


















k-essence and clustering dark energy

S =

Z
d4x

p
�gP (�, X) , X = gµ⌫@µ�@⌫�
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Standard scalar field fluctuations propagate at light speed:

c2s =
P,X

P,X + 2XP,XX
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Dark energy can cluster P,X ⌧ XP,XX ) c2s ⌧ 1
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(a) Snapshot for dark energy density from gevolution (left panel), k-evolution (middle panel) and
matter density from k-evolution (right panel) measured in the critical density unit at z = 0 from a
high resolution simulation is shown. The shaded region shows the most massive halo in the simulation
which is going to be studied in detail in the next figures.

(b) A close look at the most massive halo (shaded region in the previous snapshot). The color bar
range for dark energy density is di↵erent with matter density, as dark matter clusters more e�ciently
than dark energy.

(c) The relative di↵erence of dark energy density (left), matter density (middle) and gravitational
potential (right) between the results from k-evolution and gevolution at z = 0.

Figure 16: A comparison of dark energy clustering in simulations.

5 Conclusions

We develop k-evolution, an N -body code to compute cosmological observables including
the e↵ect of dark energy clustering. The code is based on gevolution while dark energy is
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Jordan frame: 

We find

S =
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Notice that now gravity is standard, i.e. it is described by the standard Einstein-Hilbert
action, but matter does not couple to the gravitational metric gEµ⌫ , but to A

2(�)gEµ⌫ , which
of course is the Jordan-frame metric gµ⌫ .

We can look at the same physics in two di↵erent ways.

Jordan frame It is the frame where matter is minimally coupled: it is only coupled
to the metric tensor (we are assuming the weak equivalence principle). For instance,
linearizing the scalar tensor theory above we find (we work in canonical normalization)

L = �(@h)2 � (@��)2 � @h@��� 1

2MPl
hµ⌫T

µ⌫ (3.23)

The only force mediator is hµ, because matter is only coupled to it. However, the gravita-
tional law is di↵erent from the standard one, because of the mixing term between gravity
and the scalar field perturbation @h@��.

Matter is conserved in this frame,

rµT
µ
⌫ = 0 , (3.24)

and particles move on geodesics
~̈x = �~r� (3.25)

where g00 = �(1 + 2�).
While the scalar is coupled to gravity,

⇤�� V
0(�) = . . . (3.26)

Einstein frame It is the frame where gravity is “standard”. In this frame matter is
coupled also to the scalar field, through the trace of its stress-energy tensor T ,
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Due to the scalar coupling matter is not conserved in this frame,
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⌫ � , (3.29)
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Matter is conserved Particles follow geodesics
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hµ⌫
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which solves some problem with tests of gravity.
But F (R) is scalar-tensor theory in disguise. In fact, we can rewrite the gravitational

action as
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Z
d
4
x
p

�gF (R) =

Z
d
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x
p

�g
⇥
F (�) + F

0(�)(R � �)
⇤
. (3.13)

The equality can be verified by varying the action with respect to �, which yields F
0 +

F
00(R � �) � F

0 = 0, i.e. � = R (assuming F
00

6= 0).
We can rewrite this action more suggestively as
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�g [f(�)R � V (�)] , (3.14)

with f(�) = F
0(�) and V (�) = �F (�) + F

0(�)�, which shows that F (R) gravity is
equivalent to a scalar field theory with non-minimal coupling between the scalar field
and gravity and without kinetic term. The scalar field kinetic energy is provided by the
non-minimal coupling to gravity, which produces a kinetic mixing. Expanding the metric
around Minkowski spacetime,

gµ⌫ = ⌘µ⌫ + hµ⌫ , (3.15)

we have
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3.4 Traditional scalar-tensor gravity

We can generalize the gravitational theory above by adding the kinetic energy term to the
scalar field. Without loss of generality we can write
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Since we want a large distance modification of gravity, we require the mass of the scalar
to be much smaller than Hubble today,

m
2
� ⌘ V

00
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2
0 . (3.18)

This is a generalization of the well-known Jordan-Brans-Dicke theory. I can rewrite
the action above by a field redefinition,

� ⌘ f(�) ) @µ� = f
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as
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JBD is !(�) = !JBD = const. Tests of gravity (light bending and Shapiro time delay)
require !JBD & 40 000.

Einstein equations

6

Fifth force

Solution of the modified (due to coupling between gravity and scalar field) Poisson equation

There is a fifth force due to ��. In the quasi-static limit eq. (3.31) for a point like source
with mass M becomes

r
2
�� =

↵

MPl
M�

(3)
, (3.37)

with solution

�� = �2↵MPl
GM

r
= 2↵MPl�E . (3.38)

So particles move as if e↵ectively displaced by the potential

� = �E +
↵

MPl
�� = �E(1 + 2↵2) . (3.39)

One can get the first equality in this relation by expanding the metric relation (3.21),
confirming that � is the metric potential in Jordan frame.

