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Code Ensembles

LDPC [Gallager] RA [Divsalar et. al]

Other Ensembles: Turbo Codes [Berrou et. al.], Woven Codes

[Johannesson et. al.], Concatenated Tree Codes [Ping et. al.], MN Codes
[Kanter and Saad], ...



The Ensemble C(n, A, p)
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[LDPC Codes-Gallager][Tanner-Codes on Graphs]{McKay, Neal, Wiberg-Rediscovered][Ensembles-Luby et. al]



The Big Picture

Let P,T(G, o) denote the expected bit error probability if G is used to trans-
mit over a given binary-input memoryless output-symmetric channel and if

the received word is decoded iteratively by a message passing decoder, (-fikﬁd * OF roonol.s)

[Concentration Around Ensemble Average] Ja(6) > 0 such that

Pr{|Pt’)T(G. U) - EC(”-)\,{)} {PgT(G.U}Jg i > 5} S f__.,.-—r\.i.r-

| [Convergence to Cycle-Free Case] 38 > 0 such that

' . 9
Beman [PTG, )] = Bepxap (BTG a)] | < =

1

[Luby et. al-discrete setting; Belief Propagation][Richardson, Urbanke-general case]



Concentration

Idea: Use vertex exposure technique on the bipartite graph to show that
important quantities are tightly concentrated.

Theorem 1 [Azuma’s Inequality] Let Zy, Zi,... be a martingale se-
quence such that for each & > 1,

|Zk — Zg-1| < ay,

where the constant o may depend on k. Then, for all i > 1 and any
A>0

.
PI‘{IZ»@ — Zg] > A} < 2e 22}‘=1ak.



Figure 1: Graph G from the ensemble C(10,z% z®*). The two dashed lines correspond to the two
edges whose end points are switched.



Concentration Around Ensemble Average

Figure 2: Concentration of the bit erasure probability PIT(G,€) for specific instances ¢ €
C(512, 2% z°) around the ensemble average Ec(sig 2.5 [Fr1(G,¢)] (blue curve). Also shown is the
performance of the cycle-free case, Ec o 2 25) tPgT (G,€)| (red curve).

o



Finite Length Analysis

EC{H./\.{)) [I)t[;T(G- U)]



Finite Length Analysis f\or.the BEC

Vio

Figure 3: The set {v1, v, v3,v4} is & stopping set.

Definition 1 [Stopping Sets] A stopping set S is a subset of V, the set
of variable nodes, such that all neighbors of § are connected to S at least
twice.



Theorem Let PIT(G,¢) denote the bit erasure probability when transmitting over a BEC with erasure
probability € using a code G, G € C(n, 2>, 2771}, and a belief propagation decoder. In a simifar manner,
let PiT(G,¢) denote the block erasure error probability. Define the functions T{(v,¢,d), N(v,¢,d),
M(v,c,d} and O(v, 5,¢,d) by the recursions

roed = (47w
N(v,¢,d) = T(w,c,d)— M(v,c,d),

M(v,c,d) = Z(E)O(v,s,c,d),

Ofv,s,c,d) = Z (:) coef{({1+ z)* — 1 — rz)¥(1 + )%, z**)(s1)!
I;('u — 8,¢— k,d + kr — s1),
and the boundary condition
O{v,s,¢,d)=0 if 3<0 or v1>cr+d.
Then '

Eq [}3;1'((}, e)] . Z (7:) € (&)™ E % (v) ?::3&:3);; 0) ’

B [PT(G,¢e)] = z() HZ()oe(;;)‘u,nfrll

[Di,Proietti, Telatar, Richardson, Urbanke]




Finite Length Analysis for the BEC

Figure 4: Egp 12,05 [PI (G, €)] as a function of € for n = 2%, i € [10].
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U o A S o

Finite Length Analysis Open Questions

Expurgated Ensembles?

Find simpler expressions for Ec(, 22 z5) [PLT(G, e)] and Ecgn 2,05 (PH (G, €)].
Irregular Case.

Optimizatioﬁ.

Othér Ensembles.

Other Channels.

Distribution of number of iterations [McKay, Kanter]
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Asymptotic Analysis

Ecixap [Py (G. )]
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Gallager’'s Bound

Lemma 1 Arbitrarily reliable transmission over the BSC with parameter ¢ using a linear code with
“maximal degree” d is not possibly at rates above 1 — h(e) — %%(1 -~ 2¢)%.

Proof Qutline:

X transmitted word

Y  received word
Y =(U,V) Uisan information set
ST = HYT  syndrome



Siw

H(X)
H(YIX)
H(Y)

H(UY)

oW

IA

nR
nh(e)
H({U,8) = HU)+ H(S|U) < H(U) + H(S)

SCHEIU,  Uag) + S H(S S, Sics)
f=1 i=]

k n-—k
SHU)+ S HS)

v o i (L)

Sle

[H(X) — HY) + HYIX)) 2 ~h(©) + (1 - R (

14 (1—2¢)?

2

)

14 -



Asymptotic Analysis for the Binary Erasure Channel

¢; »= E[fraction of erasure messages passed in i-th round|

& = oA(l — p(1 ~ €..1))

15



Asymptotlc Analysis - Capacity Achieving Codes for
the BEC

Given: BEC with parameter e.
Task: For any § > 0 find degree distribution pair (A(z), p(x)} such that

and such that

eMl—~p(l —x2)) > z,¥0 <z < 1.

Solution: [Heavy Tail Poisson Sequence]

Aalz) —é n(l—z)= éz %, and

Aol PO 1
) = et 2 e 30T
i={

[Luby, Mitzenmacher, Shokrollahi, Spielman, Stehmann - LDPC codes][McEliece et. al. for RA codes]



Asymptotic Analysis — General Case

Density Evolution: Determine the distribution of the messages passed in the -th iteration.

