
united nations
educational, scientific

and cultural
organization

the

international centre for theoretical physics

international atomic
energy agency

Course on "Inverse Methods in Atmospheric Science"
1 -12 October 2001

301/1332-18

"General Angular Structure Method of Inverse Problems:
Solutions in the Radiative Transfer Theory. Part II11

Oleg I. SMOKTY
Institute for Informatics & Automation

Russian Academy of Sciences
St. Petersburg, Russia

Please note: These are preliminary notes intended for internal distribution only.

strada costiera, I I - 34014 trieste italy - tel. +39 04022401 I I fax +39 040224163 - sci_info@ictp.trieste.it - www.ictp.trieste.it





Abstract

Presented in these lectures are the results developed on the basis of the Sobolev
scientific school. They have been obtained by author in the recent years in the field
of the precise analytical and semi-analytical calibrating solutions of the direct-
inverse problems connected with the classical radiative transfer theory and
atmospheric optics. The mathematical basis of considered joint direct-inverse
problems solutions is the presentation of the azimuth harmonics of atmospheric
and underlying surface brightness coefficients on the basis of the forms given by
V. Ambarzumyan, S. Chandrasekhar, V. Sobolev and Van de Hulst. Precise
algorithms for vertically uniform slabs, bounded from below an arbitrary
orthotropical reflecting bottom was elaborated. Taking into account the above-
mentioned classical representations of angular distributions for radiation fields, it
is possible to construct a system of linear algebraic equations for the retrieval of
primary optical parameters of "atmosphere-underlying surface" system. It should
be remarked that specially that in a frame of the developed analytical approach, the
high azimuth harmonics of system brightness coefficients allow to retrieve the
atmospheric optical parameters only. Optical properties of underlying surfaces
are retrieved making use of the zero harmonics only.

The numerical results obtained in the frame of the presented analytical
structural method allow to estimate strictly the following problems:

- the stability solution;
- the influence of chosen grid points, errors and discretization levels;
- information content compression.
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The statement of inverse problems solutions
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Basic input optical parameters
00

Atmospheric optical thickness: TO= ja(z)dz > 0 (1)
o

Surface albedo : A(x,g) < 1
Single scattering albedo : A < 1

Atmospheric phase function x(cos^) = 1 +
N

Basic input radiative parameters

• Reflection coefficient p(rj,Q(p,t^\ I(0,-r},£,(p,ro) = S£p(rj,£#>,r0)

• Fourie harmonics pm(r},£,To) of reflection coefficient p (rj,£,(p,To) '•

,C To)

where \
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lp(rj,g,<p',T0)cosm<p'd<p'

Basic problem

retrieving of optical parameters of system "atmosphere-underlying surface"
A, T0 and A(x,£)



General scheme of quality control
for Inverse problems solutions
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A{U}y =s{G}i-S{G}

The operator's quality at absence a priori information about input optical
characteristics is determined by a value of deviation A{/}.Just

/ | 2If minIIA|{/|2 <e, then minISA|{G|2 <8
1 J l J1 J ij l J ij

Thus the solution of inverse problem's will be correct, if to small variations of input
radiation field {/} will be correspond to small variations of retrieved optical parameters

AM.
By selection s and SE retrievement of {G} is achieved with desirable error A{G} by

means minimization of radiation field deviation A {/}.
Thus at absence of information a priori about initial calibration model of input optical

parameters reasonable criterion of the inverse problems solution quality is following: to
small perturbations of input radiation field {/} must correspond to small perturbations of
retrieved parameters {G). Making use of inverse problems solution data we have
minimization of following deviation:

mm
7=1 M

. - A{I\]2 < 8, (2)

From this deviation for radiation field the next optimization for initial and retrieved
optical parameters deviation A{G], A\G } follows

mmS ^[AiGl-AplY^e, (3)

which is understood in such sense that under mathematically correct solution of inverse
problems any variations of initial optical parameters A{G} will be similar to variations of

retrieved optical parameters



The general structure scheme of the solution
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General structural scheme
of conciliated description for modeling
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Angular structure
of reflected radiation fields

