aH has to increase in order to meet up with the locally measured
Hubble rate. So, standard candles and rulers now allow us to see the presence of dark en-
ergy directly.

The existence of dark energy can be inferred not only using probes that measure the ex-
pansion history directly (sometimes called geometric probes). The accelerated expansion
also directly affects the evolution of structure in the universe. We will see how this happens
in Ch. 9, and discuss observable ramifications in Ch. 11. Growth of structure probes in-
dependently support the Euclidean concordance cosmology with "! ! 0.7. A compelling
argument for the existence of dark energy is that both geometric (background) and dy-
namic (structure) probes agree on the same cosmological model.

So far, we have always talked about the cosmological constant !, with the one free pa-
rameter being the energy density associated with it, "! in Fig. 2.7. However, this is only
the simplest possibility for what dark energy could be, and introducing a constant carries
its own set of problems (see Exercise 1.5). This is why we use “dark energy” rather than
cosmological constant as a moniker. One generalization is to make the constant dynami-
cal, turning the energy density associated with ! into the potential energy of a scalar field
V (φ). This possibility is often referred to as quintessence. Yet another possibility is to mod-
ify general relativity itself, so that the acceleration is due to a modified behavior of gravity.
For the reader interested in an overview of the model landscape, Mortonson et al. (2014)
and Frieman et al. (2008) provide brief and comprehensive treatments of dark energy, re-
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6.2. Combining probes and understanding cosmological
models

To better determine cosmological parameters, we in-
clude constraints from measurements of the CMB from
Planck Collaboration et al. (2016a), measurements of
local value of H0 from (Riess et al. 2016), and mea-
surements of baryon acoustic oscillations from the SDSS
Main Galaxy Sample (Ross et al. 2015), the Baryon Os-
cillation Spectroscopic Survey and CMASS survey (An-
derson et al. 2014). These BAO measurements set the
BAO scale at z = 0.106, 0.35, and 0.57. For all CMB
constraints, we include data from the Planck tempera-
ture power spectrum and low-` polarization (Planck TT
+ lowP).
Before combining constraints from di↵erent probes, we

can compare constraints on ⌦m when we assume the uni-
verse is flat, w0 = �1, and wa = 0. Using our full SN
sample with systematic uncertainties, with no external
priors except flatness, we find ⌦m = 0.298± 0.022. This
is similar to the value determined from Planck Collabo-
ration et al. (2016a) of 0.315± 0.013 and the value from
BAO of 0.310±0.005 (Alam et al. 2017). Using only SNe,
there is no constraint on H0 since H0 and M from Eq. 3
are degenerate. Constraints on H0 from data that in-
cludes SN measurements only come indirectly from the
SN component in that the SN measurements constrain
parameters like ⌦m and w which have covariance with
H0. Since the low-z SNe in this sample and the one used
in Riess et al. (2016) are very similar, there may be some
common systematics that a↵ect both probes, though this
is likely to be small as Riess et al. (2016) compare SNe
in the Hubble flow to SNe with z < 0.01 whereas our
analysis compares SNe in the Hubble flow to SNe with
z > 0.1.
Relaxing the assumption of a cosmological constant,

we measure w, the dark energy equation-of-state pa-
rameter. For these wCDM models, we assume a flat
universe (⌦k = 0). In Table 12, we compare how the
di↵erent cosmological probes impact the constraints on
⌦m and w. As shown in Figure 20, combining Planck
and SN measurements, we find ⌦m = 0.307± 0.012 and
w = �1.026 ± 0.041. This is to date the tightest con-
straint on dark energy, and we find that it is consis-
tent with the cosmological constant model. These val-
ues are more precise than, though consistent with, the
values from combining Planck and BAO measurements
which are ⌦m = 0.312± 0.013 and w = �0.991± 0.074.
Combining SN, BAO, Planck and H0 measurements yield
⌦m = 0.299 ± 0.007 and w = �1.047 ± 0.038, similar to
the results of just SN+Planck. If we replace constraints
from Planck with those from WMAP9 (Hinshaw et al.
2013), we see a shift of �w ⇠ +0.04 seen in past stud-
ies (e.g., B14 or R14) which does not change any of our

Figure 20. Confidence contours at 68% and 95%
for the ⌦m and w cosmological parameters for
the wCDM model. Constraints from CMB (blue), SN
- with systematic uncertainties (red), SN - with only sta-
tistical uncertainties (gray-line), and SN+CMB (black)
are shown.

conclusions.
In Table 13, we compare how the di↵erent cosmological

probes impact the constraints on w0 and wa. We show
in Figure 21, the constraints of various combinations of
the di↵erent probes given the w0waCDM model. We find
that combining SN, BAO, Planck and H0 measurements,
w0 = �1.007±0.089 and wa = �0.222±0.407. These val-
ues are consistent with the cosmological constant model
of dark energy such that w0 is consistent with �1 and
wa is consistent with 0, or no evolution of the equation-
of-state of dark energy.

