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Mathematical  modelling of biological systems

Some problems:
• Multidisciplinarity *(biology, medicine, theory of 

oscillations, theory of elasticity, rheology, non-
linear dynamics)

• Complexity of biological systems- simplification
• appropriate approach
• The principle of phenomenological mapping
• Accuracy of the  model-how to verify the 

theoretical  model
• Limitations of the model

International  summer school “School on Information, Noise, 
and Physics of Life”, 19-30. September, 2022, Nis, Serbia

Taken from  https://www.britannica.com/science/cell-biology



Adequacy of the model

• High-cell density tumour compartments were created 
using a custom-designed fabrication system and 

• standardized oligomeric type I collagen to define and 
modulate ECM physical properties.

Politechnika Lubelska, 
Lublin University of Technology Doctoral School, November, 2021   

Taken from SCientifiC RePorTS | (2018) 8:13039 | DOI:10.1038/s41598-018-31138-6



Adequacy of the model

• Tumor-on-a-chip

Politechnika Lubelska, Lublin University of Technology Doctoral 
School, November, 2021   

Taken from Liu et al. Microsystems & Nanoengineering (2021) 7:50 Microsystems & Nanoengineering https://doi.org/10.1038/s41378-021-00277-8

photolithography and 3D bioprinting

in cancer biology and anticancer therapy research?



3D bioprinting of 
different type of tissue 

Politechnika Lubelska,
Lublin University of Technology Doctoral School, November, 2021   



Adequacy of the model-
application

Politechnika Lubelska,
Lublin University of Technology Doctoral School, November, 2021   

Taken from Vincent Roy et al, Volume 2020, Article ID 
6051210, 23 pages https://doi.org/10.1155/2020/6051210 

Antitumor drug efficacy,
antiangiogenic drugs’ efficacy



meaningfulness of scientific results 

Fitting the data

• example

Sperm encapsulation

Politechnika Lubelska,
Lublin University of Technology Doctoral School, November, 2021   

Taken  from  https://www.semanticscholar.org/paper/Enhancing-insemination-performance-in-pigs-through-
Faustini-Vigo/496b12b10e52f4cb85f757fc0bfbba838b16bc9e

CaCl2

Replicating results is crucial
Testing, validating, retesting



Adequacy of the applied mathematical model

• Modelling of patient specific tumours' vascularisation

(Huston research  group)

• what is the purpose of the research

• Is it useful for  doctors and clinitients?

• Is it bring the new value to the science?

Politechnika Lubelska, Lublin University of Technology Doctoral 
School, November, 2021   



Publishing negative experimental results 

• Some journals PLOS One , Journal of Negative Results in 
Biomedicine.

• in which a scientist conducts a careful experiment and finds nothing

Politechnika Lubelska, 
Lublin University of Technology Doctoral School, November, 2021   

http://www.jnrbm.com/


Biological Oscillators

• The principle of phenomenological mapping

International  summer school “School on Information, Noise, 
and Physics of Life”, 19-30. September, 2022, Nis, Serbia

non-linearity



Simple harmonic oscillator

Damped harmonic oscillator

Duffing oscillator

Damped

undamped

Driven harmonic oscillators

or

damping ratio

•k is the spring constant

undamped angular frequency



Synchronisation of biological oscillators

• Hart rate-respiration  
frequency

International  summer school “School on Information, Noise, and Physics of Life”, 19-30. 
September, 2022, Nis, Serbia

• hormones • Muscle contraction- neuronal potential



Synchronisation of biological oscillators

• Cell division

International  summer school “School on Information, Noise, and Physics of Life”, 19-30. 
September, 2022, Nis, Serbia

• Embryonal development

…….



