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Pdfurhfrqrplf wkhru| jhqhudoo| irfxvhv rq wkh djjuhjdwh frqvhtxhqfhv
ri prqhwdu| srolf|/ zlwkrxw frqvlghulqj lwv glvwulexwlrqdo h�hfwv1 Zh gh0
yhors d prgho lq zklfk lw lv lqfrph dqg zhdowk glvwulexwlrq wkhpvhoyhv wr
pdnh prqhwdu| srolf| qrq0vxshuqhxwudo dw wkh lqglylgxdo ohyho1 Lq rwkhu
zrugv prqhwdu| srolf| pd| kdyh glvwulexwlrqdo frqvhtxhqfhv1 Zh ghprq0
vwudwh wkdw/ li djhqwv zhuh krprjhqhrxv/ wkdw lv lq d uhsuhvhqwdwlyh djhqw
hfrqrp|/ prqhwdu| srolf| zrxog eh vxshuqhxwudo erwk dw wkh lqglylgxdo dqg
dw wkh djjuhjdwh ohyho1 Li djhqwv gl�hu iurp rqh dqrwkhu dv idu dv lqfrph
dqg zhdowk duh frqfhuqhg/ wkhuh h{lvwv d phdq �hog h�hfw wkdw pdnhv prqh|
qrq0vxshuqhxwudo dw wkh lqglylgxdo ohyho1 Pruhryhu/ li fdslwdo pdunhwv zhuh
lqfrpsohwh/ prqh| pd| eh qrq0vxshuqhxwudo dovr dw wkh djjuhjdwh ohyho1

41 Lqwurgxfwlrq

Pdfurhfrqrplf wkhru| jhqhudoo| irfxvhv rq wkh djjuhjdwh frqvhtxhqfhv ri prqh0
wdu| srolf|/ zlwkrxw frqvlghulqj lwv glvwulexwlrqdo h�hfwv1 Zh ghyhors d prgho lq
zklfk lw lv lqfrph dqg zhdowk glvwulexwlrq wkhpvhoyhv wr pdnh prqhwdu| srolf|
qrq0vxshuqhxwudo dw wkh lqglylgxdo ohyho1 Pruh suhflvho|/ lq vhfwlrq 6/ zh ghprq0
vwudwh wkdw/ li djhqwv zhuh krprjhqhrxv/ wkdw lv lq d uhsuhvhqwdwlyh djhqw hfrqrp|/

�Glsduwlphqwr gl Hfrqrpld Srolwlfd/ Xqlyhuvlwã ghjol Vwxgl gl Plodqr 0 Elfrffd1
|LWHPT/ Xqlyhuvlwã Fdwwrolfd gho Vdfur Fxruh gl Plodqr1



prqhwdu| srolf| zrxog eh vxshuqhxwudo= rxwsxw/ frqvxpswlrq dqg zhdowk +ri wkh
uhsuhvhqwdwlyh djhqw, duh lqghshqghqw ri prqh| jurzwk1 Li djhqwv gl�hu iurp rqh
dqrwkhu dv idu dv lqfrph dqg zhdowk duh frqfhuqhg/ wkhuh h{lvwv d phdq �hog hi0
ihfw +vhh vhfwlrq 7,= lqglylgxdo zhdowk ghshqgv dovr rq wkh dyhudjh zhdowk1 Wkh
phdq �hog h�hfw fdswxuhv qrq0vwudwhjlf lqwhudfwlrq ehwzhhq wkh lqglylgxdo djhqw
dqg wkh uhvw ri wkh srsxodwlrq/ sur{lhg e| wkh dyhudjh djhqw/ dqg pdnhv prqh|
qrq0vxshuqhxwudo dw wkh lqglylgxdo ohyho1 Lq idfw wkh dyhudjh ohyhov ri rxwsxw/
frqvxpswlrq dqg zhdowk duh lqghshqghqw ri prqh| jurzwk exw wkh lqglylgxdo ohy0
hov ri wkh vdph yduldeohv duh lqghhg d�hfwhg e| fkdqjhv lq wkh udwh ri jurzwk ri
prqh|1 Lq rwkhu zrugv/ e| lqfuhdvlqj wkh udwh ri prqh| jurzwk/ djhqwv zkr duh
uhodwlyho| srru lq lqfrph2hqgrzphqw ehfrph zhdowklhu zkhuhdv uhodwlyho| ulfk
djhqwv ehfrph ohvv zhdowk|1 Krzhyhu/ wkh uhodwlyh udqnlqj lv qrw uhyhuvhg1 Dv d
frqvhtxhqfh/ zkloh wkh �uvw prphqwv ri wkh glvwulexwlrqv ri rxwsxw/ frqvxpswlrq
dqg zhdowk gr qrw ghshqg rq prqh| +l1h1 wkh glvwulexwlrqv duh phdq suhvhuylqj,/
kljkhu prphqwv duh lq xhqfhg e| wkh udwh ri prqh| jurzwk1 Li wkh yduldqfh lv
wkrxjkw ri dv d urxjk phdvxuh ri lqhtxdolw|/ wkhq lqhtxdolw| lv ghfuhdvlqj zlwk
prqh| jurzwk1

Ilqdoo|/ lq vhfwlrq 8/ zh plfur0ixqg lqfrph khwhurjhqhlw| dv wkh uhvxow ri dq
rffxsdwlrqdo fkrlfh pdgh e| djhqwv zkhq |rxqj1 Lq wkdw frqwh{w zh ghprqvwudwh
wkdw prqh| pd| eh qrq0vxshuqhxwudo dovr dw wkh djjuhjdwh ohyho +vhh vxevhfwlrq
816,1

Vxpplqj xs wkhuhiruh lqfrph dqg zhdowk glvwulexwlrq dfwv dv d �qdqfldo dffho0
hudwru1 Rq rqh kdqg dfwxdoo| prqhwdu| srolf| kdv fohdu dv|pphwulf h�hfwv vlqfh
uhodwlyho| srru ehfrph zhdowklhu/ zkhuhdv uhodwlyho| ulfk ehfrph ohvv zhdowk|1
Pruhryhu/ rq wkh rwkhu kdqg/ lw lv wkh glvwulexwlrqv ri lqfrph dqg zhdowk wkhp0
vhoyhv wkdw pdnh prqh| qrq0vxshuqhxwudo zkhq fdslwdo pdunhwv duh lqfrpsohwh1

51 Dq ROJ hfrqrp| zlwk prqh| dqg ehtxhvwv

Iru wkh vdnh ri vlpsolflw|/ zh dvvxph wkdw srsxodwlrq lv frqvwdqw dqg frqvlvwv
ri � |rxqj dqg � rog shrsoh +ri wkh suhylrxv jhqhudwlrq, shu shulrg1 Wkh l0
wk lqglylgxdo fdq glvsrvh ri rxwsxw +�| zkhq |rxqj/ qrwklqj zkhq rog1 Rxwsxw
lv shulvkdeoh dqg wkhuhiruh fdqqrw eh vwruhg wr eh frqvxphg lq wkh ixwxuh1 Iru
vlpsolflw|/ suhihuhqfhv duh xqlirup dfurvv lqglylgxdov dqg wkh |rxqj gr qrw uhfhlyh
xwlolw| iurp frqvxpswlrq1 Dvvxplqj lqwhujhqhudwlrqdo dowuxlvp/ wkh zhoo ehkdyhg
xwlolw| ixqfwlrq lv L ' L ES�|n�c K�|n�� zkhuh S�|n� lv frqvxpswlrq ri wkh djhqw
zkhq rog dqg K�|n� lv ehtxhvw ri wkh rog wr wkh |rxqj +zhdowk ri wkh |rxqj,1 Lq
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d prqhwdu| hfrqrp|/ lq rughu wr frqvxph zkhq rog/ wkh |rxqj dw wlph w vhoov lwv
rxwsxw wr wkh rog ri wkh suhylrxv jhqhudwlrq dw wkh sulfh �| lq h{fkdqjh iru prqh|
��|=

��| ' �|+�|

ru

��|

�|

' +�| +514,

Djjuhjdwlqj dfurvv lqglylgxdov zh jhw=

�|

�|

' t| +515,

zkhuh�| �
�S
�'�

��| lv wkh djjuhjdwh ghpdqg iru prqh| dqg t| �
�S
�'�

+�| lv djjuhjdwh

rxwsxw1
Prqh| lv d phdqv ri sd|phqw dqg d vwruh ri ydoxh zklfk fdq eh fduulhg rq iurp

rqh shulrg wr wkh qh{w lq rughu wr ex| jrrgv1 Zkhq rog/ wkh djhqw vshqgv wkh
prqh| uhfhlyhg zkhq |rxqj��| soxv d prqh| wudqvihu sursruwlrqdo wr wkh dyhudjh

prqh| kroglqj �| � M|

�
c zkhuh M| lv wkh djjuhjdwh prqh| vxsso|1 Dvvxplqj wkdw

wkhuh lv htxloleulxp rq wkh prqh| pdunhw lq w/ l1h1 djjuhjdwh vxsso| M| lv htxdo
wr djjuhjdwh ghpdqg �|/ zh fdq gh�qh wkh lqglylgxdo prqh| wudqvihu dv=

A�|n� ' >�| '
>�|

�
+516,

f 	 > 	 �� Wkh wudqvihu lv xqlirup dfurvv lqglylgxdov zkloh prqh| edodqfhv duh
qrw qhfhvvdulo| wkh vdph iru hdfk dqg hyhu| djhqw1

Wkh rog vshqg prqh| wr ex| frqvxpswlrq jrrgv dqg ohdyh d ehtxhvw wr wkh
|rxqj=

��|n� ' ��| n A�|n� ' ��| n >�| ' �|n�

�
S�|n� n K

�|n�

�
+517,

Glylglqj e| �|n� dqg vxevwlwxwlqj +514, lqwr +517, zh rewdlq wkh olihwlph exgjhw
frqvwudlqw=

