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Total energy and Kohn-Sham Hamiltonian of a crystal within DFT
Let us consider a crystal with N —> oo unit cells of volume fi, periodically repeated, with lattice vectors R. (Pseudo-) Atoms of type /i and
ionic charge Z^ are located at dM in the unit cell. The system contains N ^ Z^ electrons. Its electron states are described by N points k
in the Brillouin Zone. Assuming for simplicity a local electron-ion potential V^\

Etot — ^kin + Eion-ei + Ejjartree + Exc + Eion-ion (1)
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where the electron charge density n(r) is given by
n\T) — Z^ I ™Mvr/ | [6)

(the sum is over the lowest J2^ Z^ occupied states for a semiconductor or insulator, up to the Fermi surface for a metal). Integrals extend
on all space. The primed sum appearing in the ion-ion term excludes terms with dM + R — &„ — R' = 0.
The Kohn-Sham equation is

r *2 n(v') 1

where the exchange-correlation potential Vxc(r) = (SEXC/Sn(r)). For the LDA case only:

Exc[n(r)] = I n(r)cxc(n(r))dr, Vxc(r) = -j-(nexc(n))n=n{r) (5)

From the Kohn-Sham equation we obtain, by summing over occupied states:

= V / ?/;* (T\V2IIH. Jr\dv + V / ?/;* (TWHT - H.. - ~R)il^ ..M + e2 f n^n^r )drdr' + f n(r)Vxc(r)dr (6)



and we can give an alternate formula for the total energy of a crystal:

6̂  f Tifrlfifr') r c^ f Z Z
drdr' + Jn(r)(exc(r)-Vxc(r))dr + ^ ±

+ R - d,, - R'
(7)

Plane-wave - Pseudopotential formalism
Let us consider the G-space representation of the wavefunctions:

| ^ >= 53 tf(k + G)|k + G >, tt(k + G) =< k + G | ̂  >, | k + G >=
G

where V = NCI is the volume of the crystal. With these definitions, the normalizations are:

= l if 53|tf(k + G)|2 = l. (9)
G

Let us define the Fourier trasform for a periodic function F(r) = X)R / ( r ~~ R) a s :

F(G) = J ^ | d r F ( r ) e - i G r = i | d r / ( r ) e - i G r = < k + G 1 | F ( r ) | k + G 2 > , G = Gx - G2 (10)

F(r) = j:F(G)eiGr. (11)
G

We assume non local pseudopotential of general form V^ = VfJL(r) + ^ V^^(r, r ;). The total energy per unit cell in reciprocal space is:

771 1 t2

M G G A* i V k,v (i,t G,G ;

x *;(k + G)*v(k + G ' ) ^ ( k + G, k + G') + ^ En*(G)l^artrec(G) + Q 53n*(G)6,c(G)dr + ^ E ^ (12)
2 G G 2 u,i/,R I dA* d,, - R I

where <S (̂G) = S^ e~ l G d ' ' is the structure factor, and

VHartree(G) = 4 7 r e 2 ^ , ^ ( G ) = ^J V^e'^dr, V^(ku k2) = i | e- i k i rF^(r, r')eik2r'drrfr'. (13)



Note that we have assumed one atom of each kind. The generalization is straightforward: the structure factor becomes S^G) = ]CiM e
where i^ runs over atoms of the same kind /i.
Using eigenvalues sum, the total energy per unit cell is

E ' ( G ) W ( G ) + fiE^(G) (exc(G) - VXC(G)) + t
Zi V i V k,v Z G G

In the plane-wave representation the Kohn-Sham equation becomes

< k + G | H - e | k + G' > *(k + G') = 0, or ^ < k + G | H \ k + G7 > tf (k + G;) - e^(k + G) (15)
G' G'

The matrix elements of the hamiltonian are

<k + G\H-e\k + G'> = ( " ^ ( k + G)2 - c)tfGG, + E 5 M ( G ~ G ' ) ( ^ ( G - G;) + ̂ ^ ( k + G , k +G' ) )

+ VHartree(G-G') + Vxc(G-Gf). (16)

Divergent Terms in the potential
The Hartree term, V^artree(0), and local potential term, ^2^ 5^(0)1/^(0), are separately divergent and must be treated in a special way. Let
us consider their sum V(r) = V/oc(r) + Vnartreei^)- Its G = 0 term is not divergent:

V(G = 0) = I / * (E VAr - 4,) + ̂  10L#) = I £ / * (Vi(r) + ̂ ) ^ E «,

where we used

W ~ - ^ for larger, i/n(r)^Z,. (18)

The aM are parameters depending only on the pseudopotential.



Divergent Terms in the energy
The G = 0 terms of the ion-ion, Hartree, and local pseudopotential terms in the total energy are separately divergent and must be treated
in a special way. Let us call E&v the sum of all divergent terms.
First Step: split Ediv = E{£v + E%1 with

A*

/

r) E V^r - d^dr + -e* J ^ ' dtdr* (19)

ZpZy 1^ fn(r)n(r')

- w,& K -d

The first divergent term can be written as

(dr. (21)

The G = 0 term of V(G) is not divergent and has been previously calculated:

We finally get for the G = 0 contribution what is usually called "aZ term":

Second s tep: write E(
dil = EK

E'wald + EK
E

}
wald - EHartree, wi th

_ e 2 '
<JEwald ~

This identity is verified for any value of rj. The sum in E^lald includes the term with dM — d^ — R = 0 (note the missing prime), that is
subtracted back in the second term of E^wald (note that erf(x) -» 2x/^/n for small x).
The first Ewald term E^ljald is rapidly convergent in real space for any reasonable values of 77.



The sum in EEWald can be written as the interaction energy between point charges n(r) and the potential $(r) produced by a gaussian
distribution of charges:

In reciprocal space, by using the Fourier transform

3/2

one obtains

= f 7 E ̂ ^ ^ (27)

The G = 0 contribution to E%lM -

I/O = *M n[V)V>[l)) - ~U{V) VHartreeW) J (28)

is no longer divergent, because n(0) = n(0) = Y^ ^n/^ due to the neutrality of the system:

The integral appearing in the last expression can be found in tables:

- \)rdr = 4TT—. (30)



Putting all pieces together, one obtains for

2
 e -

(31)

and for the total energy:

Hot

N
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(32)

If the sum of the eigenvalues is used, E1^] is already calculated in the sum of eigenvalues, and the total energy becomes:

= I E *M + " E n'(G) (̂ c(G) - Kc(G)) +
N N

(33)


