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Introduction

These notes are an introduction to the formalism of stacks, for the con-
sumption of those who attend my lectures at the ICTP school on moduli
theory. They are still in an extremely preliminary stage, many proof, and
even parts of statements, are still missing (the missing parts are marked with
TO BE ADDED). My justification for handing out such a rough product
is that I think they might still be useful. The are also extremely dry, and are
only meant to supplement my lectures, where I try to give a more articolated
view of the subject, adding some examples. TO BE ADDED

The formal prerequisites for reading these notes are few. We make heavy
use the categorical language, so I assume that the reader is acquainted with
the notions of category, functor and natural transformation, equivalence of
categories. On the other hand, I do not use any advanced concepts, nor
do I use any real results in category theory, with one single exception: the
reader should know that a fully faithful essentially surjective functor is an
equivalence.

The reader should also recall that a groupoid is a category in which every
arrow is invertible.

Also, we will manipulate some cartesion diagrams. In particular the
reader will encounter diagrams of the type

A ——B ——C';
A— B——(C

we will say that this is cartesian when both squares are cartesian. This is
equivalent to saying that the right hand square and the square

A,%C/a

|

A—C

obtained by composing the rows, are cartesian. There will be other state-
ments of the type “there is a cartesian diagram ...”. These should all be
straightforward to check.






CHAPTER 1

Contravariant functors

1.1. Representable functors and the Yoneda lemma

1.1.1. Representable functors. Let us start by recalling a few basic
notions of category theory.

Let C be a category; we will always assume that C has both fiber products
and products. Consider functors from C°PP to (Set). These are the objects
of a category, denoted by

Func(CPP, (Set)),

in which the arrows are the natural transformations. From now on we will
refer to natural transformations of contravariant functors on C as morphisms.
Let X be an object of C. There is a contravariant functor

hx: C°PP — (Set)
to the category of sets, which sends an object U of C to the set
hxU = Hom¢ (U, X).

If o: U' — U is an arrow in C, then hxa: hxU — hxU’ is defined to be
composition with a.

Now, an arrow f: X — Y yields a function hyU: hxU — hxU for each
object U of C, obtained by composition with f. The important fact is that
this is a morphism hx — hy, that is, for all arrows a: U’ — U the diagram

heU
hxU —— hyU

lhxa lhya
1

hsU
hxU' — hyU’

commutes.
Sending each object X of C to hx, and each arrow f: X — Y of C to
hy: hx — hy defines a functor C — Func(C°PP, (Set)).

YONEDA LEMMA (WEAK VERSION). Let X and Y be objects of C. The
function

Homc(X,Y) — Hom(hx,hy)
that sends f: X =Y to hy: hx — hy is bijective.

7
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In other words, the functor C — Func(C°PP, (Set)) is fully faithful. It
fails to be an equivalence of categories, because in general it will not be
essentially surjective. This means that not every functor C°PP — (Set) is
isomorphic to a functor of the form hx. However, if we restrict to the full
subcategory of Func(C°PP, (Set)) consisting of functors C°PP — (Set) which
are isomorphic to a functor of the form hyx, we do get a category which is
equivalent to C.

DEFINITION 1.1. A representable functor on the category C is a functor
F: CPP — (Set)

which is isomorphic to a functor of the form hx for some object X of C.
If this happens, we say that F' is represented by X.

Given two isomorphisms F' ~ hx and F' ~ hy, we have that the resulting
isomorphism hx =~ hy comes from a unique isomorphism X ~ Y in C,
because of the weak form of Yoneda’s lemma. Hence two objects representing
the same functor are canonically isomorphic.

1.1.2. Yoneda’s lemma. The condition that a functor be representable
can be given a new expression with the more general version of Yoneda’s
Lemma. Let X be an object of C and F: C°PP — (Set) a functor. Given a
natural transformation 7: hx — F, one gets an element £ € FX, defined as
the image of the identity map idx € hx X via the function 7x: hx X — FX.
This construction defines a function Hom(hy, F) — FX.

Conversely, given an element £ € FX, one can define a morphism
7: hxy — F as follows. Given an object U of C, an element of hxU is
an arrow f: U — X; this arrow induces a function F'f: FX — FU. We
define a function 7U: hxU — FU by sending f € hxU to Ff(¢) € FU.
It is straightforward to check that the 7 that we have defined is in fact a
morphism. In this way we have defined functions

Hom(hx, F) — F(X)
and

F(X) — Hom(hy, F).

YONEDA LEMMA. These two functions are inverse to each other, and
therefore establish a bijective correspondence

Hom(hy, F) ~ FX.

The proof is easy and left to the reader. Yoneda’s lemma is not a deep
fact, but its importance cannot be overestimated.

Let us see how this form of Yoneda’s lemma implies the weak form above.
Suppose that F = hy: the function Hom(X,Y) = hy X — Hom(hy,hy)
constructed here sends each arrow f: X = Y to

hyf(idy) =idyof: X =Y,
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so it is exactly the function Hom(X,Y) — Hom(hx, hy) appearing in the
weak form of the result.

One way to think about Yoneda’s lemma is as follows. The weak form
says that the category C is embedded in the category Func(CPP, (Set)).
The strong version says that, given a functor F': C°P — (Set), this can be
extended to the representable functor hr: Func(CPP, (Set)) — (Set).

We can use Yoneda’s lemma to give a very important characterization
of representable functors.

DEFINITION 1.2. Let F': C°PP — (Set) be a functor. A wuniversal object
for F is a pair (X, £) consisting of an object X of C, and an element £ € FX,
with the property that for each object U of C and each o € FU, there is a
unique arrow f: U — X such that Ff({) =0 € FU.

In other words: the pair (X,§) is a universal object if the morphism
hx — F defined by ¢ is an isomorphism. Since every natural tranformation
hx — F is defined by some object £ € F X, we get the following.

PROPOSITION 1.3. A functor F: C°PP — (Set) is representable if and
only if it has a universal object.

Also, if F' has a universal object (X, ), then is represented by X.

Yoneda’s lemma insures that the natural functor C — Func(CPP, (Set))
which sends an object X to the functor hx is an equivalence of C with the
category of representable functors. From now on we will not distinguish
between an object X and the functor hx it represents. So, if X and U are
objects of C, we will write X (U) for the set hxU = Hom¢ (U, X) of arrows
U — X. Furthemore, if X is an object and F': C°PP — (Set) is a functor,
we will also identify the set Hom(X, F) = Hom(hx, F) of morphisms from
hx to F with FX.

1.1.3. Examples. Here are some examples of representable functors.

(i) Consider the functor P: (Set)°PP — (Set) that sends each set S into the
set P(S) of subsets of S. If f: S — T is a function, then P(f): P(T) —
P(S) is defined by P(f)r = f~'7 forall 7 C T.

Given a subset o C S, there is a unique function x,: S — {0,1}
such that x;1({1}) = o, namely the characteristic function, defined by

(s) = 1 ifseo
X2 =0 ifsé¢o.

Hence the pair ({0,1},{1}) is a universal obejct, and the functor P is
represented by {0,1}.

(ii) This example is similar to the previous one. Consider the category
(Top) of all topological spaces, with the arrows being given by continu-
ous functions. Define a functor F: (Top)°PP — (Set) sending each topo-
logical space S to the collection F(.S) of all its closed subspaces. Endow
{0,1} with the coarsest topology in which the subset {1} C {0,1} is
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(iii)
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closed; the closed subsets in this topology are @, {1} and {0,1}. A
function S — {0, 1} is continuous if and only if f~1({1}) is closed in
S, and so one sees that the pair ({0,1},{1}) is a universal object for
this functor.

The next example may look similar, but the conclusion is very different.
Let (HausTop) be the category of all Hausdorff topological spaces, and
consider the restriction F: (HausTop) — (Set) of the functor above. 1
claim that this functor is not representable.

In fact, assume that (X, &) is a universal object. Let S be any set,

considered with the discrete topology; by definition, there is a unique
function f: § — X with f~1¢ = S, that is, a unique function S — £.
This means that £ can only have one element. Analogously, there is a
unique function S — X \ £, so X \ £ also has a unique element. But
this means that X is a Hausdorff space with two elements, so it must
have the discrete topology; hence £ is also open in X. Hence, if S is
any topological space with a closed subset o that is not open, there is
no continuous function f: § = X with f~1¢ = 0.
Take (Grp) to be the category of groups, and consider the functor
Sgr: (Grp)°PP — (Set) that associates to each subgroup G the set of
all its subgroups. If f: G — H is a group homomorphism, we take
Sgr f: Sgr H — Sgr G to be the function associating to each subgroup
of H its inverse image in G.

This is not representable: there does not exist a group I, together

with a subgroup I'j C T', with the property that for all groups G
with a subgroup G; C G, there is a unique homomorphism f: G —
T such that f~II'; = G;. This can be checked in several ways; for
example, if we take the subgroup {0} C Z, there should be a unique
homomorphism f: Z — I such that f~!I'; = {0}. But given one such
f, then the homomorphism Z — I defined by n — f(2n) also has this
property, and is different, so this contradicts unicity.
Here is a much more sophisticated example. Let (Hot) be the category
of all finite CW complexes, with the arrows being given by continuous
functions modulo homotopy. There is a functor H": (Hot) — (Set)
that sends a CW complex § into its n'P cohomology group H"(S, Z).
Then is a highly nontrivial fact that this functor is represented by a
CW complex, known as a Eilenberg-MacLane space, usually denoted
by K(Z,n).

But we are really interested in algebraic geometry, so let’s give some
examples in this context. Let S = SpecR (this is only for simplicity of
notation, if S is not affine, nothing substantial changes).

ExAMPLE 1.4. Consider the affine line Ag over a base scheme S. We
have a functor

O: (Sch/S)°PP — (Set)
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that sends each scheme S to the ring of global sections O(S). Then z €
O(A}), and given a scheme S over S, and an element f € O(S), there is a
unique morphism S — AIS such that the pullback of = to S is precisely f.
This means that the functor O is represented by Ak.

More generally, the affine space A% represents the functor O™ that sends
each scheme S into the ring O(S)™.

EXAMPLE 1.5. Now we look at G s = AL \ 0s. Here by 0g we mean
the image of the zero-section S — AL. Now, a morphism of S-schemes
Gm,s — S is determined by the image of £ € O(Gy,s) in O(S); therefore
Gm,s represents the functor O*: (Sch/°PP) — (Set) that sends each scheme
S to the group O*(S) of invertible sections of the structure sheaf.

A much more subtle example is given by projective spaces.

EXAMPLE 1.6. On the projective space P% = Proj R|xo,...,zy] there is
a line bundle O(1), with n sections z, ..., £, which generate it.

Suppose that S is a scheme, and consider the set of sequences (L, sg, . .., Sn),
where £ is an invertible sheaf on S, s, ..., s, sections of £ that generate it.
We say that (L, so,...,sp) is equivalente to (L', sp, ..., s;,) if there exists an
isomorphism of invertible sheaves ¢: £ ~ L' carring each s; into s}. Notice
that, since the s; generate L, if ¢ exists than it is unique.

One can consider a function Qn: (Sch/ —)(Set) that associates to each
scheme S the set of sequences (£, g, ..., sn) as above, modulo equivalence.
If f: T — S is a morphism, and (£, sg,...,s,) € F(S), then there are
sections f*sg, ..., f*sp of f*L that generate it; this gives the structure of
a functor to Q.

Another description of the functor @), is as follows. Given a scheme
Q@ and a sequence (L, sg, ..., Syp) as above, the s; define a homomorphism
Og“ — L, and the fact that the s; generate is equivalent to the fact that
this homomorphism is surjective. Then two sequences are equivalent if and
only if the represent the same quotient of O7%.

It is a very well known fact (see [Har??, 777],) and, indeed, one of the
founding stones of algebraic geometry, that for any sequence (L, s, ..., Sp)
over a scheme S, there is exists a unique morphism f: S — P% such that
(L, s0,--.,8,) is equivalent to (f*O(1), f*z¢,...,f*z,). This means pre-
cisely that P represents the functor Q.

EXAMPLE 1.7. A generalization of the previous examples is given by
grassmannians. Suppose that £ is a locally free coherent sheaf on S, and fix
a non-negative integer r. Here we are not going to assume that S is affine.
Consider the functor G(r,€&): (Sch/°PP) — (Set) that sends each scheme
s: 8§ = S over S to the set of all locally free quotients of rank r of the
pullback s*€. If f: T — S is a morphism from ¢: T'— S to s: § = S, and
¢: s*€ — Q is an object of G(r,£)(S), then

ffo: 178 = f*s*E — f*Q
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is an object of G(r,E)(T).
If £ is the trivial locally free sheaf O%, we denote G(r, O%) by G(r,n).

Notice that in the previous example we have that G(1,0"*!) is the
functor ), represented by P%.