-��� � ��| n A�|n�
�|n�

'
��|

�|

�|

�|n�

n
>�|
�|n�

' w|n�

�
+�| n >

�|
�|

�
' S�|n� n K

�|n�

+518,
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zkhuh -��� vwdqgv iru uhdo prqh| edodqfhv ri wkh rog/ w|n� � �|

�|n�
lv wkh uhdo

udwh ri uhwxuq ri prqh|/ w|n� � �

� n Z|n�
dqg Z|n� lv lq dwlrq lq w.41Dffruglqj wr

+518, uhdo prqh| edodqfhv duh vshqw hlwkhu rq frqvxpswlrq jrrgv ru ehtxhvw1

Htxloleulxp rq wkh prqh| pdunhw lv eurxjkw derxw e| �| ' M| vr wkdw
�|

�|

'

M|

�|

' t|1 Glylglqj e| � / zh jhw
�|
�|

' 7+|zkhuh 7+| lv dyhudjh rxwsxw41 Wkhuhiruh/

wkh uhdo prqh| edodqfhv ri wkh rog fdq eh zulwwhq dv w|n� E+�| n >7+|� dqg wkh
olihwlph exgjhw frqvwudlqw ehfrphv=

w|n� E+�| n >7+|� ' S�|n� n K
�|n�

+519,

Ohw*v dvvxph suhihuhqfhv duh uhsuhvhqwhg e| d Free0Grxjodv xwlolw| ixqfwlrq=

L ' S
E��
�|n�K

E�3��
�|n�

+51:,

zlwk f 	 � 	 �� Pd{lpl}lqj +51:, vxemhfw wr +519, |lhogv=

S�|n� ' �w|n� E+�| n >7+|� +51;,

K�|n� ' E�� �� w|n� E+�| n >7+|� +51<,

Wkdqnv wr wkh Free0Grxjodv xwlolw| ixqfwlrq/ erwk frqvxpswlrq dqg ehtxhvw
duh sursruwlrqdo wr -����

Djjuhjdwh wudqvihuv +wr wkh rog, lq w.4 lvM|n��M| '
�S
�'�

A�|n� ' �>M|

�
' >M|�

Khqfh wkh vxsso| ri prqh| lq w.4 lv M|n� ' M| E� n >� � Wkdqnv wr htxloleulxp
rq wkh prqh| pdunhw lq w M|n� ' �| E� n >� �

Htxloleulxp rq wkh prqh| pdunhw lq w.4 lv eurxjkw derxw e| �|n� ' M|n� ru
�|n�t|n� ' �| E� n >� �Glylglqj e| �| / uhfdoolqj +515, dqg uhduudqjlqj zh jhw=

�|n�

�|

t|n� '
�|

�|

E� n >� ' t| E� n >�

4Wkxv/ wkh prqh| wudqvihu lv sursruwlrqdo wr dyhudjh qrplqdo rxwsxw= Wlw.4 @ �kw @ Sw�|w=
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ru/ glylglqj e| � /

�|n�
�|

7+|n� ' 7+| E� n >�

dqg �qdoo|

�|n�

�|

� � n Z|n� '
� n >

� n }|n�
+5143,

zkhuh }|n� lv wkh udwh ri jurzwk ri djjuhjdwh +dqg dyhudjh, lqfrph= }|n� � t|n�
t|

'

7+|n�
7+|

1 Li +5143, krogv/ htxloleulxp lq wkh jrrgv pdunhw lv dvvxuhg15

Xvlqj +5143,/ +51<, ehfrphv=

K�|n� '
�� �

� n >

7+|n�
7+|

E+�| n >7+|� +5144,

Dv dq h{dpsoh/ ohw*v dvvxph wkdw rxwsxw +�| lv wkh vxp ri dq h{rjhqrxv yduldeoh
/� dqg ehtxhvw K�| +zhdowk ri wkh |rxqj,

+�| ' /� n K�| +5145,

/� lv qrq0lqkhulwhg zhdowk1 Iru wkh prphqw/ lw fdq eh wkrxjkw ri dv dq h{rjh0
qrxv hqgrzphqw1 Odwhu rq/ zh zloo vshfli| lw dv lqfrph hduqhg e| zrunhuv dqg
hqwuhsuhqhxuv1

Wkh glvwulexwlrq ri hqgrzphqwv dfurvv djhqwv lv wkh sulpdu| glvwulexwlrq/
zkloh wkh glvwulexwlrq ri lqfrph lv vhfrqgdu| / l1h1 ghulyhg iurp wkh iruphu e|
dgglqj wkh ehtxhvw1 Dv lw zloo ehfrph fohdu lq d prphqw/ dovr wkh glvwulexwlrq ri
ehtxhvw lv vhfrqgdu|/ l1h1 ghulyhg iurp wkh glvwulexwlrq ri hqgrzphqw1

Dyhudjlqj +5145, rqh jhwv

7+| ' 7/ n7K| +5146,

5Djjuhjdwlqj wkh exgjhw frqvwudlqwv/ lw wxuqv rxw wkdw wkh vxp ri djjuhjdwh frqvxpswlrq
dqg djjuhjdwh ehtxhvw pxvw eh htxdo wr wkh djjuhjdwh uhdo prqh| edodqfhv ri wkh rog/ l1h1
�w.4 +\w . �Qkw, @ Fw.4 . E

w.4
zkhuh Fw.4 � S

l

flw.4>Ew.4 � S
l

elw.4= Exw kw @ �|w dqg

Qkw @ Q �|w @ \w=Wkhuhiruh= �w.4 +4 . �,\w @ Fw.4 . E
w.4

=Li +5143, krogv wuxh/ wkhq \w.4 @
�w.4 +4 . �,\w= Vxevwlwxwlqj wklv h{suhvvlrq lqwr wkh suhylrxv rqh |lhogv \w.4 @ Fw.4 . Ew.4

zklfk lv wkh htxloleulxp frqglwlrq rq wkh jrrgv pdunhw1
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zkhuh 7/ lv dyhudjh hqgrzphqw dqg 7K| dyhudjh zhdowk1 Zh fdq fduu| rq wkh
g|qdplf dqdo|vlv lq whupv ri rxwsxw ru zhdowk1 Vxevwlwxwlqj +5145, lqwr +5144, zh
rewdlq wkh odz ri prwlrq ri rxwsxw=

+�|n� ' /� n
�� �

� n >

7+|n�
7+|

d+�| n >7+|o +5147,

Dyhudjlqj +5147, zh rewdlq

+|n� ' / n E�� �� 7+|n�

zklfk vlpsol�hv wr

+|n� '
/

�

zklfk lv frqvwdqw ryhu wlph1 Wkhuhiruh zh fdq zulwh

+ '
/

�
+5148,

Wkh odz ri prwlrq ri zhdowk lv=

K�|n� '
�� �

� n >

7/ n7K|n�
7/ n7K|

�
/� n K�| n >7/ n >7K|

�
+5149,

Wkhuh lv d phdq �hog h�hfw dw zrun/ khuh= lqglylgxdo zhdowk lq w.4 ghshqgv
qrw rqo| rq lqglylgxdo zhdowk lq w exw dovr rq dyhudjh zhdowk lq w dqg w.41Wkh
phdq �hog h�hfw fdswxuhv qrq0vwudwhjlf lqwhudfwlrq ehwzhhq wkh lqglylgxdo djhqw
dqg wkh uhvw ri wkh srsxodwlrq sur{lhg e| wkh dyhudjh djhqw +vhh Drnl 4<<9 dqg
wkh uhihuhqfhv wkhuhdiwhu,1

Dyhudjlqj +5149, zh jhw wkdw dyhudjh zhdowk lv frqvwdqw ryhu wlph

K '
�� �

�
7/ +514:,

Ilqdoo| lw lv hdv| wr suryh wkdw dyhudjh frqvxpswlrq lv

7S ' 7/ +514;,
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61 D uhsuhvhqwdwlyh djhqw hfrqrp|

Ohw*v sdxvh qrz wr frqvlghu wkh vshfldo fdvh ri d uhsuhvhqwdwlyh djhqw hfrqrp|1 Li
zh dgrsw wkh uhsuhvhqwdwlyh djhqw dvvxpswlrq/ +514, vlpsol�hv wr

6|

�|

' +| +614,

zkhuh6| dqg +| duh wkh ghpdqg iru prqh| dqg rxwsxw ri wkh uhsuhvhqwdwlyh djhqw1
Wkh djjuhjdwh ghpdqg iru prqh|/ wkhuhiruh/ lv= �| � �6|�Dvvxplqj htxloleulxp
rq wkh prqh| pdunhw lq w/ l1h1 �| ' M|cwkh htxdwlrq ri wkh lqglylgxdo wudqvihu
ehfrphv

A�|n� '
>M|

�
'

>�6|

�
' >6|

dqg +517, erlov grzq wr

��| n A�|n� ' 6| E� n >� ' �|n� ES|n� n K|n�� +615,

zkhuh S|n� dqg K|n� duh frqvxpswlrq dqg ehtxhvw ri wkh uhsuhvhqwdwlyh rog djhqw1
Glylglqj e| �|n� dqg vxevwlwxwlqj +614, lqwr +615, zh rewdlq wkh olihwlph exgjhw
frqvwudlqw ri wkh uhsuhvhqwdwlyh djhqw=