The case of
finite optical

thickness of a planet
atmosphere

a) Abfen&of underlying surface placed on the level under r = TO

According to V.Ambarzumyan and S.Chandrasekhar :

where <p?(£,T0)= ?-

, m = 0,1,2,...^

Basic properties of <p*"(r},r0) and i/^(Tj,rQ) - Ambarzumyan's functions :

i/,"(O,ro)=O, < (0 , r 0 )= / ? - (0 ) , m = 0,1 JV, i-m,m+l, . . . , i

Basic properties of <P™(T],TQ) and I//^(TJ,TQ) - Ambarzumyan's functions for

(2)

(3)

(4)

:

(5)

Basic relations for inverse problem solution:

(7)



b) Orthotropic horizontally uniform underlying surface
placed on the level T=T0

The representation of azimuth's harmonics/f\7, £zo) given by
V.Sobolev and van de Hulst:

"7 = 0,1,..., A/, (1)

where

^ / ^2ja°(^^r 0 )^ ) (2)
0

| ^ J/?°(77,^>0%^, (3)
0 0

It is essential, that in the case of lambertian (orthotropic)
underlying surfaces we have

Thus only zero harmonicsp (T],£,TQ) contains the

information about albedo of underlying surface A(%). Thus,

angular structure of azimuth's harmonics pm(j]^,T0) in the case

A *0 same as without underlying surface (A = 0).

This property determines identical informational contents of
azimuthal harmonics pm , for m > 1, in both cases A(%) * 0 and
A(%) = 0 from the point of view the atmospheric optical
characteristics x,-, A, TQ retrieving.



The angular structure method of inverse problems solutions (ro< oo)
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The case of three-term atmospheric phase function

xfcosjj = 1 + x&osy + x2P2COSy

(molecular light scattering)

A c , - 5 -
1 (1)

P2
2 (O + 24 JP2

2 {-^p2 (£, 7,r0 )drj
(2)

A (3)

(4)
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Primary optical parameters retrievement
of system "atmosphere - underlying surface"

in the case of finite optical atmospheric thickness (T0 <

1. The absent of underlying surface (A = 0):

The system of linear algebraic equations of (A/+1) rank for (A/+1)
unknown atmospheric optical parameters y1x;</=0,1...... A/):

Formal alaebraic representation of basic alaebraic system

y
m

AY = B,

(1)

(2)

A =
0 au a12

... a

... a

0 0 0 ... a

ON

\N

NN )

, Y =

^^

, B =

(I]

Ay

(3)

fl»l = ^

0, i = m + 2k-l

(4)

detA=
N

m=0
(5)

Unique solution of algebraic system:

m

amm

where

r m _ i

oN_k - oN_k

aN-k,N
-1

N-k,N-\ aN-k,N-k+\ r

(6)

aNN a
iV—*-*-!

N-\,N-\

(7) 11



The case ofisotropic light scattering

x(cosy) - 1

A = 477/7° (77,0, r 0 )

P v^^^)

(2)

A-1

in the case of arbitrary atmospheric phase function x(cosy) for A = 1

" JV2/ to) ̂ ^ 7 =2 ro52/,o (3)

0

1

(4)

(5)
T

1 - -
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b) The case of a planet atmosphere bounded
from below an arbitrary horizontally uniform
orthotropic underlying surface with albedo A(Q

m (1)

Surface albedo A(£) is determined by zero azimuthal
harmonics pofaC^-co) only.

Optical parameter Axi (/=1,2,...,N) are retrieved from

azimuthal harmonics pm(r/,£,To) for m > 1 only.

Afterword the initial azimuthal harmonics p™tr(r/,£,To)
for m=0,1,...,N are retrieded accoding to direct scheme of
radiative transfer problem solution. Finally surface albedo

is retrieved according to following relation

(2)
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c) Orthotropic horizontally non-uniform underlying
surface placed on the level T=T0

The generalization of Sobolev's- Van de Hulst's representation
following conditions are:

- primary light reflection from underlying surface is calculated
exactly for real values of surface albedo A(x,£)

- multiple light reflection from underlying surface is
calculated approximately for average values of surface
albedo A (x,£)

- surface reflected radiation is transformed by system
"atmosphere-underlying surface" uniformly for all spatial
frequencies v

Basic radiation field approximation, given by O.Smokty:

-m, A \

p (x-Ax,?],<p,TQ) = p A(X-AX,%)C(TQ)

m = O,l,...,N, (1)

where horizontal shift Ax of coordinate x due to inclined vision is equal

i2—cos <p. (2)

As well as in the case A(Q ^0 angular structure of reflected radiation
field determines atmospheric optical parameters from azimuth's
harmonics pm (m > 1). The zero harmonics p° (m = 0) determines real
albedo of underlying surface A(x, £).