Oscillators in  reproductive biology
ZP as dynamical 3D structure 

5th International Congress of Serbian Society of Mechanics, Arandjelovac, Serbia, June 15-17, 2015
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Labeling of mouse 
embryo with silicon chips

5th International Congress of Serbian Society of Mechanics, Arandjelovac, Serbia, June 15-17, 2015

From: S. Durán, S. Novo, M. Duch, R. Gómez-Martínez, M. Fernández-Regúlez,
A. San Paulo, C. Nogués, J. Esteve,a E. Ibañez and J. A. Plaza. Silicon-nanowire based
attachment of silicon chips for mouse embryo labelling. . Lab Chip. 2015, 15, 1508–1514.



Mechanical properties of ZP

5th International Congress of Serbian Society of Mechanics, Arandjelovac, Serbia, June 15-17, 2015

From: Papi M., Maiorana A., C, Douet C., et 

al., Viscous forces are predominant in the 

zona pellucida mechanical resistance. App 

Phy Lett  Vol 102, 043703-5, 2013

From:Boccaccio A, Lamberti L,

Papi M, De Spirito M, Douet C, Goudet G,

Pappalettere C. A hybrid characterization

framework to determine the visco-hyperelastic

properties of a porcine zona pellucida. Interface

Focus 4: 20130066, 2014 
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Mechanical models of ZP
theoretical models of the 

oocyte :

• half-space model 

• layered model 

• shell model 

Biocapsule Elastic Models :

• the contact mechanics

Models: Hertz’s model, 
Sneddon model, 

• micropipette aspiration 
model. 

• Biomembrane Point-Load 
Model ( Sun et al, 2005).

• Discreet OSCILLATORY 
spherical network model of 
ZP
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Modelling oscillatory behavior of  mouse  zona-е pelucida-е
before and after fertilization

• апроксимације модела:

• Слободне осцилације

• Принудне осцилације

ОСЦИЛАТОРНО ПОНАШАЊЕ ZONA-E PELUCIDA-E МИША ПРЕ И ПОСЛЕ ОПЛОДЊЕ, А. Хедрих 

Main idea: oscillatry ineraction of  oocity and 
sperm cells
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Модел осцилаторне сферне мреже ZP миша
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Sperm  number impact

ОСЦИЛАТОРНО ПОНАШАЊЕ ZONA-E PELUCIDA-E МИША ПРЕ И ПОСЛЕ ОПЛОДЊЕ, А. Хедрих 

Vhp=171,1m/s

Ограничења модела:



Deformation work in Zona-е Pelucida-е during  process of fertilisation
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сперматозооидаНапон/деформација



The effect of friction and impact angle on the spermatozoa-oocyte local contact 
dynamics. 

ОСЦИЛАТОРНО ПОНАШАЊЕ ZONA-E PELUCIDA-E МИША ПРЕ И ПОСЛЕ ОПЛОДЊЕ, А. Хедрих 

From : Hedrih, A., Banić, M.; The effect of friction and impact angle on the spermatozoa-oocyte local contact dynamics. J Theor Biol. 393: 32–42 (2016).



ОСЦИЛАТОРНО ПОНАШАЊЕ ZONA-E PELUCIDA-E МИША ПРЕ И ПОСЛЕ ОПЛОДЊЕ, А. Хедрих 

From : Hedrih, A., Banić, M.; The effect of friction and impact angle on the spermatozoa-oocyte local contact dynamics. J Theor Biol. 393: 
32–42 (2016).



Осцилаторно понашање ZP миша након оплодње

Параметри:
1. угао под којим сперматозооиди дејствују
2. фреквенција спољне принудне силе
3. амплитуда спољашње принудне силе
4. коефицијенат пригушења,
5. коефицијенат линеарне и нелинерне

крутости
6. време

ОСЦИЛАТОРНО ПОНАШАЊЕ ZONA-E PELUCIDA-E МИША ПРЕ И ПОСЛЕ ОПЛОДЊЕ, А. Хедрих 

e

o

(Vanroose et, 2000) (Murayama et al, 2006)
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Појам Polyspermy block-а.