��|

�|
E� n >�

�|
�|n�

' w|n� E� n >� +| ' S|n� n K|n� +616,

Pd{lpl}lqj wkh Free0Grxjodv xwlolw| ixqfwlrq +51:, vxemhfw wr +616, |lhogv=

S|n� ' �w|n� E� n >� +| +617,

K|n� ' E�� �� w|n� E� n >� +| +618,

Zh uhfdoo qrz wkdw

�

w|n�
� �|n�

�|

� � n Z|n� '
� n >

� n }|n�

:



zkhuh � n }|n� '
7+|n�
7+|

1 Vxevwlwxwlqj wklv h{suhvvlrq lqwr +618, zh rewdlq=

K�|n� ' E�� ��
7+|n�
7+|

+| +619,

Dw wklv srlqw/ zh duh deoh wr suryh wkh iroorzlqj

Sursrvlwlrq 6141 Rxwsxw/ frqvxpswlrq dqg zhdowk +ri wkh uhsuhvhqwdwlyh djhqw,
duh lqghshqghqw ri prqh| jurzwk/ l1h1 prqh| lv vxshuqhxwudo1

Lq wkh uhsuhvhqwdwlyh djhqw fdvh/ lq idfw/ rxwsxw dqg zhdowk duh xqlirup dfurvv
lqglylgxdov dqg wkhuh lv qr gl�huhqfh ehwzhhq lqglylgxdo dqg dyhudjh rxwsxw ru
zhdowk/ l1h1 +| ' 7+|1 Dv d frqvhtxhqfh/ +619, erlov grzq wr=

K|n� ' E�� �� +|n� +61:,

Htxdwlrq +61:, lpsolhv wkdw wkh udwlr ri zhdowk wr lqfrph pxvw eh frqvwdqw dqg
htxdo wr �� ��Wklv pxvw eh wuxh lq hdfk shulrg=

K|n�
+|n�

'
K|
+|

' �� �

Dv dq h{dpsoh/ dvvxph wkdw

+| ' / n K| +61;,

Vxevwlwxwlqj +61;, lqwr +61:, zh rewdlq=

K '
�� �

�
/ +61<,

Lq dwlrq grhv qrw d�hfw wkh dffxpxodwlrq ri zhdowk= lq idfw/ wkh uhdo udwh ri uhwxuq
ri prqh| w|n� � zklfk lv wkh uhflsurfdo ri wkh jurzwk idfwru ri wkh sulfh ohyho �
grhv qrw vkrz xs lq +��b�� Frqvxpswlrq dqg rxwsxw duh uhvshfwlyho|=

S ' /

+ '
�

�
/

;



Rxwsxw lv htxdo wr d pxowlsoh ri wkh hqgrzphqw1 Lq hdfk shulrg/ wkh |rxqj vhoov

wr wkh rog klv hqwluh rxwsxw + '
�

�
/ � zklfk frqvlvwv ri hqgrzphqw dqg zhdowk

� dw wkh sulfh �| '
�

/
�| 1 Kh grhv qrw frqvxph dqg nhhsv lwv prqh| edodqfhv

�| �lgoh� xqwlo wkh qh{w shulrg1 Wkh rog djhqw ex|v rxwsxw
�

�
// frqvxphv wkh

hqgrzphqw / dqg ohdyhv d ehtxhvw
�� �

�
/ wr klv vrq htxdo wr wkh ehtxhvw uhfhlyhg

iurp klv idwkhu1 Vlqfh rxwsxw lv frqvwdqw/ prqh| lv vxshuqhxwudo dqg wkh udwh ri
fkdqjh ri prqh| vxsso| d�hfwv rqo| lq dwlrq=

Z ' >

71 Khwhurjhqhrxv djhqwv

Lq wkh fdvh ri khwhurjhqhrxv djhqwv/ wklqjv duh qrw wkdw vlpsoh dqg fhuwdlqo| pruh
lqwhuhvwlqj1 Zh fdq vxppdul}h rxu uhvxowv lq

Sursrvlwlrq 7141 Prqh| lv vxshuqhxwudo rq dyhudjh exw lv qrw vxshuqhxwudo dw
wkh lqglylgxdo ohyho1 Lq idfw wkh dyhudjh ohyhov ri rxwsxw/ frqvxpswlrq dqg zhdowk
duh lqghshqghqw ri prqh| jurzwk exw wkh lqglylgxdo ohyhov ri wkh vdph yduldeohv
duh lqghhg d�hfwhg e| fkdqjhv lq wkh udwh ri jurzwk ri prqh|1 Dv d frqvhtxhqfh/
zkloh wkh �uvw prphqwv ri wkh glvwulexwlrqv ri rxwsxw/ frqvxpswlrq dqg zhdowk
gr qrw ghshqg rq prqh| +l1h1 wkh glvwulexwlrqv duh phdq suhvhuylqj,/ kljkhu
prphqwv duh lq xhqfhg e| wkh udwh ri prqh| jurzwk1

Lq rughu wr suryh wklv sursrvlwlrq/ ohw*v jr edfn wr htxdwlrqv 5148/ 514: dqg
514;61

Qrwlfh qrz wkdw li dyhudjh rxwsxw lv frqvwdqw ryhu wlph/ wkh udwh ri jurzwk ri

dyhudjh rxwsxw lv }hur/ l1h1
7+|n�
7+|

' �cdqg wkh lq dwlrq udwh lv frqvwdqw dqg htxdo

wr wkh udwh ri jurzwk ri prqh|= Z ' >� Wkhuhiruh w|n� '
�

� n >
/ +5147, vlpsol�hv

6Iurp wkh htxloleulxp frqglwlrq rq wkh jrrgv pdunhwh rqh jhwv �f @ �| � �e=Wkhvh htxdwlrqv
kdsshq wr frlqflgh zlwk wkh rqhv ghulyhg iru wkh uhsuhvhqwdwlyh djhqw fdvh +vhh wkh suhylrxv
vhfwlrq, exw lq wkh khwhurjhqhrxv djhqwv fdvh wkh| uhihu wr wkh dyhudjh djhqw zklfk grhv qrw
frlqflgh e| frqvwuxfwlrq zlwk wkh uhsuhvhqwdwlyh djhqw1

<



wr7=

+�|n� ' /� n
�� �

� n >
E+�| n >7+� +714,

dqg +5149, erlov grzq wr=

K�|n� '
�� �

� n >

�
/� n K�| n >7/ n >7K

�
+715,

zklfk lv d olqhdu gl�huhqfh htxdwlrq lqfrusrudwlqj d olqhdu phdq �hog h�hfw1 Wkh
phdq �hog h�hfw zdv douhdg| suhvhqw lq +5149, exw qrz lw lv vlpsohu= lqglylgxdo
zhdowk lq w.4 ghshqgv olqhduo| rq dyhudjh zhdowk1 Fkdqjhv lq dyhudjh zhdowk
sod| wkh uroh ri d srvlwlyh pdfurhfrqrplf h{whuqdolw| rq lqglylgxdo zhdowk= wkh
kljkhu dyhudjh zhdowk/ wkh kljkhu dyhudjh rxwsxw/ wkh kljkhu wkh prqh| wudqvihu
lq w.48 dqg wkh kljkhu lqglylgxdo zhdowk lq w.4/ frhwhulv sdulexv1

Wkh vwhdg| vwdwh ri +715, lv

KW� '
�� �

>n �

�
/� n >7/ n >7K

�
+716,

Dw wklv ohyho ri wkh dqdo|vlv/ wkh phdq �hog h�hfw lv suhvhqw dovr lq wkh vwhdg|
vwdwh= wkh lqglylgxdo vwhdg| vwdwh ri zhdowk lq idfw ghshqgv olqhduo| rq +vwhdg|
vwdwh, dyhudjh zhdowk1

Dyhudjlqj KW� iurp +716, dqg uhduudqjlqj/ krzhyhu/ rqh jhwv9

7KW '
�� �

�
7/

zklfk fdq eh soxjjhg lqwr +715, wr rewdlq

K�|n� '
�� �

� n >

�
/� n K�| n

>

�
7/

�
+717,

Wklv qhz odz ri prwlrq pdnhv lqglylgxdo zhdowk lq w.4 ghshqg olqhduo| rq dyhudjh
hqgrzphqw1 Wkh skdvh gldjudp ri +717, lv uhsuhvhqwhg lq �jxuh 7141

7Uhphpehu wkdw �|w @ |> dw dq| w1
8Lq idfw/ dffruglqj wr +516, Wlw.4 @ �kw exw

kw

Sw

@ �|w @ | @ �$ . �e> khqfh
Wlw.4

Sw.4

@

Sw

Sw.4

�
��$ . ��e

�
@

4

4 . �

�
��$ . ��e

�
= Lq zrugv/ wkh uhdo ydoxh ri wkh prqh| wudqvihu lq w.4

iru hdfk lqglylgxdo lv lqfuhdvlqj zlwk dyhudjh zhdowk1
9Ri frxuvh wklv h{suhvvlrq lv wkh vdph dv +514:,1
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Iljxuh 714

Wkh vwhdg| vwdwh ri +717, lv

KW
�
'

�� �

>n �

�
/� n

>

�
7/

�
+718,

Dsso|lqj wkh vdph prghoolqj vwudwhj| wr rxwsxw dqg frqvxpswlrq/ zh rewdlq
wkh vwhdg| vwdwh ydoxhv=

+W
�
'

�

>n �

�
/� E� n >� n E�� ��

>

�
7/

�
+719,

dqg

SW
�
' �

� n >

>n �
/� n

�� �

>n �
>7/ +71:,

Frpsdulqj +514:,+5148,+514;, zlwk +718, +719, dqg +71:, lw lv fohdu wkdw lq wkh
vwhdg| vwdwh lqglylgxdo zhdowk/ rxwsxw dqg frqvxpswlrq duh lqghhg d�hfwhg e|
wkh udwh ri jurzwk ri prqh| +zklfk frlqflghv zlwk lq dwlrq, dqg prqh| lv qrw
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vxshuqhxwudo zkloh rq dyhudjh frqvxpswlrq/ rxwsxw dqg zhdowk duh lqghshqghqw
ri prqh| jurzwk/ l1h1 prqh| lv vxshuqhxwudo1

