
4
, Monday ①

Monday : Overview ; linear systems e control ( freq )
• What is control th ? Why ? Apps ?
• dynamics and dynamical systems
• linearization e linear systems
• fog .

domain
, transfer functions , block diagrams

• PID control
, delays and instabilities

Tuesday : control of linear systems tangy• controllability , observability ,•

full - state control
• observers e output control

Wednesday : Optimal control
• parametric → Lagrangian ( calc - variations
• Bellman + dynamic prog

,

, LQR
• constraints

Thursday : stochastic Control
• state estimation
• Kelman filler
• hidden Member Models
•

Bayesian methods
• nonlinear extensions LEKF , UKF , part. )

Friday : Bayesian state estimation / Noisy MandlDemon
• redo Kalman filter ( seminar)



②

• Overall reference
◦ Cambridge Univ

.
Press

2021

• www.sfu.ca /chaos

→ book →
-Cup

→ for exercises +

solutions

and also Math Appendix



③

• Any sufficiently advanced technology is

indistinguishable from magic .
"

- Arthur C .
Clarke

,
1973

•

dynamics with a purpose
- profound implications
- not just math ! ( away ofttinkig )
purpose : _

"

intelligent design
"

- evolution ( biology , technological )

Applications
◦ Technology better experiments
• Physics control can change physical dynamics

( stabilize unstable state /Paul trap )
• fundamentals of thermo .

•

quantum systems
•

control of complex networks

• Biology - large scale ( physiology
• small scale ( genetic regulation)
- single - woe .

control

• evolutionary tire seals (pop . control)



④

Goals of control

• peglotion *

• Tracking ~wmguwuugwmyy /
◦unfair

•

changing the attractor ① •

- arterial

•j
.

or =:&• Collective motion

synchronization , dancing , swarming , _
. .

Feedback loops

• Gadgets ( flush toilet , governor . . . )
• Natural says labiate feedbacks . . . )
• Analogue control ¥→

- sensor

◦ Digital control ⊕¥☐=

⑦ =④ Autonomy

causality
b- É=F⇐,

is = fcx ,y ) y°=gH , y)
i. =/ f) F- (g)



⑤

Open loop closed loop
⑦ → ② ⑦ I ②

Autonomous Non - autonomous

F- f- 1×7 i -_ fait )

complex controller - Universal Turing machine
lean do anything)

single controller - all others

Review of Dynamical systems (ch . 2) goal : set notation,
introduce

point of viewPendulum as a dynamical Mfs.

tongues : me'É +mglsino =o
É two sin-0=0 Wi-Fi

← Rescale time E-
- wot ⇒ Fez - wid¥e=wiÉ

⇒ ⊖
"

(E) + sin-0=0

Rescaling simplifies problem by reducing # pans . (1-0)
- usually will be lazy and use some symbol after sealing

⇒ É + sin-0=0



⑥

2ⁿᵈ- order nonlinear ODE → 2 coupled ,
1st order norlin ones

.

✗ i=⊖ ,
XEÉ ⇒ G- (E) = (-¥ , ) → i=f(×)

The Systems Point of View

• control : dynamical systems É=f(× )
+ inputs and output

u

y

control ✗ → internal states abstract E- ×
8-0

we -0System
y
→ inputs what we do

in int
. state out

outputs what we see

4=5-1×14 y=h(× ,u) or hat

Linearization : small deviations from equilibrium
gi

0-0=80--0 × -0=1 :) for small ⊖ , sin -0=0 ↑ -00=0

e

⇒ É -10=0 b- THE 'd i=Ax
Q : fineauje about ⑤g- IT

,
0-3=0 ?

t.JO#pdniecttorqne!