1.1.4. Group objects and actions. In this section, as usual, the cat-
egory C will have both finite products and fiber products; we will also assume
that it has a final object pt.

DEFINITION 1.8. A group object of C is an object G of C, together with a
functor C°PP — (Grp) into the category of groups, whose composition with
the forgetful functor (Grp) — (Set) equals hg.

Equivalently: a group object is an object G, together with a group
structure on G(U) for each object U of C, so that the function f*: G(V) —
G(U) associated with an arrow f: U — V in C is always a homomorphism
of groups.

This can be restated using Yoneda’s lemma.

PROPOSITION 1.9. To give a group scheme structure on an object G of C
is equivalent to assigning three arrows mg: G x G — G (the multiplication),
ig: G > G (the inverse), and eg: pt — G (the identity), such that the
following diagrams commute.

(i) The identity is a left and right identity:

id id
pthwaG and GXptmeG

N

(ii) Multiplication is associative:

GxGxGMGxG

lidg xXmg lmG

GxG———G
(iti) The inverse is a left and right inverse:

GieXe, v and @M% 0 v

I S S

pt—= ¢ pt—2< s
ProOF. It is immediate to check that, if C is the category of sets, the
commutativity of the diagram above gives the usual group axioms. Hence
the result follows by evaluating the diagrams above (considered as diagrams
of functors) at any object U of C. [
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Thus, for example, a group object in the category of topological spaces
is simply a group, that has a structure of a topological space, such that
the multiplication map and the inverse map are continuous (of course the
identity map is automatically continuous).

One can also define an action of a group object G on an object X. There
are two ways of doing this.

DEFINITION 1.10. A left action of a group object G of a category C
on a object X consist of a left action G(U) x X(U) — X(U), denoted by
(9,2) — ¢ - z of the group G(U) on the set X(U), in such a way that for
any arrow f: U — V inC, and g € G(V') and any z € X (V) we have

frg-ffz=f"(g-z) € X(U).
A right action is defined in the analogous way.

Again, we can reformulate this definition in terms of diagrams.

PROPOSITION 1.11. To give a left action of a group object G on an object
X is equivalent to assigning an arrow p: GX X — X, such that the following
diagrams commute.

(i) The identity of G acts like the identity on X:

eg Xidx

ptxx<ip

(ii) The action is associative with respect to the multiplication on G:

GxGxXMGxX

lidc Xp lp

GxX—2 5 x

ProOF. It is immediate to check that, if C is the category of sets, the
commutativity of the diagram above gives the usual axioms for a left action.
Hence the result follows by evaluating the diagrams above (considered as
diagrams of functors) at any object U of C. [

1.2. Relative representability

1.2.1. Fiber products of functors. The category Func(CPP, (Set))
has fiber products. These are defined as follows. Suppose that we are given
three functors Fy, F> and G from C°PP to (Set), together with two natural
tranformations a;: F; — G and as: F5 — G. The fiber product F} xg F»
sends each object U of C into the fiber product of sets F1U X gy FoU, where
of course the functions AU — GU and FAU — GU are induced respectively
by a1 and as. The action of F; Xg F5 on arrows is defined in the obvious
fashion.
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Since the category Func(CPP,(Set)) has terminal object, the functor
that sends each object to a fixed set with one element, it also has products,
defined by the usual formula (F; x F»)U = F1U x FU.

If X1 - Y and Xo — Y are arrows in C, hx, = hy and hx, — hy
are the induced morphisms, then the fiber product X; Xy X5 represents the
fiber product hx, xp, hx,; so we can write X; Xy X7 to mean either the
fiber product as an object of C or the fiber product of contravariant functors
on C.

1.2.2. Representable natural transformations.

DEFINITION 1.12. Let F and G be functors in Func(C°PP, (Set)). A
morphism of functors ¢: F — G is representable if for any object Y of C
and any morphism Y — G, the fiber product F X Y is representable.

Equivalently, the morphism 7 is representable if whenever H — Y is a
morphism and H is representable, so is F' xg H.

PROPOSITION 1.13. If 7: F — G is a morphism of contravariant func-
tors C — (Set) and G 1is representable, then T is representable if and only if
F is representable.

PROOF. Since the category C has fibered products, the fiber products of
two representable functors is representable; hence if F' is representable so is
the morphism 7.

Conversely, if 7 is representable, so is the fiber product F xgG ~ F. &

DEFINITION 1.14. Let P be a property of arrows in C. We say that P
is stable if whenever

X —X

Il
Y —Y

is a cartesian diagram and f has P, then f’ also has P.

Examples of stable properties of continuous maps are being an embed-
ding, being injective, being surjective, being a local homeomorphism, being
open, being a covering map. Being closed, on the other hand, is not a stable
property.

Any stable property of arrows in C can be extended to a property of
representable morphisms. If P is a stable property of arrows in C, we say
that a representable morphism F — G has P if whenever Y — G is a
morphism, with Y an object of C, then the projection F' xgY — Y has P.
This makes sense, because F' Xg Y is representable.

Consider a functor F': C°PP — (Set); there is morphism dp: F — F x F,
the diagonal of F, defined by sending each object U of C into the diagonal
function FU — FU x FU = (F x F)U.
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PROPOSITION 1.15. Let F': C°PP — (Set) be a functor. Then the follow-
ing three conditions are equivalent.

(i) The diagonal 6p: F — F X F is representable.
(ii) If X = F and Y — F are morphisms, where X and Y are objects of
C, then the fiber product X XgY is representable.
(iit) All morphisms from representable functors into F are representable.

PROOF. Parts (ii) and (iii) are equivalent by the definition of a repre-
sentable morphism.

Assume that the diagonal dp: F — F x F is representable, and that
X — F and Y — F are morphisms from objects of C. It is a standard fact
that there is a cartesian square

XxpY —3 X xY,

|,

F— L SsFxF

which shows that the fiber product X xr Y is representable. Hence (ii)
holds.

Conversely, assume that (ii) holds, and that there is given a morphism
X — F x F, where X is an object of C. There is another cartesian diagram

Fxpyp X — X

[l

XxpX——>XxX

|,

F—TL SFxF

showing that F X p«p X is representable, as required. [

1.3. Sheaves in Grothendieck topologies

1.3.1. Grothendieck topologies. Now we need the notion of a sheaf
on the category (Top). Consider a functor F': (Top)°PP — (Set); for each
topological space X we can consider the restriction Fx to the subcategory
of (Top) whose objects are open subspaces of X, and whose arrows are the
inclusion maps; this is a presheaf on X. We say that F is a sheaf on (Top)
if F'x is a sheaf on X for all X.

For later use we are going to need the more general notion of sheaf in a
Grothendieck topology; in this section we review this theory.

In a Grothendieck topology the “open sets” of a space are maps into
this space; instead of intersections we have to look at fiber products, while
unions play no role. The axioms do not describe the “open sets”, but the
coverings of a space.
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DEFINITION 1.16. Let C be a category with fiber products. A Grothendieck
topology on C is the assignement to each object U of C of a collection of sets
of arrows {V; — U}, called coverings of U, so that the following conditions
are satisfied.

(i) If V = U is an isomorphism, then the set {V — U} is a covering.

(ii) If {V; — U} is a covering and U’ — U is any arrow, then the collection
of projections {V; xy U’ — U'} is a covering.

(iii) If {V; — U} is a covering, and for each index i we have a covering
{W;; — Vi} (here j varies on a set depending on i), the collection of
compositions {W;; =+ V; = U} is a covering of U.

A category with a Grothendieck topology is called a site.

Notice that from (ii) and (iii) it follows that if {V; = U} and {W; — U}
are two coverings of the same object, then {V; xyW; — U} is also a covering.

REMARK 1.17. In fact what we have defined here is what is called a
pretopology in [SGA1]; a pretopology defines a topology, and very different
pretopologies can define the same topology. The point is that the sheaf
theory only depends on the topology, and not on the pretopology. So, for
example, if two pretopologies on the same category satisfy the conditions
of Proposition 1.25 below, the two induced topologies are the same, so the
conclusion follows immediately.

Despite its unquestionable technical advantages, I do not find the notion
of topology, as defined in [SGA1], very intuitive, so I prefer to avoid its use
(just a question of habit, undoubtedly).

Here are some examples.

ExAMPLE 1.18 (The site of a topological space). Let X be a fixed topo-
logical space; call X the category in which the objects are the open subsets
of X, and the arrows are given by inclusions. Then we get a Grothendieck
topology on X by associating with each open subset U C X the set of open
coverings of U.

In this case if Vi — U and V5 — U are arrows, the fiber product V7 xy V5
is the intersection V; N Va.

ExAMPLE 1.19 (The global classical topology). Here C is the category
(Top) of topological spaces. If U is a topological space, then a covering of
U will be a collection of open embeddings V; — U whose images cover U.

Notice here we must interpret “open embedding” as meaning an open
continuous injective map V — U; if by an open embedding we mean the
inclusion of an open subspace, then condition (i) of Definition 1.16 is not
satisfied.

ExAMPLE 1.20 (The global étale topology for topological spaces). Here
C is the category (Top) of topological spaces. If U is a topological space,
then a covering of U will be a collection of local homeomorphisms V; — U
whose images cover U.
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Here are the basic examples in algebraic geometry. Of course, a scheme
is endowed with the Zariski topology, so it yields a site, according to Exam-
ple 1.18. Of course, if this where the only significant example, this formalism
would be useless.

ExXAMPLE 1.21 (The small étale site of a scheme). Consider a scheme X.
We can form a category Xy, the full subcategory of the category (Sch/X)
whose objects are morphism U — X that are locally of finite presentation
and étale.

A covering U; — U is a collection of morphisms of X-schemes whose
images cover U. Recall that if U and each of the Uj; is locally of finite
presentation and étale over X, then each of the morphisms U; — U is
locally of finite presentation and étale, hence it has an open image.

EXAMPLE 1.22. Here are three topologies that one can put on the cat-
egory (Sch/S) of schemes over a fixed scheme S. Several more have been
used in different contexts.

The first is the global Zariski topology. Here a covering {U; — U} is a
collection of open embeddings covering U.

Then there is the global étale topology. A covering {U; — U} is a collec-
tion of étale maps of finite presentation whose images cover U.

Finally, there is the fppf topology, where a covering {U; — U} is a
collection of flat maps locally of finite presentation whose images cover U.

1.3.2. Sheaves. If X is a topological space, a presheaf of sets on X is a
functor X °P? — (Set), where X, is the category of open subsets of X, as in
Example 1.18. The condition that F' be a sheaf can easily be generalized to
any site, provided that we substitute intersections, that do not make sense,
with fiber products.

DEFINITION 1.23. Let C be a site, F': C°PP — (Set) a functor.

(i) F is separated if, given a covering {U; — U} and two sections a and b
in FU whose pullbacks to each FU; coincide, it follows that a = b.

(ii) F is a sheaf if the following condition is satisfied. Suppose that we
are given a covering {U; — U} in C, and a set of sections a; € FU;.
Call pry: U; xy U; — U; and pry: U; xy U; — Uj the first and second
projection respectively, and assume that prj a; = prja; € F(U; xy U;)
for all 7 and j. Then there is a unique section a € FU whose pullback
to FU; is a; for all 4.

If F and G are sheaves on a site C, a morphism of sheaves F — G

is simply a natural transformation of functors.

Of course one can also define sheaves of groups, rings, and so on, as
usual: a functor from C°PP to the category of groups, or rings, is a sheaf if
its composition with the forgetful functor to the category of sets is a sheaf.

The reader might find our definition of sheaf rather pedantic, and wonder
why we did not simply say “assume that the pullbacks of a; and a; to
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F(U; xy Uj) coincide”. The reason is the following: when ¢ = j, in the
classical case of a topological space we have U; xy U; = U; NU; = Uj, so
the two possible pullbacks from U; Xy U; — U; coincide; but if the map
U; — U is not injective, then the two projections U; xy U; — U; will be
different. So, for example, in the classical case coverings with one subset are
not interesting, and the sheaf condition is automatically verified for them,
while in the general case this is very far from being true.

A sheaf on a site is clearly separated.

Sometimes two different topologies on the same category define the same
sheaves.

DEFINITION 1.24. Let C be a category, {U; — U} a set of arrows. A
refinement {V; — U} is a set of arrows such that for each index j there is
some index ¢ such that V; — U factors through U;.

PROPOSITION 1.25. Let T and T’ be two Grothendieck topologies on the
same category C. Suppose that every covering in T is also in T', and that
every covering in T’ has a refinement in T. Then a functor C — (Set) is a
sheaf in the topology T if and only if it is a sheaf on the topology T'.

In particular, the sheaves on (Top) in the classical, the étale topology
and the local fibration topology are the same.

