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ch. 8 Stochastic Systems
- The only reason to use feedback is uncertainty

otherwise
, feedforward is better

- no
" reaction delay

"

,

even

"

accursed
"

/ anticipation
- Natural language for uncertainty -

probability ,
statistics

,
stochastic processes

8.1 Kalman filter
y proof } meas . noisehouse

↑ 9

Setting :
" o→•↓→→ • - ◦ yin out

Ex : G= ¥5 ( undamped osc) ylt) - vMhwt)
- output noise at all frogs .

- input noise filtered by sep .

Xkx , - Xk
i ≈

of

naive differencing to estimate ix. amplifies means . noise

Kalman filter accounts for + takes advantage of
idea that low - freq . van more likely sys .
high - freq. variations more

>

likely meas . noise .



②

Id ex : Tracking a diffusing particle
V = thermal noise

,

3 ~ microscope res ,

, photon stats.

[ = Ax -1 B'u + BV
, y

≥ Cxt }
É = AI + B' u * Lly - Ex)

(for input noise
,

B
'
= B .

In general can differ . )
or : Bo matrix

Discretize ,
stole ⇒ Xk+i=Xk-18k

,
Yerkes-13k

- ✗a = actual
poo .

✗ (t = hot
- only force is Attock . force fromm thermal motions

Noise statistics

( Uk) = 434=0

Wes 3h.> = {Vexed> = { 3h xei> = 0 V-k.es '

{Vr , Vei > = V2 feels' (3h }ei> = 58hL '

f- -) = ensemble
averages : eg (us>

= Idk - Ves ' PHD

Here , we will often assume ppk) is Gaussian

eg pay = ¥7 e- hint

-
normal

dirt .

Another notation : Vee - N(oj,Ñʰʳʰʰ



③

An aside on the physics
can show 02=2DTs = 2 (ʰ% ) Ts

D= diffusion coef . ± lyt

Sphere of radius R in fluid of viscosity 7
⇒ ✗= GitRy

"

Stokes - Einstein
"

clip

if confirmed F- ✗ irereases

no timing . .
.

Observer use
"
current obs .

"

structure (use yes at b)

Prediction : Fair Using estimate in
, predict but

Estimate : Ñk-n Acquire Yeon , update prediction

Here : Iai, = Is Jean = ÑÉI

Ian = Fei, + Ll yen
- Feed = (1-1)%-1 hyeon

cost function want to choose
"

best
"

observer gain L .

error ek= ✗k- Fes use Seyi > as cost fret .
"

J
"



④
pis standard

in control th .

/ { another connotation
charge rotation slightly : Phai = teen> = ( (Xen -1%+7]

and also Peri = (eesti) _= ( ( Xen , - Dai , ))
note : eat , = Xhx ,

- Ña+ , = (✗at Va) - Ik = eestvq

⇒ Pei , = Keytar> = Petit seek)=o

After measuring year : ek-ii-xk-i-fxe-i-Llyh-n-y.eu ,)]

= eat , - L / ✗kin +31+1 - ÑÉ)

= ( I - L) ée+ , - L 31+1

⇒ Pea Leek> = ( I -42 Pei , + [ 32

Choose L to minimize Phil :

dpeon
IT = -24 - ↳ Pei + 2L 32--0

*

[ ⇒ Lea, = p¥+}z =É E- = optimum value of drama

gain .

d¥¥z = 2 ( Phi , + 32) > 0 ⇒ minimum



⑤

Then :

*
Pea Leek> = ( 1-2%+1 Pai +4%+1232

*

with Leon = p%É32 and I - LÉ+, = pÉ+

⇒ Pee = (p¥}yz • Peri , + ¥ÉJp • 32

= iii.+ , [ ipé÷+}y + Y÷p_⇒ ]
= 32 1%+1

Stationary stats ⇔ 32
,
V2 indep . of k

⇔ Ea → it
,
pé→p*

p#V2
⇒ <

*
=

¥+32 p
*
= }
- L*

⇒ L
" 2

+ ✗ LA - 2=0 ✗=%- ~ SNÑ
need 120

¥ =
'=L - ✗ ¥+4T ]
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as> 1 : <
*

→ 1
,

P
#
≈ 32 trust the measurements

✗ K 1 : <
*
→ Fa

,

P * ≈ 03 trust the model

↳ 8×≈F} = (2DTs)
"" 3¥

The very weak scaling is nice : increase D by 104 leg ☒→ Rho")
⇒ increase fx by only / 0 !

lot

P /32*

.

Oil -°

¥ ,'s ✗=% -

Hybrid Ryn . d- p ≥ Oxxp ⇒ pix.tn NÑ,Pa+2Dlt-
spreading

"

Gaussian
✗④ ←I¥F⇒É - variance spreads between obs .