Jordan frame Due to the non-minimal coupling between gravity and the scalar, in
Jordan frame � does not satisfy the usual Poisson equation but

r
2��

↵

MPl
r

2
�� = 4⇡GM�

(3)(~x) , (3.40)

where for simplicity we approximate matter by a massive point-like body of mass M .
Neglecting the scalar field potential the scalar field equation (3.27) becomes

0 = ⇤�+ f
0
R ' r

2
�� ' r

2
�� (3.41)

In the quasi-static limit and

� = �
GM

r

�
1 + 2↵2

�
. (3.42)

G is enhanced by
�
1 + ↵

2
�
due to the modification of gravity. Equivalently,

R = �2(r2�� 2r2 ) . (3.43)

3.4.3 Light bending

The fifth force is not the only e↵ect of modified gravity. Expanding the metric relation
(3.21) we find

 =  E �
↵

MPl
�� . (3.44)

Since �E =  E from the standard Einstein equations,

 = �
GM

r
(1 � ↵

2) (3.45)

so that

� � 1 = �
4↵2

1 + 2↵2
. (3.46)

Cassini implies |↵| . 5 · 10�2 which is in the interesting range.
Discuss the case of JBD.
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Jordan/Einstein frame

ℒ = − (∂h)2 − (∂ϕ)2 − β∂h∂ϕ − 1
2MPl

hμνTμν

α = MPlβ



Einstein frame: 

We find

S =

Z
d
xp�gE

⇥
RE � ZE(�)g

µ⌫
E @µ�@⌫�� VE(�) + Lm

�
A

2(�)gEµ⌫ , I
�⇤

, (3.21)

with

ZE(�) =
1

f


1 +

3

2

�
f
0(�)

�2
�
, VE(�) =

V (�)

f(�)2
, A

2(�) =
1

f(�)
. (3.22)

Notice that now gravity is standard, i.e. it is described by the standard Einstein-Hilbert
action, but matter does not couple to the gravitational metric gEµ⌫ , but to A

2(�)gEµ⌫ , which
of course is the Jordan-frame metric gµ⌫ .

We can look at the same physics in two di↵erent ways.

Jordan frame It is the frame where matter is minimally coupled: it is only coupled
to the metric tensor (we are assuming the weak equivalence principle). For instance,
linearizing the scalar tensor theory above we find (we work in canonical normalization)

L = �(@h)2 � (@��)2 � @h@��� 1

2MPl
hµ⌫T

µ⌫ (3.23)

The only force mediator is hµ, because matter is only coupled to it. However, the gravita-
tional law is di↵erent from the standard one, because of the mixing term between gravity
and the scalar field perturbation @h@��.

Matter is conserved in this frame,

rµT
µ
⌫ = 0 , (3.24)

and particles move on geodesics
~̈x = �~r� (3.25)

where g00 = �(1 + 2�).
While the scalar is coupled to gravity,

⇤�� V
0(�) = . . . (3.26)

Einstein frame It is the frame where gravity is “standard”. In this frame matter is
coupled also to the scalar field, through the trace of its stress-energy tensor T ,

L = �(@hE)
2 � (@��)2 � 1

2MPl
h
E
µ⌫T

µ⌫
E � ↵

MPl
��TE , (3.27)

where

↵ ⌘ MPl
A

0(�)

A(�)
. (3.28)

Due to the scalar coupling matter is not conserved in this frame,

rE
µT

µ⌫
E =

↵

MPl
TErE

⌫ � , (3.29)
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where hE00 = �2�E of the Einstein-frame metric, and thus particles do not follow geodesics
of the Einstein frame metric,

~̈x = �~r�E � ↵

MPl

~r�� . (3.30)

Klein-Gordon equation for the scalar is modified,

⇤E�� V
0
E(�) = � ↵

MPl
TE . (3.31)

3.4.2 Fifth force

Due to the non-minimal coupling between gravity and the scalar, in Jordan frame � does
not satisfy the usual Poisson equation

� = �GM

r

�
1 + ↵

2
�
. (3.32)

G is enhanced by
�
1 + ↵

2
�
due to the modification of gravity. Equivalently, in Einstein

frame gravity is standard

�E = �GM

r
. (3.33)

Expanding the metric relation (3.20) we find

� = �E +
↵

MPl
�� . (3.34)

Since matter couples to �, it feels a fifth force. We recover the above equation because
in the quasi-static limit the scalar field Klein-Gordon equation becomes a Poisson-like
equation:

⇤�� = ���̈+r2
�� ' r2

�� , (3.35)

so that eq. (3.31) for a point like source with mass M becomes

rE =
↵

MPl
M�

(3)
, (3.36)

where we have assume a massless scalar field.

3.4.3 Light bending

The fifth force is not the only e↵ect of modified gravity. Expanding the metric relation
(3.20) we find

 =  E � ↵

MPl
�� . (3.37)

Since �E = �E from the standard Einstein equations,

 = �GM

r
(1� ↵

2) (3.38)

so that � � 1 = �2↵2. Cassini implies |↵| . 5 · 10�2 which is in the interesting range.
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Jordan/Einstein frame

ℒ = − (∂hE)2 − (∂ϕ)2 − 1
2MPl

hE
μνTμν

E − β
MPl

ϕTE

ϕ = − β
GM

r

ϕ

·· ⃗x = − ⃗∇ ΦE − β ⃗∇ ϕ = − ⃗∇ Φ

h00 = �2�
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Φ = ΦE + βϕ = − (1 + 2α2) GM
r

Ψ = ΨE − βϕ = − (1 − 2α2) GM
r





Conclusions Lecture 4
• Dark energy can be dynamical: a scalar field rolling down a potential. 

Generically w> -1 and this slows down dark matter clustering. But dark 
energy could even cluster itself if its Lagrangian contains derivative couplings. 
These models suffer similar fine tuning problems that the CC.  

• We have studied traditional scalar-tensor theories. Description can be done in 
Jordan and Einstein “frame”. In Jordan frame test particles follow geodesics 
of the Jordan frame metric but this metric does not satisfy the usual gravitational 
equations. In Einstein frame gravity is standard but matter is coupled to the 
scalar field. The physics is the same.

• Independently on the frame, there are three main effects. There is a fifth force 
that enhances the standard gravitational force. The two gravitational potentials 
are not the same (anomalous light bending). The Newton constant can 
depend on time.

• Can the accelerated expansion be due to a genuine modification of gravity 
(CC set to zero)? 