фреквенција спољне принудне силе

коефицијент пригушења,
коефицијент линеарне и 
нелинеарне крутости

From: Yasuyuki M. et al.  Possible 
mechanism of polyspermy block in human 
oocytes
observed by time-lapse cinematography. J 
Assist Reprod Genet (2012) 29:951–956
DOI 10.1007/s10815-012-9815-x.
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Figure 8. Zona pelucida as a mechano-responsive polymer. ZP is considered as a responsive gel that responds to external mechano-electrical stimuli that originate
from numerous spermatozoa impacting its surface in the process of fertilization. Oscillatory changing of external mechano-electrical stimuli upon ZP surface lead
to a local oscillatory phenomenon of rhythmical soluble-insoluble changes of ZP resulting in penetration by a spermatozoid via a mechanism of oscillations of
relaxation if the soluble ZP state lasts long enough. Local chemical oscillations of ZP gel could be controlled via external mechanical strain.

Zona pelucida as a mechano-responsive polymer
a new theory of fertilization based on 

coupled chemical—electrical fields 
Temperature, pH and ionic 

strength influence 

biological function of ZP 

and its aggregate state

ZP as a non-linear 

oscillatory reactive system 



International  summer school “School on Information, Noise, 
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• Introduction

14th International conference Dynamical Systems Theory and Applications-DSTA, December 11-14, 2017, Łódź,  POLAND

Cell cycle

•What is mitotic spindle?

Poleward movement during anaphase A is 
mostly but not entirely unidirectional-it 
exhibits non-linear oscillatory behavior

different chromatid 
separation times

chromosomal territories 

functional 
genomic 

architecture 

•age related changes 
in proper functioning 
of mitotic spindle



International  summer school “School on Information, Noise, 
and Physics of Life”, 19-30. September, 2022, Nis, Serbia

• Influence of mass chromosome distribution
• Centrosome frequency

OSCILLATORY ENERGY OF SISTER CHROMATIDS IN METAPHASE OF CELL DIVISION CYCLE 

chromosome arrangement-stochastic?



Methods

• Basic concept of the biomechanical 
oscillatory model of mitotic spindle

14th International conference Dynamical Systems Theory and Applications-DSTA, December 11-14, 2017, Łódź,  POLAND

Assumptions: 
Rheonomic centers equal, oscillate along 
vertical axis, 
α-relatively constant,
Inclination of LEE negligable
Single frequency external excitation
In vacuum
for elastic model

mitotic spindle as a system of coupled 
oscillators 

ikdikgik  

11 gOO yv  22 gOO yv 

relative and transfer velocity 



Square of absolute velocity of one homologue chromosome/ -th material 
particle in each subset 
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Approximate value of elongation of standard light linear elastic 

element that interconnect pairs of homologues chromosomes 

14th International conference Dynamical Systems Theory and Applications-DSTA, December 11-14, 2017, Łódź,  POLAND

Oscillatory motions of chromosomes



Mechanical energies  for each pair of homologue chromosomes in biomechanical 
model of mitotic spindle 

14th International conference Dynamical Systems Theory and Applications-DSTA, December 11-14, 2017, Łódź,  
POLAND
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Pairs of coupled fractional order differential equations could be solved 
independently from other coupled pairs of the mitotic spindle oscillatory system

14th International conference Dynamical Systems Theory and Applications-DSTA, December 11-14, 2017, Łódź,  POLAND
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Particular solutions of modified ordinary differential 
equations 

14th International conference Dynamical Systems Theory and Applications-DSTA, December 11-14, 2017, Łódź,  POLAND
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Numerical analysis 

Data:

Chromosomal mass for mouse chromosomes 
were taken from ref (Ortega et al, 1957). 
From 4.5/2*10-15kg to 1.6/2*10-15kg

Rigidity of eukaryote metaphase 
chromosomes:
Calculated from formula:
Cc= 𝐸𝑐𝑟2𝜋/𝑙𝑐
Young modulus  of metaphase chromosomes 
elasticity: 
Ec=103Pa
r=3µm
lc=20µm
taken from (Houchmandzadeh et al, 1997)
Rigidity for microtubules at 37ᵒ C:
Calculated from:
Young modulus  of microtubules at 37ᵒ C: 
Em=1,9*108Pa
Ri=18nm