-

"

collapses
"

after Kye



⑦

Estimating a constant /w/ meas . worst

Xhti = Xk Ykti=Xk+ , -13kt, {3h }ei)=}%h'

- same as before w/ V2-00 ⇒ ✗→ 0

* PEE *

⇒ Leet , = ¥32 ,
Pat , = 32k¥ ,

☒ 32
Po ≥ 32 ⇒ LEE

,

= ¥,
,

Phil = 5+1

Ian = ( 1-LI-iilxa-LI-iiye.tl
= (Edie + Yea ,

let '
~

Compare : Xun = ¥, § ,

Xi batch alg .

= ¥+1 ¥ʰ ✗it Xkti

= ¥ ,)ÉÉ=
,
Xi -1¥) Yeti

= (%) Is -1 ( Iti ) Xhti recursive alg.

= Fat # (Xkti -Ñʰ) Kalman
gain

Note : ✗e. ya . . .
also : running ag . - -



⑧

Kalman filter , general case

Xkti = Axes -1 Buk +Uh
, Yes = Cxk -13k

Wes> = 43k) = 43%+7=0

( vervet> = Qv . She
,

43h3't > = Q} - Jae

Note that we include coupling in covariance matrices
.

eg , if ÑÉ=ÑVr
,
then Qu = BBT v2

( r:<rñ>)
predicted state : Bein = Air + Buts

Ian = Iki , + L tyke , - Jem)
↳ Cieri

covariance matrix for state estimation errors

pep = < eaéé > ea= ✗a- Is

also : Phi , = seein eei.it >

with e-k-ii-X.eu, -Ññ+ , = Axes+ BUG# Vh - Axis - Buk
= Aee + Vee

⇒ Psi , -_ < ( Aea + Va) ( eat A-+Vet))

= A Pee At + Qu



⑨

After the observation Yeon ,

eh,, = Khai - Ñhtl
= Xan - Ñé+i - Ll year

- Y^k+i)
= eerie - L Ektl

where Elen = Yen - Fan innovations

Thus
, Phu = { eat , eat , >

= stair - Lean) (eei-ii-LEk-i.IT)
= Pati - LP it _ P¥, LT-1 LP! , LT

where PYan = { Elon Eesti > covariance matrix of innovations
= { ¢ xet , -1 }e+ , - CÑé+ , ) ( -a) t )
= (¢eÉ , + 3am ) ( - - JT>
= CPÉ , CT 1- Q }

*y
and Pee , = (e-k-ii.EE ,> = {ék+i(ceÉ , -134J)

= PÉ+ , CT

-cost function-
Pick L to min heater> = Tr see eat> = Trps

so ¥2 Tr Puti = - 2 PYE + 2 PE, , Lt = 0

* "I
/ Pei! , )

"

⇒ Lexi = Pha
⇒ put# = <%, , Pek ⇒ Péii , = Pei , - Liii , Pa? ,L*t

using optimal observer
gain 2.*



④

To summarize
:

Ñ+ , = Axkt Buh state mean .

Jeet, = CMT observation mean
. { predictPei , = APE Ñ + QV state car .

Peri , = Cpé , CT + Q } innovation core .

P¥ , = Phi , CT stole - obs
. con .

LÉ+ , = PEN ( Pei, )
"

dos . goin .
Been = Fei , + Eau ( Yeon- Jeon) stateroom } updatePéiiu = pain - Let, Pik , Ethti state core .

↳ PEE = + ARE AT + Qu - L:* Phi , EEE

dynamics disturb
.

observations

The dynamics and disturb increase Pk ; obs
. decrease Ph .

Steady - state egs . iterate w/ stationary stab

until it
,
P # converge .

The structure of such eqs . is cleaner for prediction observer
.

→ piccoli eg.

again duality w/control : A → AT
,
B-E

, K - E



④

Continuous / Hybrid Dynamics

i= Ay -1 By + V. y= Cx-11

C. Volt Vict' )> = Qi Slt- t
'

)
,

13.14351T'D : Qi Slt-t' )

Qv = ¥ Qi Q }
- ¥
,
Qi

integrate white noise to bandwidth Ts
"

É = Aix + Ben + Lly- 5) j=CI
Similar analysis ⇒ ↳ =P" (PY)

-'

=p
# Ct /Q;)

"

compare
: discrete case hes smaller <

*
= ÑCT (CP

-

É+Q }]
extra variance accumulates during 1-5

'

F* = Acp
*

+ P
# AT + Qi - p*cT(Q;)

"

CP
"

For hybrid , we integrate continuous
sys fun ten this .



