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Measurement: The Planck CMB Power Spectrum
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Measurement: The Planck CMB Power Spectrum

Small
scales

Large
scales

• Today: want to understand this spectrum!
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today

Reminder: CMB Last-Scattering Sphere

Primordial CMB

CMB is emitted
from last 
scattering 
surface 
whenever
local 
temperature is
T*

• Calculated propagation to relate CMB to conditions on 
last scattering surface and conditions on the way.
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Reminder: CMB Temperature

Density perturbation
causes temperature increase

Potential minimum / maximum
causes photon redshifting / blueshifting
Temperature –ve / positive

Last scattering surface
moving towards observer cause
blueshifting

ISW effect: potentials decaying causes
blueshifting and positive T 

⇥(n̂) =
�r
4

+ �e � n̂ · v +

Z 0

e
d⌘2�0

Note first 3 terms are 3D quantities 
evaluated on last scattering surface:
at position, time = ((⌘0 � ⌘⇤)n̂, ⌘⇤) ⌘ (�⇤n̂, ⌘⇤)



Reminder: CMB Temperature

Density perturbation
causes temperature increase

Potential minimum / maximum
causes photon redshifting / blueshifting
Temperature –ve / positive

Last scattering surface
moving towards observer cause
blueshifting

ISW effect: potentials decaying causes
blueshifting and positive T 

• Use this to connect power spectrum to initial conditions 
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Outline

• Connection of power spectrum to initial conditions
• Acoustic processing: basic equations
• Acoustic processing: detailed solution
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Inflation: accelerated
expansion blows 
quantum fluctuations 
up, generates small 
differences in density

Initial Conditions: Inflationary
Quantum Fluctuations Make Everything!

We can see these 
density differences in 
the CMB, a picture of 
(nearly) the 
beginning

Over time, the 
smaller scales 
collapse into the 
stars and galaxies 
we see around us 
today!

Inflation: we (and everything) exist because of random quantum 
vacuum fluctuations in the early universe



Initial Conditions: Inflationary
Quantum Fluctuations Make Everything!

(including this)



• See later and other courses for more details on 
generation of inflationary perturbations

• Predicted quantity is the comoving curvature 
perturbation (constant and conserved outside horizon.) 
You can think of this as ~ the potential perturbation 
initial conditions at early times:

Initial conditions: assumptions (for now)
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• Inflation tells us that the curvature perturbation is well 
described by a power spectrum

• Where the power spectrum is nearly scale invariant

Initial conditions: assumptions (for now)
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hR(k)R⇤(k0)i = (2⇡)3PR(k)�(D)(k� k0)
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• Since perturbations are very small, linear evolution holds 
and all quantities evaluated at the CMB last scattering 
surface 

can be related to initial conditions with simple linear      
transfer functions T(k).

• E.g. for radiation, Fourier transforming                             
we can write 

Linear Evolution and Transfer Functions
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Transfer function Radiation density
perturbation

Initial condition 
curvature 
perturbation

�r(k, ⌘) ⌘ Tr(k, ⌘)R(k, 0)
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• The most relevant terms in                                         are

first two, where Sachs-Wolfe term S(x,η) is a 3D quantity.

• We can thus define a Fourier-space transfer function:

plasma processing             initial conditions

Linear Evolution and Transfer Functions
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CMB power and projection
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Evaluate S here

Us

+

N.B. This transform evaluated
on one equal time slice

⇥(n̂)
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CMB power and projection
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+

• Read off spherical multipole coefficient

⇥(n̂)
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CMB power and projection
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+

• Read off spherical multipole coefficient

• Exercise: computer power spectrum

using 

halma⇤lmi = Cl�ll0�mm0

hR(k)R⇤(k0)i = (2⇡)3PR(k)�(D)(k� k0)

⇥(n̂)

<latexit sha1_base64="X1s7cgTUEl6ZjEUhLAsELEtuLoU=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQr2URArqrejFY4V+QVPKZrtpl242YXcilNCLf8WLB0W8+jO8+W/ctDlo64OBx3szzMzzY8E1OM63VVhb39jcKm6Xdnb39g/sw6O2jhJFWYtGIlJdn2gmuGQt4CBYN1aMhL5gHX9yl/mdR6Y0j2QTpjHrh2QkecApASMN7BOvOWZAKl5IYOwHqTcmgOXsYmCXnaozB14lbk7KKEdjYH95w4gmIZNABdG65zox9FOigFPBZiUv0SwmdEJGrGeoJCHT/XT+wAyfG2WIg0iZkoDn6u+JlIRaT0PfdGZ36mUvE//zegkE1/2UyzgBJuliUZAIDBHO0sBDrhgFMTWEUMXNrZiOiSIUTGYlE4K7/PIqaV9W3Vr15qFWrt/mcRTRKTpDFeSiK1RH96iBWoiiGXpGr+jNerJerHfrY9FasPKZY/QH1ucPNOKWLQ==</latexit>



• Result:

• Which 3D wavenumber k projects to which 2D multipole l?