Add inputs , outputs : ⑤ + sin -0=6 (t) F- flx.ie)

y= Cios /¥4 = ×, lfnex .) y=kcx,w)
↳ observe angle , not ang . velleity



⑦

Often deal w/ linear systems i=A×+Bu y=Cx+Du
= + ③ In PI = +

←n→

← n→ ⇒

Nice packing n ] ③
of matrices :

PI
⇐ Tu

R

Ex 1 : Low - press filter vi.
o-tn-qq.co

Vent

Tout = - k-cvo.tk/t'-reVinlt ) n=m=p=1 , x=y=Vmt
u≥ Vin

scale time T= Rc ⇒ I = -Xiu
, y=x

A- -1
,
D= 1

,
G- I

,
D= 0

Ex . 2 : Harmonie be -

A B
C D

éi -121 } + g- u → E- (E) =L: _ is)# + G) in pain /¥1m
Recall : sealing ⇒ 3 → 1 parameter

/
\ dimensionless

diversion

why study linen systems ?
1) easy ;

nice general methods
2) near ego , deviations obey linear dyn .
3) use norlin tracking ⇒ deviations small enough to bin .

is# fnayte)



⑧

Norlin to lin . l linearization) D= f- 1×14 y=h(x,u)

fixed pt : flxo , no)- o hlxo
, no) - yo

✗ = Xo -1×11-4 u=uo +wilt YE Yo + YIH) {Xiii . ,yt small

Taylor : % = flxotx ,
,
uotui) = thing + ¥ /

*
,

# +¥uu
.

t.my/-yi--hlxo+xi,uo+ui)=hxo/uo7-Fx/*.uxj+#w/xo.uY'

A- = ¥ B=¥w C- ¥, D=¥u all at lxoiu )

Frequency - domain analysis
Fourier transform 5- lw)= Idt . fltéiwt = Fff]

→ Laplace transform 5- (s) = Idt . f- It)éˢᵗ =L If]
↳ complex

Transfer functions 1 dynamical response)
- in Laplace domain , Gls) = 1¥, yes)=§dt•yH)éˢᵗ
G(s=iw) ~ Fourier transform

may
IGliwll phase = tail FEE É_______InrÉ

+→

Ex : 2ⁿᵈ order
sys . ij -129J + y = act) (ignore init and)

→ Gls ) = 1+2%-52



⑨

Graphical tools : complex s- plane

logia _¥hÉ
"

t.gs#resPoee-go
Bode plots

Jm G
9

ego
"

no Nyquist
①

• nth _ order ODE
y
" '
+ - - -

y
= 0

⇒ Gls) ~ 5
"

⇒ Gliw) ~ fi)
"

w
"

- i ⇒ phase log of TK 190°) ⇒ C- IT - phase boy of n%

if Bode amplitude boo asymptotic slope = - n Bode phase atleast -
"

bls ) - sʰ
• More generally Gls ) = Is) us

"

( rational poly .)
n = order of Gls) n - k= relative degree Ca ,b coprime)

• Systems w/ non - national Gcs)

- delay * [ git - t) ] = e-
"
Gls)

output
- spatially extended gpnbey-TH.tl
Ex : Id rod : Plt)b •

0 ×
a →

dtT= dxxt Two at 4- • - dxt = ultl
ST = dxxt ⇒ 1- = + Bé

" "
miput

⇒ . . - Gcs > = e-% can approx 61st

by
"rational "

" irrational
" poly - - .



④

Convolution Them .
and Block Diagrams

given glt) and hlt) f=g*h= Idt
'

glt't hlt
'
- t)

L [ gxth ] = gcs) hls)

arises when output of one sys .
= input to the next .

. .

Ex : Sensor dynamics
it + 270-+8--4+1 j+y= V6)
ie u drives on . position U

,
which is

" measured
"

by y

Laplace ⇒ v6) = GG) uld = (12%-2) UID
yls) = H 6) Vls)

= (Es) ( 1-2%4 Hs)

Depicted as uld 0-④→→o yls)
series connection

• Frequency ( Laplace ) domain is intuitive

but mostly limited to linear
,
time-invariant

(LTI) systems .
• Developed (mostly ) in US 1920 -1960 ( Bell fobs )

-

Nyquist , Bode , . . .



④

Elementary 5150 Feedback loops

rls) ◦→ ☒ ④•→0 yes]•j

Gts) - system transfer function (
"

plant
"

in

engineering jargon)Kls) - controller "
"

yls) - output of dynamical system

uls) - input
" "

(output ofcontrolled

rcs) - reference ( command)

els) = r- y (negative ) error signal

closed - loop dynamics u= ke = klr-y)

y= Gu
= Gklr-y)

y (1+612)
= GK r

y= ¥0k r = Tls) r

Nst o 0 yls)

TI ˢGK → transfer fine . Tls) → yls)
in out

loosely : K → a ⇒ To I

bet usually goes
unstable for large K .

