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7 Optimal Control

• If system is controllable
, can put poles anywhere .

n - dim sgs . ⇒ n poles → where to put them ?

• Rules of thumb : stabilize as needed ; speed up slowest

modes ; leave rest untouched

• Here : define a

"

performance index
"

or

"

cost fret .
"

- choose controller to minimize the cost

Id erample :
a •

J( UP
,
✗ to)) = Salt 4*4=-5 dt . :(Qx4tHRñH))

o o

I = - axtult)
,

✗ ( o) = Xo
,

a> 0

• J is a functionals of v8 = ult
,
te [0,0)

and a function of ✗ to)=Xo [but not of x8]

◦ need J≥ 0 ( finite lower bound) ⇒ Q> O
,
R≥o

• R=0 ⇒ want best performance (win × -14 )

regardless of control
"

effort
"

• 0=0 ⇒ only care about cost Ido nothing)
scale Q→ I

Let u= - kx (will justify this form
later)

⇒ i = - latkx ⇒ ✗It) ≥ xoélatklt ⇒ J=xi(¥÷%)
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-
choose¥> o

= 0 ⇒ KI Lak - too ⇒ k☒=-a±yr

Roi << 1 : cheap control
,

J≈ [It:X
,

k* ~ ÑY- → a

Ra's> 1 : expensive control
,

J≈ [ d- Eli
,
k* ~ Era → ◦

g-

'
o ' G'

*

agr;÷Éx
(A- 101

• Rather than choose K , we choose R ( or RIQ)
◦ We have sore intuitions about R thank (here

,
orbit

artificial)
• Optimal ≠ good ! (poor R ⇒ poor control)

Q : unstable
sys ?

General setting J= 41×6-1] -1 Édt 4×14
I l

terminal coat running cost

• Dynamics i. = flx.nl are a constraint

• J= J [ not
,

Xo]

• t → a ⇒ drop ql . )
• can replace soft constraint 414 with hard wrytriut

↳ Bc : ✗ It)=Xe
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stmaldeerations

•

Running cost Lait
"

hnÑ•.

• sector
✗

• bounded from below

◦ smooth leg .

,
twice differentiable)

• forge cf , small L :
"

ends justify the means
"

.

of
ampere constraints by Lagrange multiplier youporn.net

J
'
= 9 [ ✗ (t )] + [ dthlx.int ÑÉ[fanti]

• Lagrange melt . Ht) is adjoint vector ( costate)

• Alt) is a function of time because É=f
must be imposed at every

moment in time

• Solve unconstrained problem by allowing functional
variations 8×1+1

,
Gutt

,
Alt)

8J
'
= (0×9) 8×14 + Édt [ (0×48*-1 (dull Su -1

* ( @✗f) Sxtldu f) Su - Ji / + 87T / f-%)]
= (0×418×4) - IK) 8×14+5,1078×107 +

Idt [ 10×4 + I /dxf) + IT ] 8×14 +

◦
Felt [ Count at lduf) ] Sult) + ftdtlf-iltst.lt)

use aTb=bTa



④

• The extra boundary terms come from integrating
1%15×1+1 by ports

• ✗ to)=Xo is fixed ⇒ 8×101=0

• on classical mechanics (cm)
,
ult) is fixed

⇒ ✗ It) fixed ⇒ 8×41=0 not here !

851=0 ⇒ Euler-Lagrange eqs .

• Use Them: [dt flt) 8914--0 08411-1 ⇒ fltt-olo-c.at)

◦ → T : I = flxiu) ✗ to) = Xo

c- → o : I = - 10×1-57 - IOXLT
,

Ht)=(dx%)T
t : 0 = ( duflt ] -1 LOWLY

• These
aqs . give only necessary

conditions ¥•_

• Interpretation of adjoint Alt) (id)
- ignore 7- dependence in (0×8) ⇒ 3=-6×47-(0×4)
- Planning horizon (timescale) ~ - 10×5-5

'

- driven by - dxl Term

- backwards in time

• Together : Boundary
-
value problem (not initial .)