CMB power and projection

83

plasma
processing

primordial
power

projection
(Bessel)
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to CMB



• peaks when

CMB power and projection
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l=10

l=30jl(x)

k�⇤ ⇠ ljl(k�⇤)

Image:
A. Challinor



• peaks when                    (although some 
contributions from higher k, due to LOS-perpendicular 
wavefronts)

• CMB at multipole l mainly arises from fluctuations with 
wavenumber or equivalently

CMB power and projection
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• S slowly varying in k relative to the Bessel function, so

i.e. here

CMB power: approximate expression
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k = l/�⇤

transfer fn.: plasma
processing (?)

Initial 
primordial
power
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• S slowly varying in k relative to the Bessel function, so

[ ]~constant

CMB power: approximate expression
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What is the plasma processing that determines CMB power
via transfer function TS? 
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Goal for this lecture: 
understand this CMB power spectrum

• Necessary steps: need to understand
I.: photon propagation from when the CMB was emitted + 
projection to power spectrum ✔
II.: initial conditions ✔
III.: evolution in plasma (acoustic processing) from initial 
conditions to perturbations at emission

Will discuss III now.

R(k, 0) ! (�r,�,v)⌘⇤ ! �T (n̂)
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Outline

• Connection of power spectrum to initial conditions
• Acoustic processing: basic equations
• Acoustic processing: detailed solution
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Processing and Evolution

• Want to derive transfer function TS taking us from initial 
power spectrum to final CMB observables.

Image:
A. Challinor



Processing and Evolution

• Want to derive transfer function TS taking us from initial 
power spectrum to final CMB observables.

• Main relevant quantities are evolution of radiation 
density and potential�r ⌘ ⇢r � ⇢̄r

⇢̄r
�

Image:
A. Challinor



Deriving Evolution: Perturbation Theory
• Perturb stress-energy tensor of a fluid (ok for low l)

• And perturb the metric

ds2 = a2(⌘)
⇥
(1 + 2�)d⌘2 � (1� 2�)�ijdx

idxj
⇤



Perturbation Theory: Basic Equations
• Conserving Stress-Energy gives, for each component: 

The continuity equation (energy conservation)

• As well as the Euler equation (momentum conservation):

N.B. For radiation we set P = ⇢/3



Perturbation Theory: Basic Equations
• Conserving Stress-Energy gives, for each component: 

The continuity equation (energy conservation)

• As well as the Euler equation (momentum conservation):

Or:

N.B. For radiation we set P = ⇢/3



Perturbation Theory: Basic Equations
• Conserving Stress-Energy gives, for radiation, the 

continuity equation (energy/mass conservation)

• As well as the Euler equation (momentum conservation):

Combine by taking time deriv. of continuity, eliminate v’

v0
r = �1

4
r�r �r�
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Perturbation Theory: Basic Equations
• Continuity + Euler:

v0
r = �1

4
r�r �r�
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Acoustic Oscillations: Approximate Equation

• Fourier transformed and taking ∇→ -ik we obtain:

Note that we have neglected baryons in this treatment!
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3
k2�

Radiation pressure: 
restoring force

Driving force
from potentials



Acoustic Oscillations: Approximate Solution

• We will at first also only consider matter-dominated 
large scales where potential is constant. We obtain

• Simple harmonic oscillator equation for each k! This 
system supports “acoustic” oscillations of the plasma. 
Frequency of oscillations is k/31/2 – higher k oscillates 
faster.
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Acoustic Oscillations: Intuitive Picture

• Harmonic oscillator forced by constant potential

Radiation pressure: 
restoring force

Image:
Wayne Hu



Acoustic Oscillations: Intuitive Picture

• Each k-mode oscillates as standing wave. 2 x k 
oscillates twice as fast

Image:
Wayne Hu



Acoustic Oscillations: Approximate Solution

• Recall 

• Free solutions are

• Where and cs(⌘
0) = 1/

p
3

�r / cos(k⌘/
p
3), sin(k⌘/

p
3) = cos(krs(⌘)), sin(krs(⌘))
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Acoustic Oscillations: Approximate Solution

• Free solutions are

• Where and 

• Initial value        with no time derivative. Therefore, 
assuming only cosine: TS oscillates in k at recombination
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0) cs(⌘
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Acoustic Oscillations: Approximate Solution

• Found solution

• Since

• Series of peaks/troughs in multipole l! Seen in the CMB!
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Acoustic Oscillations: Intuitive Picture

• Key: oscillation frequency depends on k [2 x k → 2 x freq.] 
• At recombination, certain frequencies = certain k = n k1 are 

at maximum of their oscillation. Series of peaks in k → l. 

