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Abstract

Presented in these lectures are the results developed on the basis of the Sobolev
scientific school. They have been obtained by author in the recent years in the field
of the precise analytical and semi-analytical calibrating solutions of the direct-
inverse problems connected with the classical radiative transfer theory and
atmospheric optics. The mathematical basis of considered joint direct-inverse
problems solutions is the presentation of the azimuth harmonics of atmospheric
and underlying surface brightness coefficients on the basis of the forms given by
V. Ambarzumyan, S. Chandrasekhar, V. Sobolev and Van de Hulst. Precise
algorithms for vertically uniform slabs, bounded from below an arbitrary
orthotropical reflecting bottom was elaborated. Taking into account the above-
mentioned classical representations of angular distributions for radiation fields, it
is possible to construct a system of linear algebraic equations for the retrieval of
primary optical parameters of "atmosphere-underlying surface" system. It should
be remarked that specially that in a frame of the developed analytical approach, the
high azimuth harmonics of system brightness coefficients allow to retrieve the
atmospheric optical parameters only. Optical properties of underlying surfaces
are retrieved making use of the zero harmonics only.

The numerical results obtained in the frame of the presented analytical
structural method allow to estimate strictly the following problems:

- the stability solution,;
- the influence of chosen grid points, errors and discretization levels;
- information content compression.
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The statement of inverse problems solutions

]_(09—779 ’ ¢9 z-())

TS
Ey=arccos &
=0
arccos 11 =0
" A}
A 0
g 16" ) dv
surface albedo
Basic input optical parameters
Atmospheric optical thickness: 7= Ia(z)dz >0 (1)
0 ‘

Surface albedo :  A(x,{) <1
Single scattering albedo: A<1

N
Atmospheric phase function ~ x(cosy) =1+ > x;P.(cosy),

"=l

Basic input radiative parameters

Reflection coefficient 5(7.40,%): 1(0,-1,40,%) = SCA(1.60,7)
Fourie harmonics p ™(7,¢,7) of reflection coefficient p(7,4,¢,%) :

N
/_7(77)4'3(0710) = 150 (7794;70) + Z,Bm(ﬂygﬂ'o)cos mao,
i=]

1

where  p"(1n.{.7,) =
' 2r

2z
jﬁ(n, ¢, @', 1,)cosmp'dy’.
0

Basic problem
U}=Lcte {6l=1"{}

retrieving of optical parameters of system "atmosphere-underlying surface'

x; (i=1,2,...,N), A, 1 and A(x,&)




General scheme of quality control
for inverse problems solutions

Input . Retrieved _Deviation 9f
radiation field erﬁ:gﬁ‘,’::m initial retrlgyefi anfgl llzput
{i{a) |_»|  parameters | —»| rfadiationfield [ radiation fields
j=;a(293g)--,N {G}j= L{L}; {I_}j= I:{E}J A{I—}ij =5{j}i‘5{j}j
&

1 | I

The deviation of
retrieved and input

< optical parameters |
min ¥ T A[{7 P <e,minsyAG) <2 25}, = 5{6), - 515
i ij A | ij

Minimization of deviation for retrieved and input
radiation fields variations

The operator’s quality at absence a priori information about input optical
characteristics is determined by a value of deviation A{I}. Just
If 'minZZAl{]}{z < ¢, then minZZAl{G—}lz <& 1)
I j ij i j ij
Thus the solution of inverse problem’s will be correct, if to small variations of input
radiation field {7} will be correspond to small variations of retrieved optical parameters

A{G}.
By selection ¢ and &, retrievement of {G} is achieved with desirable error A{G} by
means minimization of radiation field deviation A {I }

Thus at absence of information a priori about initial calibration model of input optical
parameters reasonable criterion of the inverse problems solution quality is following: to
small perturbations of input radiation field {/} must correspond to small perturbations of

retrieved parameters {G}. Making use of inverse problems solution data we have
minimization of following deviation:

min ¥ Y[A{} -A{T}]% <6, 2)
j=1i=l

From this deviation for radiation field the next optimization for initial and retrieved
optical parameters deviation A{G }, A{G } follows
. =) 2 -~
min Zx ZI[A{G}i —A{G }j] ¢, | G)
= j=
which is understood in such sense that under mathematically correct solution of inverse
problems any variations of initial optical parameters A{G} will be similar to variations of

retrieved optical parameters {G— }



The general structure scheme of the solution
of the inverse problems on the base
satellite data and radiative modelling
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General structural scheme
of conciliated description for modeling
of direct-inverse problem solutions
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Angular structure
of reflected radiation fields