PROOF. Since 7' contains all the coverings of T, clearly any functor
F: C°PP — (Set) that is a sheaf in the topology 7" is also a sheaf in 7. On
the other hand, assume that F': C°PP — (Set) is a sheaf in the topology 7,
and take a covering {U; — U} of an object U in the topology 7'. There
is a refinement {V; — U} of {U; — U} in T; for each index j choose a
factorization V; — U,; — U. If two section of FU coincide when pulled
back to each FU; they also coincide when pulled back to each FVj, and
therefore they coincide; hence the functor F is separated in the topology 7.

Now, assume that we are given a collection of sections {a;} € []; FU;,
such that the pullbacks pr}a; and prjay to F(U; xy Uy) coincide for all
indices i and 7'. For each j call b; the pullback of a,; to V; through the arrow
V; = U,;. I claim that for every pair of indices j and 4’ the pullbacks of b;
and b; to V; xy Vj coincide. In fact, the composition of pry: V; xy Vy —
V; with the arrow V; — U, factors through pr;: U, x ULj, — U,;; and
analogously for the second projection. Since the pullbacks pri a,; and pr} ay
to F(U; xy Uy) coincide, the thesis follows.

Since F is a sheaf in T, there will exist some a in FU whose pullback
to F'V; is b; for all 5. Now we need to show that the pullback of a to FU; is
a; for all 5. For each j and ¢ there is a commutative diagram

Vi xp Uy — U, Xy Uj — U;

|1 ]

V; s U, y U
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since the pullbacks of a,; and a; to F(U,; xy U;) coincide, this shows that
the pullbacks of a € FU and a; € FU; to F(V; xy U;) are the same. But
{V; xuv Ui — U;} is a covering of U; in the topology 7, and since F is
separated in the topology 7' we conclude that in fact the pullback of a to
FU; equals a;. ('

DEFINITION 1.26. A topology 7 on a category C is called saturated if,
whenever {U; — U} is a set of arrows, {V;; — U;} is a covering of U; for
each ¢, and the set {V;; — U} of compositions is a covering, then {U; — U}
is a covering. ~

If T is a topology of C, the saturation of T is the set T of all sets of
arrows {U; — U} with the property that there exists a covering {Vi; — U}
for each ¢ such that the set {Vi; — U} of compositions is a covering.

PROPOSITION 1.27. The saturation T of a topology T is a saturated
topology. Furthermore, a functor C°P? — (Set) is a sheaf under T if and
only if it is a sheaf under T.

Proor. TO BE ADDED 'y

ExAMPLE 1.28. The global étale topology on (Top) is a saturated topol-
ogy. It is the saturation of the classical topology; hence the global étale
topology and the classical topology have the same sheaves.

In the category (Sch/S) the étale topology and the fppf topology are
both saturated. On the other hand, in the category of schemes an étale
morphism is not Zariski-locally an open embedding, hence the global étale
topology is not the saturation of the global Zariski topology.

There is also a statement saying that sometimes different sites have
equivalent categories of sheaves.

PROPOSITION 1.29. Let C be a full subcategory of a category C', closed
under taking fiber products. Let T and T' be Grothendieck topologies on C
and C' respectively. Assume that the following conditions hold.

(i) A covering in T is also a covering in T".
(ii) An object U of C has a covering {U; — U} in which each U; is in C.
(iii) If U is an object of C, any covering of U in T’ has a refinement in T .
Then the restriction to C of a sheaf C'°*® — (Set) is a sheaf on C.
Furthermore, restriction induces an equivalence of the categories of sheaves
on C' and on C.
In particular, for a topological space X the categories of sheaves on X
and X¢ are equivalent.

PROOF. Obviously condition (i) implies that the restriction of a sheaf is
a sheaf. The restriction of a natural transformation of functors C'°°? — (Set)
yields a natural transformation of functors C°PP — (Set), and this gives a
functor from the category of sheaves on C’ to the category of sheaves on C.
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Also, it is easy to check that the restriction of 7' to C is a topology on
C, because C is closed under taking fiber products; conditions (i) and (iii),
together with Proposition 1.25, imply that the sheaves on C relative to the
restriction of 77 and to 7 are the same. So we may assume that a covering
{U; - U} in 7' in which both U and the U; are in C is in 7. In this case
we do not need to refer to the topology explicitly, and we will talk about a
covering referring to a covering in 7 or in 7.

First of all, let us check that this restriction functor is faithful. In fact, let
F'" and G’ be sheaves on C', o/, 8': F' = G' natural transformations which
coincide when restricted to C. For any object U of C’ there is a covering
{U; = U} in which the U; are in C; this implies that for any z € F'U the
restrictions of af;z and Sz to each U; coincide. Since G’ is a sheaf, this
show that a = 8, and hence that the functor is faithful.

To show that is full, take a natural transformation «: F — G between
the restrictions of F' and G’ to C. For any object U in C’ we have a covering
{U; — U} with U; in C; furthermore for each pair of indices i and j we fix a
covering {Usjx — U; xy U;} where each Ujjy is in C (here k varies over a set
depending on 7 and j). Take an element a of F'U, and call a; € F'U; = FU;
the pullback of a to U;. Set b; = ay,a € GU;; the restrictions of each b; and
b; to each Ujj;;, coincide for all ¢ and j, therefore they coincide in U; xy Uj,
because G is a sheaf. It follows that there is a unique element b € G'U
whose pullback to each G'U; is b;. We define a function of;: F'U — G'U by
setting ag;a = b.

We have to check that o is well defined, and that it defines a natural
transformation. Take another covering {V; — U} with the V; in C, and for
each pair of indices a covering {V;sx — U; Xy V;} with the Vi in C. Consider
the element ¢ € G'U obtained as above from the covering {V, — U}; it is
easy to see that the pullbacks of b and ¢ to Vs coincide for each triple 4,
a and s, and this implies the thesis, because {V;s — U} is a covering. It
is easy to show that o' is a natural transformation, and this shows that the
functor is full.

We only have left to prove that every sheaf on C is the restriction of a
sheaf on C'. Let F': C°PP — (Set) be a sheaf. For each object U of C' choose
a covering {U; — U} with U; in C, and for each pair of indices ¢ and j a
covering {Uj;r = U; xyU;} where each Uy is in C. For each triple of indices
1, 7 and k there are arrows ¢ijk: Uijlc — U; and '(;bijk: Uijr — Uj, obtained
by composing the given arrow U;jx — U; xy U; with the two projections
pry: U; Xy Uj — U; and Pry: U; xuy Uj — Us.

We define a set F'U as the equalizer of the two functions [[,; FU; x
FU; — H,L-jk FUjj, induced by ¢, and ;;;: in other words, F'U is the
subset of [1;; FU; x FU; = [1;; FUsjx consisting of elements ((as,b;))
such that the pullbacks F'¢;;ra; and F1);xb; in FUsj, coincide. Of course
when U is an object of C, the restriction map FU — T[], FU; induces a
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bijective correspondence between FU and F'U, by definition of sheaf. TO
BE ADDED

)

PROPOSITION 1.30. A representable functor (Top)°PP — (Set) is a sheaf
in the classical topology.

The proof is straightforward. It is similarly easy to show that a repre-
sentable functor in the category (Sch/S) over a base scheme S is a sheaf in
the Zariski topology. On the other hand the following is not straightforward
at all.

PRrOPOSITION 1.31 (Grothendieck). A representable functor in (Sch/S)
is a sheaf in the fppf topology.

For the proof, see [SGA1, 777]. From this it follows that a representable
functor is also a sheaf in the étale topology, because every fppf covering is
also an étale covering.

DEFINITION 1.32. A topology 7 on a category C is called subcanonical
if every representable functor in C is a sheaf with respect to 7.
A subcanonical site is a category endowed with a subcanonical topology.

There are examples of sites that are not subcanonical, but I have never
had dealings with any of them.

The name “subcanonical” comes from the fact that on a category C there
is a topology, known as the canonical topology, which is the finest topology
in which every representable functor is a sheaf. We will not be needing this
fact.

1.3.3. The sheafification of a functor. The usual construction of
the sheafification of a presheaf of sets on a topological space carries over to
this more general context.

DEFINITION 1.33. Let C be a site, F': C°PP — (Set) a functor. A sheafi-
fication of F is a sheaf F?: C°PP — (Set), together with a natural transfor-
mation F — F2, such that:

(i) given an object U of C and two objects £ and n of F(U) whose images £
and n? in F2(U) are isomorphic, there exists a covering {o;: U; = U}
such that o = o7, and _

(ii) for each object U of C and each £ € F?(U), there exists a covering
{oi: Ui = U} and elements & € F(U;) such that €2 = o}¢.

THEOREM 1.34. Let C be a site, F: C°PP — (Set) a functor.

(i) If F2: C°PP — (Set) is a sheafification of F, any morphism from F to

a sheaf factors uniquely through F?.

(ii) There exists a sheafification F — F?, which is unique up to a canonical
isomorphism.
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(iii) The natural transformation F — F? is injective if and only if F is
separated.

SKETCH OF PROOF. For part s(i), let ¢: F — G be a natural transfor-
mation from F to a sheaf G: C°PP — (Set).

Let us prove the first part. For each object U of C, we define an equiv-
alence relation ~ on FU as follows. Given two sections a and b in FU, we
write a ~ b if there is a covering U; — U such that the pullbacks of @ and b
to each U; coincide. We check easily that this is an equivalence relation, and
we define FSU = FU/ ~. We also verify that if V — U is an arrow in C, the
pullback FU — FV is compatible with the equivalence relations, yielding a
pullback F*U — F*V. This defines the functor F** with the surjective mor-
phism F — F®. It is straightforward to verify that F® is separated, and that
every natural transformation from F to a separated functor factors uniquely
through F®.

To construct F?, we take for each object U of C the set of pairs ({U; —
U},{ai}), where {U; — U} is a covering, and {a;} is a set of sections with
a; € F°U; such that the pullback of a; and a; to F*(U; xy U;), along the
first and second projection respectively, coincide. On this set we impose
an equivalence relation, by declaring ({U; — U}, {a;}) to be equivalent to
({V; = U}, {b;}) when the restrictions of a; and b; to F*(U; xyVj;), along the
first and second projection respectively, coincide. To verify the transitivity
of this relation we need to use the fact that the functor F® is separated.

For each U we call F2U the set of equivalence classes. If V — U is
an arrow, we define a function F?U — F2V by associating with the class
of a pair ({U; — U}, {a;}) in F2U the class of the pair ({U; xy V},pfai),
where p;: U; Xy V. — U; is the projection. Once we have checked that
this is well defined, we obtain a functor F*: C°PP — (Set). There is also a
natural transformation F* — F? obtained by sending an element a € F*U
into ({U = U},a). Then one verifies that F is a sheaf, and that the
composition of the natural transformations F' — F® and F* — F? has the
desired universal property.

The unicity up to a canonical isomorphism follows immediately from
part (i). Part (iii) follows easily from the definition. )

1.4. Equivalence relations

1.4.1. Equivalence relations as categories. The notion of category
generalizes the notion of set: a set can be thought of as a category in which
every arrow is an identity. Furthermore funtors between sets are simply
functions.

It is also possible to characterize the categories that are equivalent to a
set: these are the equivalence relations.

Suppose that R C X X X is an equivalence relation on a set X. We can
produce a category (X, R) in which X is the set of objects, R is the set of
arrows, and the source and target maps R — X are given by the first and
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second projection. Then given z and y in X, there is precisely one arrow
(z,y) if x and y are in the same equivalence class, while there is none if they
are not. Then transitivity assures us that we can compose arrows, while
reflexivity tell us that over each object z € X there is a unique arrow (z, z),
which is the identity. Finally symmetry tells us that any arrow (z,y) has
an inverse (y,z). So, (X, R) is groupoid such that from a given object to
another there is at most one arrow.

Conversely, given a groupoid such that from a given object to another
there is at most one arrow, if we call X the set of objects and R the set of
arrows, the source and target maps induce an injective map R — X X X,
that gives an equivalence relation on X.

So an equivalence relation can be thought of as a groupoid such that
from a given object to another there is at most one arrow. Equivalently, an
equivalence relation is a groupoid in which the only arrow from an object
to itself is the identity.

PROPOSITION 1.35. A category is equivalent to a set if and only if it is
an equivalence relation.

PRrOOF. If a category is equivalent to a set, it is immediate to see that
it is an equivalence relation. If (X, R) is an equivalence relation and X/R
is the set of isomorphism classes of objects, that is, the set of equivalence
classes, one checks immediately that the function X — X/R gives a functor
that is fully faithful and essentially surjective, so it is an equivalence. [

1.4.2. Equivalence relations in a category. Recall that an arrow
X — Y in a category C is categorically injective, or simply injective, when
the induced function X (U) — Y (U) is injective for all objects U of C. In
other words, X — Y is injective if X is a subfunctor of Y. If C is the
category of topological spaces, then a continuous function is injective in
the categorical sense if and only if it is actually injective (to check that
categorical injectivity implies injectivity use maps from a point).