6.3. Comparison of Cosmological Results to R14 and
B14

Comparisons between the results from R14 and B14
with the results from this analysis are shown in Table
14. R14 used a sample of 112 PS1 SNe and 180 Low-z
SNe to measure cosmological parameters, and found for
the wCDM model a ⇠ 2� deviation from w = �1 when
combining SN and Planck measurements. With a larger
sample of PS1 SNe and an improved analysis, we find no
hints of tension with a cosmological constant from the
parameters derived for the PS1+Low-z sample.
As can be seen in Table 14, the statistical-only con-

straints from the improved PS1+Low-z sample are con-
sistent with those from R14 and the constraints on ⌦m

and w are tighter. However, accounting for systematic

Equation of state parameter



Equation of state parameter

PS1 and the Pantheon Sample 25

Table 11.

Sample ⌦m ⌦⇤ ⌦K H0

CMB+BAO 0.310± 0.008 0.689± 0.008 0.001± 0.003 67.900± 0.747

CMB+H0 0.266± 0.014 0.723± 0.012 0.010± 0.003 73.205± 1.788

CMB+BAO+H0 0.303± 0.007 0.694± 0.007 0.003± 0.002 68.723± 0.675

SN+CMB 0.299± 0.024 0.698± 0.019 0.003± 0.006 69.192± 2.815

SN+CMB+BAO 0.309± 0.007 0.690± 0.007 0.001± 0.002 67.985± 0.699

SN+CMB+H0 0.274± 0.012 0.717± 0.011 0.009± 0.003 72.236± 1.572

SN+CMB+BAO+H0 0.303± 0.007 0.695± 0.007 0.003± 0.002 68.745± 0.684

Notes: Cosmological constraints from di↵erent combinations of probes when assuming the oCDM model.

Table 12.

Sample w ⌦m H0

CMB+BAO �0.991± 0.074 0.312± 0.013 67.508± 1.633

CMB+H0 �1.188± 0.062 0.265± 0.013 73.332± 1.729

CMB+BAO+H0 �1.119± 0.068 0.289± 0.011 70.539± 1.425

SN+CMB �1.026± 0.041 0.307± 0.012 68.183± 1.114

SN+CMB+BAO �1.014± 0.040 0.307± 0.008 68.027± 0.859

SN+CMB+H0 �1.056± 0.038 0.293± 0.010 69.618± 0.969

SN+CMB+BAO+H0 �1.047± 0.038 0.299± 0.007 69.013± 0.791

Notes: Cosmological constraints from di↵erent combinations of probes when assuming the wCDM model. The value of w = �1
corresponds to the cosmological constant hypothesis.

uncertainties cause the best-fit parameters of this anal-
ysis to diverge from R14. One of the main reasons for
this is that compared to the analysis of S14, the system-
atics of the PS1 sample are smaller but the systematics
of the Low-z sample are larger, thereby e↵ectively down-
weighting the Low-z sample with respect to the PS1 sam-
ple.
There are no large di↵erences between the constraints

from our full Pantheon sample and that from the B14
analysis. The reason for this is shown in Fig. 19 - even
though our Low-z sample is much larger, our systematic
uncertainties on the Low-z bias correction are also much
larger. Furthermore, the addition of the PS1 sample does
not have much pull as it is consistent with SNLS and
SDSS. This subsample also occupies a redshift range in
between those the SNLS and SDSS subsamples. Still, we
note the 30% decrease in total uncertainties from B14
and our analysis.

7. DISCUSSION

Here we discuss specific areas of this analysis that re-
quire further analysis or future study.

7.1. Low-z Samples

Each aspect of the analysis from R14 and S14 has been
improved for the present analysis, though we find here
that the Low-z sample must be better modeled in order
to realize the significant gains from the larger statistics

Figure 21. Confidence contours at 68% and 95% (in-
cluding systematic uncertainty for SNe) for the w and
wa cosmological parameters for the w0waCDM model.
Constraints from BAO+CMB (blue), SN+CMB (red),
SN+CMB+BAO (yellow) and SN+CMB+BAO+HST (yel-
low) are shown.

and smaller systematics in the high-z SN samples. Since
there are ⇠ 180 Low-z SNe each with a distance mod-
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• The cosmic acceleration requires a component with equation of state w< -1/3. 

Observations consistent with w=-1. We also measure the deceleration/
acceleration transition, implying that dust or evolution models are not enough to 
explain observations.

• It looks as if the acceleration is due to a cosmological constant. Aren’t we 
happy?