S(k, ⌘)
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Aside: Coherent Phases Argument 
for Inflation

• Peak structure only arises because inflationary initial 
conditions generate pure cosine mode, with all 
fluctuations in phase.

• Other mechanisms for producing structure can’t do this!

S(k, ⌘)

<latexit sha1_base64="he1pJ02MQfaw/r6ATlqTnL2zuCs=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmkoO6KblxWtA9oQplMJ+3QyYOZGyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45Xiy4Asv6NlZW19Y3Nktb5e2d3b198+Cwo6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43ucn97iOTikfhA6QxcwMyCrnPKQEtDczKfc0JCIw9H0/OsMOAnOKBWbXq1gx4mdgFqaICrYH55QwjmgQsBCqIUn3bisHNiAROBZuWnUSxmNAJGbG+piEJmHKzWfgpPtHKEPuR1C8EPFN/b2QkUCoNPD2ZB1WLXi7+5/UT8C/djIdxAiyk80N+IjBEOG8CD7lkFESqCaGS66yYjokkFHRfZV2CvfjlZdI5r9uN+tVdo9q8LuoooSN0jGrIRheoiW5RC7URRSl6Rq/ozXgyXox342M+umIUOxX0B8bnD5XMk3Q=</latexit>



CMB Power Spectrum

• ~describes magenta curve. But why are odd peaks larger?

1 
compression

1 rarefaction

2 compressions

Image:
A. Challinor
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Outline

• Connection of power spectrum to initial conditions
• Acoustic processing: basic equations
• Acoustic processing: detailed solution
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Acoustic Oscillations: Adding Baryons

• Baryons add to momentum density while contributing 
negligible pressure. Can add to Euler equation by 
rewriting it entirely in terms of momentum density q and 
adding the baryon contribution

q = (⇢̄+ P̄ )v = (⇢̄r + P̄r)vr + ⇢̄bvb ⇡
4

3
(1 +R)⇢̄rvr

R ⌘ ⇢̄b/(⇢̄r + P̄r)

q = (⇢̄+ P̄ )v = (⇢̄r + P̄r)vr + ⇢̄bvb ⇡
4

3
(1 +R)⇢̄rvr!



Acoustic Oscillations: Adding Baryons

• Now the relevant evolution equations become

• A damped, driven oscillator with sound speed

For full solution, must understand potential evolution!
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• Horizon: distance over which causal physics acts and 
modes evolve. Horizon grows with time and larger modes 
enter.

Reminder: Horizon Growth

k�1
� H

�1

Image credit: J. Fergusson



Reminder: Horizon Growth

• Small-scale modes enter the horizon earlier, 
during radiation domination 

• Large-scale modes enter the horizon later, when 
the universe is already matter-dominated.

w = dP/d⇢ = 1/3

w ⇡ 0

Critical 
value:

k�1
eq = H

�1(⌘equality)



• From the Einstein equations for w=1/3; w = 0 obtain:

Large scales: constant potential

Small scales: potential has 
decayed

Large and small scales: feel different potential

Image credit: J. Fergusson



Perturbation Evolution

• Now that we understand the potential, can evaluate 
radiation evolution more exactly:
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Large scales / matter dominated
• Solution: oscillations offset by constant potential:

• For large scale modes               modes have entered in 
matter domination. Matching initial conditions, e.g.

�r(⌘,k)

4
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Effect of Baryons

• Baryons enhance compression. This offsets oscillations, 
increasing size of odd peaks.
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Small scales / radiation dominated

• During radiation domination it is easiest to go back to 
Einstein equations. Result is:

• Potentials have decayed far inside the horizon so are 
negligible; hence

�r(k) ⇡ �2

3
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The CMB Temperature
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The CMB Temperature
• Summary: obtain equations

• We have now determined the transfer function Ts (above 
expressions without     )
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The CMB Temperature
• Summary: obtain equations

• At fixed rs – when we observe CMB – this gives cos2

oscillations, as before
• Can see: modes with or                        are 

at maximum at last scattering
• (Potential decay driving boots oscillations on small 

scales)
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CMB Power Spectrum

• Already explained: baryons make odd peaks larger

Closer to
magenta curve!

Image:
A. Challinor



Other terms in power spectrum

• Have made progress on explaining SW term. Others 
subdominant but non-negligible. Refine next time!