Let C be a category, that we assume, as always, to have products and
fiber products.

DEFINITION 1.36. An equivalence relation in C consists of two objects
X and R, together with an injective arrow R — X x X, such that for any
object U of C the injective function R(U) — X(U) x X (U) makes R(U) into
an equivalence relation on X (U).

Given an equivalence relation (X, R), the source and target arrowss: R —
X and t: R — X are respectively the first and second projection.

Here is another way of expressing this. Suppose that p: R =+ X x X
is an injective arrow; we will denote by s: R — X and t: R — X the first
and second projection. For any object U of C we get a relation R(U) C
X(U) x X(U) on the set X(U). This relation is reflexive if and only if
the diagonal function X(U) — X(U) x X(U) lifts uniquely to a function
X(U) — R(U); and if this happens this function for each U defines a natural
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transformation of functors X — R, hence, by Yoneda’s lemma, an arrow
e: X — R in C, with the property that its composition with the given
morphism p: R — X x X is the diagonal X — X x X.

Similarly, symmetry can be expressed by saying that the involution X x
X ~ X x X that switches the two factors lifts to an involutioni: R — R.

Transitivity can also be expressed in this style, but this is a little trickier.
Consider the fiber product R x x R, where the first factor is considered as an
object over X via the arrow s: R — X, and the second factor via t: R — X.
For any object U of C, the set (R xx R)(U) is the set of pairs of elements
(u,v) of R(U) such that the target of u equals the source of v; there is a
natural function (R x x R)(U) — (X x X)(U) to the pair (s(v),t(u)). This
defines a natural transformation, hence an arrow, R xx R = X x X. The
equivalence relation is transitive if and only if this arrow Rxx R — X x X
lifts to an arrow m: R xx R — R.

Note that the definition of m may look a little strange: for example,
if X is a set and R C X x X, we are defining m((y, 2), (z,y)) = (z,2),
while it might seem more natural to switch the roles of s and t and send
((z,y), (y,2)) to (z,z). The reason for our choice is that if we want to
interpret an equivalence relation as a category, we think of the pair (z,y)
as an arrow from z to y, and m gives the composition of arrows with the
standard convention.

So we have the following alternate definition.

DEFINITION 1.37. An equivalence relation (X,R) in C is an injective
arrow p: R — X x X such that:

(i) The diagonal arrow X — X x X lifts to an arrow e: X — R,
(ii) the composition of p: R — X x X with the involution X x X ~ X x X
that switches the two factors lifts to an arrow R — R, and
(iii) The arrow R X x R — X X X corresponding to the natural transforma-
tion sending each pair (u,v) € (R xx R)(U) to the pair (s(v),t(u)) €
(X x X)(U) lifts to an arrow m: R xx R — R.

There is an obvious notion of morphism of equivalence relations, that
makes equivalence relations into a category.

DEFINITION 1.38. A morphism f: (X, R) = (X', R') of equivalence re-
lations is an arrow f: X ~ X' such that the composition of R — X x X
with f x f: X x X = X' x X' lifts to an arrow R — R'.

Examples of equivalence relations are obtained from arrows in C; an
arrow X — Y in C yields an equivalence relation X xy X — X x X.
This gives a functor from the category of arrows in C to the category of
equivalence relations in C.

More generally, one can consider a representable morphism to a functor.
The following will be very useful.

ExXAMPLE 1.39. Let X be an object of C, F': C°P? — (Set) a functor,
X — F a representable morphism. Then fiber product R = X xp X is
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representable, and with its natural injective arrow R — X x X defines an
equivalence relation on X.



CHAPTER 2

Fibered categories

2.1. Fibered categories

2.1.1. Definition and first properties. In this section we will fix
a category C with products and fiber products; the topology will play no
role. We will study categories over C, that is, categories F equipped with a
functor pr: F — C.

We will draw several commutative diagrams involving objects of C and
F; an arrow going from an object & of F to an object U of C will be of type
“¢ +— U”, and will mean that pr€ = U. Furthermore the commutativity of
the diagram

LN

€ n
[,
U—V
will mean that pr¢ = f.

DEFINITION 2.1. Let F be a category over C. An arrow ¢: & - n of F
is cartesian if for any arrow 9: ( = n in F and any arrow h: pr{ — pré
with pr¢ o h = pg1), there exists a unique arrow 6: ( — ¢ with prf = h
and @ o ¢ = (, as in the commutative diagram

(= ¥
Ihn

pF¢ h\\l\¢‘ 1

pf'f — DPFN

If ¢ — 7 is a cartesian arrow of F mapping to an arrow U — V of C, we
also say that £ is a pullback of 1 to U.

REMARK 2.2. The definition of cartesian arrow we give is more restric-
tive than the definition in [SGA1]); however, the resulting notions of fibered
category coincide.

26
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Notice that given two pullbacks ¢: £ — 7 and ¢~3 : E — n of n to U, the
unique arrow 6: £ — £ that fits into the diagram

e
I 0\(5 ~y
S

is an isomorphism. In other words, a pullback is unique, up to a unique
isomorphism.
The following facts are easy to prove, and are left to the reader.

ProPOSITION 2.3.

(1) If F is a category over C, the composition of cartesian arrows in F 1s
cartesian.

(ii) A cartesian arrow of F whose image in C is an isomorphism is also an
isomorphism.

(iii) If £ = n and n = ( are arrows in F and n — ( is cartesian, then
& — n is cartesian if and only if the composition £ — ( is cartesian.

(iv) Let pr: F — C and pg: G — C be categories over C. If F: F — G is
a functor with pg o F = pr, £ = 1 is an arrow in F that is cartesian
over its image F¢ — Fn in F, and F¢ — Fn is cartesian over its
image pgé — pgn in C, then & — n is cartesian over pg€ — pgn.

DEFINITION 2.4. A fibered category over C is a category F over C, such
that given an arrow f: U — V in C and an object n of F mapping to V,
there is a cartesian arrow ¢: £ — n with pr¢ = f.

If F and G are fibered categories over C, then a morphism of fibered
categories F: F — G is a functor such that:

(i) F is base-preserving, that is, pg o F = p;
(ii) F sends cartesian arrows to cartesian arrows.

In other words, in a fibered category F — C we can pull back objects of
F along any arrow of C.

Notice that in the definition above the equality pg o F' = pr must be
interpreted as an actual equality. In other words, the existence of an iso-
morphism of functors between pg o F and pr is not enough.

PROPOSITION 2.5. Let pr: F = C and pg: G — C be categories over C,
F:F — G a functor with pgo F = pr. Assume that G is fibered over C.

(1) If F is fibered over G, then it also fibered over C.
(ii) If F is an equivalence of categories, then F is fibered over C.

PROOF. Part (i) follows from Proposition 2.3 (iv). Part (ii) follows from
the easy fact that if F' is an equivalence then F is fibered over G. é®
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2.1.2. Fibered categories as lax 2-functors.

DEFINITION 2.6. Let F be a fibered category over C. Given an object
U of C, the fiber F(U) of F over U is the subcategory of F whose objects
are the objects ¢ of F with pré = U, and whose arrows are arrows ¢ in F
with pr¢ = idy.

By definition, if F: F — G is a morphism of fibered categories over C
and U is an object of C, the functor F sends F(U) to G(U), so we have a
restriction functor Fy: F(U) — G(U).

Notice that formally we could give the same definition of a fiber for any
functor pr: F — C, without assuming that F is fibered over C. However, we
would end up with a useless notion. For example, it may very well happen
that we have two objects U and V of C which are isomorphic, but such that
F(U) is empty while F(V') is not. This kind of pathology does not arise for
fibered categories, and here is why.

Let F be a category fibered over C, and f: U — V an arrow in C. For
each object n over V, we choose a pullback ¢,: f*n — n of  to U. We also
define a functor f*: F(V) — F(U) by sending each object n of F(V) to f*n,
and each arrow 8: n — 1’ of F(U) to the unique arrow f*8: f*n — f*n' in
F(V) making the diagram

ffn——n

|
L fB lﬁ
4
frof——n'
commute.

In this way we associate with each object U of C a category F(U), and
to each arrow f: U — V a functor f*: F(V) — F(U). It is very tempting
to believe that in this way we have defined a functor from C to the cate-
gory of categories; however, this is not quite correct. First of all, pullbacks
idj;: F(U) — F(U) are not necessarily identities. Of course we could just
choose all pullbacks along identites to be identities on the fiber categories:
this would certainly work, but it is not very natural, as there are often natu-
ral defined pullbacks where this does not happen (in Example 2.7 and many
others). What happens in general is that, when U is an object of C and £ an
object of F(U), we have the pullback ey (§): idj;§ — & is an isomorphism,
because of Proposition 2.3 (ii), and this defines an isomorphism of functors
ey idy =~ idge).

A more serious problem is the following. Suppose that we have two
arrows f: U = V and g: V — W in C, and an object { of F over W.
Then f*g*( is a pullback of { to U; however, pullbacks are not unique,
so there is no reason why f*¢*( should coincide with (¢f)*¢. However,
there is a canonical isomorphism ay,4(¢): f*g*¢ =~ (gf)*¢ in F(U), because
both are pullbacks, and this gives an isomorphism of functors ay4: f*g* ~
(9f)*: FW) — F(U).
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So, a fibered category almost gives a functor from C to the category of
categories, but not quite. The point is that the category of categories is not
just a category, but what is known as a 2-category; that is, its arrows are
functors, but two functors between the same two categories in turn form a
category, the arrows being natural transformations of functors. Thus there
are l-arrows (functors) between objects (categories), but there are also 2-
arrows (natural transformations) between 1-arrows.

Analogously, a morphism of fibered category F: F — G can be thought
of as a “natural tranformation” from the “functor” F to the “functor” G.
In fact, the restriction Fyy: F(U) — G(U) is a functor from the category
F(U) to the category G(U). However, given an arrow f: U — V in C, the
diagram of functors

Fv) L gw)
f* *
F(U) L5 6)

does not commute. In fact, since F' carries cartesian arrows to cartesian ar-
rows, for each object n of F(V), F(f*¢) = Fy(f*¢) is a pullback of  to U;
but there is no reason why it should coincide exactly with f*(Fn). However,
since both F(f*n) and f*(Fn) are pullbacks, there is a canonical isomor-
phism uy,: F(f*n) = f*(Fn) in G(U). When we assign the isomorphism u,,
to each object n we define an isomorphism of functors u: Fyyo f* — f*o Fy.
This means that in fact the square above is a commutative square, in the
sense of Definition 2.31.

This point of view will not be used in this notes: it is interesting, and
has many advantages, but it is technically rather involved; I will discuss it
in a later version. Only the following construction will be useful in the rest
of the notes: we are going to need the fibered category associated with an
ordinary functor C°P — (Cat).

2.1.3. The fibered category associated with a functor to the
category of categories. Let ®&: C°P? — (Cat) be a contravariant func-
tor from the category C into the category of categories, considered as a
1-category. This means that with each object U of C we associate a cate-
gory ®U, and for each arrow f: U — V gives a functor ®f: ®V — ®U, in
such a way that ®idy: ®U — ®U is the identity, and ®(go f) = ®f o &g
everytime we have two composable arrows f and g in C.

To this & we can associate a fibered category F — C, such that for any
object U in C the fiber F(U) is canonically equivalent to the category @U.
An object of F is a pair (§,U) where U is an object of C and £ is an object of
F(U). An arrow (a, f): (£,U) = (n,V) in F consists of an arrow f: U - V
in C, together with an arrow £ — ®f(n).
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The composition is defined as follows: if (a, f): (£,U) — (n,V) and
(b,9): (n,V) = (¢, W) are two arrows, then

(b,9) o (a,f) = (Bbo f,go f): (§,U) = ({, W).

There is an obvious functor F — C that sends an object (£,U) into U
and an arrow (a, f) into f; I claim that this functor makes F into a fibered
category over C. In fact, given an arrow f: U — V in C and an object (n, V)
in F(V), then (®f(n),U) is an object of F(U), and it is easy to check that
the pair (f,ids f(,,)) gives a cartesian arrow (®f(n),U) — (n,V).

The fiber of F is canonically equivalent to the category ®U: the equiv-
alence F(U) — @U is obtained at the level of objects by sending (¢,U) to
&, and at the level of arrows by sending (a,idy) to a.

2.1.4. Examples of fibered categories.

ExXAMPLE 2.7. Let F be the category of arrows in C; the objects are the
arrows in C, while an arrow from f: S - U to g: T — V is a commutative
diagram

S——T .