⑤

lol ex
. (again) 1=1-21×2+44

,

D= -✗+u

- but now let ✗ to)=Xo and impose ✗G) = #

Euler-Lagrange : i=-x+u
,
F- + a-×

,

u= -1

i¥÷
Wake

up !
'
i. alt )

✗ 107→✗ It)
• Nature of control signal ult) n.io?!E--aa-l- depends on past states ✗ of

- depends on future plans II

10,81
Ex : Swing up a pendulum E- 0 : 10,0 )

t=t : (T
,
O)

⑤ + sie =uʳTⁿᵗᵈ boundary conditions

J= [ dt ' ¥ tilt) "

control effort
" '" "motor

U~ tongue
~ I

Sdt I'It) -Wak

hand constraint on ✗ = {⊖ , :O} at t=t ⇒ no band.

E- L : I + 7 cos 8=0 ult) = - Dlt)

IT - -01-4 F- F-

u=mge±±
" f:# t←

torque to hold - l - _

•e-0in • Increasing I ⇒ reduce lulnaxto

mg • # reversals increases w/ T



⑥

7.3 Linear Quadratic Regulator (LQR)

- small deviations
, quadratic costs

6-

J= § It '

-2 ( XTQX + ut Rw) Q
,
R symnetin

R> 0 , a≥ 0
add find

✓
£ /0 , °) = ° and ifQ=0

E- L : D= flx, u) w/ f- = A×+Bu ; L=É(ÑQx+wTRu)
I = -@✗f)

+
a - 10×5

0 = (out )Tx -1 @uh)T

•x=Ax+Bu
,
I = - ATA - Qx u= - ÑBT ]

-
nth

matrix

• Can try 714=51+1×1+1
this trick works only for linear dynamics !

U = - R
- t
BTS × = - KIM

✗ n matrix

I = - Qx - At Csx) = It /sx) = 5×-1 SCAX- BR
- ' BTSX)

a- -

is
= - Q - ATS - SA + SBÑBTS factor ✗ It) ; holds ltt

- continuous time Ricotta Eq .
steady
stole 0 = - Q - ATS - SA + SBÑBTS algebraic Rialto Eq .

• quadratic eq
⇒ multiple sohiss ; only 1 is physical



⑤

k=R"Hs= SIR " "

Ex : Id control yet again : A- -a
,
B=Q=l

0 c-
it

⇒ 5 = - I + Zas + SYR
⇒ s = - areTER steady state

But fully optimal solution fer finite c- hes k=klt)

Koo as t → t (it costs for control, but no benefit

f applied to close to end)

7. 4 Dynamic Programming Richard Bellman
,
1950s (RAND)

Shortest path

→④

between cities µ

JA)= cost - to -
go

g-
*

= optimal J

Day 0

"

I

"

2 3

J
#
( End)=0 You are already there .

J
"
(bi ) =3

,
J
#
(bz)=4 only one possibility in each case

J
#
(ai ) = win [ 7- + J

* (bi) ,4tJ*(bz)] = 8
J* (ez) = win [ It J" (bi)

,
3 -1J' / bz)] = 4

(start) = win [ 2-1 J# (ai)
,
3-1 J☒ (az)] = 7



⑧
• 6-

Principle of Optimality :
◦

•¥
For

any point
on an optimal trajectory , the remaining

trajectory is optimal
, starting at that point .