Image:
A. Challinor



The Cosmic Microwave Background
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Measurement: The Planck CMB Power Spectrum

Small
scales

Large
scales

• Today: understand spectrum and parameter constraints! 
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• CMB power spectrum depends on:

i.e. here

Reminder: CMB Power and Initial Conditions

126

k = l/�⇤

2. transfer fn.: plasma
processing (?)
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Reminder: Acoustic Oscillations

• Started discussion with matter-dominated large scales 
where potential is constant. Neglecting baryons:

• Simple harmonic oscillator equation for each k, with 
frequency k/31/2

.
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• Approximate large-scale picture neglecting baryons

%¥"ke
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Reminder: Acoustic Oscillations

TS(k) / cos(krs(⌘))
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Reminder: Acoustic Oscillations

• Key: oscillation frequency depends on k [2 x k → 2 x freq.] 
• At recombination, certain frequencies = certain k = n k1 are 

at maximum of their oscillation. Series of peaks in k → l.

S(k, ⌘)
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Reminder: Adding Baryons
• Adding baryons enhances momentum density, changes 

solution:

• At fixed rs – when we observe CMB – this gives cos2

oscillations, as before, but even peaks enhanced
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Reminder: Adding Baryons
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• Have neglected: Doppler term, damping, reionization 
(+large scale limit) – discuss now! 

Not quite there… what are we missing?

Small
scales

Large
scales



Outline

• CMB power spectrum: details
• Determining cosmic composition from the CMB
• Tensions?
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Complication: Doppler Terms

• We have so far only treated the Sachs-Wolfe terms, but 
have neglected the Doppler one

• Need to redo projection operation and transfer function 
calculation. Note: for scalar perturbations we know that 

⇥ ⇠
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Velocity potential



Doppler term: project as before, with slight changes
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Evaluate S here

Us

⇥(n̂) =

Z
d3k

(2⇡)3
eik·n̂�⇤(�ik̂ · n̂)Tv(k, ⌘⇤)R(k)

<latexit sha1_base64="9KdAFMQNkYQS+Qi7LhxgAS64Olk="></latexit>

v(k, ⌘) = ik̂Tv(k, ⌘)R(k)

<latexit sha1_base64="IQ0LIhWqZo6T9hv9umBlJo5LDrI="></latexit>

ik̂ · n̂eik̂·n̂k�⇤ =
d

d(k�⇤)

h
eik̂·n̂k�⇤

i
= 4⇡

X

lm

ilj0l(k�⇤)Y
⇤
lm(k̂)Ylm(n̂)

<latexit sha1_base64="x8+9m08+otugVYxD5+W0Wz+Uorc="></latexit>

⇥ ⇠

<latexit sha1_base64="p+qKkAYhYGNv4tFJRWzUxOcT3gc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN6KXjxW6BckoWy2m3bp7ibsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O6WNza3tnfJuZW//4PCoenzSNUmmKevQRCS6HxHDBFesAxwE66eaERkJ1osm93O/98S04YlqwzRloSQjxWNOCVjJD9pjBgQHhstBtebW3QXwOvEKUkMFWoPqVzBMaCaZAiqIMb7nphDmRAOngs0qQWZYSuiEjJhvqSKSmTBfnDzDF1YZ4jjRthTghfp7IifSmKmMbKckMDar3lz8z/MziG/CnKs0A6boclGcCQwJnv+Ph1wzCmJqCaGa21sxHRNNKNiUKjYEb/XlddK9qnuN+u1jo9a8K+IoozN0ji6Rh65REz2gFuogihL0jF7RmwPOi/PufCxbS04xc4r+wPn8AezPkQs=</latexit>



• Take spherical harmonic transform, square, compare 
with power spectrum definition. Result:

• What is velocity transfer function?

Result: CMB power from dipole term

136

plasma
processing

primordial
power

projection
(Bessel’)

�⇤ = ⌘0 � ⌘⇤
distance
to CMB

0

<latexit sha1_base64="+KkC/zBHPjDDjZCIQKvnuyn048Q=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPoKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+nmvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5pl4pVW+zOPJwAqdwAR5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A29VjLc=</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>



• Continuity equation:
Potential is constant (matter dom.) or small (rad.) so ’= 0.

• Hence                                      and

• In other words, we have a sine transfer function, whereas 
Sachs-Wolfe has cosine. 