[
U—V
The functor pr: F — C sends each arrow S — U to its codomain U, and
each commutative diagram to its bottom row.
I claim that F is a fibered category over C. In fact, it easy to check that
the cartesian diagrams are precisely the cartesian squares, so the statement

follows from the fact that C has fibered products.

EXAMPLE 2.8. As a variant of the example above, consider a stable
property (Definition 1.14) P of arrows in C. We can consider the category
whose objects are arrows in C having the property P, where the arrows are
given by commutative squares as above. This a category fibered over C.

ExXAMPLE 2.9. Let G a topological group. The classifying stack of G is
the fibered category BG — (Top) over the category of topological spaces,
whose objects are principal G bundles P — S, and whose arrows (¢, f) from
P — U to Q — V are commutative diagrams

PLQ

|,

U—V

where the function ¢ is G-equivariant. The functor BG — (Top) sends a
principal bundle P — U into the topological space U, and an arrow (¢, f)
into f.

Contrary to the usual convention, in a principal G-bundle P — S we
will write the action of G on the left.
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It is important to notice that any such diagram is cartesian; so BG —
(Top) has the property that each of its arrows is cartesian.

2.2. Categories fibered in groupoids

DEFINITION 2.10. A category fibered in groupoids over C is a category
F fibered over C, such that the category F(U) is a groupoid for any object
U of C.

In the literature one often finds a different definition of a category fibered
in groupoids.

PROPOSITION 2.11. Let F be a category over C. Then F is fibered in
groupoids over C if and only if the following two conditions hold.

(i) Every arrow in F is cartesian.
(ii) Given an object n of F and an arrow f: U — prn of C, there exists
an arrow ¢: &€ = n of F with prd = f.

PROOF. Suppose that these two conditions hold. Then it is immediate
to see that F is fibered over C. Also, if ¢: £ — 7 is an arrow of F(U) for
some object U of C, then we see from condition 2.11 (i) that there exists
an arrow 1: 1 — § with pr9 = idy and ¢¢ = id,; that is, every arrow in
F(U) has a right inverse. But this right inverse ¢ also must also have a
right inverse, and then the right inverse of ¥ must be ¢. This proves that
every arrow in F(U) is invertible.

Conversely, assume that F is fibered over C, and each F(U) is a groupoid.
Condition (ii) is trivially verified. To check condition (i), let ¢: £ — 7 be
an arrow in C mapping to f: U — V in C. Choose a pullback ¢': & — ¢
of 1 to U; by definition there will be an arrow a: £ — ¢ in F(U) such that
¢'a = ¢. Since F(U) is a a groupoid, o will be an isomorphism, and this
implies that ¢ is cartesian. [

COROLLARY 2.12. Any base preserving functor from a fibered category
to a category fibered in groupoids is a morphism.

ProoF. This is clear, since every arrow in a category fibered in groupoids
is cartesian. '

Of the examples of Section 2.1, 2.7 and 2.8 are not in general fibered in
groupoids, while the classifying stack of a topological group introduced in
2.9 is always fibered in groupoids.

Give a fibered category F — C, the subcategory F¢ary whose objects are
the same as the objects of F, but the arrows are the cartesian arrows, is
fibered in groupoids. Any morphism G — F of fibered categories, where G
is fibered in groupoids, factors uniquely through Fcart.
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2.3. Functors and categories fibered in sets

As we remarked at the beginning of Section 1.4, categories are gener-
alizations of sets: sets are categories in which all the arrows are identities.
Similarly, fibered categories are generalizations of functors.

DEFINITION 2.13. A category fibered in sets over C is a category F fibered
over C, such that for any object U of C the category F(U) is a set.

Here is an useful characterization of categories fibered in sets.

PROPOSITION 2.14. Let F be a category over C. Then F is fibered in
sets if and only if for any object n of F and any arrow f: U — prn of C,
there is a unique arrow ¢: £ = n of F with prod = f.

PROOF. Suppose that F is fibered in sets. Given 7 and f: U — psn as
above, pick a cartesian arrow £ — n over f. If ¢’ — 5 is any other arrow over
f, by definition there exists an arrow ¢ — ¢ in F(U) making the diagram

S
N
n

commutative. Since F(U) is a set, it follows that this arrow &' — £ is the
identity, so the two arrows £ — 5 and ¢’ — 7 coincide.
Conversely, assume that the condition holds. Given a diagram

¢ = 4
T

¢
T YT
pr§ —— PFN
the condition implies that the only arrow 8: ( — £ over h makes the diagram

commutative; so the category F is fibered.
It is obvious that the condition implies that F(U) is a set for all U. &

So, for categories fibered in sets the pullback of an object of F along an
arrow of C is strictly unique. It follows from this that when F is fibered in
sets over C and f: U — V is an arrow in C, the pullback map f*: F(V) —
F(U) is uniquely defined, and the composition rule f*¢* = (gf)* holds.
Also for any object U of C we have that idj;: F(U) — F(U) is the identity.
This means that we have defined a functor ®: C°PP — (Set) by sending
each object U of C to F(U), and each arrow f: U — V of C to the function
[ F(V) - FQU).

Furthermore, if F: F — G is a morphism of categories fibered in sets,
because of the condition that pg o F = pg, then every arrow in F(U),
for some object U of C, will be send to F(U) itself. So we get a function
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Fy: F(U) — G(U). It is immediate to check that this gives a natural
tranformation ¢r: & — Pg.

There is a category of categories fibered in sets over C, where the arrows
are morphisms of fibered categories; the construction above gives a functor
from this category to the category of functors C°PP — (Set).

PROPOSITION 2.15. This is an equivalence of the category of categories
fibered in sets over C and the category of functors C°PP — (Set).

PRrROOF. The inverse functor is obtained by the construction of 2.1.3. If
®: CoPP — (Set) is a functor, we construct a category fibered in sets Fg as
follows. The objects of Fg will be pairs (U, ), where U is an object of C,
and £ € ®U. An arrow from (U, ¢) to (V,n) is an an arrow f: U - V of C
with the property that ®fn = £. It follows from Proposition 2.14 that Fs
is fibered in sets over C.

To each natural transformation of functors ¢: ® — & we associate a
morphism Fy: Fp — Fg'. An object (U, &) of Fp will be sent to (U, ¢yé).
If f: (U,€) — (V,n) is an arrow in Fg, then f is simply an arrow f: U -V
in C, with the property that ®f(n) = ¢. This implies that ®'(f)¢v(n) =
du®(f)(n) = ¢v&, so the same f will yield an arrow f: (U, ¢py€) — (V, ¢y n).

We leave it the reader to check that this defines a functor from the
category of functors to the category of categories fibered in sets. [

So, any functor C°PP — (Set) will give an example of a fibered category
over C.

In particular, given an object X of C, we have the representable functor
hx: C°PP — (Set), defined on objects by the rule hxU = Hom¢(U, X).
The category in sets over C associated with this functor is the category
(C/X), whose objects are arrows U — X, and whose arrows are commutative
diagrams

U——YV.
N
X

So the situation is the following. From Yoneda’s lemma we see that the
category C is embedded into the category of functors C°PP — (Set), while
the category of functors is embedded into the category of fibered categories.

From now we will identify a functor F': C°PP — (Set) with the corre-
sponding category fibered in sets over C, and we will (inconsistently) call a
category fibered in sets simply “a functor”.

2.3.1. Categories fibered over an object.

PROPOSITION 2.16. Let G be a category fibered in sets over C, F another
category, F: F — G a functor. Then F is fibered over G if and only if it is
fibered over C via the composition pgo F: F — C.

Furthermore, F is fibered in groupoids over G if and only if it fibered in
groupoids over C, and is fibered in sets over G if and only if it fibered in sets
over C.
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PROOF. sOne sees immediately that an arrow of G is cartesian over its
image in F if and only if it is cartesian over its image in C, and the first
statement follows from this.

Furthermore, one sees that the fiber of F over an object U of C is the
disjoint union, as a category, of the fibers of F over all the objects of G over
U; if these fiber are groupoids, or sets, so is their disjoint union. [ )

This is going to be used as follows. Suppose that S is an object of
C, and consider the category fibered in sets (C/S) — C, corresponding to
the representable functor hg: C°PP — (Set). By Proposition 2.16, a fibered
category F — (C/S) is the same as a fibered category F — C, together with
a morphism F — C.

It is interesting to describe this process for functors. Given a functor
F: (C/S)°PP — (Set), this corresponds to a category fibered in sets F —
(C/S); this can be composed with the forgetful functor (C/S) — C to get
a category fibered in sets F' — C, which in turn corresponds to a functor
F': C°PP — (Set). What is this functor? One minute’s thought will convince
you that it can be described as follows: F'(U) is the disjont union of the
F(U 3 S) for all the arrows u: U — S in C. The action of F on arrows is
the obvious one.

2.4. Equivalences of fibered categories

2.4.1. Natural transformations of functors. The fact that fibered
categories are categories, and not functors, has strong implications, and
does cause difficulties. As usual, the main problem is that functors between
categories can be isomorphic without being equal; in other words, functors
between two fixed categories form a category, the arrows being given by
natural transformations.

DEFINITION 2.17. Let F and G be two categories fibered over C, F,
G: F — G two morphisms. A base-preserving natural transformation a: F —
G is a natural transformation such that for any object ¢ of F, the arrow
ag: F& — GE is in G(U), where U € prt = pg(F¢) = pg(Gé).

An isomorphism of F with G is a base-preserving natural transformation
F — @G which is an isomorphism of functors.

It is immediate to check that the inverse of a base-preserving isomor-
phism is also base-preserving.

There is a category whose objects are the morphism from a F to G,
and the arrows are base-preserving natural transformations; we denote it by
Hom¢(F,G).

2.4.2. Equivalences.

DEFINITION 2.18. Let F and G be two fibered categories over C. An
equivalence, or isomorphism, of F with G is a morphism F: F — G, such
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that there exists another morphism G: § — F, together with isomorphisms
of G o F with idx and of F o G with idg.
We call G simply an inverse to F'.

PROPOSITION 2.19. Suppose that F, F', G and G' are categories fibered
over C. Suppose that F: F' — F and G: G — G’ are equivalences. Then
there an equivalence of categories

Hom¢(F,G) — Home(F',G')
that sends each ®: F — G into the composition
GodoF:F =g
Proor. TO BE ADDED ()

The following is the basic criterion for checking whether a morphism of
fibered categories is an equivalence.

PROPOSITION 2.20. Let F: F — G be a morphism of fibered categories.
Then F is an equivalence if and only if the restriction Fy: F(U) — G(U) is
an equivalence of categories for any object U of C.

PROOF. Suppose that G: G — F is an inverse to F; the two isomor-
phisms F o G ~ idg and G o F =~ idr restrict to isomorphisms Fyy o Gy ~
idg(y) and Gy o Fy =~ idg(y), so Gu is an inverse to Fy.

Conversely, we assume that Fy: F(U) — G(U) is an equivalence of
categories for any object U of C, and construct an inverse G: G — F. Here
is the main fact that we are going to need.

LEMMA 2.21. Let F: F — G a morphism of fibered categories such that
every restriction Fy: F(U) = G(U) is fully faithful. Then the functor F is
fully faithful.

PROOF. We need to show that, given two objects £’ and 1’ of F and an
arrow ¢: F¢' — Fp' in G, there is a unique arrow ¢': ¢ — ' in F with
F¢' = ¢. Set £ = F¢' and n = Fr/. Let 5} — 7' be a pullback of 7’ to
U, m = Fnj. Then the image m — n of 5] — % is cartesian, so every
morphism & — 7 factors uniquely as & — n; — 7, where the arrow € — &
is in G(U). Analogously all arrows ¢’ — 5’ factor uniquely through through
m; since every arrow £ — m; in G(U) lifts uniquely to an arrow ¢’ — 7] in
F(U), we have proved the Lemma.

For any object £ of G pick an object G¢ of F(U), where U = pgé,
together with an isomorphism og: § ~ F(G¢) in G(U); these G¢ and oy
exist because Fyy: F(U) — G(U) is an equivalence of categories.

Now, if ¢: £ — n is an arrow in G, by the Lemma there is a unique
arrow G¢: G¢ — Gn such that F(G¢) = oo do agl, that is, such that the
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diagram
f—2 s
[ e L
F(GE) —2 F(Gn)
commutes.

These operations define a functor G: G — F. It is immediate to check
that by sending each object & to the isomorphism ag: & >~ F(GE) we define
an isomorphism of functors idr ~ Fo G: G — G.

We only have left to check that G o F: F — F is isomorphic to the
identity idz.