Ohw*v sdxvh qrz wr fkdudfwhul}h wkh uhodwlrqvkls ehwzhhq prqh| jurzwk dqg
wkh vwhdg| vwdwh ri wkh l0wk djhqw*v zhdowk +rxwsxw dqg frqvxpswlrq,1 Lq rughu wr
gr vr/ qrwlfh �uvw ri doo wkdw dq lqfuhdvh lq wkh udwh ri prqh| jurzwk pdnhv wkh
vorsh ri wkh skdvh gldjudp vpdoohu exw lw pd| ohdg wr dq lqfuhdvh ri wkh lqwhufhsw
zlwk frqwudvwlqj h�hfwv rq vwhdg| vwdwh zhdowk1

Lq rughu wr xqghuvwdqg wkh qdwxuh dqg frqvhtxhqfhv ri wkhvh h�hfwv/ lw lv
qhfhvvdu| wr lqwhusuhw +717, dv iroorzv K�|n� ' E�� �� � -���c zkhuh -��� '
��| n A�|n�

�|n�

' w|n�

��| n A�|n�

�|

' w|n� E+�| n >7+� duh wkh uhdo prqh| edodqfhv ri

wkh rog1 Uhfdoolqj wkdw w|n� '
�

� n >
/ +�| ' /� n K�| dqg 7+ '

7/

�
c -��� fdq eh

zulwwhq dv iroorzv=

-��� '
�

� n >

�
/� n K�| n

>

�
7/

�
+71;,

-��� lv wkh surgxfw ri wkh uhdo uhwxuq rq prqh| w|n� '
�

� n >
wlphv wkh ydoxh ri

lqglylgxdo prqh| edodqfhv lq w.4 gh dwhg e| �| +vhh wkh h{suhvvlrq lq eudfnhwv,
zklfk lq wxuq lv wkh vxp ri wkh uhdo prqh| edodqfhv fduulhg ryhu iurp wkh suhylrxv

shulrg=
��|

�|

' +�| ' /� n K�| dqg ri wkh prqh| wudqvihu uhfhlyhg lq w.4 gh dwhg e|

�|=
A�|n�

�|

' >
�|

�|

' >7+ '
>

�
7/1

Dq lqfuhdvh lq prqh| jurzwk kdv frqwudvwlqj h�hfwv rq prqh| kroglqjv lq uhdo
whupv1 Lw

� errvwv lq dwlrq zklfk uhgxfhv wkh uhdo udwh ri uhwxuq rq prqh| w|n� '
�

� n >
dqg uhdo prqh| edodqfhv/ frhwhulv sdulexv= wklv lv wkh lq dwlrq wd{ h�hfw ri
prqh| jurzwk rq uhdo prqh| edodqfhv>

� lpsolhv dq lqfuhdvh lq wkh prqh| wudqvihu wr wkh rog
A�|n�

�|

'
>

�
7/= wklv lv wkh

prqh| wudqvihu h�hfw1

Zklfk h�hfw lv suhydlolqjB Lq rughu wr dqvzhu wklv txhvwlrq/ zh pxvw frpsxwh
wkh ghulydwlyh ri -��� zlwk uhvshfw wr prqh| jurzwk iurp +71;,=
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Y-���

Y>
'

Yw|n�

Y>
�
�
/� n K�| n

>

�
7/

�
n w|n�

Y

�
/� n K�| n

>

�
7/

�
Y>

'

' �
/� n K�| n

>

�
7/

E� n >�2
n

�

� n >

7/

�

Wkh �uvw +qhjdwlyh, whup fdswxuhv wkh lq dwlrq wd{ h�hfw/ zkloh wkh vhfrqg +srv0
lwlyh, whup uh hfwv wkh prqh| wudqvihu h�hfw1 Diwhu vrph dojheudlf pdqlsxodwlrq
zh hqg xs zlwk

Y-���

Y>
' � �

E� n >�2

�
/� n K�| � 7/

�

�
' � �

E� n >�2
E+�| � 7+� +71<,

Dffruglqj wr +71<, li wkh djhqw kdv uhodwlyho| olwwoh rxwsxw E+�| 	 7+� c dq lqfuhdvh lq
prqh| jurzwk eulqjv derxw kljkhu uhdo prqh| edodqfhv/ l1h1 wkh prqh| wudqvihu
h�hfw suhydlov ryhu wkh lq dwlrq wd{ h�hfw1 Li wkh rssrvlwh lv wuxh E+�| : 7+� c dq
lqfuhdvh lq prqh| jurzwk |lhogv orzhu uhdo prqh| edodqfhv/ l1h1 wkh lq dwlrq wd{
h�hfw suhydlov ryhu wkh prqh| wudqvihu h�hfw1

Qrwlfh wkdw zkhq K�| ' fc iroorzlqj dq lqfuhdvh lq prqh| jurzwk/ wkh prqh|

wudqvihu h�hfw suhydlov li /� 	
7/

�
/ zkloh wkh lq dwlrq wd{ h�hfw suhydlov li /� :

7/

�
�

Ohw*v jr edfn wr wkh skdvh gldjudp ri 7171 Dv zh kdyh douhdg| dfnqrzohgjhg/

dq lqfuhdvh ri > pdnhv wkh vorsh
�� �

� n >
vpdoohu/ gxh wr wkh lq dwlrq wd{ h�hfw1 Dv

wr wkh lqwhufhsw
�� �

� n >

�
/� n

>

�
7/

�
/ lw lv hdv| wr uhdol}h wkdw dq lqfuhdvh ri > pdnhv

wkh lqwhufhsw juhdwhu li /� 	
7/

�
zkloh lw ohdgv wr d orzhu lqwhufhsw li /� :

7/

�
:1 Lq

rwkhu zrugv/ wkh lqwhufhsw lqfuhdvhv li wkh prqh| wudqvihu h�hfw suhydlov ryhu wkh
lq dwlrq wd{ h�hfw/ lw ghfuhdvhv li wkh rssrvlwh lv wuxh1

Dv wr wkh h�hfw ri prqh| jurzwk rq wkh vwhdg| vwdwh +718,/ lw lv fohdu wkdw li

wkh djhqw fdq glvsrvh ri d uhodwlyho| elj rxwsxw
�
/� :

7/

�

�
c dq lqfuhdvh ri > |lhogv

d vpdoohu vwhdg| vwdwh/ gxh wr wkh mrlqw h�hfwv ri d vpdoohu vorsh dqg d vpdoohu

:Lq idfw C
C�

�
4� �

4 . �

�
$l .

�
�
�$
��

@ � 4� �

+4 . �,5
+$l� � �$,
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lqwhufhsw ri wkh skdvh gldjudp1 Li wkh djhqw fdq glvsrvh ri uhodwlyho| olwwoh rxwsxw�
/� 	

7/

�

�
c dq lqfuhdvh ri > pd| |lhog hlwkhu d juhdwhu ru d vpdoohu vwhdg| vwdwh/

gxh wr wkh frqwudvwlqj h�hfwv ri d vpdoohu vorsh dqg d juhdwhu lqwhufhsw ri wkh
skdvh gldjudp1 Lq �jxuh 714/ zh kdyh uhsuhvhqwhg wkh iruphu fdvh= zkhq wkh udwh
ri prqh| jurzwk lv >f/ vwhdg| vwdwh zhdowk ri wkh l0wk djhqw lv KW

�f +srlqw D,1 Dq
lqfuhdvh ri wkh udwh ri prqh| jurzwk wr >� pdnhv wkh skdvh gldjudp vkliw xszdug
dqg urwdwh vr wkdw vwhdg| vwdwh zhdowk jrhv xs wr KW

�� +srlqw E,1
Vr pxfk iru wkh vlqjoh djhqw1 Ohw*v qrz orrn dw wkh h�hfwv ri prqh| jurzwk

rq wkh glvwulexwlrq ri zhdowk1 Lq �jxuh 715 zh kdyh uhsuhvhqwhg htxdwlrq +718, rq
wkh EKW

�
c /�� sodqh1

*
ib

iωω

*
b

0=µ

∞→µ

Iljxuh 715

Erwk wkh lqwhufhsw
�
�� �

>n �

>

�
7/

�
dqg wkh vorsh

�
�� �

>n �

�
ri wkh zhdowk0hqgrzphqw

olqh duh srvlwlyh exw wkh iruphu lv lqfuhdvlqj zkloh wkh odwwhu lv ghfuhdvlqj zlwk
uhvshfw wr >1 Li prqh| zhuh frqvwdqw E> ' f�c vwhdg| vwdwh zhdowk zrxog eh uhs0

uhvhqwhg e| wkh vrolg olqh ri htxdwlrq KW
�
'

�� �

�
/�� E| lqfuhdvlqj > wkh olqh vkliwv

xs dqg urwdwhv durxqg srlqw D/ wkh dyhudjh djhqw srlqw ri frruglqdwhv
�
7/c7KW

�
+vhh
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iru lqvwdqfh wkh grwwhg olqh,1 Li > $ 4 vwhdg| vwdwh zhdowk zrxog eh uhsuhvhqwhg

e| wkh vrolg erog olqh ri htxdwlrq KW
�
'

�� �

�
7/ ' 7KW�

Lq rwkhu zrugv/ e| lqfuhdvlqj >/ djhqwv zkr duh uhodwlyho| srru lq hqgrzphqw
+l1h1 fkdudfwhul}hg e| /� 	 7/, ehfrph zhdowklhu +l1h1 wkhlu KW