Velocity Transfer Function

v(k, ⌘) ⇠ cs sin(krs)

<latexit sha1_base64="jz5eivJyp/LRWBL6QACbwSC1hgA=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISKai7ohuXFewFmhAm00k7ZDIJM5NCCX0EN76KGxeKuHXpzrdx0mahrT8MfPznHOac308Ylcqyvo2V1bX1jc3SVnl7Z3dv3zw47Mg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXD2/zendMhKQxf1CThLgRGnIaUIyUtjzzbFx1IqRGfpCF03OHKFSDjqQRxJ7MgVdDKDxZ88yKVbdmgstgF1ABhVqe+eUMYpxGhCvMkJR920qUmyGhKGZkWnZSSRKEQzQkfY0cRUS62eygKTzVzgAGsdCPKzhzf09kKJJyEvm6M19eLtZy879aP1XBlZtRnqSKcDz/KEgZVDHM04EDKghWbKIBYUH1rhCPkEBY6QzLOgR78eRl6FzU7Ub9+r5Rad4UcZTAMTgBVWCDS9AEd6AF2gCDR/AMXsGb8WS8GO/Gx7x1xShmjsAfGZ8/C2+b9w==</latexit>



• Continuity equation:
Potential is constant (matter dom.) or small (rad.) so ’= 0.

• Hence                                      and

• In other words, we have a sine transfer function, whereas 
Sachs-Wolfe has cosine. 

• Question: Why do we still have oscillations in the total 
power despite cos2 + sin2 = 1?

Velocity Transfer Function

v(k, ⌘) ⇠ cs sin(krs)

<latexit sha1_base64="jz5eivJyp/LRWBL6QACbwSC1hgA=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISKai7ohuXFewFmhAm00k7ZDIJM5NCCX0EN76KGxeKuHXpzrdx0mahrT8MfPznHOac308Ylcqyvo2V1bX1jc3SVnl7Z3dv3zw47Mg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXD2/zendMhKQxf1CThLgRGnIaUIyUtjzzbFx1IqRGfpCF03OHKFSDjqQRxJ7MgVdDKDxZ88yKVbdmgstgF1ABhVqe+eUMYpxGhCvMkJR920qUmyGhKGZkWnZSSRKEQzQkfY0cRUS62eygKTzVzgAGsdCPKzhzf09kKJJyEvm6M19eLtZy879aP1XBlZtRnqSKcDz/KEgZVDHM04EDKghWbKIBYUH1rhCPkEBY6QzLOgR78eRl6FzU7Ub9+r5Rad4UcZTAMTgBVWCDS9AEd6AF2gCDR/AMXsGb8WS8GO/Gx7x1xShmjsAfGZ8/C2+b9w==</latexit>



• Projection involves derivative of Bessel function! Less 
peaked w. contributions from much broader range of k.

• Doppler power much less oscillatory:

Velocity Transfer Function and Doppler Power

0
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v
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Image credit: A. Challinor
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doppler

Power Spectrum Including Doppler

• Still not quite there: how can we explain the cutoff at 
high multipoles?



• Photons diffuse, smoothing out inhomogeneities in 
photon density

• What is diffusion length?
– The mean free path is
– Hence number of scatterings:
– The distance random-walked is
– Hence diffusion length is 

Complication: Photon Diffusion

lP = (ane�T )
�1 = 1/|⌧̇ |

d⌘/lp

<latexit sha1_base64="kBINU2T1YBCjJWRr5n98UN2U8jg=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU02koN6KXjxWsB+QhrLZbNqlm92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwlRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hMU9amSijdC4lhgkvWBg6C9VLNSBIK1g3HdzO/+8S04Uo+wiRlQUKGksecErCSH+E+A3KBxSAdVGtu3Z0DrxKvIDVUoDWofvUjRbOESaCCGON7bgpBTjRwKti00s8MSwkdkyHzLZUkYSbI5ydP8ZlVIhwrbUsCnqu/J3KSGDNJQtuZEBiZZW8m/uf5GcTXQc5lmgGTdLEozgQGhWf/44hrRkFMLCFUc3srpiOiCQWbUsWG4C2/vEo6l3WvUb95aNSat0UcZXSCTtE58tAVaqJ71EJtRJFCz+gVvTngvDjvzseiteQUM8foD5zPHzwPkJg=</latexit>

L2 ⇠ Nl2p ⇠ d⌘

lp
l2p ⇠ d⌘lp ⇠ d⌘|⌧̇ |�1

<latexit sha1_base64="3v1ooJesGxTvqJSIbNoJ7Dxj97Q="></latexit>

k�2
D =

Z ⌘⇤

0
d⌘ |⌧̇ |�1L2 ⇠

<latexit sha1_base64="lkzltgsqj2FwZmwdGDGQS9UK2oo=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CINoFbSwsIpgPSM6wt9lLluzunbt7QjjyJ2wsFLH179j5b9wkV2jig4HHezPMzAtizrRx3W8nt7a+sbmV3y7s7O7tHxQPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Prmd9+okqzSN6bSUx9gYeShYxgY6XO7UOlp5lA/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n87vnaIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeOGnTMaJoZIsFoUJRyZCs+fRgClKDJ9Ygoli9lZERlhhYmxEBRuCt/zyKmlVyl61fHlXLdWvsjjycAKncA4e1KAON9CAJhDg8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QM8OI93</latexit>