Fix an object &’ of F over an object U of C; we have a canonical isomor-
phism apg: F¢ ~ F(G(FE')) in G(U). Since Fy is fully faithful there is a
unique isomorphism Sy : & ~ G(F¢') in F(U) such that FfBy = ape; one
checks easily that this defines an isomorphism of functors f: GoF ~idg. &

2.4.3. Quasifunctors. A category can be equivalent to a set without
being one: the categories equivalent to sets are precisely the equivalence
relations. There is an analogous result for fibered categories.

DEFINITION 2.22. A category F over C is a quasifunctor, or that it is
fibered in equivalence relations if it is fibered, and each fiber F(U) is an
equivalence relation.

We have the following characterization of quasifunctors.

PROPOSITION 2.23. A category F over C is a quasifunctor if and only if
the following two conditions hold.

(i) Given an object n of F and an arrow f: U — pzn of C, there ezists
an arrow ¢: € = n of F with pro = f.

(ii) Given two objects & and n of F and an arrow f: pr€ — prn of C,
there exists at most one arrow & — 1 over f.

The easy proof is left to the reader.

PROPOSITION 2.24. A fibered category over C is a quasifunctor if and
only if it is equivalent to a functor.

PROOF. This is an application of Proposition 2.20.

Suppose that a fibered category F is equivalent to a functor ®; then every
category F(U) is equivalent to the set ®U, so F is fibered in equivalence
relations over C by Proposition 1.35.

Conversely, assume that F is fibered in equivalence relations. In partic-
ular it is fibered in groupoid, so every arrow in F is cartesian, by Proposi-
tion 2.11. For each object U of C choose a set of representatives ®U for the
isomorphism classes of objects in F(U). For each arrow f: U — V and each
object 1 of ®U, choose a pullback f*n — n of  to U; we may assume that
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f*n is in ®U. Any two pullbacks are isomorphic in F(U), so in fact f*n
is unique (the arrow f*n — 7 might not be, though). We define a functor
®: COPP — (Set) by sending each object U to ®U, and associating with each
arrow f: U — V the function f*: ®V — ®U. If we think of ® as a category
fibered in sets, then by construction @ is a subcategory of F; the embedding
® C F induces an equivalence of each sets ®U with the equivalence relation
F(U), so by Proposition 2.20 it is an equivalence. o

Here are a few useful facts.

PROPOSITION 2.25.
(i) If G is groupoid, then so is Hom¢(F,G).
(ii) If G is a quasifunctor, then Hom¢(F,G) is an equivalence relation.
(iii) If G is a functor, then Home(F,G) is a set.

We leave the easy proofs to the reader.

In 2-categorical terms, part (iii) says that the 2-category of categories
fibered in sets is in fact just a 1-category, while part (ii) says that the 2-
category of quasisets is equivalent to a 1-category.

2.5. Objects as fibered categories and the 2-Yoneda lemma

2.5.1. Representable fibered categories. In 1.1 we have seen how
we can embed a category C into the functor category Func(CPP, (Set)), while
in 2.3 we have seen how to embed the category Func(C°PP, (Set)) into the
2-category of fibered categories over C. By composing these embeddings we
have embedded C into the 2-category of fibered categories: an object X of C
is sent to the fibered category (C/X) — C. Furthermore, an arrow f: X = Y
goes to the morphism of fibered categories (C/f): (C/X) — (C/Y) that

sends an object U — X of (C/X) to the composition U — X L y. The
functor (C/f) sends an arrow

U———V
N
X

of (C/X) to the commutative diagram obtained by composing both sides
with f: X =» Y.

This is the 2-categorical version of the weak Yoneda lemma.

THE WEAK 2-YONEDA LEMMA. The function that sends each arrow
f: X =Y to the functor (C/f): (C/X) — (C]Y) is a bijection.

DEFINITION 2.26. A fibered category over C is representable if it is equiv-
alent to a category of the form (C/X).

So a representable category is necessarily a quasifunctor, by Proposi-
tion 2.24. However, we should be careful: if 7 and G are fibered categories,
equivalent to (C/X) and (C/Y) for two objects X and Y of C, then

Hom(X,Y) = Hom((C/X), (C/Y)),
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and according to Proposition 2.19 we have an equivalence of categories
Hom((C/X), (C/Y)) = Hom¢(F, G);

but Hom¢(F,G) need not be a set, it could very well be an equivalence

relation.

2.5.2. The 2-categorical Yoneda lemma. As in the case of func-
tors, we have a stronger version of the 2-categorical Yoneda lemma. Suppose
that F is a category fibered over C, and that X is an object of C. Suppose
that we are given a morphism F: (C/X) — F; to this we can associate
an object F(idx) € F(X). Also, to each base-preserving natural transfor-
mation a: F — G of functors F,G: (C/X) — F we associate the arrow
0idy : F(idx) — G(idx). This defines a functor

Home ((C/X),F) — F(X).

Conversely, given an object £ € F(X) we get a functor F¢: (C/X) = F
as follows. Given an object ¢: U — X of (C/X), we define F¢(¢) = ¢*¢ €
F(U); to an arrow

U ! — v
%

in (C/X) we associate the only arrow 6: ¢*¢ — 9*¢ in F(U) making the

diagram
¢*E -
I mf
e |

\ ¢

h

V " X

commutative. We leave it to the reader to check that F is indeed a functor.

2-YONEDA LEMMA. The two functors above define an equivalence of

categories
Home ((C/X), F) ~ F(X).
PRrROOF. To check that the composition
F(X) — Home((C/X), F) — F(X)
is isomorphic to the identity, notice that for any object £ € F(X), the com-
position applied to § yields F¢(£) = id% &, which is canonically isomorphic

to &. It is easy to check that this defines an isomorphism of functors.
For the composition

Home ((C/X), F) — F(X) —s Home ((C/X), F)

take a morphism F': (C/X) — F and set £ = F(idx). We need to produce a
base-preserving isomorphism of functors of F' with F¢. The identity idy is a
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terminal object in the category (C/X), hence for any object ¢: U — X there
is a unique arrow ¢: idyx, which is clearly cartesian. Hence it will remain
cartesian after applying F', because F' is a functor: this means that F(¢) is a
pullback of ¢ = F(idx) along ¢: U — X, so there is a canonical isomorphism
Fe(¢9) = ¢*¢ ~ F(¢) in F(U). 1t is easy to check that this defines a base-
preserving isomorphism of funtors, and this ends the proof. [

We have identified an object X with the functor hx: C°PP — (Set) it
represents, and we have identified the functor hy with the corresponding
category (C/X): so, to be consistent, we have to identify X and (C/X). So,
we will write X for (C/X).

As for functors, the strong form of the 2-Yoneda lemma can be used
to reformulate the condition of representability. A morphism (C/X) —
F corresponds to an object £ € F(X), which in turn defines the functor
F': (C/X) — F described above; this is isomorphic to the original functor
F. Then F' is an equivalence if and only if for each object U of C the
restriction

F{;: Hom¢(U,X) = (C/X)(U) — F(U)

that sends each f: U — X to the pullback f*¢ € F(U), is an equivalence
of categories. Since Hom¢ (U, X) is a set, this is equivalent to saying that
F(U) is a groupoid, and each object of F(U) is isomorphic to the image
of a unique element of Hom¢(U, X) via a unique isomorphism. Since the
isomorphisms p >~ f*¢ in U correspond to cartesian arrows p — &, and in a
groupoid all arrows are cartesian, this means that F is fibered in groupoids,
and for each p € F(U) there exists a unique arrow p — £. We have proved
the following.

PROPOSITION 2.27. A category fibered in groupoids F in C is repre-
sentable if and only if F is fibered in groupoids, and there is an object X of
C and an object £ of F(U), such that for any object p of F there exists a
unique arrow p — & in F.

2.6. Fiber products of fibered categories

In this section all categories will be fibered over a fixed category C, and
all functors will be morphisms of fibered categories.

The notion of fiber product of fibered categories is a little subtle. There
is an obvious definition, which is as follows.

DEFINITION 2.28. Let Fi, 3 and G be fibered categories over C, Fy: F; —

G and Fy: F5 — G morphisms. The naive fiber product F, niveg]-'g is the sub-
category of the product F; x F, consisting of those pairs of objects (£1,£3)
with F1£) = Fy€, and those arrows (41, ¢2): (&1,&2) — (m,n2) with

Fi¢1 = Fo¢o € Homg (Fi&1, Fim) = Homg (Faés, Fanp).
This fiber product may seem like the right one. First of all, there is a
functor F; m;veg Fa — C, sending each object (&1, €2) into pr, &1 = px,€2; this
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makes Fy n?(veg]-'g into a fibered category over C, in which the cartesian arrows
are the pair (¢#;, ¢2) in which each ¢; is cartesian in F;. Also, the naive fiber
product has the following universal property. There are two morphisms, the

naive naive

projections pr;: F; X g Fo — Fi and pro: Fy X g Fo — Fa, such that,
if X is a category, H;: X — F; and Hy: X — F, are morphisms with

Fo H = G o L, there a unique morphism (Hy, Hy): X — F m;veg Fo with
pry(Hy, He) = Hy and pryo(Hy, Hz) = Hj.
However, the naive fiber product behaves very badly with respect to

naive

natural transformations. For example, if we take the fiber product G x g g,
where both functors § — G are the indentity, we get a category that is
canonically isomorphic to G, as we should; but if one functor is the identity,
while the other one is a functor F': G — G that is only isomorphic to the
identity, but is such that the image F'¢ of each object £ of G, despite being
isomorphic to &, is always different from £, we get that the fiber product

najve

G X ¢ G is the empty category. This should not be surprising: after all,
two functors are rarely literally the same, they are usually only canonically
isomorphic; this means that the equality of objects that intervenes in the
notion of naive fiber product is often inappropriate.

Our first attempt to fix the definition might be to take as objects of the
“correct” fiber product F; X¢g F2 the pairs (£1,£2) lying over some object
U of C, such that Fy¢; is isomorphic to Foés in C(U). However, then we
do not know how to define arrows: if Fj§; is isomorphic to Foés and Fim
is isomorphic to Fane, this does not give us the bijective correspondence
between Homg (F1&1, Fim) and Homg(F1 &1, Fony) that we need to compare
arrows £; — 11 with arrows &2 — 2. To get this bijective correspondence we
need to have a fixed isomorphism between F1¢; and F3€s; and this suggests
the following definition.

DEFINITION 2.29. Let F;, F2 and G be categories fibered over a fixed
category C, F1: F1 — G and F5: F, — G morphisms. The fiber product
F1 Xg Fo is the category whose objects are triples (1, &2, u), where & and
&o are objects of F; and F; respectively, mapping to the same object U of
C, u is an isomorphism between Fi{; and F»¢; in G(U). An arrow

(¢1a¢2): (61762,'“’) - (771)772"0)

is a pair of arrows ¢;1: & — m in Fi(U) and ¢o: & — 2 in Fo(V), where
U =pr & =pré and V = prm = px,1M, such that the diagram

Fe
P& —= Fymy

S
F¢
Fato =225 Fomy

cominutes.
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Notice if we apply pg to the commutative diagram above we get the
equality of arrows

PR =PRo2: U=V
in C.

There is an obvious functor
PFixgFa: .7:1 Xg .7:2 - C

sending an object ({1,¢2,u) into px, &1 = pr,&a.
Here we collect various properties of fiber products that we are going to
need.

PROPOSITION 2.30. In the situation of Definition 2.29, we have the fol-
lowing.
(i) The category F1 xg Fo is fibered over C.
(ii) If F1 and Fo are fibered in groupoids over C, so is Fi Xg Fa.
(iil) If F1 and Fo are functors over C, then F, xXg Fq is also a functor,
canonically isomorphic to the fiber product of functors defined in 1.2.1.

We also have two projections pr;: Fi; Xg Fo — F1 and pry: F1 Xg Fo —
F>, defined by sending an object (£1,£&2,u) to &1 and & respectively, and an
arrow (¢1, ¢2) to ¢ and ¢, respectively. The compositions F) o pr;: F; Xg
Fo — G and F; opry: F; xg Fo — G are not equal; however, there is
a tautological isomorphism of functors between them. In fact, given an
object (&1,&2,u) of Fy xg Fa, we have Fy o pr;(&1,&2,u) = F1&; and F, 0
pry(€1, &2, u) = Fyés, and u is an isomorphism of F1&; with Fy¢; in G.

This requires a change in the definition of the universal property for fiber
products, and even of the notion of commutative diagram.

DEFINITION 2.31. A commutative square of categories

2 7y

lHl lFQ
I3

Fr—G

consists of four categories and four functors as in the diagram, together with
an isomorphism a:: Fy o Hy ~ F5 o Hy of functors H — §.

In the definition above, the isomorphism is part of the data that define
the commutative square.