④

8. 2 Liar Quadratic Gaussian (LQG) control

- Combine LQR
,
Kalman

Id ex : Trapping a diffusing particle

Xkxi = Xk -1 Uh +Vk
, Yh = ✗eat }q

Ve - Nlo , v4
,

3h ~ Nlo, 32) 42=2DTs)
• Stochastic generalization of cost function
J= Éa- Ruel> = { Mei> Ifor R=o)

min . variance control

Try 3 strategies

1 . Perfect info . Uh = - kxk

2. Naive obs . Uk = -Kyle

3. Observer Uk = -kik

Here we can solve fu these directly because the

problem is simple .

em
"



④

1 . Perfect info Uh = - kxh

Xkti = ( I- K) Xk + Vk

(Xk+i> = (1-Kiki> + V2

5×7 = (1-1421×2) +V2 stationary stats

4×2> = i-¥É So %<=o ⇒ KEI ,oJ*=V
increment

2 . Naive oho : Uh -_ - Kya = - k /Xk-13s)

Xan = ( I- K) Yee - 113k -18k

⇒ . . . 1×2> = ¥É ⇒ K' = '=(F- 1) ≈ 0.62
0J # = {(B-+ 1) ≈ 1.62

3. Observer -fb Uh = - kik ⇒ Fei , = Fertile = d- is)Ñk
Ian = (1- 2) iii. + Lykti

⇒ . . . 4×2> = 1*32+14%-2, ⇒ K
"
≥ I

0J" = { (Fti) ≈ 1.62

k*=1 in same as

"

perfect info
"

separation principle
2,3 same but need -6

"

tiene
"

K to right value . . .



④

General LQG continuous case

j- = {XTQX> + (utru>

I = Ax+Bu + V
, y=cx+ }

Nlt) Vtlt ' ) ) = Qi Slt -H
,

(31+73%4)=015 s.lt- t')

u= -KI
,

K=Ñ
'

BTS
,

SBR
"
BTS - SA- ATS -01=0

O= AP + PAT -1 Qf _ pct /Qi )"CP
,
L=pE(Qij

'

É = Ait But Lly - g) , I = CI

Solve for steady - state S
,
P

⇒ É = Tr sQf + TRPKTRK
disturb

.
state - est

.

error

similar for discrete case - .

Separation Principle :

i) Use Kalman gain L to est
.
I

ii ) Use optimal fb matrix K , assuming broil. ofXiii) Combine in u= -kik



⑤
Limitations of Separation Principle

_•×↳ eg
%= - ax -1 Utv y=x , 1×1> Xo

→ ° +Xo 0
,

✗ outside

◦ The best strategy is to do nothing while particle is
"hidden

"

,
control when

"

visible
"

.

◦ Main point is that this is a nonlinear control law

Ivories in character wl state of system )
and ability to estimate depends on its value

,
which

depends on the control
,
etc

.

⇒ problem of estimating state + control are coupled .



④

8.3 Stochastic Optimal Control

How do we control a nonlinear
,

stock
. system ?

eg D= f- IX. u) + V14 <Vlt)> = 0 ,
svct)VH'D=Ñ8

- let all quantities be scalar
, for simplicity

cost - to - go over interval [ t , t]
t

Jlxiu , -4=441×14] -1 Sdt' Llx , up
e-

J
*

(× , t) =
"% J / ✗ in ,

-1) infimum is over paths lit

Repeat earlier derivation
. The only difference

in the stochastic case is a new
, diffusive term

Since diffusion ⇒ [0×7 - Tat

we need to expand (51×-10×1) to 21 order in DX

→ dtJ* (✗ it) +
""I [ LIX , 4+6×5754,4+1=820*5%-0

Stochastic HJB



④

• →
/ ← here

Ex : Delayed choice
in
here

Particle drafts at const velocity but has a transverse

position ✗ It ) affected by noise

✗ It--4=0 ; Must pass through slits at ✗= -1-1

at time 6-

⇒ I = u +U ✗ 107=0 ✗ (t) = ± I
↳ <v14 Vlt' ) > = 2D 8- (t-t' )

Also : running cost is L=¥Ru2
Cost - to -

go Jlxiu ,
t) = [ dt

' Llulti)

stock
.
HJB ⇒ dt J

#
exit) +

'¥ [ÉRñ+G×J*)u+Dd××J*]-0

Minimize UH) by 0*0 ⇒ u
#
= - Ri

'

10×5*3

⇒ dt J
#
IX. t) - ÉR (0×5*5 + Ddxx = 0

Change of variable ( Cole - Hopf)
d-
* (✗ it) = -7 log 41kt)

⇒ - 0+4 =D 0*4 lionizes !

Diff . og . in negative time . ✗ 14=-1-1 → back -6T
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final cord . ⇒ 41×14--1=[51×-17+81×+11]

✗2

J# Hit' )=2RD[ It' - hood flt')

where t
'
= t - t and flt' ) is a corset

. (diverges asttio)

* = - Rt d×J* independent of flt
' )

-6=5 I ° -45 phase

5*1×1 U ¥ W
trans .in

""" o¥,÷i_
strategy !

I

it
→ .÷*÷

↳ ⇔

now !
- t*=¥É