• Photons diffuse, smoothing out inhomogeneities in 
photon density

• What is diffusion length?
– The mean free path is
– Hence number of scatterings:
– The distance random-walked is
– Hence diffusion length is 

• Recall diffusion equation 

where the diffusion length L is L~(Dt)1/2

Complication: Photon Diffusion

lP = (ane�T )
�1 = 1/|⌧̇ |

d⌘/lp

<latexit sha1_base64="kBINU2T1YBCjJWRr5n98UN2U8jg=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU02koN6KXjxWsB+QhrLZbNqlm92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwlRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hMU9amSijdC4lhgkvWBg6C9VLNSBIK1g3HdzO/+8S04Uo+wiRlQUKGksecErCSH+E+A3KBxSAdVGtu3Z0DrxKvIDVUoDWofvUjRbOESaCCGON7bgpBTjRwKti00s8MSwkdkyHzLZUkYSbI5ydP8ZlVIhwrbUsCnqu/J3KSGDNJQtuZEBiZZW8m/uf5GcTXQc5lmgGTdLEozgQGhWf/44hrRkFMLCFUc3srpiOiCQWbUsWG4C2/vEo6l3WvUb95aNSat0UcZXSCTtE58tAVaqJ71EJtRJFCz+gVvTngvDjvzseiteQUM8foD5zPHzwPkJg=</latexit>

L2 ⇠ Nl2p ⇠ d⌘

lp
l2p ⇠ d⌘lp ⇠ d⌘|⌧̇ |�1

<latexit sha1_base64="3v1ooJesGxTvqJSIbNoJ7Dxj97Q="></latexit>

k�2
D =

Z ⌘⇤

0
d⌘ |⌧̇ |�1L2 ⇠
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�̃(k, t) = �̃(k, 0)e�Dk2t = �̃(k, 0)e�k2L2

<latexit sha1_base64="/ADQVzRs0r9myyWJJxbClHxofJU="></latexit>
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Complication: Diffusion

• Result: exponential suppression �r / e�k2/k2
D cos(krs)

<latexit sha1_base64="xEus0N7qEObpppHesdBQ/CuckdE=">AAACFHicbVBNS8NAFNz4bf2KevSyWISKWJMiqDdRDx4VbC00adhsX+uSTTbsboQS+iO8+Fe8eFDEqwdv/hu3NQdtHVgYZt7j7UyYcqa043xZU9Mzs3PzC4ulpeWV1TV7faOhRCYp1KngQjZDooCzBOqaaQ7NVAKJQw63YXQ+9G/vQSomkhvdT8GPSS9hXUaJNlJg73kd4JoEEnupFKkWGNr5ftSuHUTBRbs2wB4VqhJhGajdwC47VWcEPEncgpRRgavA/vQ6gmYxJJpyolTLdVLt50RqRjkMSl6mICU0Ij1oGZqQGJSfj0IN8I5ROrgrpHmJxiP190ZOYqX6cWgmY6Lv1Lg3FP/zWpnuHvs5S9JMQ0J/DnUzjk32YUO4wyRQzfuGECqZ+Sumd0QSqk2PJVOCOx55kjRqVfewenJ9WD49K+pYQFtoG1WQi47QKbpEV6iOKHpAT+gFvVqP1rP1Zr3/jE5Zxc4m+gPr4xvWiJ1t</latexit>



Complication: Diffusion

• Result: exponential suppression 

lP = (ane�T )
�1 = 1/|⌧̇ |

lP d⌘ d⌘
k�2
D =

Z ⌘⇤

0
d⌘ |⌧̇ |�1

�r / e�k2/k2
D cos(krs)
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Image credit: A. Challinor



Complication: Reionization
• Universe is reionized at z~6-10

– CMB scatters off the ionized gas with optical depth

– Inside the horizon for small scales, anisotropies 
attenuated by , spectra by  

⌧ =

Z ⌘0

⌘re

ane�T d⌘

e�⌧ e�2⌧



• Have only approximately calculated photon diffusion, 
finite visibility function,… full treatment with Boltzmann 
eq. explains this (CAMB, CLASS, CMBFAST…)

Measurement: The Planck CMB Power Spectrum

Small
scales

Large
scales



Aside: Sketch of Full Boltzmann Equation Treatment

• Don’t treat photons as a fluid, analyze phase space 
distribution function f(time, position, energy, direction):

• Rewriting in terms of the direction-dependent temperature:

• For scalars evolution must be symmetric about k so expand 
in Legendre polynomials

• Boltzmann ODE Hierarchy solved (cleverly) by CAMB/CLASS 



• Have only approximately calculated photon diffusion, 
finite visibility function,… full treatment with Boltzmann 
eq. explains this (CAMB, CLASS, CMBFAST…)

• But: have explained main features of spectrum!