Given a square as above, we get a functor (H;, Ha,a): H — F1 XgF2 by
sending each object £ of H to the triple (H1¢, H2€, a¢), and each arrow ¢ of
‘H to the arrow (Hy¢, H2¢). Conversely, given a functor H: H — Fy Xg Fo
we get a commutative diagram as above by defining H; = pr;oH: H — F;,
while the isomorphism H& ~ H»¢, giving the isomorphism of functors H; ~
Hy, is the third component of the triple HE.



42 2. FIBERED CATEGORIES

2.7. The diagonal of a fibered category and its functors of arrows

2.7.1. The functors of arrows of a fibered category. Suppose that
F — C is a fibered category; if U is an object in C and &, n are objects of
F(U), we denote by Homy (&, ) the set of arrow from £ to n in F(U).

Let £ and 1 be two objects of F over the same object S of C. Let
uy: Up = S and uz: Us — S be arrows in C; these are objects of the category
(C/S). Suppose that & — £ and n; — n are pullbacks along u;: U; — S for
i = 1, 2. For each arrow f: Uy — U in (C/S), by definition of pullback
there are two arrows, each unique, ay: {; — &2 and Sf: m — 72, such that
and the two diagrams

& A & and n —ﬁf—> N2

N N
£ 3

commute. By Proposition 2.3 (iii) the arrows oy and By are cartesian; we
define a pullback function
f*+ Homy, (&2, m2) — Homy, (&1,m)

in which f*¢ is defined as the only arrow f*¢: & — m in F(U;) making
the diagram

& ﬁ”h

l"f lﬂf
¢

o —— M2
commute. If we are given a third arrow g: U, — Us in (C/S) with pullbacks
&3 — £ and n3 — 7, we have arrows ay: £ — §3 and Bg: n2 — n3; it is
immediate to check that

agf =agoas: & =& and Bgr=LyoBrim — 13
and this implies that
(9f)" = f*g": Homy,(é3,73) — Homy, (61,m1).

Now, assume that for each arrow f: U — V and each object n of F(V),
we have chosen a pullback f* — 7 along f. In many cases there is a
naturally given pullback; but in any case the axiom of choice insures that
we can do this. Then we can define a functor

Homg(¢,7): (C/S)°PP — (Set)

by sending each object u: U — S into the set Homy (u*¢, u*n) of arrows in
the category F(U). An arrow f: Uy — Us from uy: Uy = Stoug: Uy — S
yields a function

f*: Homy, (u3€, usn) — Homyy, (u1€, uin);

and this defines the effect of Homg(§,7) on arrows.
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It is easy to check that the functor Homg(£,7n) is independent of the
choice of pullbacks f*¢, in the sense that different choices of pullbacks give
canonically isomorphic functors. Suppose that we have chosen for each
f: U — V and each object ¢ in F (V') another pullback f¥¢ — (: then there
is a canonical isomorphism u*n ~ uVn in F(U) for each arrow u: U — S,
and this gives a bijective correspondence

Homy (u”¢, w*n) = Homg (u"¢, u"n),

yielding an isomorphism of the functors of arrows defined by the two pull-
backs.

In fact, Homg(&,n) can be more naturally defined as a quasifunctor
Homg(€,m) — (C/S); this does not require any choice of pullbacks.

From this point of view, the objects of Homg(&,7n) over some object
u: U — S of (C/S) are triples

(51 - 57"71 -, ¢)7

where §; — & and 1; — n are cartesian arrows of F over u: U — S, and
¢: & — m is an arrow in F(U). An arrow from (¢ — &,m — n,¢é1)
over u;: Uy — S and (& — &,m2 — 1, ¢2) over ug: Up — S is an arrow
f: Uy = Uz in (C/S) such that f*¢2 = ¢1.

From Proposition 2.23 we see that Homg(£,n) is a quasifunctor over C,
and therefore, by Proposition 2.24, it is equivalent to a functor: of course
this is the functor Homg(&,7) obtained by the previous construction.

This can be proved as follows: the objects of Homg(&,7), thought of
as a category fibered in sets over (C/S) are pairs (¢,u: U — S), where
u: U — S is an object of (C/S) and ¢: v*¢ — u*n is an arrow in F(U);
this also gives an object (u*¢ — &, u*n — n,¢) of Homg(&,n) over U. The
arrows between objects of Homg(£,n) to another are precisely the arrows
between the corresponding objects of Homg(£,7), so we have an embedding
of Homg (&, n) into Homgs (€, 7). But every object of Homg(&,n) is isomorphic
to an object of Homg(¢,n), hence the two fibered categories are equivalent.

2.7.2. The diagonal of a fibered category. These functors of arrows
are linked with the diagonal functor F — F x F as follows.

Let S be an object of C, £ and 7 two objects of F(S). By the 2-Yoneda
lemma, these two objects correspond to a morphism S — F x F, and we
can consider the fiber product F xrxr S.

PROPOSITION 2.32. The fiber product F Xrxr S is equivalent to the
Junctor Homg (€, 7).

Proor. TO BE ADDED ' Y

PROPOSITION 2.33. For a fibered category F — C, the following condi-
tions are equivalent.

(i) For any object S of C and any two objects & and n of F(S), the functor
Homg(¢,m): (C/S)°" — (Set)
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is representable.

(ii) The diagonal 6: F — F x F is representable.

(iii) For any two object X and Y of C, and any two morphisms X — F
and Y — F, the fiber product X XrY is representable.

PRrOOF. The equivalence of (i) and (ii) follows from Proposition 2.32.
From Proposition 2.34 below we see that (ii) implies (iii). [

PROPOSITION 2.34. Let F — C be a fibered category, X and Y objects of
C, X - F and Y — F two arrows corresponding to objects { € F(X) and
n € F(Y). Then the fiber product X xxY — C is equivalent to the func-
tor Homy, v (pri &, pr3n): (C/X xY)°PP — (Set), thought of as a fibered
category over C.

The way to consider Homy .y (pri €,pr3n) as a fibered category over
(Top) is to compose with the forgetful functor (Top/S) — (Top), as ex-
plained in 2.3.1.

Proor. TO BE ADDED '



CHAPTER 3

Stacks

3.1. Descent of objects of fibered categories

Descent theory has a somewhat formidable and totally undeserved rep-
utation among algebraic geometers. In fact, it simply says that under cer-
tain conditions morphisms between objects can be glued together in some
Grothendieck topology, while objects can be constructed locally and then
glued together via isomorphisms that satisfy a cocycle condition.

3.1.1. Glueing continuous maps and topological spaces. The fol-
lowing is the archaetypical example of descent. Take (Cont) to be the cate-
gory of continuous maps (that is, the category of arrows in (Top), as in Ex-
ample 2.7); this category is fibered on (Top) via the functor p(cont): (Cont) —
(Top) sending each continuous map to its codomain. Now, suppose that
f: X > Uandg:Y — U are two objects of (Cont) mapping to the same
object U in (Top); we want to construct a continuous map ¢: X — Y over
U, that is, an arrow in (Cont)(U) = (Top/U). Suppose that we are given
an open covering {U;} of U, and continuous maps ¢;: f~ U; = g~'U; over
U;; assume furthermore that the restriction of ¢; and ¢; to f~1({U; NU;) —
¢~ Y (U; N U;) coincide. Then there is a unique continuous map ¢: X - Y
over U whose restriction to each f~'U; coincides with f;.

This can be written as follows. The category (Cont) is fibered over (Top),
and if f: V — U is a continuos map, X — U an object of (Cont)(U) =
(Top/U), then a pullback of X — U to V is given by the projection V xy
X — V. The functor f*: (Cont)(U) — (Cont)(V') sends each object X — U
to V xy X — V, and each arrow in (Top/U), given by continuous function
¢: X = Y over U, to the continuous function f*¢ =idy xy f: V xp X —
1% Xy Y.

Suppose that we are given two topological spaces X and Y with contin-
uous maps X — S and Y — S. Consider the functor

Homg(X,Y): (Top/S) — (Set)

from the category of topological spaces over S, defined in Section 2.7. This
sends each arrow U — S to the set of continuous maps Homy (U xs X,U X g
Y') over U. The actions on arrows is obtained as follows: Given a continuous
function f: V — U, we send each continuous function ¢: U xg X — U xgY
to the function

ffo=idv x¢: Vxs X=Vxy(UxsX)>Vxy(UxsY)=VxgY
45
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Then the fact that continuous functions can be constructed locally and
then glued together can be expressed by saying that the functor

Homg(X,Y): (Top/S)° — (Set)

is a sheaf in the classical topology of (Top).
But there is more: not only we can construct continuous functions lo-
cally: we can also do this for spaces, altough this is more complicated.

PROPOSITION 3.1. Suppose that we are given a topological space U with
an open covering {U;}; for each triple of indices i, j and k set Uy; = U;NU;
and Ui, = U; NU; NUg. Assume that for each i we have a continuous map
ui: X; = U;, and that for each pair of indices i and j we have a homeomor-
phism ¢;;: uj_lUij o~ ui_lU,-j over Usj, satifying the cocycle condition

R -1 -1
Pik = dij © Pjk: vy, Uik = uj Usjk = u; Ui

Then there exists a continuous map u: X — U, together with isomorphisms
i ’u,_lUi ~ X, such that ¢ij =¢;o ¢;12 uj_lUij — u_lUij - ’U,iUij for all
1 and j.

Proor. Consider the disjoint union U’ of the U;; the fiber product U’ xy/
U’ is the disjoint union of the Uj;. The disjoint union X’ of the X;, maps to
U’; consider the subset R C X' x X' consising of pairs (z;,z;) € X; X X; C
X' x X' such that z; = ¢i;z;. I claim that R is an equivalence relation in X'
Notice that the cocycle condition ¢;; = ¢;;0p;; implies that ¢;; is the identity
on X;, and this show that the equivalence relation is reflexive. The fact that
¢ii = ¢ij © ¢j;, and therefore ¢;; = gbz-_jl, prove that it is symmetric; and
transitivity follows directly from the general cocycle condition. We define
X to be the quotient X'/R.

If two points of X’ are equivalent, then their images in U coincide; so
there is an induced continuous map u: X — U. The restriction to X; C X’
of the projection X’ — X gives a continuous map ¢;: X; — u~'U;, that’s
easily checked to be a homeomorphism. One also sees that ¢;; = ¢; o j‘l,
and this completes the proof.

The facts that we can glue continuous maps and topological spaces say
that (Cont) is a stack over (Top).

3.1.2. Descent in arbitrary sites and stacks. Let C be a site. We
have seen that a fibered category over C should be thought of as a con-
travariant functor from C to the category of categories, that is, presheaves
of categories over C. A stack is, morally, a sheaf of categories over C.

Let F be a category fibered over C. From now on we will always assume
that for each object £ of F and each arrow f: U — pg€ of (C/X), we have
chosen a cartesian arrow f*¢ — £. This can be avoided, and everything
can be written in terms of cartesian arrows; in this way one would have
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treatment which is more elegant and more precise, but, in my opinion, less
transparent.

Given a covering {o: U; = U}, set Ujj; = U; xy U; and Uy, = U; xy
U; xy Uy, for each triple of indices 4, j and k.

DEFINITION 3.2. Let U = {o;: U; = U} be a covering in C. An object
with descent data ({&:},{¢i;}) on U, is a collection of objects & € F(U;),
together with isomorphisms ¢;;: prs€; ~ pri&; in F(U; xy Uj), such that
the following cocycle condition is satisfied.

For any triple of indices %, j and &, we have the equality

PrizPik = Priadij o Pragdjk: pryék —> pri &
where the pr,, and pr, are projections on the a®™ and bt factor, or the ath
factor respectively.

In understanding the definition above it may be useful to contemplate

the cube
py

Prag
Uijk _— Uj

Pri3 /

Ui; l > Uj
Uik e Uk
U; > U

in which all arrows are given by projections, and every face is cartesian.

We will denote the category of objects with descent data on the fibered
category F by F(U) = F({U; — U}).

For each object & of F(U) we can construct an object with descent data
on a covering {o;: U; = U} as follows. The objects are the pullbacks ¢}¢;
the isomorphisms ¢;;: prjo;¢ =~ pr] o7 ¢ are the isomorphisms that come
from the fact that both prjo;¢ and prio;¢ are pullbacks of { to Uj;. If
we identify prjoj{ with prioj¢, as is commonly done, then the ¢;; are
identities.

Given an arrow a: §{ — 0 in F(U), we get arrows o} : 07§ — o1,
yielding an arrow from the object with descent associated with £ to the
associated with 5. This gives a functor F(U) — F({U; — U}).

DEFINITION 3.3. Let F — C be a fibered category on a site C.
(i) F is a prestack over C if for each covering {U; — U} in C, the functor
F(U) - F{U; — U}) is fully faithful.
(i1) F is a stack over C if for each covering {U; — U} in C, the functor
F(U) = F({U; — U}) is an equivalence of categories.
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This condition can be restated.