. .



④

Proportional control kls) = Kp

• u (s ) = Kp els) = - Kp ( Yts)
- r (s) )

- negative feedback in minus the deviation

from the setup
•

eg G 6) = ¥1s
I

Q : Tls) = G¥k = ¥6k)-1 = HÉkp = (H%p)+Tkp
Check in

time ⇒ new 1st - order dynamics , - yo = ¥¥ ,
domain

- relaxes at a rate Kp times faster .

you
1- - - - - --

-

"

proportional droop
"

° I kp
- intuition w/ heater

1

Integral control ult) = Ki} dt' elf)

ig =
-

y + ki FA '

et
'

) eira -yt)- o

ij = - iy + Kil ro - y) ⇒ yltl → rn !!

In space kls) = ¥ "

fog - dep goin
"

K → so at w=o ⇒ at
zero frog , again



④

KG

Ex : Gls)=¥s Tls) = EKG
= 1¥65 ' = Hs(

= ¥É÷Ñ
T(s→o ) ≥ I ⇒ mil deep response !

As Ki increases
, go from over → undeveloped

poles : s = -{ ± FEET

Notice thee the feedback has turned a
1st order

sap .
into a second - order sys . (closed logo)

• Robustness of integral control : y → ro
whatever the value of Ki

,
eto

.

only the structure of the loop land it _cart.) court

◦ famous application : Robustness of sins response .

( Brian - Leibler , Natura
'

9-71
PNAS

- idiom to integral whirl, Yi d-all John Doyle) 2000

PI control : Kls) = Kp -1 ¥ log 1kt Kp

eogw
Tls) = HÉ→ = s¥¥÷)s+ñ

still have 1- (suo ) = I bet Kps> I ⇒ no ox
. response



④

PID oboe : Proportional - Integral - Derivative
•

"

D
"

anticipates the future (crudely)
• also : odds damping it 25% + ✗ = - Kai

ut) = Kp elt) -1 kif-ie.IE ) -1 Kd Elt
present for future

Kls) = Kp + ¥ + Kds G. ""¥
How to choose the parameters ?

PID is simple ; heuristic rules work
\

•

e.g . increase Kp ÉP
"

) until ose . ; decrease a bit

• More complex sys .
need better methods

; og optimal cont
/

→ Wed
.



⑤

Feedback and Instabilities

Ex : 1st - order
sys .

with short delay
ro-☒-☒- → y KI✓ 1- = HKGH

"

sensor

"

G = ¥1 K=kp H= e-
ST

first-order pop
-

gain delay ( e-
iwt )

system

condition for instability Lls)=kGH= - I

• short delay ⇒ a- " l : at high fog . G≈ }

⇒ Lls) = kpts . e-
⇐ (

⇐ iw

= - \

Kp . ÷w . e-
iwi

= - I

⇒ Kp = W e-
iwt

= - i = e-
ith

w
#
c- = % n kp*=w*= E (E) (É=¥)

Max gain Kp* = w
#
~%

ay (Gls)=¥i)



④

Turn
up gain on typical closed-loop

control

→ get a Hopf bif. wl

critical
gain

k*
,
ox . fog .

w*

WHY ? ?

• Increasing prop . gain ⇒ shorter the const
.

(higher feedback bandwidths)
→ we' increases

• Limped element behaviour → field behaviour

• fields + input-output separation ≈ delay
• delay + Fb ⇒ Hopf

Ex : Id rod w → 0 Gls) - Ys (capacitor
eventually semi - ☆ Gls) ~ e-%

⇒ Hopf ( see book text
, problem)
Q

On : Microphone + speaker ( fog - CHI )
I



④

Things to do :
Tlxlt))=yt4

1) For Id semi - • rod
,
show }

.

Plt

Gls > = 9¥, = e-%

See p - 9
,
bottom

2) Show that a proportional
temperature controller for Id

rod has
'

not
. (like delay ex . )

for finite gain .

See book problem 3.9
( + solution

,
too . .)

For Tuesday : linear control in time dom .