Bellman Eq . ( discrete case)

Xk= state city at time k ; egai.az
Uk ≥ action road choice attire ls

Llxee
,
Uh)ILh running cost of current step , given ✗a, uh

Jlxh
,
Uk) = Jk cost - to - go ; start from Xh , choose Uh

,
-- - un- i

@ CXN) terminal coat [note : un=o]
N -1

J= E-◦ Llxn , Un) -14 (Xn) total cost

E
'

Jk = n=k Llxn , un) +4 (Xn)
N-I

= Llxk
,
Uk) -1 Élan ) Llxn ,

Un) + YUN )
- La - - Jkti_

So ; Jk = her -1 Jam Jn = cflxn)
Xen = f- Hes , Uh) Xo given

← Jeaobeys a backwards recursion relation
- solving it fixes 'uÉ (optimal choice attire b)
- then solve forward

'
recursion relish for Kk →



⑨

Bellman eq . J*(xa)= This} [ Llxa.ua) -157*+1]

no ④ We choose Uo over Ud even

④
÷ i

④ though it has a higher immediate cost .
?-→

↳ " Overall future costs are lower

solve JE backwards ; get ue* ;
iterate xk-ii-flxa.net) forwards .

◦ Solution is possible because dynamics have a
state structure ⇒ solution decomposes into stages.

Numerical algorithm : n rodeo / step } ocnz)
⇒ each node has-npossibibties

✗ N_stags ⇒ 0 ( Non)

vs
.

naive search ⊖ ( nm) huge difference fu longer !

⇒ Value of planning .

Bellman algorithm fret discovered many
times

◦ Cell phones / Andrew Viterbi) Qualcomm.
• Sequence alignment (bioinf. ) (Needleman

- Wunsch
,
Smith-

Waterman)



⑨

"

Livet skat for stas

baglaens ,
men levees

for / aens .

"

"

Life must be understood backwards

but lived forwards .

"



④

Bellman eq.
( continuous case)

cost - to - go
: JCX ,

u) = 4 [ ✗ It)] * [dt' Llx ,
w)

i
J? ¥ JH.ir)
(t,t]

5*1×1 =
"

'¥ [ of [ xct)] + Tdt
'

LCx.nl]
t

ttot £

= ¥ [ ! dt' LA, a) + 41×1+7] + fdt
'

< IX.4)
C-tot

≈
'

"

¥ ( Lexie) ot +
' (Jlx + Iot

,
ult-10-4]]

Lt , ttot] [ttot
,
i]

=
'¥ [ Llx, wot + J*(✗+ fat)]

Lt , Hot]

≈
'¥ [ LH.nl at + 5*1×1 + @+ F) at + (d×J*)fot]

Lt , Hot]

0+5*-1 ¥-4 [ LCX.nl + (d×J*) flx,u)]=O
Hamilton - Jacobi - Bellman (HTB) eq .

• Integrate backwards in time from final condition
J* [✗CHI] = of [✗ (t )]

⇒ u
# (t)

• Then integrate E- flx ,u*) forward from ✗ to)=Xo

• dx J* = n - dim row vector ⇒ (dxJ*)f is a scalar



④

One - dim control
, yet again

!

g- = Édt' { (xi-u4
,
I = -✗the

HJB : de I* = -

in! [ { Civil + (0×5*14×+4 ]
LIX,w) flx.nl

Since there are no restrictions or ult)
,
we can do

the minimization by taking du of right - handside.

du [ { Cx2+u2) + (d×J*) C- ✗tu)] = u + (0×8)=0
⇒ u

#
=
- d×J*

⇒ de J
#
= -1-2×2+4 (d×J*)2 + ✗ 10×5*1

Looks intimidating ! But try J*cx,t)= Ex's Ltl

⇒ 5 = - It 5+25
,

SIT)=0

⇒ u
#
= - dx J# = - s * = - KX

Now we can find in = - x - KX = - (HK) ×
,

✗ b) =Xo
,
etc

.



④

HJB us . Euler-Lagrange
- Why do we love two apparently different ways

to

solve the optimal control problem?

- Some story in classical mechanics
, optics , . . .

C-g. , Optics

① Calculus of variations : 8 fds n b) = 0
•

✗
•

Fermat

② Eikonol ( Huggler 's wavefronts)⑧§PDE for wavefronts . ✓

So we can solve for rays (trajectories)
on wavefronts ( coat functions )

since rays one is wavefronts ,

methods are equiv .

• HJB usually much harder to solve
,
but you get

sold for all Xo at once .