�
lqfuhdvhv, zkloh

uhodwlyho| ulfk djhqwv +fkdudfwhul}hg e| /� : 7/� ehfrph ohvv zhdowk|1 Krzhyhu/
wkh uhodwlyh udqnlqj lv qrw uhyhuvhg= djhqwv zkr duh uhodwlyho| srru lq hqgrzphqw
E/� 	 7/� uhpdlq ohvv zhdowk| wkdq wkh dyhudjh

�
KW
�
	 7KW

�
dqg whqg wr wkh dyhudjh

rqo| dv|pswrwlfdoo|1
Wkh sulpdu| glvwulexwlrq ri /� fdq eh uhsuhvhqwhg lghdoo| rq wkh {0d{lv1 Ohw

wkh vxssruw ri /� eh E4�?/�c4@ /�� � Iurp wkh +sulpdu|, glvwulexwlrq ri wkh
hqgrzphqw/ iru hdfk > wkh zhdowk0hqgrzphqw olqh jhqhudwhv wkh +vhfrqgdu|, glv0
wulexwlrq ri zhdowk/ zklfk fdq eh uhsuhvhqwhg lghdoo| rq wkh |0d{lv1 Lq rwkhu
zrugv/ wkh zhdowk0hqgrzphqw olqh pdsv wkh glvwulexwlrq ri wkh hqgrzphqw lqwr
wkh glvwulexwlrq ri zhdowk1 Rq wkh vdph gldjudp/ zh fdq uhsuhvhqw dovr wkh
vhfrqgdu| glvwulexwlrq ri rxwsxw= wkh lqwhufhsw ri wkh vwudljkw olqh ri htxdwlrq
KW
�
' +W

�
� /� sdvvlqj wkurxjk hdfk srlqw ri frruglqdwhv EKW

�
c /�� ehorqjlqj wr wkh

zhdowk0hqgrzphqw olqh lv wkh vwhdg| vwdwh lqglylgxdo rxwsxw1 Wkh yhuwlfdo glvwdqfh
ehwzhhq +W

�
dqg KW

�
phdvxuhv frqvxpswlrq SW

�
1

Zkloh wkh sulpdu| glvwulexwlrq lv lqghshqghqw ri prqh| jurzwk +e| frqvwuxf0
wlrq,/ wkh vhfrqgdu| glvwulexwlrq ri zhdowk lv d�hfwhg e| >;1 Lw lv hdv| wr vhh
wkdw lqfuhdvlqj >/ wkh vxssruw ri wkh glvwulexwlrq ri zhdowk vkulqnv dqg vr grhv
wkh yduldqfh1 Wkh zlghvw udqjh ri KW

�
lv dvvrfldwhg wr wkh frqvwdqw prqh| vfhqdulr

E4�? KW
�
m > ' fc4@ KW

�
m > ' f� � Lq wkh olplw/ dv > $ 4 wkh vxssruw ri wkh glvwul0

exwlrq froodsvhv wr d srlqw +fruuhvsrqglqj wr dyhudjh zhdowk, dqg wkh yduldqfh ri
wkh glvwulexwlrq whqgv wr }hur<1

Wkh �uvw prphqw ri wkh glvwulexwlrq ri hqgrzphqw dqg zhdowk +wkh frruglqdwhv
ri wkh dyhudjh djhqw srlqw, duh lqghshqghqw ri prqh| jurzwk/ zkloh wkh yduldqfh
ri wkh vhfrqgdu| glvwulexwlrq lv ghfuhdvlqj zlwk prqh| jurzwk1 Lq idfw/ frpsxwlqj
wkh yduldqfh ri vwhdg| vwdwh zhdowk iurp +718, rqh jhwv=

T EKW
�
� '

�
�� �

>n �

�2

T E/��

;Wkh vdph lv wuxh iru wkh glvwulexwlrqv ri rxwsxw dqg frqvxpswlrq/ dv lw lv fohdu iurp +719,
dqg +71:,1

<Lw lv hdv| wr vhh wkdw lq wklv fdvh rqh rewdlqv wkh wkh prvw qduurz udqjh dovr ri rxwsxw dqg
frqvxpswlrq=
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Wkh yduldqfh ri zhdowk idoov lq wkh udqjh43=
plqT EKW

�
� ' T EKW

�
� m > $ 4 ' f

pd{T EKW
�
� ' T EKW

�
� m > ' f '

�
�� �

�

�2

T E/��

Dv wr rxwsxw/ wkh yduldqfh ri rxwsxw lv=

T E+W
�
� '

�
� n >

>n �

�2

T E/��

dqg idoov lq wkh udqjh=
plqT E+W

�
� ' T E+W

�
� m > $ 4 ' T E/��

pd{T E+W
�
� ' T E+W

�
� m > ' f '

�

�2
T E/��

Ilqdoo| wkh yduldqfh ri frqvxpswlrq lv=

T ESW
�
� '

�
�
� n >

>n �

�2

T E/��

dqg idoov lq wkh udqjh=
plqT ESW

�
� ' T ESW

�
� m > $ 4 ' �2T E/��

pd{T ESW
�
� ' T ESW

�
� m > ' f ' T E/��

Li wkh yduldqfh lv wkrxjkw ri dv d urxjk phdvxuh ri lqhtxdolw|/ wkhq lqhtxdolw|
lv ghfuhdvlqj zlwk prqh| jurzwk1

Dqrwkhu lqvljkwixo zd| wr orrn dw wkh h�hfw ri prqh| jurzwk rq zhdowk glvwul0
exwlrq h{sorlwv wkh uhodwlrq ehwzhhq vwhdg| vwdwh zhdowk dqg prqh| jurzwk1 Lq
�jxuh 716 zh kdyh uhsuhvhqwhg htxdwlrq +718, rq wkh EKW

�
c >� sodqh1

43Qrwlfh wkdw el dqg $l duh srvlwlyho| fruuhodwhg dqg wkh fruuhodwlrq lv shuihfw +wkdqnv wr
+718,,1 Wkhuhiruh Y +|�

l
, @ Y +$l, . Y +el, . 5Fry+$l> el, dqg Fry+$l> el, @

s
Y +$l,Y +el, Exw

Y +el, @ f5Y +$l, zkhuh f @
4� �

�. �
1 Wkhuhiruh Fry+$l> el, @

s
Y +$l,Y +el, @ fY +$l,= Dv d

frqvhtxhqfh Y +|l, @ Y +$l, . f5Y +$l, . 5fY +$l, @ Y +$l, +4 . f,5 1
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*
ib

max
i

1 ω
γ

γ−

µ

*
b

min
i

1 ω
γ

γ−

Iljxuh 716

Wkh vkdsh dqg orfdwlrq ri wkh zhdowk0prqh| fxuyh ghshqgv rq lqglylgxdo hq0
grzphqw1 Lq idfw/ wdnlqj wkh ghulydwlyh ri KW� zlwk uhvshfw wr > rqh jhwv=

YKW�
Y>

' � �� �

E>n ��2
E/� � 7/�

Li wkh l0wk djhqw lv uhodwlyho| srru E/� 	 7/� c wkh zhdowk0prqh| fxuyh lv dq lq0
fuhdvlqj frqfdyh ixqfwlrq ri prqh| jurzwk/ dv|pswrwlfdoo| whqglqj wr KW�" ' 7KW�
V|pphwulfdoo|/ li wkh djhqw lv uhodwlyho| ulfk E/� : 7/� c wkh zhdowk0prqh| fxuyh lv d
ghfuhdvlqj frqyh{ ixqfwlrq ri prqh| jurzwk/ dv|pswrwlfdoo| whqglqj wr KW�" ' 7KW�
Lq zrugv= d uhodwlyho| srru +ulfk, lqglylgxdo ehfrphv ohvv dqg ohvv srru +ulfk, �
l1h1 klv zhdowk nhhsv lqfuhdvlqj +ghfuhdvlqj, li prqh| jurzwk ehfrphv kljkhu dqg
kljkhu/exw kh uhpdlqv uhodwlyho| srru +ulfk, hyhq li prqh| jurzv dw dq lq�qlwh
udwh441

Lq �jxuh 716 zh kdyh uhsuhvhqwhg gl�huhqw zhdowk0prqh| fxuyhv dvvrfldwhg
wr gl�huhqw hqgrzphqwv1 Rqh fdq jhw d slfwxuh ri wkh glvwulexwlrq ri zhdowk

44E| dq hqwluho| vlplodu dujxphqw/ lw lv hdv| wr frqfoxgh wkdw wkh vdph lv wuxh iru rxwsxw
dqg frqvxpswlrq= li wkh djhqw lv uhodwlyho| srru +ulfk,/ dq lqfuhdvh lq prqh| jurzwk lqfuhdvhv
+ghfuhdvhv, erwk rxwsxw dqg frqvxpswlrq1

4:



e| vhfwlrqlqj wkh vkhdi ri fxuyhv dw d jlyhq jurzwk udwh ri prqh|1 Lw lv fohdu
wkdw lqfuhdvlqj > wkh �uvw prphqw ri wkh glvwulexwlrq uhpdlqv frqvwdqw exw wkh
vhfrqg prphqw jrhv grzq1 Wkh olplwlqj glvwulexwlrq +dvvrfldwhg wr > $ 4, lv
fkdudfwhul}hg e| plqlpxp yduldqfh +dv d pdwwhu ri idfw/ wkh yduldqfh whqgv wr
}hur,1

Wkh wudqvlwlrq iurp D wr E lq �jxuh 714/ zklfk ohdgv wr d kljkhu vwhdg| vwdwh
zhdowk dv d frqvhtxhqfh ri dq lqfuhdvh lq prqh| jurzwk/ uhtxluhv qrw rqo| wkdw
wkh prqh| wudqvihu h�hfw suhydlov ryhu wkh lq dwlrq wd{ h�hfw � zklfk rffxuv li