Measurement: The Planck CMB Power Spectrum

Small
scales

Large
scales



• We have explained the CMB power spectrum with
– Acoustic oscillations
– Peak heights affected by baryons
– Small scales boosted by radiation driving
– Very small scales reduced by diffusion damping
– Amplitude reduced by scattering

The CMB as a Tool to Understand Cosmic Evolution

149



• We have explained the CMB power spectrum with
– Acoustic oscillations
– Peak heights affected by baryons
– Small scales boosted by radiation driving
– Very small scales reduced by diffusion damping
– Amplitude reduced by scattering

The CMB as a Tool to Understand Cosmic Evolution
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Outline

• CMB power spectrum: details
• Determining cosmic composition from the CMB
• Tensions?

151



• Our measurements of the CMB are now so precise that 
we can use this known physics to learn cosmology

• Make PERCENT-level measurements of its composition, 
age, geometry…

Why is This Important –
Understand Cosmic Properties / Composition

152



• We can use CMB to measure cosmic composition:
– Baryon density
– Dark matter density
– Spectral index
– Hubble constant
– Number of relativistic species

The CMB as a Tool to Understand Cosmic Evolution

153
Image credit: A. Challinor



• Increasing baryon density boosts compressional peaks 
relative to rarefaction peaks

Constraining Baryon Density

154



• Increasing matter density reduces radiation driving of 
low-order peaks. Shape of CMB implies dark matter!

Constraining Matter Density

155



• Increasing matter density reduces radiation driving of 
low-order peaks. Shape of CMB implies dark matter!

• Aside: baryon perturbations alone ~1e-5 (CMB) don’t 
have time to grow ~a into O(1) density contrast!

Constraining Matter Density

156



• Changing scalar spectral index ns just tilts overall 
spectrum!

Constraining spectral index

157

k3PR(k) / kns�1
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• We saw: acoustic 
oscillations lead to a 
series of peaks with 
spacing

• Sound horizon
known

• Measured peak 
spacing, infer           
and Hubble!        

rs =

Z 1

zr

c

H(z)
dz
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Measuring Hubble using the CMB

rs =

Z ⌘

0
d⌘0cs(⌘

0)
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Measuring Hubble using the CMB
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• Physical 
interpretation:

• Compute (calibr.) 
sound horizon rs

• Measure angle 
and infer distance

• Distance[H0] 
=> H0 !

rs =

Z 1

zr

c

H(z)
dz
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• Determine size of the universe ~ 1/Hubble rate by 
looking at size of spots with known physical size

Intuition: constraining distance and H0

160
too close too farcorrect

distance

what we observe



• Cosmic Neutrino Background: in radiation dominated 
early era, large part of the energy density - 41% of total!

• Affects early expansion rate H (extra form of radiation): 

• Energy density parameterized via number of effective 
neutrino species Neff. Measure via CMB!

Constraining Light Particle Number Neff

161



• Change in early expansion rate > change in diffusion time >  
small change in damping seen in CMB power spectrum. 

• (Also: small shift in phases.) Measure with Planck:

Constraints on Neff in the CMB Power Spectra

Cl
TT

multipole l0 2000

[Hou++ 2013]



Constraining Light Particle Number Neff

• Not just sensitive to neutrinos!

• Gravity sees everything: cosmology probes all that is 
neutrino like (radiation, free-streaming)

• Can hunt for any new light (relativistic, weakly coupled) 
particles!
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How Much Neff Does A New Light Particle 
Contribute?

• Freeze out late / low 
energy:     ΔNeff ~1

164



• Impact of extra species is 
diluted if it decouples at 
early times. Because then it 
misses out on energy from 
known phase transitions!

165

[Baumann++ 2015]

How Much Neff Does A New Light Particle 
Contribute?



How Much Neff Does A New Light Particle 
Contribute?

• If we can measure this: 
target sensitivity, can see 
any new light particle that 
was ever in equilibrium
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We have learned a LOT from the CMB 
about cosmic composition
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• Examples:
– How old is the universe?: 13.798±0.037 billion years
– What is it made out of: 5% normal matter, 24% dark 

matter(?), 71% dark energy(??). Described by only 6 
numbers!