• Euler-Lagrange is simpler but has to be
redone for each xo

.



④

7.5 Hard constraints

soft = J=y[✗ (t )] + - - - hand : ✗ It)=X,
or = . . . f Edt Raitt lult) / ≤ Uo

Notice that the bend constraint In / ≤ Uo is a

nonlinearity . uout %:
i

win

strategies
0) Method 0 : Buy a bigger actuator

"
increase control authority

"

- ie
,

increase no

s) Anti - windup - simple extension of PID

a) Minimis principle of Pontryagin (borg - berguntol)



④

1) Anti - windup Ex : G-- Ys
,
E- u louadaped part.)

PI control Els)=(It%)

10 + + t

a.¥
+

f- ¥
No sat . Saturation Anti -windup

what happened in middle case?

ur fᵗdt' el't) elt) = Xr-✗ It)

When
you

exceed u - limit liuol ) integral keeps accnm .
to switch sign of v14 ,

✗ It) must be below

the setpoint long enough to
"

erase
"
the cumulated

input .

Anti - windup : stop integrating when u would exceed
sat ,



⑤

2) Minimum Principle + Bag - bag control

• Assure ultl normalized so / left) / ≤ l
- m - components ⇒ M - dim . hypercube

Ex : Id dynamics , w/ constraints
in

J= of dt { 1×2+4
,
I = -X-1h

,

✗ 107=40

lult) / < I

⇒ u = -Kx K
#
= Tz - I ⇒ ✗ It)=x☐e→ᵗ

ult)= - ka ✗ ◦ e-
Rt

when Xo > (k*)
"

- Rtl
,

Uco) < - I ⇒ rat .

Intuitive resolution : ult) = - I 1- < to

= - kx £ ≥ To

where Xlto) = Xo e-
%
= 1 fires To

Hamiltonian formalism kuietieenjotertial
.

Classical Mech : Lagrangian Llqiq / = F-É

Generalized memento p=%%
Legendre transf : H= pig - L

Hamilton 's
cqs : q°=(dpHT p°= -1dg HIT



④

If H=H( pig) does not have an explicit t - depend .

ᵈ¥et = ¥pp• + ¥q & = 0 ( via Ham . oqs .)

-
note charge of

sign
!

Control - theory version : H=L+ÑÑ=L+Ñf

I = ( d>HI -_ f I = - (d×HT ( duh)t=O

Much simpler than Euler-Lagrange Cp . 4)

Pontryagin : HAA)=i¥u Haiku)

= Id>HI
,

I = - (dxH)t

✗ to)=Xo
,

ICT) = (0×4)+1 ⇐c-

If ult) is ret constrained into ⇒ du = 0

with constraint
,
ult might get stuck at boundary

"¥
it 5- (a) = f- ( o)
u> 0

%



④
E. A:) -1%11%1+4)n

Ex . Moving in minimal time =/¥)

- free particle in space :
xÉÉÉ

( a- %)
Goal : go from o

- (8) as fast as possible
t

Limits lute)l≤ I J= I dt (1) t not fixed
0

Running cost 2=1 ⇒ H= 1+2,72+7%1" "2) (Y)
⇒ I , = -8¥ , -0

,
Ñz= -8¥

>

= -7
,

⇒ ], = const , Az = - Cit + cz

Can't win . It by
DH
Ju -_ 0

,
but can min . at boundary .

might ⇒ u= - sign (A) at all times

⇒ ultl always = 1=1

Since Alt) varies linearly , ultl switches one.

Solve eqs . of motion separately for U ≥ -1-1

✗2 ⇒ × , = EXE + Cp
,
× , =

-EXE -1 Cn f cp , cadet.

u= -11 u= -1 ly init
conditionsi
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Bang- bag control In the previous problem ,
the

control "

tired
"

at u=±uo

This behaviour
,

"

bury - bring control ,
"

results when

H ( ✗ it ,u) is lion in u (ou has no min. in range)

7. 6 Feedback

The calc . of variations approach (or Hamiltonian)
lead to

a control u
# (t) to take

sys from
✗☐
→ Xs.
via optimalThis is open loop , feedforward control.
X.lt

If there are disturbances or modeling inaccuracies,
then trajectory will deviate from optimal.