/� 	
7/

�
� � zlwk d fruuhvsrqglqj lqfuhdvh ri wkh lqwhufhsw ri wkh skdvh gldjudp/

exw dovr wkdw wkh lqfuhdvh ri wkh lqwhufhsw pruh wkdq r�vhw wkh ghfuhdvh ri wkh
vorsh ri wkh skdvh gldjudp/ � zklfk rffxuv li /� 	 7/�1

81 Rffxsdwlrqdo fkrlfh/ ehtxhvwv dqg wkh ruljlq ri khwhur0
jhqhlw|

8141 Vnloohg dqg xqvnloohg zrunhuv

Vlqfh wkhlu eluwk/ djhqwv duh hqgrzhg zlwk d ohyho ri lqglylgxdo delolw|2h!flhqf|
e�1 Zkhq |rxqj/ wkh| pdnh dq rffxsdwlrqdo fkrlfh/ zklfk frqvlvwv lq ehlqj d
zrunhu ri wkh vnloohg ru xqvnloohg w|sh1 Wkh |rxqj srsxodwlrq/ wkhuhiruh/ frqvlvwv
ri vnloohg dqg xqvnloohg zrunhuv1 Erwk w|shv ri zrunhuv vxsso| zrunkrxuv wr wkh
�surgxfwlrq vhfwru� zklfk surgxfhv rxwsxw dqg vhoov lw wr wkh rog ri wkh suhylrxv
jhqhudwlrq djdlqvw prqh|1 Wklv jhqhudwhv wkh lqfrph ri wkh |rxqj/ l1h1 wkh zdjh/
zklfk sod|v wkh uroh ri wkh hqgrzphqw lq suhylrxv vhfwlrq1 Wkh zdjh ri wkh
xqvnloohg zrunhu lv �{hg dw �1 Wkh zdjh ri wkh vnloohg zrunhu lv sursruwlrqdo
wr klv delolw|1 Lq rughu wr vlpsoli| wkh dujxphqw dqg zlwkrxw orvv ri jhqhudolw|
zh dvvxph wkdw lw lv htxdo wr klv delolw|1 Wkhuhiruh/ xqvnloohg zrunhuv kdyh wkh
vdph zdjh/ vnloohg zrunhuv* zdjh lv gl�huhqwldwhg lq rughu wr uhfrjql}h gl�huhqw
delolwlhv1 Wkh rog uhfhlyh dovr wkh prqh| wudqvihu1 Ilqdoo|/ dv lq wkh suhylrxv fdvh/
wkh |rxqj uhfhlyhv dovr d ehtxhvw K�|� Uhdo rxwsxw wkhuhiruh lv +��| ' � n K�| dqg
+r�| ' e� n K�| iru wkh xqvnloohg dqg wkh vnloohg zrunhu uhvshfwlyho|1

Suhihuhqfhv duh dv ehiruh= L ' ES�|n�� � EK�|n��
�3�1 Wkhuhiruh wkh |rxqj gr qrw

frqvxph1 Wkh| h{fkdqjh wkhlu rxwsxw +lqfrph dqg ehtxhvw, iru prqh|= �|+�| '
��|1 Wkh rog uhfhlyh prqh| wudqvihuv EA�|n� ' >�|� dqg vshqg wkhlu prqh| wr

frqvxph dqg ohdyh d ehtxhvw1 OEF lv +vhh vhfwlrq 5, = w|n�
�
+�| n >�|

�|

�
' S�|n� n

K
�|n�

zkhuh w|n�
�
+�| n >�|

�|

�
duh uhdo prqh| edodqfhv ri wkh rog1

4;



Vlqfh/ jlyhq wkh suhihuhqfhv/ lqgluhfw xwlolw| lv

L '

�
�w|n�

�
+�| n >

�|
�|

��
�

�
E�� �� w|n�

�
+�| n >

�|
�|

���3�
ru

L ' E�� � E�� ���3� w|n�

�
+�| n >

�|
�|

�
dqg wkh uhdo udwh ri uhwxuq rq prqh| dqg prqh| wudqvihuv duh xqlirup dfurvv wkh
srsxodwlrq/ wkh rffxsdwlrqdo fkrlfh ghshqgv rq wkh uhodwlyh pdjqlwxgh ri lqfrph
rewdlqhg zkhq |rxqj dv vnloohg ru xqvnloohg zrunhu1

Wkh lqglylgxdo ehfrphv vnloohg zrunhu li e�| n K�| � � n K�| ru
e�| � � � 	ec l1h1 li klv delolw| lv kljk hqrxjk wr |lhog d zdjh dv vnloohg zrunhu

kljkhu wkdq wkh zdjh ri wkh xqvnloohg zrunhu1 	e lv wkh plqlpxp h!flhqf| d zrunhu
pxvw kdyh lq rughu wr zrun dv vnloohg dqg jhw d vnloohg zrunhu zdjh htxdo wr klv
h!flhqf|1 Lw wxuqv rxw/ txlwh vlpso|/ wkdw wkh plqlpxp h!flhqf| ri wkh vnloohg lv
htxdo wr zdjh ri wkh xqvnloohg zrunhuv1 Ohw*v dvvxph wkdw h!flhqf| lv glvwulexwhg
dv d xqlirup udqgrp yduldeoh zlwk vxssruw +3/4,1 Lw lv fohdu wkdw � � 	e lv dovr
wkh vkduh ri xqvnloohg zrunhuv lq wkh srsxodwlrq451 Wklv vkduh lv frqvwdqw dqg
lqghshqghqw ri prqh| jurzwk1

Wkh lqfrph ri wkh vnloohg zrunhu idoov lq wkh lqwhuydo E	ec �� zkhuh 4 lv wkh
pd{lpxp h!flhqf| ri wkh vnloohg +e| wkh dvvxpswlrq deryh,1 Exw � � 	e vr wkdw
dyhudjh lqfrph ri wkh vnloohg lv

7er '
� n 	e

2
'

� n �

2
+814,

Wkhuhiruh/ dyhudjh lqfrph lv

7/ ' �	en 7er E�� 	e� '
�2 n �

2
+815,

Ohw*v gh�qh qrz wkh odzv ri prwlrq1 Uhfdoolqj/ dv vkrzq deryh/ wkdw �|

�|

'

7+| ' + zkhuh 7+ lv dyhudjh rxwsxw ri wkh zkroh hfrqrp|/ dqg 7+ ' 7/ n 7K zkhuh 7/
lv dyhudjh lqfrph dqg 7K dyhudjh zhdowk/ hdfk dqg hyhu| xqvnloohg zrunhu kdv wkh
iroorzlqj odz ri prwlrq ri zhdowk=

K�|n� '
�� �

� n >

�
� n K�| n >7/ n >7K

�
+816,

45E| dvvxpswlrq wkhuhiruh z ? 4=
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Wkh vwhdg| vwdwh ri +816, lv

K� '
�� �

>n �

�
� n >7/ n >7K

�
+817,

Wkh vnloohg zrunhu ri h!flhqf| er� : � kdv wkh iroorzlqj odz ri prwlrq ri zhdowk=

Kr�|n� '
�� �

� n >

�
er� n Kr�| n >7/ n >7K

�
+818,

zkrvh vwhdg| vwdwh lv

Kr� '
�� �

>n �

�
er� n >7/ n >7K

�
+819,

Dyhudjlqj +818, zh rewdlq wkh odz ri prwlrq ri wkh dyhudjh zhdowk ri wkh vnloohg

7Kr|n� '
�� �

� n >

�
7er n7Kr| n >7/ n >7K

�
+81:,

zkrvh vwhdg| vwdwh lv=

7Kr '
�� �

>n �

�
7er n >7/ n >7K

�
+81;,

Soxjjlqj +514:, lqwr +816, dqg +818, zh jhw=

K�|n� '
�� �

� n >

�
� n K�| n

>

�
7/

�
+81<,

dqg

Kr�|n� '
�� �

� n >

�
er� n Kr�| n

>

�
7/

�
+8143,

dqg wkh vwhdg| vwdwhv duh

K�W '
�� �

>n �

�
� n

>

�
7/

�
+8144,

KrW� '
�� �

>n �

�
er� n

>

�
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�
+8145,
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7KrW '
�� �

>n �

�
7er n

>

�
7/

�
+8146,

Dv wr wkh lpsdfw ri prqh| jurzwk rq ehtxhvw/ iurp wkh suhylrxv vhfwlrq zh nqrz
wkdw dq lqfuhdvh lq wkh udwh ri prqh| jurzwk lv ehqh�fldo iru +ehfdxvh lw lqfuhdvhv
wkh zhdowk ri, wkh uhodwlyho| srru E/� 	 7/� dqg ghwulphqwdo iru wkh uhodwlyho|
zhdowk| E/� : 7/��

Wkh dyhudjh lqfrph ri wkh hfrqrp| +815, lv d txdgudwlf ixqfwlrq ri �1 Lw lv
fohdu wkdw wkh zdjh ri wkh xqvnloohg +78 ghjuhh olqh, lv dozd|v orzhu wkdq dyhudjh
lqfrph= wkhuhiruh dq lqfuhdvh lq prqh| jurzwk dozd|v errvwv wkhlu zhdowk1 Iru
hdfk� +iru lqvwdqfh �f� wkh udqjh ri wkh zdjhv ri wkh vnloohg zrunhuv lv wkh glvwdqfh
ehwzhhq � dqg �� Wkhuh duh vrph vnloohg zrunhuv � wkrvh zlwk dq h!flhqf| zklfk
idoov lq wkh udqjh 7/ : er� : � � zkr jdlq iurp dq dffhohudwlrq lq prqhwdu|
h{sdqvlrq/ rwkhuv � wkrvh zlwk dq h!flhqf| zklfk idoov lq wkh udqjh � : er� : 7/
� zkr orrvh1 Rq dyhudjh/ krzhyhu/ prqh| jurzwk grhv qrw d�hfw zhdowk +rxwsxw
dqg frqvxpswlrq,1 Wklv lv wkh vlpsohvw looxvwudwlrq ri Sursrvlwlrq 714 lq d frqwh{w
zkhuh zh h{solflwo| frqvlghu wkh rffxsdwlrqdo fkrlfh= lq wkh vwhdg| vwdwh/ prqh|
lv vxshuqhxwudo rq dyhudjh exw lv qrw vxshuqhxwudo dw wkh lqglylgxdo ohyho1 Dv d
frqvhtxhqfh/ zkloh wkh �uvw prphqwv ri wkh glvwulexwlrqv ri rxwsxw/ frqvxpswlrq
dqg zhdowk gr qrw ghshqg rq prqh|/ kljkhu prphqwv duh lq xhqfhg e| wkh udwh
ri prqh| jurzwk1