14



General scheme of optical parameters retrievement for system
atmosphere-reflecting bottom" in the case of horizontally non-uniform

orthotropic underlying surface
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Retrievement primary of optical parameters for system
"atmospheric-reflecting bottom" in the case

of arbitrary horizontally non-uniform orthotropic underlying
surface

r=0

Az <

T= To

arccos 0= rj
= arccos^

Ax'
A(x'-Ax',01f)

x'

Azimuthal harmonics pm(x-Ax,rj,<p,r0) according to approximations
given by O.Smokty:

" , £ p , r o ) + 4 ^ ^ (1)
A ( A ^ ) ( )

1) Horizontally average value of pm (x - Ax, T],<p,T0):

p(T],^,(p,T0)=—lp (X1-AX',7],£q>,T0)dx}

2) The retrievement of atmospheric optical parameter TQ, AX; and average surface albedo

A ( x , ̂ ) according to referred above scheme A(x, £).

3) The retrievement of average azimuthal harmonics: pmod (j], %, TQ )
o o

4) Values of radiation fields deviation: A p = p - pm0(i

(2)

5) Values of surface albedo deviation: A A(x, %) = \ A(x, %) - A (x ,

6) Retrievement values of surface albedo A(x, £ ) :

(3)

(4)

(5)
16



General scheme of optical parameters
retrievement for the atmosphere

bounded from below an orthotropic underlying surface
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Numerical Results:

• solution's stability,
• informational contents compression,
• influence of errors and discretization levels

Atmospheric phase function x(cosy):

xg(cosy) = — 2 9 g = 02- 0.9
0 + g - 2gcos / )

Atmospheric optical thickness r0: r0 = 0.1 - 0.6
Surface albedo A(£): A © = 0.0 - 0.9
Angular variables (77,̂ ): |e[0,l ] , r|

Informational contents compression:

current frequency of spatial-angular discretization (s) for input
(retrieved) optical models (G/

highest frequency of spatial-angular discretization (N) for
azimuthal harmonics of input (retrieved) radiation fields

According Nyquist-Kotelnikov's theorem: s> N.

For primary light atmospheric scattering and surface reflection the
empirical estimation in the frame of accuracy ~104 is given by
O.Smokty:

s « 2A/ + 30

Finally empirical correlation for multiple light atmosphere
scattering and surface reflection is following:

€>2qN, g~

Real calculations: total number of harmonics N ~ 200 - 300,
angular compressions from s«400 - 600 points to £« 130 - 200
points for given 5 ~ 10"4.
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Optical models:

RADCOM aerosol model:

rn =0.226+0.6800

A = 0.880-0.942
X = 0.4 + 0.8 mkm

Henny-Greenstein phase function:

x\y) = 8 <1

Surface albedo:
= 0.15 + 0.8

The criteria of inverse problem solutions stability:

#<
6m + 5

0,3 -

0,7-

0,5*

0,5-

0,4'

0,2-

0,1 ••

Sw

NqnstabiEity
region

iee> 1SS
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THE STABILITY OF INUERSE PROBLEM
A FOR THE SURFACE ALBEDO
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CONCLUSION

1. Analytical approach to conciliated construction of precise

direct ( I ) and inverse (L~l) operators for radiative transfer

theory has been developed making use of Ambarzumyan's

angular structure of input radiation fields.

2. In the case of the atmosphere bounded from below an

arbitrary orthotropic underlying surface the retrievement of

primary optical parameters has been carried out {TQ< °O).

3. The problem of stability of "atmosphere-underlying

surface" system and errors-discretisation levels for retrieval

optical parameters has been considered
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