Ro=30nm

lm=100µmdata taken from ref (Kis et al, 2008)

Cc= 1.413 ∗ 10−3N/m

cm= 𝐸𝑚 Ro
2 − Ri

2 𝜋/𝑙𝑚

Cm= 3.44 ∗ 10−6N/m

• Chromosomal mass
• Rigidity of eukaryote 

metaphase 
chromosomes

• Rigidity for 
microtubules at 37ᵒ C

• Centrosome mass 
• Centrosome 

amplitude oscillations 
• Centrosome -

Rheonomic centers 
circular frequency 

• Ange of mitotic 
spindle
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Rheonomic centers circular frequency 
was calculated according to the data for from (Maly, 
2013) (2π/T, T1=20s, T2=15s). 

Centrosome mass 
was calculated from centrosome volume

1,5µm
3 from http://www.proteinatlas.org/humancell/

and centrosome  density - (density was taken 
approximatively as data for density for cell organelle-
mitochondria 1,05g/ml) 
1.575*10-15kg (Milo  and Phillips, 2016).
Centrosome amplitude oscillations 
was taken from (Kuhn and Poenie, 2002) 
(2.1µm=2.1/2*10-6kg)
Ange of mitotic spindle
Take as π/2, equal distribution angles

Numerical analysis 

Data:

1/s

http://www.proteinatlas.org/humancell/


Results
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Total mechanical energy of 10  pairs of homologue 
chromosomes in the system of mitotic spindle

Case 

Same frequency of 
rheonomic centers 1/s

central

0 10 20 30 40 50 60 70 80 90 100
0

2 10
12

4 10
12

6 10
12

8 10
12

1 10
11

Epu4 x( ) Epl4 x( ) Epc4 x( ) Ek41 x( ) Ek42 x( ) Ekm x( )

Epu3 x( ) Epl3 x( ) Epc3 x( ) Ek31 x( ) Ek32 x( ) Ekm x( )

Epu2 x( ) Epl2 x( ) Epc2 x( ) Ek21 x( ) Ek22 x( ) Ekm x( )

Epu1 x( ) Epl1 x( ) Epc1 x( ) Ek1 x( ) Ek2 x( ) Ekm x( )

Epu10 x( ) Epl10 x( ) Epc10 x( ) Ek101 x( ) Ek102 x( ) Ekm x( )

Epu9 x( ) Epl9 x( ) Epc9 x( ) Ek91 x( ) Ek92 x( ) Ekm x( )

Epu8 x( ) Epl8 x( ) Epc8 x( ) Ek81 x( ) Ek82 x( ) Ekm x( )

Epu7 x( ) Epl7 x( ) Epc7 x( ) Ek71 x( ) Ek72 x( ) Ekm x( )

Epu6 x( ) Epl6 x( ) Epc6 x( ) Ek61 x( ) Ek62 x( ) Ekm x( )

Epu5 x( ) Epl5 x( ) Epc5 x( ) Ek51 x( ) Ek52 x( ) Ekm x( )

x

0 10 20 30 40 50 60 70 80 90 100
0

2 10
11

4 10
11

6 10
11

8 10
11

1 10
10

1.2 10
10

1.4 10
10

1.6 10
10

1.8 10
10

Epu20 x( ) Epl20 x( ) Epc20 x( ) Ek201 x( ) Ek202 x( ) Ekm x( )

Epu19 x( ) Epl19 x( ) Epc19 x( ) Ek191 x( ) Ek192 x( ) Ekm x( )

Epu18 x( ) Epl18 x( ) Epc18 x( ) Ek181 x( ) Ek182 x( ) Ekm x( )

Epu17 x( ) Epl17 x( ) Epc17 x( ) Ek171 x( ) Ek172 x( ) Ekm x( )

Epu16 x( ) Epl16 x( ) Epc16 x( ) Ek161 x( ) Ek162 x( ) Ekm x( )