8151 Zrunhuv dqg hqwuhsuhqhxuv

Djhqwv duh hqgrzhg zlwk dq lqyhvwphqw surmhfw zklfk fdq eh xvhg wr surgxfh fds0
lwdo dqg zkrvh rxwfrph e� lv uhodwhg wr wkh ohyho ri lqglylgxdo delolw|2h!flhqf|1
Zkhq |rxqj/ wkh| pdnh dq rffxsdwlrqdo fkrlfh1 Wkh| vxsso| fdslwdo +li hqwuh0
suhqhxuv, ru oderu +li zrunhuv, wr wkh surgxfwlrq vhfwru1 Lq wkh iruphu fdvh/ wkh|
kdyh wr sxufkdvh dqg hpsor| dq lqsxw zkrvh �{hg frvw lv %1 Wkhuhiruh % lv wkh
lqsxw uhtxluhphqw ri hqwuhsuhqhxuldo surgxfwlrq 461 Lq rughu wr gr vr/ wkh| fdq xvh
lqwhuqdo ixqgv K�|1 Li lqwhuqdo ixqgv duh pruh wkdq hqrxjk wr �qdqfh wkh �{hg frvw/
wkh hqwuhsuhqhxu lv vhoi0�qdqfhg/ li wkh rssrvlwh lv wuxh/ d �qdqflqj jds rffxuv
htxdo wr %� K�|1

Wkh surgxfwlrq vhfwru surgxfhv wkh jrrg/ vhoov lw wr wkh rog ri wkh suhylrxv
jhqhudwlrq djdlqvw prqh| dqg jhqhudwhv lqfrph iru wkh |rxqj= sur�w ri wkh |rxqj

46D gl�huhqw lqwhusuhwdwlrq ri wkh vdph hqylurqphqw lv dq h{whqvlrq ri wkh suhylrxv vxevhfwlrq1
Wkh rffxsdwlrqdo fkrlfh lv ehwzhhq vnloohg dqg xqvnloohg oderxu exw lq rughu wr eh vnloohg wkh
zrunhu pxvw lqyhvw lq kxpdq fdslwdo dw wkh �{hg frvw {=
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hqwuhsuhqhxu /e
� � e�| � % dqg zdjh ri wkh |rxqj zrunhu /�

� � �1
Suhihuhqfhv duh dv ehiruh +vhh htxdwlrq 51:,1Wkhuhiruh wkh rffxsdwlrqdo fkrlfh

ghshqgv rq wkh uhodwlyh pdjqlwxgh ri lqfrph rewdlqhg dv zrunhu ru hqwuhsuhqhxu1
Ohw*v dvvxph iru wkh prphqw dqg iru wkh vdnh ri glvfxvvlrq wkdw dq lqglylgxdo
frxog �oo wkh �qdqflqj jds dw qr frvw1 Lq wklv fdvh wkh hqwuhsuhqhxu jhwv

+e�| ' e� n K�| � %

lqghshqghqwo| iurp klv �qdqfldo frqglwlrq zkloh wkh zrunhu jhwv

+��| ' � n K�|

Wkh lqglylgxdo ehfrphv hqwuhsuhqhxu li e� n K�| � % � � n K�| ru
/e
� � e�| � % � /�

� � �� Lq rwkhu zrugv/ wkh djhqw ehfrphv hqwuhsuhqhxu li
e�| � �n% � 	ec l1h1 li klv delolw| lv kljk hqrxjk wr |lhog d uhyhqxh dv hqwuhsuhqhxu
kljkhu wkdq wkh vxp ri wkh zdjh dqg wkh lqsxw uhtxluhphqw1 	e lv wkh plqlpxp
h!flhqf| dq djhqw pxvw kdyh lq rughu wr eh dq hqwuhsuhqhxu dqg jhw d sur�w
zklfk lv lqfuhdvlqj zlwk klv h!flhqf|1 Li h!flhqf| lv glvwulexwhg dv d xqlirup
udqgrp yduldeoh zlwk vxssruw +3/4,/ � n % � 	e lv dovr wkh vkduh ri zrunhuv lq wkh
srsxodwlrq471 Wklv vkduh lv frqvwdqw dqg lqghshqghqw ri prqh| jurzwk1

Wkh lqfrph ri wkh hqwuhsuhqhxu idoov lq wkh lqwhuydo E�c �� %� zkhuh �� % lv
wkh pd{lpxp sur�w +e| wkh dvvxpswlrq deryh,1 Wkhuhiruh/ wkh dyhudjh lqfrph
ri wkh hqwuhsuhqhxu lv

7ee '
�� %n �

2
+8147,

dqg dyhudjh lqfrph lv

7/ ' �	en 7ee E�� 	e� '
�

2

�
�2 n 2�%n �� 2%n %2

�
+8148,

Lq �jxuh 814 zh kdyh uhsuhvhqwhg wkh lqfrph ri wkh zrunhu dqg ri wkh hqwuh0
suhqhxu dv d ixqfwlrq ri h!flhqf|1

47E| dvvxpswlrq wkhuhiruh z . { ? 4=

55



iω

x1−

ie

Wages

P
ro

fi
ts

2

wx1 +−

w wω

e
iω

eω

ω
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Iljxuh 814

Ohw*v gh�qh qrz wkh odzv ri prwlrq1 Hdfk dqg hyhu| zrunhu kdv wkh odz ri
prwlrq ri zhdowk +816,/ zkrvh vwhdg| vwdwh48 lv wkh vdph dv htxdwlrq 8144

K�W '
�� �

>n �

�
� n

>

�
7/

�
zkloh wkh hqwuhsuhqhxu ri h!flhqf| ee� : �n % kdv wkh iroorzlqj odz ri prwlrq ri
zhdowk=

Ke�|n� '
�� �

� n >

�
ee� � %n Ke�| n >7/ n >7K

�
+8149,

zkrvh vwhdg| vwdwh lv

KeW� '
�� �

>n �

�
ee� � %n

>

�
7/

�
+814:,

Dyhudjlqj +8149, zh rewdlq wkh odz ri prwlrq ri wkh dyhudjh zhdowk ri wkh hqwuh0
suhqhxu

7Ke|n� '
�� �

� n >

�
7ee � %n7Ke| n >7/ n >7K

�
+814;,

48Uhphpehu wkdw e @ 4��
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zkrvh vwhdg| vwdwh lv=

7KeW '
�� �
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7ee � %n

>

�
7/

�
+814<,

Dv wr wkh lpsdfw ri prqh| jurzwk rq ehtxhvw/ zh nqrz wkdw dq lqfuhdvh lq wkh
udwh ri prqh| jurzwk lv ehqh�fldo iru wkh uhodwlyho| srru dqg ghwulphqwdo iru wkh
uhodwlyho| zhdowk|� Lw lv fohdu wkdw wkh zdjh lv dozd|v orzhu wkdq dyhudjh lqfrph=
wkhuhiruh dq lqfuhdvh lq prqh| jurzwk dozd|v errvwv wkh zhdowk ri zrunhuv1 Dv
wr hqwuhsuhqhxuv/ vrph ri wkhp � wkrvh zlwk dq h!flhqf| zklfk idoov lq wkh udqjh
e ' 7/ n % : ee� : � n % ' 	e � jdlq iurp dq dffhohudwlrq lq prqhwdu| h{sdqvlrq/
wkh rwkhuv � zkrvh h!flhqf| idoov lq wkh udqjh �n% : er� : e � orrvh1 Rq dyhudjh/
krzhyhu/ prqh| jurzwk grhv qrw d�hfw zhdowk +rxwsxw dqg frqvxpswlrq,1 Qrwlfh
wkdw dovr lq wklv frqwh{w lq wkh vwhdg| vwdwh/ prqh| lv vxshuqhxwudo rq dyhudjh
exw lv qrw vxshuqhxwudo dw wkh lqglylgxdo ohyho1 Dv d frqvhtxhqfh/ zkloh wkh
�uvw prphqwv ri wkh glvwulexwlrqv ri rxwsxw/ frqvxpswlrq dqg zhdowk gr qrw
ghshqg rq prqh|/ kljkhu prphqwv duh lq xhqfhg e| wkh udwh ri prqh| jurzwk1
Lq sduwlfxodu/ prqhwdu| srolf| kdv fohdu dv|pphwulf h�hfwv= vpdoo hqwuhsuhqhxuv
ehdu wkh euxqw ri d ghfhohudwlrq ri prqhwdu| h{sdqvlrq zkloh elj hqwuhsuhqhxuv
jdlq iurp lw1 Krzhyhu/ dyhudjh hqwuhsuhqhxuldo lqfrph lv qhfhvvdulo| juhdwhu wkdq
dyhudjh hfrqrp|0zlgh lqfrph1 Wkhuhiruh rq dyhudjh/ hqwuhsuhqhxu jdlq iurp d
ghfhohudwlrq ri prqh| jurzwk1

