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8. 4 Bayesian formulation of state estimation

Kalman : track mean + variance of state estimates

Bayes : look d- entire pdf ( in principle .. . )

Toy model : one meas . of scalar y=Xt }
- observe y ,

want to infer ✗ .

"

prior
"

on × : ✗~ N (0,0×2) ×
Meas , noise } : } ~ N(0,05 )

Bayes Thun : pix , g) = plxly ) ply )
= plylxlplx )

-
likelihood

plylx) pcx) - prior

posterior
-

paly ) = ply ,_ evidence ( norm .)

pcxly) - ply / ×) pal neglecting normalization

r }n

= Nly -× , 94 . N (0,0×2)

~

exp 1-
'1¥. ] . exp [ Ex]

~

exp [ '×-É¥!#] , ¥=¥+¥



②

So the posterior is another Gaussian
,
with

D= ( o g) y and standard den
.
To < Mink ,8}]

between true pros . x e obs
. y ( closer -6 prior mean, -0)

→ ! → ④ → →

b b b

☒ ☒ ☒

Probabilistic state space model (
"

hidden
"

Markov proc .)

Xi - Phi) Xan - plxk-i.hr) yes- plyk / XD
initial state dynamics observation

Markov dynamics : plxk-i.lk?yh)--plxn-ntXk)

Xʰ = { Xi , Xz , . . . > ✗ kB conditional independence :

Yʰ = { ya , ya , . ._ , yes} knowing ✗a ⇒ all other info irrelevant

Observations a

"

nemoryless
"

function of state alone
.

plyalxk ,yʰ" ) = plyklxes)

Note that I -_ f- IX. u) y=
hlxih) → the and- prosodist .



③

General scheme : plxklyh ) → plxe-i.li/4-splxe-nlyh-' ')
predict update

Predict using Chapman - Kolmogorov for Markov dyn .
-

Plxkts ,Xklyʰ) my

pain / yʰ) = fdxe.pk/e-iilxe)plxhlyk)
Dynamics : Xue, = f (✗a , ya, pay

mom noise (net me -
additive)

where paan 14h) = fdrkplxk-u.vn/Xk) marginalization
= fdvkplxb.tl/Xh,Vh)pfklXb) and - prob .

↓

= Jdvk 8 [xk-ii-flxkila.ve] pcveo) poise int ofxk

= p(Vk*) ref solves Year 5- C- - -1=0

Update (Bayes) : pcxk-nly.tt")=É plyk-nlxk.ci ,yʰ) plan / y )h
↓

plykti Nhn)

Normalization 2- = fdxk-iiplyk-nlxk-i.ph/h-nly4--plyk-nlyY



④

Bayesian filter eggs .

plxk-i.ly
ʰ) = fdxaplxe-i.HN puny') predict

p Haul yʰ" ) = ¥ plyk-nlxe.tl) plan / yʰ) update

Z = plya-iily4-fdxe-nplye-nlxk-ulplxee-i.ly)

with Xan = f- (Xk, Uh , Ve)
ineosenepentYh = h ( ✗e

,
}q)

dynamics

Hybrid dynamics I = 1-1×1 + gun slight specialization

Fokker - Planck : Ot pcx ,-4 = - 8. [ flxlp] -18×2 (Dp)
- Laplacian

pcx , -6) D= I ggi

I ±
drift diffusion



⑤
From Bayes to Kalmar

◦ linear dynamics , Gaussian noise is initial conditions

Xkti = Axle + Buk + Uh
, ya

= Cxk-13h

plXe+ilyʰ) ~ Nlxkti ; Ñé+i , Phi )

plyh-ntxk-M~NIYk-n-CXk-i.io , Q} )

p(yk+ilyʰ) - N / Year ; Ciri , ,
CPI-i.ci + Q})

plxk-nly.hn ) ~

P "ʰ""¥y!Yg;lyI
~ N ( Xkti ; Ñk+i

,
Pkti )

Algebra is pretty fierce . . . ( conditional Gaussian)
→ Kalman filter is just the same as Bayes filter

assuming linear dynamics and Gaussian noise + init
.

( linear combo of Gaussian is Gaussian
. . . )



⑥

To give an idea of how
the calculations

go ,

look at Xkti = Xk +V1 (ignore Y 's . _ . )

p (Xeon ) = fdxuplxeu-i.lk)

= fdxeplxe-i.HN plxa)

= fdxk NHk-n-xh.io , v4 N He ;Ñ ,
Per)

= N Ikki In
,
Perth sum of Gaussian

why choose the mean as

"

the " representative value ?

Assure we are interested in plxly) ~ ply /✗7 pm

We want to choose I to "

best
"

represent pcxly) .

Define coat ( loss) function Jli ) = (1×-5112)



⑤

J= fdx ( x-IT pcxiy)

0J

oi,
= 2 fdx (x- It plxly) = 0

fdx . × - paly) = (x)
,
conditional mean fdxiplxlyt-xfdixpt.ly)

⇒ 51=1×3

• For linear dynamics ,

Gaussian noise (and init
.

cord.)
→ Kalman fills updates for Ian

,
Peru

• For weak nonlinear dynamics , non - Gauss noise
,
etc

.

"

perturbative approaches
"

• For stronger nonlinearities
,
etc .

direct numerical methods , Monte Carlo