⇒ need some kind of feedback

1) Local linen feedback

2) Model Predictive Control
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① Local linear feedback
T

J = of [✗ It ] -1 of dt 4×14 , i-flx.nl
,
✗101=16

E- L ⇒ I = -@✗f)
+
a - 10×5

,
0 = (outfit @ULF

• Assume we have solved the
"

nominal feedforward
"

problem :
⇒ Xffltl

,
Ufflt)

, Iff /t)

• Perturb about nominal solution :

✗It) = Xfflt) -18×41
,

ult) ≥ Utfltltsultl
,
111-7=1%10+81 /t)

◦ Because the nominal "fÉ solution is optimal , 85=0

T

⇒ 5J= I 8×+10×+918×1
,

+ ofdtlsxtsut) /fuk) /%)

with Qlt) = dxxh
,

Mlt)=oxuL
,
RH)= dunk

- evaluated along Xppltl and Uff /t)

Augment the cost pert . w/ perturbed dynamics. ie Q=¥x¥
" /

✗*µ,

Jj '=8J+ ☒ [ A8x+B8u - fi] Alt)=dxf
, Bt4=duf

E-L : SI = - QSX - Msu - ATA ,
8u= - R

" /msxi-B.sk)



④

This is just a slightly more complicated LQR problem !
• all matrices time dependent A→ Alt)

,
etc.

• quadratic costs have cross - terns Mlt)

Fortunately ,
all steps of LQR carry through analogously .

Let 87=5 - Six ⇒ 5=-01 + Mri' Mt- A'Ts - SA
'

-1 SBR
"

where A' = A - BR-1Mt

Optimal feedback gains : KH)= R
" [ BTS-1Mt]

,
Susie -KSX

The full control signal is then

ult)= Uftlt + Ufbltl = Ufflt) -1 KID [Xfflt) - ✗It)]

Ex : Swing up + balance pendulum
* *

↓ 6 ↓-
turn off fb .

for last perk.' '

◦let
t-Mobile

can choose different feedback laws
1. Time - dep . LQR what we should do

. _ _
.

-

2. Quasistationary LQR
3 . Basie LQR fired gains for

"

typical
"

xo

4 . Heuristic control : pick gains by heuristic method



⑦

Nonlinear Observers ( set u=o for simplicity )

E- f- 1×1
, y=hl×) ( p outputs)

Obs : É= Fli) + Lly - 5) , y^=hhi )

notice that e = ×-I ⇒ É= g- (x) - th) - L[hlxthlx)]
≈ @✗f) e - L@xD e
= (A- (c) e as before

Because we approx 5- (x) - fix)= Ae
,

this scheme works

if systems begin ( and stay)
"

close enough
"

.

Model Predictive Control (Mpc)

• Compute ff from ✗ 1-4 to ✗Htt) ⇒ uffltl

C.)
• Apply Uff Ltl for short time ( " one step

"

)

"

Feedback by repeated ff
"

- good for problems w/ constraints
- costly to compute ⇒ good for

"slow "

problems
- widely used in

" slow" industries leg chemical plants)



⑤

Numerical Methods

J [ ultlixo]
Direct :

Min

41-4 C- V1

Project ult) on finite set ult.FI £
or : ul-4=2 an Cfnlt) basis find .

Then solve directly crofter non-convexW )

Indirect : solve nee . eqs . ( Euler-Lagrange , PMP)
• n → 2h t n constraints dim

Imf
•

,

°

Hamiltonian H real ⇒
•

.

e Rex

is @

⇒ stiff ego .

(bend for shooting methods )

→ Solve by Newton 's method

→ can write Jacobian es bend diag ⇒ OCN)
can even solve each doge in 11 !