8161 Ilqdqflqj frqvwudlqwv

Lq wklv vxevhfwlrq zh frqvlghu d yduldqw ri wkh hqylurqphqw ghvfulehg lq wkh suh0
ylrxv rqh1 Vxssrvh wkdw fdslwdo pdunhwv duh lpshuihfw lq wkh vhqvh wkdw wkhuh lv
qr fuhglw pdunhw wr fduu| rq lqyhvwphqw1 Lq wklv fdvh wkh djhqw zlwk dq h!flhqf|
kljkhu wkdq 	e lv d srwhqwldo hqwuhsuhqhxu zkr fdq dfwxdoo| fduu| rq klv surmhfw
li dqg rqo| li kh lv vhoi0�qdqfhg/ l1h1 li K�| � % : f� D �qdqfldoo| frqvwudlqhg
hqwuhsuhqhxu/ l1h1 dq djhqw zkrvh h!flhqf| lv kljkhu wkdq 	e exw zkrvh lqwhuqdo
ixqgv duh lqvx!flhqw wr sd| iru wkh �{hg frvw EK�| � % 	 f� pxvw qhfhvvdulo| uhyhuw
wr wkh frqglwlrq ri zrunhu1 Lq wklv frqwh{w/ wkhuhiruh/ dq hqwuhsuhqhxu pxvw eh
qrw rqo| uhodwlyho| h!flhqw exw dovr uhodwlyho| zhdowk|1 D uhodwlyho| h!flhqw djhqw
zkr fdqqrw d�rug lqfxuulqj wkh �{hg frvw % idoov ehklqg lq wkh vrfldo odgghu dqg
lv oxpshg wrjhwkhu zlwk wkh lqh!flhqw djhqwv lq wkh zrunlqj fodvv491

49Lq wkh lqwhusuhwdwlrq jlyhq lq wkh suhylrxv qrwh/ wklv lv wkh fdvh ri dq djhqw zkr fdqqrw
d�rug sd|lqj iru wkh lqyhvwphqw lq kxpdq fdslwdo1
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Zh fdq hqylvdjh wzr gl�huhqw vfhqdulrv1 Wkh �uvw kdsshqv zkhq � � %>n�

�3�
�

>

�
/ dqg lv ghslfwhg lq �jxuh 8151 Lq wklv fdvh wkh hfrqrp| frqvlvwv rqo| ri vhoi0

�qdqfhg lqglylgxdov dqg wkh devhqfh ri d fuhglw pdunhw grhv qrw suhyhqw wkh
lpsohphqwdwlrq ri doo wkh lqyhvwphqw surmhfwv1 Dv d frqvhtxhqfh/ doo wkh uhvxowv
ri wkh suhylrxv vhfwlrq duh frq�uphg1
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D gl�huhqw dqg pruh lqwhuhvwlqj vfhqdulr kdsshqv/ v|pphwulfdoo|/ zkhq
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dqg lv ghslfwhg lq �jxuh 8161

58



bit+1

bitx be≡ min *

bit
w
+1

( )b e e
it

e

i+ =
1

~
( )b e

it

e

i+
=

1
1

bw* max *be

Iljxuh 816

Lq wklv fdvh wkhuh duh vrph srwhqwldo hqwuhsuhqhxuv zkr pxvw jlyh xs wkh lqyhvw0
phqw surmhfw/ ehfdxvh ri �qdqfldo frqvwudlqwv/ dqg eh zrunhuv1 Dv d frqvhtxhqfh
qrw doo wkh djhqwv h!flhqw hqrxjk wr ehfrph hqwuhsuhqhxuv dfwxdoo| ehfrph hq0
wuhsuhqhxuv lq wkh vwhdg| vwdwh1 Srwhqwldo hqwuhsuhqhxuv zlwk dq h!flhqf| ohyho
vxfk wkdw �3�

�n>

�
ee� � %n >

�
7/
�
	 %/ l1h1

ee� 	
� n >

�� �
%� >

�
7/ ' �e +8154,

zloo qhyhu fdwfk xs zlwk wkh vhoi �qdqfhg hqwuhsuhqhxuv1 Lq wkh vwhdg| vwdwh wkh
zhdowk ri hqwuhsuhqhxuv idoov lq wkh udqjh E%c4@ Ke� �1 % lv wkh vwhdg| vwdwh ri wkh
hqwuhsuhqhxu zlwk h!flhqf| ee� ' �e1 4@ Ke� lv wkh vwhdg| vwdwh ri wkh hqwuhsuhqhxu
zlwk pd{lpxp h!flhqf| ee� ' � zkrvh odz ri prwlrq lv

Ke�|n� '
�� �

� n >

�
�� %n Ke�| n

>

�
7/

�

Wkhuhiruh

4@ Ke� '
�� �

>n �

�
�� %n

>

�
7/

�
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Wkh dyhudjh zhdowk ri wkh hqwuhsuhqhxuv wkhuhiruh lv=

7Ke '
4�? Ke� n4@ Ke�
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�
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�
>n 2� � �

>n �
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>n �
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>

�
7/

��

zkhuh dyhudjh lqfrph lv

7/ ' ��e n /e E�� �e� ' ��en E7ee � %� E�� �e�

dqg

7ee '
� n �e

2

Wkhuhiruh

7/ '
�

2
� %n �e E� n %�� �e2

2
+8155,

Iurp +8154, lw frphv rxw=

7/ '
� n >

�� �

�

>
%� �

>
�e +8156,

Ohw*v gh�qh � ' �n>

�3�

�

>
%/ � ' �

>
/ � ' �

2
� % dqg ( ' E� n %�1 +8155, dqg

+8156, wkhuhiruh ehfrph=

7/ ' ����e +8157,

7/ ' � n(�e� �e2

2
+8158,

Qrwh wkdw/ dffruglqj wr +8158,/ 7/ lv d frqfdyh qrq prqrwrqlf ixqfwlrq ri he/
zklfk suhvhqwv d pd{lpxp lq he ' ee ' � n %1 Lw lv fohdu wkdw wkh h�hfwlyh
hqwuhsuhqhxuldo vkduh ri wkh srsxodwlrq pxvw eh qrq0juhdwhu wkdq wkh srwhqwldo
rqh1 Wkdw lv ��he � ��ee� Wkhuhiruh zh kdyh wr irfxv rqo| rq wkh ghfuhdvlqj sduw
ri +8158,/ fruuhvsrqglqj wr he � ee� Dffruglqj wr +8157,/ 7/ lv d olqhdu ghfuhdvlqj
ixqfwlrq ri he� +8157, dqg +8158, uhsuhvhqw d v|vwhp lq wzr xqnqrzqv= 7/ dqg he�
Wkh vroxwlrq ri wkh v|vwhp lv ghslfwhg lq �jxuh 8171
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~e
�e

0 roots

1 root

ωmax

~*e

ω*

Iljxuh 817

Lw lv lqwhuhvwlqj qrz wr sdvv dqdo|}lqj wkh h�hfwv ri prqh| jurzwk1 Iru wklv
sxusrvh/ �uvw qrwlfh wkdw +8158, lv qrw d�hfwhg e| >c zkhuhdv lw lv +8157,1 Dfwxdoo|
zh fdq zulwh

7/ ' � E>��� E>� �e +8159,

zkhuh Y�
Y>

	 f dqg Y�
Y>

	 f�
Judsklfdoo| vshdnlqj wkhuhiruh > uhgxfhv wkh lqwhufhsw ri wkh vwudljkw olqh lq

�jxuh 817 dqg pdnhv lw  dwwhu1 Wkh h�hfwv ri dq lqfuhdvh lq > rq 7/W dqg rq heW
duh wkhuhiruh dpeljxrxv/ qdpho| lw pd| kdsshq hlwkhu wkdw 7/W lqfuhdvhv dqg heW
ghfuhdvhv ru wkh rwkhu zd| durxqg1 Lq �jxuh 818 zh sorw wkh iruphu fdvh dqg 819
zh sorw wkh odwwhu1
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Iljxuh 818

ω

~e
�e

ωmax

~*e 0

ω*
0

µ0

µ1

~*e 1

ω*
1

Iljxuh 819

Zkdw zh kdyh vnhwfkhg lv uhohydqw iru frqvlghudwlrq derxw lqglylgxdo dqg
djjuhjdwh vxshuqhxwudolw| ri prqh|1
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Sursrvlwlrq 8141 Zkhq fdslwdo pdunhwv duh lqfrpsohwh/ prqh| pd| eh qrq0
vxshuqhxwudo1 Dfwxdoo| dv idu dv dyhudjh lqfrph lv d�hfwhg e| >/ prqhwdu| srolf|
lv vxshuqhxwudo qhlwkhu dw lqglylgxdo qru dw djjuhjdwh ohyho1

Lq idfw

YK
W

Y>
'

�� �

�

Y/W

Y>
+815:,

YSW

Y>
'

Y/W

Y>
+815;,

Y+W

Y>
'

�

�

Y/W

Y>
+815<,

Pruhryhu/ qrwlfh wkdw +8153, lv dovr d frqglwlrq rq >1 Dfwxdoo| lw phdqv wkdw
/W kdv wr eh vx!flhqwo| orz/ qdpho| orzhu wkdq d fulwlfdo ohyho // zklfk wxuqv rxw
wr eh d ixqfwlrq ri >�

/W 	 %
>n �

�� �

�

>
� �

�

>
� / +8163,

Lw lv hdv| wr ghprqvwudwh wkdw Y/W

Y>
: fc li dqg rqo| li � 	 �

%n�
1 Wklv phdqv

wkdw dq lqfuhdvh lq lq dwlrq pd| ohdg iurp wkh vfhqdulr ghslfwhg lq �jxuh 816 wr
wkh vfhqdulr ghslfwhg lq �jxuh 8151
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