Epu15 x( ) Epl15 x( ) Epc15 x( ) Ek151 x( ) Ek152 x( ) Ekm x( )

Epu14 x( ) Epl14 x( ) Epc14 x( ) Ek141 x( ) Ek142 x( ) Ekm x( )

Epu13 x( ) Epl13 x( ) Epc13 x( ) Ek131 x( ) Ek132 x( ) Ekm x( )

Epu12 x( ) Epl12 x( ) Epc12 x( ) Ek121 x( ) Ek122 x( ) Ekm x( )

Epu11 x( ) Epl11 x( ) Epc11 x( ) Ek111 x( ) Ek112 x( ) Ekm x( )

x

peripheral
0 10 20 30 40 50 60 70 80 90 100

0

2 10
11

4 10
11

6 10
11

8 10
11

1 10
10

1.2 10
10

1.4 10
10

1.6 10
10

1.8 10
10

Epu4 x( ) Epl4 x( ) Epc4 x( ) Ek41 x( ) Ek42 x( ) Ekm x( )

Epu3 x( ) Epl3 x( ) Epc3 x( ) Ek31 x( ) Ek32 x( ) Ekm x( )

Epu2 x( ) Epl2 x( ) Epc2 x( ) Ek21 x( ) Ek22 x( ) Ekm x( )

Epu1 x( ) Epl1 x( ) Epc1 x( ) Ek1 x( ) Ek2 x( ) Ekm x( )

Epu10 x( ) Epl10 x( ) Epc10 x( ) Ek101 x( ) Ek102 x( ) Ekm x( )

Epu9 x( ) Epl9 x( ) Epc9 x( ) Ek91 x( ) Ek92 x( ) Ekm x( )

Epu8 x( ) Epl8 x( ) Epc8 x( ) Ek81 x( ) Ek82 x( ) Ekm x( )

Epu7 x( ) Epl7 x( ) Epc7 x( ) Ek71 x( ) Ek72 x( ) Ekm x( )

Epu6 x( ) Epl6 x( ) Epc6 x( ) Ek61 x( ) Ek62 x( ) Ekm x( )

Epu5 x( ) Epl5 x( ) Epc5 x( ) Ek51 x( ) Ek52 x( ) Ekm x( )

x
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Total mechanical energy of 10 pairs of homologue 
chromosomes in the system of mitotic spindle

Case 

Same frequency of 
rheonomic centers 1/s

0 10 20 30 40 50 60 70 80 90 100
0

5 10
11

1 10
10

1.5 10
10Epu20 x( ) Epl20 x( ) Epc20 x( ) Ek201 x( ) Ek202 x( ) Ekm x( )

Epu19 x( ) Epl19 x( ) Epc19 x( ) Ek191 x( ) Ek192 x( ) Ekm x( )

Epu18 x( ) Epl18 x( ) Epc18 x( ) Ek181 x( ) Ek182 x( ) Ekm x( )

Epu17 x( ) Epl17 x( ) Epc17 x( ) Ek171 x( ) Ek172 x( ) Ekm x( )

Epu16 x( ) Epl16 x( ) Epc16 x( ) Ek161 x( ) Ek162 x( ) Ekm x( )

Epu15 x( ) Epl15 x( ) Epc15 x( ) Ek151 x( ) Ek152 x( ) Ekm x( )

Epu14 x( ) Epl14 x( ) Epc14 x( ) Ek141 x( ) Ek142 x( ) Ekm x( )

Epu13 x( ) Epl13 x( ) Epc13 x( ) Ek131 x( ) Ek132 x( ) Ekm x( )

Epu12 x( ) Epl12 x( ) Epc12 x( ) Ek121 x( ) Ek122 x( ) Ekm x( )

Epu11 x( ) Epl11 x( ) Epc11 x( ) Ek111 x( ) Ek112 x( ) Ekm x( )

x

central

0 10 20 30 40 50 60 70 80 90 100
0

2 10
11

4 10
11

6 10
11

8 10
11

1 10
10

1.2 10
10

1.4 10
10

1.6 10
10

1.8 10
10

Epu4 x( ) Epl4 x( ) Epc4 x( ) Ek41 x( ) Ek42 x( ) Ekm x( )