The case of
finite optical
thickness of a planet
atmosphere

1 =

surface albedo

surface albedo surface albedo

A(D=0 A(H#0 A(x,£)=0

a) Abgengof underlying surface placed on the level under = 15 :

A=0, p(n.spn)= p(1.60,%)
According to V.Ambarzumyan and S.Chandrasekhar :

Fingay= D3m0k, ORI YTy %)

i+m) ' n+<¢ O

where @ ($,7,)=P"({)+2¢ [Br (-m) F (& w)dn, m=0,12,...,N, )

W (Coty)= PO e 2L [P (o (n s md, m=0,12,..N 3)

Basic properties of ¢"(n,7,) and y,"(1,7,) - Ambarzumyan's functions :
v 0,5)=0,  @"(0,5)= P"(0), m=0,1,,N, i=mmtl.,N. (4
Basic properties of ¢ (n,7,) and y,;"(1,7,) - Ambarzumyan's functions for m=N:

N 8(2N
'_//1{/\[(;970): \ﬁ%v(;a 0)]Z 5\x ) To)S s ()
Hnl )= Ax ¢N(f7,fo)l//N(mo)—¢>N(J,fo)w(n,ro)p ©)

4(2N)! n-¢

Basic relations for inverse problem solution:

F'(0,6 ) = ~—Z( b G- m;, X, ((Dfﬂ?i), m=0,1,.,N )



b) Orthotropic horizontally uniform underlying surface
placed on the level t= 1,

The representation of azimuth’s harmonics3"(1,¢,%) given by
V.Sobolev and van de Hulst:
A(S)

/Jr(ﬂvg”[o)=dr(n’é:fo)+ 1-—A(§)C(TO)

(1, 70) 1S, ) ,

m=0,1,...., N, (1)
where | |
_ ~1,/& 1_0
ﬂ(é: Z'o) =€ +2 ,[O- (77: CaTO )Udﬂ ) (2)
| 0
1 1
c(w) = 4 [ndn [p°(1,,70)¢dC (3)
0 0

It is essential, that in the case of I|ambertian (orthotropic)
underlying surfaces we have

p"(m.¢,19) = p"(0.4,79), mz1. (4)

Thus only zero harmonics p‘o(n,§ ,Tp) contains the
information about albedo of underlying surface A(&). Thus,
angular structure of azimuth’s harmonics p"(n,¢,74) in the case
A #0 same as without underlying surface (A4 = 0).

This property determines identical informational contents of
azimuthal harmonics o" , for m > 1, in both cases A(¢) =0 and
A(&)=0 from the point of view the atmospheric optical
characteristics x;, A, n retrieving. |



The angular structure method of inverse problems solutions (7 < )
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The case of three-term atmospheric phase function
x(cosy) =1 + x,c08y + x,Pyc0Sy

(molecular light scattering)

fey = g P 60T) 5'(¢0.70)
W Aen) {Pf(mzc IPI’(-ﬂ)p‘({,f?,fo)dﬂ}
x, = b, :324]02(( 0,7) _ 324pH(¢,0,7,)

2 1 ’
a2 P(57) [Pf ©)+2¢ [P Pt €7, )dn}

by 4c0°(C,0,7 0(&,7)
A____ 0 - gpo(g 0)216(;02(;,0,'[0) - ¢2 C 20 ‘ )
Ay ®o(S57)) ©0 (€,70)95(¢,7)
P V&g P)NN(;)
N NP _\e:5:%0) W _ N N
J[m & z)f -2 (0) TN ARE] [P o™ (14 70)dn

(1)

(2)

3)

4)
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Primary optical parameters retrievement
of system "atmosphere - underlying surface”
in the case of finite optical atmospheric thickness (7 < )

1. The absent of underlying surface (A = 0):

The system of linear algebraic equations of (N+1) rank for (N+1)
unknown atmospheric optical parameters Axj(i=0,1,...,N):

P (1.6 w) for n="0
m — _/_\_ Y _\itm (Z—m)' m ¢m(§>ro)
p (0,5 w) 4i§1( 1) (Hm)!x,-Pi (0)—————————6 , (1)

m=0,1,...N.