The category (C/S) inherits a Grothendieck topology from the given
Grothendieck topology on C; simply, a covering of an object U — S of
(C/S) is a collection of arrows

U, i U

N
S

such that the collection {f;: U; — U} is a covering in C. In other words, the
coverings of U — S are simply the coverings of U.
Finally, we have the following definition.

DEFINITION 3.4. An object with descent data ({&}, {¢i;}) in FH{U; —
U}) is effective if it is isomorphic to the image of an object of F(U).

PROPOSITION 3.5. Let F be a fibered category over a site C.

(i) F is a prestack if and only if for any object S of C and any two objects
& and n in F(S), the functor Homg(€,m): (C/S) — (Set) is a sheaf.

(ii) F is a stack if and only if it is a prestack, and all objects with descent
data in F are effective.

EXAMPLE 3.6. If G is a topological group, the fibered category BG —
(Top) is a stack.

PROPOSITION 3.7. Let F; and F» be fibered categories over a site C.
(1) If 71 and F» are equivalent and F is a stack, then F» is also a stack.
(il) If F1 and Fo are stacks over C, then the fiber product Fi x¢ Fa is also
a stack.

From a stack we get a stack in groupoids.

PROPOSITION 3.8. If F — C, the associated stack in groupoids Feary — C
is a stack.

Proor. TO BE ADDED [

Stacks are the correct generalization of sheaves. This may not be obvious
now, but at least we should prove the following statement.

PROPOSITION 3.9. Let C be a site, F': C°PP — (Set) a functor; we can
also consider it as a category fibered in sets F — C.

(i) F is a prestack if and only if it is a separated functor.
(il) F is stack if and only if it is a sheaf.

PROOF. Consider a covering {U; — U}. The fiber of the category F — C
over U is precisely the set F(U), while the category F({U; — U}) is the set of
elements (§;) € [[; F(U;) such that the pullbacks of §; and &; to F(U; xy Uj),
via the first and second projections U; xy U; — U; and U; xy U; — U,
coincide. The functor F(U) — F({U; — U}) is the function that sends each
element £ € F(U) to the collection of restrictions (¢ |y;).
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Now, to say that a function, thought of as a functor between categories,
is fully faithful is equivalent to saying that it is injective; while to say that
it is an equivalence it is like saying that it is a bijection. From this both
statements follow. '

3.2. The stackification of a fibered category

In this section we describe a procedure, analogous to the sheafification
of a functor described in Section 1.3.

DEFINITION 3.10. Let F — C be a fibered category over a site C. A
stackification of F is a stack F* — C with a morphism F — F? such that:

(i) given an object U of C and two arrows ¢,1: £ — n in F(U), if the two
images ¢?: £ — n* and ¥?: £ — n* in F? are equal, then there is a
covering {o;: U; = U} such that o} ¢ = o}: 07§ — o} for all U;

(ii) given two objects ¢ and n of F(U) and an arrow ¢: £ — 7 in F2(U),
there exists a covering {o;: U; = U} and arrows ¢;: 07§ — o7 such
that the diagram TO BE ADDED

(iii) Given an object U of C and an object £ of F2(U), there exists a covering
{oi: Uy = U} and objects & of F(U;) such that o}¢ € F*(U;) is
isomorphic to £2.

REMARK 3.11. Conditions (i) and (ii) are equivalent to saying that the
functor
Homg(£%,7®): (C/S)°P" — (Set)
is the sheafification of the functor
Homg(¢,m): (C/S)°PP — (Set)

for any object S of C and any two objects ¢ and n of F(S). Hence, if we
find a stack F* — C and a fully faithful morphism F — F? satisfying (iii),
where F? is a stack, then F is a prestack, and F? is a stackification of F.

THEOREM 3.12. Let F — C be a fibered category over a site C.

(1) There exists a stackification F — F? of F.

(ii) If P:-F — F?* is a stackification, then for each stack G — C and
each morphism of fibered categories F: F — G, there is a morphism
F2: G — C together with an isomorphism u: F* o P ~ F of base-
preserving transformations. Furthermore, if G: F* — G is any other
morphism, and v: Go P ~ F is an isomorphism of base-preserving
functors, then there is a unique isomorphism w: G ~ F? such that for
any object £ of F we have vg = ug o wpg: GP¢ — F2P¢ — F¢.

(iii) The stackfication of F is unique up to an equivalence; the equivalence
18 unique up a unique isomorphism.

(iv) The stackifications of two equivalent fibered categories are equivalent.

(v) The functor F — F? is fully faithful if and only if F is a prestack.

(vi) If F is fibered in groupoids, then the stackification F? is also fibered in
groupotids.
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(vil) If F is a functor, then F* is naturally equivalent to the sheafification
of F as a functor.
(viil) F is fibered in groupoids if and only if F? is fibered in groupoids.

PrOOF. First of all we are going to define a prestack F° with a morphism
F — F® which is universal for morphisms into prestacks.
The category F° will have the same objects as . The arrows are defined

as follows.
Suppose that we have TO BE ADDED 'y

3.2.1. The stack of sheaves. Let C be a site, and call T its topology.
For each object X of C there is an induced topology 7x on the category
(C/X), in which a set of arrows

Uy —U
U
X
is a covering if and only if the set {U; — U} is a covering in C. We will
refer to a sheaf in the site (C/X) as a sheaf on X, and denote the category
of sheaves on X by ShX.

If f: X = Y isan arrow in C, there is a corresponding restriction functor
f*: ShY — Sh X, defined as follows.

If G is a sheaf on Y and U — X is an object of (C/X), we define
ff*GU - Y)=GU — YY), where U = Y is the composition of U — X
with f.

IfU - X and V — X are objects of (C/X) and ¢: U — V is an arrow
in (C/X), then ¢ is also an arrow from U — Y to V — Y, hence it induces
a function ¢*: F*(V - X) = F(U = Y) - F(V oY) = f*F(V - X).
This gives f*F the structure of a functor (C/X)°PP — (Set). One checks
immediately that f*F is a sheaf on (C/X).

If ¢: F — G is a natural transformation of sheaves on (C/Y), there is
an induces natural transformation f*¢: f*F — f*G of sheaves on (C/X),
defined in the obvious way. This defines a functor f*: (C/Y) — (C/X).

It is immediate to check that, if f: X — Y and g: Y — Z are arrows
in C, we have an equality of functors (gf)* = f*¢*: (C/Z) — (C/X). This
means that we have defined a functor from C to the category of categories,

sending an object X into the category of categories. According to the result
of 2.1.3, this yields a category (Sh/C) — C, whose fiber over X is Sh X.

3.3. Groupoids in a category

A groupoid is a set of objects X, a set of arrows R, together with the
following data:
(1) source and target maps s,t: R — X, sending each arrow to its domain
and codomain, respectively;
(ii) an identity map e: X — R, sending each object into the corresponding
identity arrow;
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(iii) a composition map m: R xx R — R, where in R x x R the first factor
is considered as a set over X via the source map, the second one via
the target map, that sends a pair of arrows (g, f) with sg = tf to the
composition gf, and finally

(iv) the inverse map i: R — R, that sends an arrow to its inverse.

Equivalence relations are groupoids; a groupoid is an equivalence relation
if and only if the function

(s,t): R X x X

is injective.

Now we can define a groupoid in a category like we have defined an
equivalence relation. As usual, we will assume that our category C has
products and fiber products.

DEFINITION 3.13. A groupoid R =3 X in a category C is pair of objects
R and X, together with arrows s,t: R — X, e: X — R, iR — R and
m: Rxx R — R, where in R X x R the first factor is considered as a set over
X via s and the second one via t, such that for any object U of C the sets
X(U) and R(U), with the maps induced by s, t, e, m and i, is a groupoid.

In fact, we could observe that the functions ey: X(U) — R(U) and
iy: R(U) — R(U) are determined by the other functions sy, tyy and my, so,
by Yoneda’s lemma, e and i are determined by s, t and m.

The conditions that define a gropoid can be also expressed in diagramatic
terms.

PROPOSITION 3.14. Let R and X be objects of a category C, with arrows
s,2t:R+X,e: X >R, i:R—>Randm: Rxx R— R, where in Rxx R
the first factor is considered as a set over X via s and the second one via
t. Then these data define a groupoid in C if and only if all of the following
diagrams commute.

(i) The source and target of the identity on an object are the object itself:
XD R3X
and
The commutativity of these two diagrams implies that the two arrows

idp X (soe): R—> Rx R and (toe) X idg: R — R X R factor through
RXX R.
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(ii) The identity is a right and left identity:

idg x(soe)

R—— > Rxx R and RMRxx
‘ lm \lm

idgp idp
R R

(iii) Multiplication is associative:

R

RxxRxx R Ry R

lidR Xm lm

RxxR—————R

(iv) The source and target of the inverse of an arrow are the target and
source of the arrow:

R——sR and R——R
A/ N\ /o
X X

The commutativity of these two diagrams imply that the two arrows
idg xi: R—+ R X R and i x idg: R — R X R factor through R xx R.
(v) The inverse of an arrow is a right and left inverse:

idg xi iXidR

R— R xx R and R——Rxx R

Lol N s
X—" SR X—23R
PRrROOF. R =3 X is a groupoid in C if and only if each of the diagrams

above becomes commutative when all the arrows are evaluated at all the
objects of C. The thesis follows by Yoneda’s lemma. '

An equivalence relation in a category gives a groupoid in a category, be-
cause of the discussion in Section 1.4. A groupoid is an equivalence relation
if and only if the arrow (s,t): R — X x X is injective.

Furthermore, if X is a final object in the category C, then a groupoid
R= X is a groups object (see 1.1.4). Thus group objects are groupoids: the
following shows, that more generally, actions give rise to groupoids.

Other very important examples are obtained from group actions.

EXAMPLE 3.15. If a group object G acts on a set X, we get a groupoid
G x X=X, in whicht: Gx X — X is the second projection, s: Gx X — X
is the action. The other arrows are best described as natural transformations
of functors.
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(1) m: (G x X) xx (G x X) = G x X sends a pair

((h,9), (9,2)) € ((G x X) xx (G x X))(U)
with gz = y into
(hg,z) € (G x X)(U),

(ii) e: X = G x X sends z € X(U) into (1,z) € (G x X)(U), and
(iii) i: GxX — Gx X sends (g,z) € (GxX)(U) into (ig, gz) € (GxX)(U).

Suppose that (X, R) is an equivalence relation in the category of sets.
Then the equivalence relation, thought of as a category, is equivalent to the
set X/R (see the proof of Proposition 1.35). This is not true of groupoids
in general; we can still consider the quotient X/R, which will be the set
of isomorphism classes in the category (X, R), but this is equivalent to the
groupoid precisely when this is an equivalence relation.

We have seen how an equivalence relation (X, R) in C determines a
functor [X|R]: C°PP — (Set) that sends an object U of C into the quotient
X (U)/R(U); we could also have defined a quasifunctor whose fiber over U
is the equivalence category (X (U), R(U)). This would have been equivalent
to the functor above.

When we are dealing with a groupoid R = X in C, we can still consider
a functor that sends each object U of C into the set X (U)/R(U) of isomor-
phism classes in the groupoid R(U) = X(U), but this will often carry very
little information. For example, if G is a topological group, and we let G
act on a point pt, the quotient pt(U)/G(U) has only one element, so the
functor tells us nothing about G.

The right thing to do is to construct a fibered category [X|R] whose fiber
over U is equivalent to the groupoid R(U) = X (U), using the construction
of 2.1.3. The point is that if f: U — V is an arrow in C, we get a functor
from R(V) = X(V) to R(U) = X(U) by sending each object n: V — X of
X(V) into its pullback f*n =no f: U — X, and each arrow a: V — R of
R(V) into f*a =ao f € R(U). So we get a functor from C to the category
of categories. According to 2.1.3, we can construct the desired category by
taking the objects of [X|R] to be pairs (¢,U), where U is an object of C and
&: U — X is an element of X(U), while an arrow (a, f): (£,U) — (n,V)
consists of an arrow f: U — V in C, while a: U — R is an element of R(U)
with source ¢ and target f*n.

The composition is defined as follows: given £ € X(U), n € X (V) and
¢ € X(W), arrows (f,a): £ = n and (g,b): n = ¢, the element b € R(V)
has source 7 and target ¢g*(, therefore f*b will have source f*n and target
f*g*¢ = (gf)*¢. Consider the function my: R(U) x x vy R(U) = R(U) that
sends two arrows in R(U) into their composition; it can be applied to the
pair (f*b,a) to yield an element of R(U) whose target is (gf)*¢. We define

(gab) o (faa) = (gfamU(f*b7a))'
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Then, according to 2.1.3, the category [X|R] is fibered in groupoids over
C, and its fiber over an object U of C is canonically equivalent to the groupoid
R(U)=3 X(U).
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