– What is going to happen to it: expands faster and faster, 
leading to cold dilute universe



Standard Cosmological Model:
Simple…

168

As, ns 

Described by only 5(+1) parameters



Standard Cosmological Model:
robust and difficult to modify…

169

Can get 
independent, 
consistent 
measurements:

From CMB only 
OR SNae only OR 
BAO only

From evolution OR 
from distance

Interlocking web of hundreds of -often very robust and well-
understood- observations underpinning this model

[eBOSS 2021]



Standard Cosmological Model:
… but very strange
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As, ns 

Described by only 5(+1) parameters, 
but all of them poorly understood



Outline

• CMB power spectrum: details
• Determining cosmic composition from the CMB
• Tensions?

171



Recently: claims of tensions in 
late vs. early-time measurements
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• Consistency test:

Claims of discrepancies in late vs. early measurements:
• Expansion rate of the universe: “Hubble/H0 tension”
• Growth of structure “S8 tension”

Fit LCDM model to CMB 
(early times, t=0.004 Gyr)

Predict expansion (H0) or structure 
size (S8) at late times (t>10 Gyr)
+ compare with observations



Ways to measure Hubble constant 
i.e., expansion rate of Universe

173

H0 =
ȧ

a
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CMB power spectrum / early / indirect Cosmic distance ladder / late / direct

a: scale factor



A big puzzle: the current Hubble constant tension

persistent tension between distance ladder and early-time/indirect measurements

~68 km/s/Mpc ?

~74 km/s/Mpc ?

Latest: 
73 km/s/Mpc



Recently: new distance ladder measurements

More than doubles supernova calibrator sample; lots of new checks, result: ~same 
Formal claim of 5 sigma tension with Planck.

[Riess++ 2021]
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Hubble tension: several cross-checks

~68 km/s/Mpc

~73 km/s/Mpc

s

Figure credit: A. Font-Ribera

& ACT/SPT



177

Hubble tension: several cross-checks

~68 km/s/Mpc

~73 km/s/Mpc

s

Figure credit: A. Font-Ribera

& ACT/SPT

[No issue w. extrapolation]

[No issue w. CMB]



Measuring Hubble using the CMB
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• Compute (calibr.) 
sound horizon rs

• Measure angle 
and infer distance

• Distance[H0] 
=> H0 !

rs =

Z 1

zr

c

H(z)
dz
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Similar: Measuring Hubble using Matter Power

179

• Matter power spectrum similar to CMB: Currently mainly 
get H0 from “BAO oscillations”, imprint of sound horizon 
on matter.

rs =

Z 1

zr

c

H(z)
dz
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Idea for resolving tension: is new physics changing rs ?



Possible explanation for tension:
New physics has changed the sound horizon

180

[Knox + Millea 2019]

z
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• Arguably simplest new physics solution

• Can shrink sound horizon with e.g. early energy density

• But note: huge change!



Example: Early Dark Energy 
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[Poulin et al. 2018, ...]
Energy
density

Scale factor ~time

Model
actually
favored
by ACT
at ~3 sigma! 
But: more
investigation of
systematics
needed
[Hill++ 21]

Many models (e.g. di Valentino++ 21). Perhaps none entirely compelling?
And many don’t agree well with large-scale structure. 

CMB emitted here



S8 Tension: Gravitational Lensing
• Distribution of dark matter deflects light from galaxies. Can 

measure strength of lensing by warping of galaxy images

182



• Strength of lensing 
signal depends on 
how clumpy the mass 
distribution is (and 
how much matter 
there is). 
Parametrized by S8.

• Problem: S8 
measured by lensing 
at low redshifts is  
~2-3 sigma low 
compared to 
expectation from 
Planck.

S8 tension from galaxy lensing
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Approx. simulation: final CMB-S4 CMB lensing map 

S8



• Galaxy lensing, while 
powerful, is 
challenging…

• Want to test further 
(e.g. with CMB 
lensing). Do we also 
find a low S8? [See 
last lecture]

In progress: test S8 tension with CMB lensing
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Approx. simulation: final CMB-S4 CMB lensing map 

S8



We have learned a LOT from the CMB 
about cosmic composition
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• Examples:
– How old is the universe?: 13.798±0.037 billion years
– What is it made out of: 5% normal matter, 24% dark 

matter(?), 71% dark energy(??). Described by only 6 
numbers!

– What is going to happen to it: expands faster and faster, 
leading to cold dilute universe



We have learned a LOT from the CMB 
about cosmic composition

• Examples:
– How old is the universe?: 13.798±0.037 billion years
– What is it made out of: 5% normal matter, 24% dark 

matter(?), 71% dark energy(??). Described by only 6 
numbers!

– What is going to happen to it: expands faster and faster, 
leading to cold dilute universe

– But lots more to come – Neff, polarization, lensing, SZ…



Next: active research areas – probing inflation 
with polarization; lensing
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