Formal algebraic representation of basic algebraic system

Vm = A, by =4p(¢, 0, )¢ (1)
AY =B, (2)
/aoo Qo1 Qrp - Aoy Yo | b,
A= 0 a, ap ay Y= N . B= b, 3)
L0 0 0 gy \Vn \by )
0, i=m+2k-1
mi __1 —_-
(-1 2(m+k)!!¢’ (9] |
N e (1, 7)¥(E,70)
det A= ey e 5) .
Uhique solution of algebraic system:
Yy = b—’" m=0,1,2,...,N, (6)
amm
where
~ a ~ a ~ a -
Bm =b, _{ N—k,N b, + N—k,Ng B+ N—k,N—k+1 bN—k+1}’
any Ay 1,N-1 AN _j41,N-k+1

k=1,2,...,.N. (7)
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The case of isotropic light scattering

x(cosy) =1

4np° (7,0,
1 + 277 IIOO (773 77’9 TO )dﬂ'
0

P({)

= ¢In

pN(f,é’,fo) N _ N N
0. PV =26 LR (o (r 4z

(2)

\/[(p;? &7 —2BY (0)

A=1

In the case of arbitrary atmospheric phase function x(cosy for A= 1:

1 1
[@3.(m) (zo+m)d - [w3,(n) ndn =278 3)
0 0

1 1
[05i1 (1) ot ) + [73,21(7) M7 =2 801,
0 0

[lo®(m + 1y lin= 125, (4)

0

| l1{477/)"(77,0, 7) ~\8n2nlp(.0,2,)F - p(1.1. 75)}}70’ 7

)

0=

1- % 1j{anp(n,O, 70) =872l p(1,0,7)F - p(n, n,fo)}}d”




b) The case of a planet atmosphere bounded
from below an arbitrary horizontally uniform
orthotropic underlying surface with albedo A(¢)

—m — om A)
P (773470) P (77’42.0)+VI—A(C)C(TO)'U(U’TO) ﬂ({,fo),

m=0,1,.., N, (1)

Surface albedo A(¢) is determined by zero azimuthal
harmonics po(,C,1g) only.

Optical parameter Ax; (=1,2,...,N) are retrieved from
azimuthal harmonics 5" (7,4, %) for m =1 only.

Afterword the initial azimuthal harmonics P, (1,4, %)

for m=0,1,...,N are retrieded accoding to direct scheme of
radiative transfer problem solution. Finally surface albedo
A(&) is retrieved according to following relation

P°1.¢,70)- P’ (1,4 70) o

P°(1.¢.70) = P (0. 70 le(o) + (. 706 70)
| @

A(S)=

13



¢) Orthotropic horizontally non-uniform underlying
surface placed on the level =1,

The generalization of Sobolev’s- Van de Hulst's representation
following conditions are:

— primary light reflection from underlying surface is calculated
exactly for real values of surface albedo A(x,&)

— multiple light reflection from underlying surface is
calculated approximately for average values of surface
albedo A (x,£)

— surface reflected radiation is transformed by system
"atmosphere-underlying surface" uniformly for all spatial
frequencies v

Basic radiation field approximation, given by O.Smokty:

ASx——Ax,f),u@,ro)
A(x—Ax,E)e(zy)
m=0,1,.,N (1)

,f_?m(x“AX,U,%To) = pm(n9§’¢’r0)+

where horizontal shift Ax of coordinate x due to inclined vision is equal
Ax = 1—772—A—Z—cos¢. (2)
n

As well as in the case 4(&) =0 angular structure of reflected radiation
field determines atmospheric optical parameters from azimuth’s

harmonics p” (m = 1). The zero harmonics o’ (m = 0) determines real
albedo of underlying surface A(x, £).