Epu3 x( ) Epl3 x( ) Epc3 x( ) Ek31 x( ) Ek32 x( ) Ekm x( )

Epu2 x( ) Epl2 x( ) Epc2 x( ) Ek21 x( ) Ek22 x( ) Ekm x( )

Epu1 x( ) Epl1 x( ) Epc1 x( ) Ek1 x( ) Ek2 x( ) Ekm x( )

Epu10 x( ) Epl10 x( ) Epc10 x( ) Ek101 x( ) Ek102 x( ) Ekm x( )

Epu9 x( ) Epl9 x( ) Epc9 x( ) Ek91 x( ) Ek92 x( ) Ekm x( )

Epu8 x( ) Epl8 x( ) Epc8 x( ) Ek81 x( ) Ek82 x( ) Ekm x( )

Epu7 x( ) Epl7 x( ) Epc7 x( ) Ek71 x( ) Ek72 x( ) Ekm x( )

Epu6 x( ) Epl6 x( ) Epc6 x( ) Ek61 x( ) Ek62 x( ) Ekm x( )

Epu5 x( ) Epl5 x( ) Epc5 x( ) Ek51 x( ) Ek52 x( ) Ekm x( )

x

peripheral
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From :Hedrih, A., Hedrih, K.: Kinetic energy of dyads of sister chromatids in a biomechanical oscillatory model of the mitotic spindle. RAD Conf Proc. 3: 225–230 (2019).



• This difference in energy distribution could be of importance for the 
stability of the system of mitotic spindle and its energy balance. 

• Also this difference in energy distribution during metaphase may 
carry additional epigenetic information and could be important for 
process of differentiation and genesis of cancer.

International  summer school “School on Information, Noise, 
and Physics of Life”, 19-30. September, 2022, Nis, Serbia



CYTOPLASM AS A VISCOUS MEDIA WITH VERY 
SMALL REYNOLDS NUMBERS

ISEP Porto-Portugal, June 27 - 29, 2022 

F=µ𝑑  𝑥

µ𝑑 = 4𝜋µLu(1 − 0.872),

low Reynolds numbers

 = [
1

2
− − ln  

𝑅𝑒

8
 ]−1 

 = 0.577216 Euler’s constant

velocitylength of the cylinder

Re=
𝑑𝑢
µ

Reynolds number for a cylinder

d=3 µm, 
L=20 µm

=1000 kg/m3 at 37 ⁰C 

µ=0.7 mPas

dynamic viscosity

u=30 nm/s 

(Re=1.310-7) 

µd 108



FLUID RESISTANCE FORCES OF EACH SISTER 
CHROMATID

ISEP Porto-Portugal, June 27 - 29, 2022 
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ENERGY OF  MOVING HROMATIDES

ISEP Porto-Portugal, June 27 - 29, 2022 
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Rayleigh function of energy dissipation



RAYLEIGH FUNCTION OF ENERGY DISSIPATION 

ISEP Porto-Portugal, June 27 - 29, 2022 
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Some conclusions

• The Rayleigh function of energy dissipation is used to model oscillatory 
behaviour of moving sister chromatids  in anaphase of mitosis

• Using the presented methodology, it is possible to numerically solve the 
cases when the sister chromatids are still connected, but also the case 
when their final separation occurs during anaphase II.

• In that case, each sister chromatid bound to the rheonomic center 
represents an oscillator with one degree of freedom of movement. 

• we are free to suggest that chromosomes and sister chromatids use 
relaxation oscillations as a possible mechanism of movements through 
the cytoplasm as a viscous fluid. 

• It is also possible that citoplasm is acting as a fluid that  passes through a 
sol-gel transition phase during mitosis, and that this transition can have 
different speeds. 

International  summer school “School on Information, Noise, 
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