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‘ Outline I

. Digital CMOS design

— (Q Boolean algebra
— (@ Basic digital CMOS gates

— (@ Combinational and sequential circuits

— (@ Coding - Representation of numbers
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‘ Boolean Algebra I

(@ English mathematician 1815 - 1864

1854 : An Investigation of the Laws of Thought

O
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‘ Boolean Algebra I

@ Let B={0,1} B isthe Boolean set
0 and 1 are the Boolean constants

(@ Let xeB x is a Boolean variable

O
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‘ Boolean Algebra I

(@ Unary functions: B — B

Unary function O : VxeB, x»0
Unary function / : VxeB, xw»1
Unary function Identity: VxeB, xw— x

Unary function Not : 01
1l »0

O Not(x) isdenoted x
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‘ Boolean Algebra I

(@ Binary functions : B? — B

function And :
Vx,yeB, And(x,y) =1 ifandonlyif x =1andy =1

And 1s also called Min and denoted x -y

function Or :
Vx,yeB, Or(x,y) =0 ifandonlyif x =0andy =0

O Or 1s also called Max and denoted x + 7y
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‘ Boolean Algebra I

(@ Other binary functions can be defined combining
And, Or and Not

function Nand : Nand(x,y) = N ot(And (x, y))

function Nor:  Nor (x,y) = NOt(OT (x, y))

function Xor:  Xor (x,y) = Not(x) -y + x - Not(y)

Xor(x,y) isdenoted x @ y

i p
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‘ Boolean Algebra I

(@ Noticeable properties

Not (Not (x))=x %=

X+Xx=Xx
x+x=1
x+0=x
x+1=1

O
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‘ Boolean Algebra I

(@ Noticeable properties

Commutativity X y=y-X
Xty=y+x
xXOy=yDx

Associativity x-(y-z)=((x-y)- z
x+(y+2)=Cx+y)+z
x® (ydz) = (xDy) Bz
O
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‘ Boolean Algebra I

(@ Noticeable properties

Distributivity x-(y+2z)=(x-y)+ (x-2)
x-(y®z) =(x-y)® (x2)
x+@y-z)=(x+y) - (x+2)

De Morgan X +y

X + "y

o Absorption x+x-y)=x+y
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‘ Boolean Algebra I

@ Let B={0,1} B isthe Boolean set
0 and 1 are the Boolean constants

(@ Let xeB x is a Boolean variable

(@ Let VeB™ V is a Boolean vector

O
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‘ Boolean Algebra I

Q VeB™,V=_~vg, v, ,U,)

UeB™",U = (uq, -, U, ,uy)

The number of Boolean variables that
are different between IV and U 1s called
the Hamming Distance (V, U)

Example :

HD ((0,0,0,1),(1,0,1,0)) = 3
O
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‘ Boolean Algebra I

To vectors are said adjacent when their
Hamming distance = 1

Example :

HD ((0,0,0,1),(1,0,0,1)) =1

O
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‘ Boolean Algebra I

B={0,1} B isthe Boolean set
0 and 1 are the Boolean constants

X €B x 18 a Boolean variable
V e B™ IV is a Boolean vector
f:B" — B f is aBoolean function (dimension n)

B, the set of Boolean functions of
dimension n

Card (B,) = 22"

O
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‘ Boolean Algebra I

(@ Card (B™) is finite

A Boolean function f may be
defined by its Truth Table :

for each Boolean vector V
give the value f (V)

i p
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‘ Boolean Algebra I

(@ Unary functions : B, — B,

function Not : (Not(f)) (V) = Not (f(V))

(@ Binary functions : B,* — B,

function And : (And(f , g)) (V) = And ( ), g(V))
function Or : (or (f,9) V) = or (f(V), g(V))

i p
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‘ Boolean Algebra I

(@ Let VeB™,V = (vq,,v;,,Vp)

T."
<

The Boolean function
feBy/ fV)=v;

is denoted v

X
O
O
O
O
1
1
1
1

-~ =200 ==00]|
_~ O ~~0  ~0 —~0IN
_ 2 OO0 -~ 00
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‘ Boolean Algebra I

(@ A Boolean function f may
be defined by giving a

Boolean expression

f=Xx-y-z+x-y-Z+x-Z
f=xy+y- z

X
O
O
O
O
1
1
1
1

—_~ 2 00 ~ 00|
~ O~ 0 ~0 —~0|N
~ 0O == 200 Ol

i The expression is not unique
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‘ Boolean Algebra I

(@ Let feB,

[ =Xyz+xyZ+ xyz + xyz

min-term

(Vi disjunctive normal
Vi = {ﬁ- form (DNF)
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—_~ 2 00 ~ 00|
~ O~ 0 ~0 —~0|N
~ 0O == 200 Ol
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‘ Boolean Algebra I

(@ Let feB,

f=+y+z)- x+y+2)-
x+y+2z)- (x+y+2)

max-term

conjunctive normal
i form (CNF)
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‘ Boolean Algebra I

(@ Let feB,

f 1s independent from the variable v; iff :

VVeBY V==, v, ,0U)

f((v1 »'”»vi»"'»vn)) — f((vl:"';77i1°"»vn))

O
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‘ Boolean Algebra I

(@ Let feB,

! fio, fio independent from the variable v; /

f=vifutvifio

Shannon decomposition

@)
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‘ Boolean Algebra I

(@ Let feB,

f=vi futvifio

Example :

f=x-+z)+x-(yz)

X
O
O
O
O
1
1
1
1

~ 0O =~ =20 00|

Y
O
O
1
1
O
O
1
1

0O ~0 —~0 —~0]|N

Shannon decomposition of
fregarding x

normal form (given

i an order of variables)
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‘ Boolean Algebra I

~

[ =Xyz+xyZ+ xyz + xyz

f=x+y+2)-(x+y+2)- ¢ listofterms
x+y+z)- +y+2)

f=x-+2)+x- (yz)

binary tree

@)

I I p binary decision diagram (BDD)
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‘ Boolean Algebra I

(@ Let f=vifi1 + Vi fio
f 1s independent from the variable v; iff :

f =t = fio
fi1 D fio =0

fi1 D fio =0 :f isinsensitive to v;

notion of derivative

@)
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‘ Boolean Algebra I

(@ Let f=v;i-fuu+70;ifio

0
a_;:fm D fio

@)
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‘ Boolean Algebra I

(@ Let f=v;i-fuu+70;ifio

d

fi1- E and f;g E cannot be 1 for the same vector

if fiy @ fio# 0
fmay be sensitive to v; in two ways

@)
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‘ Boolean Algebra I

(@ Let f=v;i-fuu+70;ifio

d

Let fi;(V) =1and f;o(V) =0 then f=v;-14+7;-0

Let f;7(V) =0and f;o(V) =1 then f=v;-0+1;-1

i p
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‘ Boolean Algebra I

of _ __
(@ Let f=v;-fi1 +7V;- fio %Zfifﬁ'o"‘fio’fi1
l
if ( filﬂ) (V) =1, fvaries in direct way with v;
f 1s a positive function of v;

if ( inE) (V) =1, fvaries in opposite way with v;
f 1s a negative function of v;

of * _ of - _
o avl _fil'in avl _.fl'O..fl.l
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‘ Boolean Algebra I

f 4
1

of* _
Q a];i = fi1 fio

of ~ _
Q a];i = fio " fia
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‘ Boolean Algebra I
Example :

f=y-@)+y (x)
6f_
@—(Z)EB(X) <

/

A =00 I0I0 |

~|o|=|=|=lo oo <

~|=lo 0=~ [0|0]<
(O~ 10~ 0 ~IOIN
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