14
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| General scheme of optical parameters retrievement for system
"atmosphere-reflecting bottom" in the case of horizontally non-uniform
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Retrievement primary of optical parameters for system
"atmospheric-reflecting bottom” in the case
of arbitrary horizontally non-uniform orthotropic underlying
surface

I(O,X—Ax,ﬂ,é,¢,‘[0)

S
arccos =7
| 6y= arccosé |
=0

A 6"

g |0
Vi
T= 1y U A

X

Azimuthal harmonics p” (x — Ax,n,9,7,) according to approximations

given by O.Smokty:

A(x - Ax, &) p(5, 7o)
A(x - Mx,8)e(zy)

p"(x =AM, n,9,7) = p"(n,&,0,70)+ m=0,1,.,N (1)

1) Horizontally average value of p” (x — Ax,7,9,7,):

- | \ .
/—?(77553%70):‘5 J.p (x—Axanaéa¢7TO)dx (2)
D

2) The retrievement of atmospheric optical parameter 7y, /AX; and average surface albedo
A(x,£) according to referred above scheme A(x,¢).

3) The retrievement of average azimuthal harmonics: p,..4(77,¢,7;)
4) Values of radiation fields deviation: A p° = | P’ - Puod | 3)
5) Values of surface albedo deviation: A A(x,&) =] A(x,&) - A(x,&)] 4)

6) Retrievement values of surface albedo A(x,&):
A_O(X—Ax, Y )I_Z(g)C(T )
A(x, 5): L 5 17,7q [ 0 ]

.
H(&,to)u(1,7,) ©)
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General scheme of optical parameters

retrievement for the atmosphere

bounded from below an orthotropic underlying surface

Space
Optical

Information

I

Input Analytical
Angular Structure

Unknown optical parameters

phase function x(»

albedo of underlying surface A(¢)

= optical thickness 7,

single scattering albedo A for A({) =0

Angm |y T *0)

irect radiation fields

of Radiation Field m=12,...N i=1,2,....¥ modeling
) 50(77: g, T()) \ p"(M.&/%0), Om( 77’470)’
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Numerical Results:

o solution'’s stability,
) informational contents compression,
) influence of errors and discretization levels

Atmospheric phase function x(cosy):

1- g2
xg(COSy) = > , g=02-09
(I+g°-2gcosy)
Atmospheric optical thickness z: 7, =0.1-0.6
Surface albedo A(%): A(E)=0.0-0.9
Angular variables (7,%): | £e[0,1], ne[l,1]

Informational contents compression:

— current frequency of spatial-angular discretization (g) for input

(retrieved) optical models {G}

— highest frequency of spatial-angular discretization (N) for
azimuthal harmonics of input (retrieved) radiation fields

1" (5,1,8,7,)= LiG™}
According Nyquist-Kotelnikov's theorem: &> N.

For primary light atmospheric scattering and surface reflection the
empirical estimation in the frame of accuracy ~10* is given by
O.Smokty:

e~2N + 30

Finally empirical correlation for multiple light atmosphere
scattering and surface reflection is following:
&2 29N, qg~1/6

Real calculations: total number of harmonics N ~ 200 - 300,
angular compressions from ¢~ 400 - 600 points to 5~ 130 - 200
points for given & ~ 10™.

18



Optical models:

RADCOM aerosol model:
7, = 0.226+ 0.680

A=0880+0942 [ *=04+03 mkm

Henny-Greenstein phase function:
)= —1E e
(1+ g -—2gcosy) 2

Surface albedo:

A=015+08
The criteria of inverse problem solutions stability:

6m+5 !
(2m+3)2m+1)

E<

Nonstability
region

19
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Stability of expansion coefficient x; retrieving in dependence
on perturbation parameter ¢ and angular value &.
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THE STREILITY OF IMVERSE PROELEM
FOR THE PARANMETER X
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CONCLUSION

1. Analytical approach to conciliated construc’tion of precise

direct (L) and inverse (L) operators for radiative transfer
theory has been developed making use of Ambarzumyan's

angular structure of input radiation fields.

2. In the case of the atmosphere bounded from below an
arbitrary orthotropic underlying surface the retrievement of

primary optical parameters has been carried out (7,< ).

3. The problem of stability of "atmosphere-underlying

surface” system and errors-discretisation levels for retrieval

optical parameters has been considered
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