[concept, discrete setting-Gallager][general case, efficient algorithm for BP-Richardson, Shokroilahi, Urbanke]
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Different Representations

Variable Density Representation Domain

v v log 22 v € [—o0, 0]
d g Do — Pt d € [-1,1]
a o |pe — 21 a€10,1]
c ¥ —loglpo —p| ¢ €0, 00
8 o  sign(pp—-p) se {01}



~Density Evolution for Beliet Propagation Algorithm

Variable node side Check node side
. Representation v = log ’;ﬂi (c,8) = (~log|ps — p1],sign(po — p1))
Message evolution Towt = Meee + 3, Min (¢, 8ot = Y_(C, 8)in
Density evolution Vg = (®Vin) ® Vyee (7, T Yout = (Y, 0 Vin

But density evolution is NOT limited to BP algorithm! Any message
~ passing algorithm can be analysed in terms of the evolution of its message
density.

19



Density Evolution

outgoing message

How Does the Expected Value Evolve?

messages received from channel

20
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Gallager Algorithm A
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F‘igure 5: The solid curve corresponds to the capacity formula r = 1 — hA(z}) whereas the dashed

curve corresponds to the optimal right-concentrated degree distribution. For rates above 0.4, right

concentrated degree distribution pairs are optimal.

[Bazzi,Richardson,Urbanke] '
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Suboptimal Decoders
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Figure 6: Bit error probability versus parameter ¢ for the (3, 6)-regular ensemble transmitting over
the BSC channe] for three decoding algorithms. The solid curves correspond to a codeword length
of 1000, whereas the dashed and the dotted-dashed curves correspond to codeword lengths of 10000
and 100000, respectively.
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‘Symmetry Condition for BP Densities

Assumptions: binary signalling (extension possible), output symmetric channe! SEISIEEENININES:
messages are in log-likelihood ratio form;

~ The densities which occur at any iteration fuifill the symmetry condition

fa)e ol = f(~)e*?

25



Asymptotic Analysis - Stability for BEC

Progress Per iteration EXN1—p(l—¢)—¢
Progress around Zero (eN(0)p' (1) — 1)e
Stability Condition | N(0)y(1) < L
0.1 0. N_ 0.4 0.5
-0.02f
-0.04;}
~0.06¢
-0.08}

[Luby et. al]
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Asymptotic Analysis - General Stability Condition

Theorem 2 [General Stability Condition] Assume we are given a degree dis-
tribution pair () p) and a symmetric density Po. For £ > 1 define

Py = Po®UTM((T(Pr)))). Let r = —In(JPo(z)~%) and assume that
Ja e®d(f Po)(z) < oo for all s in some neighborhood of zero.

[Necessity] If X(0)p/(1) > €” then there exists a constant £ = (A, p, Po), £ > 0,
such that for all £ € N, P.(P;) > &

[Sufficiency] If X(0)p'(1) < e then there exists a constant £ = &(A, p, Py),
£ > 0, such that if for some £ € N, Po(P¢(Py)) < £ then Pe(P¢) converges to
zero as £ tends to infinity.

[Richardson, Shokrollahi, Urbanke]
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The Final Reward...

[Chung, Forney, Richardson, Urbanke]
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Fig. 2. Simulation results for 4; = 100, 2{}0 codes usmg a-block length
of 107,
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Asymptotic Analysis - Linear Time Encodable
Codes

Theorem 3 [C'odes with Linear Encoding Complexity] Let (A, p) be a degree dis-
tribution pair satisfying o*(p, A) = 1, with minimum right degree at least three and
satisfying the strict inequality X'(0)p'(1) > 1. Let G be chosen at random from the
ensemble C(n, A, p)). Then G is encodable in linear time with probability at least
1 — beV™ for some positive constants b and ¢, where ¢ < 1.

Conclusion: All optimized codes are linear time encodable.

[Richardson, Urbanke]
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Asymptotlc Analysis - Linear Time Encodable
Codes

Figure 7: The parity-check matrix in approximate lower triangular form.
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Asymptotic Analysis - Linear Time Encodable

Codes
- l .- {(1—a)l ol
4
A . {1 =)
 J
{a) (b)
{1—a)l — ol (1—a)l al
x| 0 o o
A
(d)

(e)

(1-—r)i

ol

{I—-r-—a)
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Asymptotic Analysis - Linear Time Encodable
Codes

Consider the subgraph induced by degree two variable nodes. Pick a (degree two)
variable node at random and look at all its neighbors. Look at neighbors of neighbors

Vi=Y, 1 +X -1

33



Asymptotic Analysis - Good Codes Have Bad
Minimum Distance

Fiatness Condition [Shokrollahi]- Consider the BEC with erasure probability e. Let (), p;) be a
sequence of degree distribution pairs with a threshold of at least € and rate converging to 1 —¢. Then

NO)A(1) = < > 1.

Growth of Minimum Distance of LDPC Ensembles Let (), p) be a degree distribution pair
and for each n € N let C(n, A, p) denote the ensemble of LDPC codes of length n and with degree
distribution pair (A, p). .

(i) 1 X(0)p'(1) < 1, then there exist constants o and 3, both strictly positive, such that at most a
fraction ™™ of codes in C(n, A, p) have a minimum distance below an. _

{ii} If on the other hand X' (0)//(1) > 1, then there exist constants & and 3, both strictly positive, such
that at most a fraction e™"# of codes in C(n, A, p) have a minimum distance exceeding o In(n).

Conclusion Capacity achieving LDCP ensembles can not have large minimum distance.
[Di, Richardson, Urbanke]
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