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Abstract

The algebraic theory of surgery on chain complexes C' with Poincaré duality
H*(C) = Hn.(C)

describes geometric surgeries on the chain level. The algebraic effect of a geometric
surgery on an n-dimensional manifold M is an algebraic surgery on the n-dimensional
symmetric Poincaré complex (C, ¢) over Z[r;(M)] with the homology of the universal
cover M .
H,(C) = H.(M) .

The algebraic effect of a geometric surgery on an n-dimensional normal map (f,b) :
M — X is an algebraic surgery on the kernel n-dimensional quadratic Poincaré complex
(C,v) over Z[r1(X)] with homology

H,(C) = K. (M) = ker(f, : H (M) — H.(X)) .

For n > 4 and i-connected (f, b) with 2i < n there is a one-one correspondence between
geometric surgeries on (f,b) killing elements z € K;(M) and algebraic surgeries on
(C,v) killing « € H;(C). The Wall surgery obstruction of an n-dimensional normal
map (f,b) : M — X

ox(f,b) € La(Z[m (X))

was originally defined by first making (f,b) [n/2]-connected by geometric surgery below
the middle dimension, using forms for even n and automorphisms of forms for odd n.
The algebraic theory of surgery identifies o, (f, b) with the cobordism class of the kernel
quadratic Poincaré complex (C, ), so the algebraic surgery obstruction has the same
formulation for odd and even n. The identification is used for n = 2i (resp. 2¢ + 1)
to find a representative form (resp. automorphism) without preliminary geometric
surgeries.
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1 Introduction

We compare the homology and chain level descriptions of surgery on a manifold, using a
minimum of algebraic development.

Manifolds M are to be finite-dimensional, compact, and oriented (unless stated other-
wise), with C(M) denoting the cellular chain complex for some CW structure on M.

Cobordisms (W; M, M') are to be oriented (unless stated otherwise) with oW = M U
—M’, where —M’ denotes M’ with the opposite orientation.

1.1 Background

The surgery method of classifying manifolds within a homotopy type was first applied by
Kervaire and Milnor [2] to exotic spheres, using exact sequences to describe the homology
effect of geometric surgery. Homology was quite adequate for the subsequent development
of surgery theory on simply-connected manifolds (Browder [1], Novikov). Wall [9] used
a combination of topology and homology to describe the effect of surgery on non-simply-
connected manifolds. In general, the homology Z[m (M)]-modules H,(M) of the universal
cover M of a compact manifold M are not finitely generated, so a chain level approach is
indicated. The algebraic theory of surgery of Ranicki [4] provided a model for surgery using
chain complexes with Poincaré duality.

Surgery was originally developed for differentiable manifolds, but has since been extended
to PL and topological manifolds. The algebraic theory of surgery applies to all categories
of manifolds.

1.2 The algebraic effect of a geometric surgery

Let M be an n-dimensional manifold. Surgery on S x D"~* C M results in an n-dimensional
manifold

MI —_ (M\Sz % Dn-—i) UDi+l % Sn—-i——l )

The trace of the surgery is the cobordism (W; M, M’) given by attaching a (i + 1)-handle at
Six DVtPC M
W = MxIuD™x D,

The trace of the surgery on D*t! x S»=*=1 C M’ is the cobordism (W’; M’, M) with
W = -W = M'x IuD"' x D"

In fact, every cobordism of manifolds is a union of the traces of surgeries.

In terms of homotopy theory the trace W is obtained from M by attaching an (i+1)-cell,
and M’ is then obtained from W by detaching an (n — 7)-cell, with homotopy equivalences

W ~ MU, D' ~ M U, D",



2 Algebraic surgery

with z : S* — M the inclusion S*x {0} C S$*x D"™* C M, and similarly for z’ : S"~*=! — M’
The immediate homology effect of the surgery is to kill z € H;(M),

H (W) = H;(M)/(z)
with (z) C H;(M) the subgroup generated by z. On the chain level

(i) C(W) is chain equivalent to the algebraic mapping cone C(z) of a chain map z : S'Z —
C(M) representing x € H;(M), where

SZ : +---—0-—Z—0— ... (concentrated in degree 1),

(ii) C(M’) is chain equivalent to the dimension shifted algebraic mapping cone C(y).y1 of
a chain map y : C(W) — S™'Z representing a cohomology class y € H* (W) with
image the Poincaré dual z* € H"*(M) of z € H;(M).

Algebraic surgery gives a precise algebraic model for a chain complex in the chain homotopy
type of C(M'), which is obtained from C(M) by attaching x and detaching y.

The homology groups H,(M), H.(M'"), H,(W) are related by the long exact sequences

-+ —= H (M) — H,(W) = H.(W,M) — H,_y(M) — ...,
-+ — H(M')— HW) > H(W,M)— H._(M)—....

It now follows from the excision isomorphisms

Z forr=1+1

H.(W,M) = H. (D' §") = i
0 otherwise ,

Z forr=n-—1

H(W, M') = H/(D"~, 8" = |
0 otherwise

that
' H.(M) = H(W) = H.(M)forr#4i+1,n—i—1n—i.

The relationship between H,.(M), H,(M'), H.(W) for r = §,i+ 1,n — i — 1,n — ¢ is more
:complicated, especially in the middle dimensional cases n = 27,27 + 1.

Here are some of the advantages of chain complexes over homology in describing the
algebraic effects of surgery on manifolds :

(o) It is easier to follow the passage from the embedding S* x D™ C M to the homology
H,(M') on the chain level.

(o) A uniform description for all n, 3.

(¢) The chain complex method does not have the indeterminacies inherent in exact se-
quences.



(o) The chain complex method works just as well in the non-simply connected case.

(o) The chain complex method keeps track of the effect of successive surgeries.

Surgery on manifolds is described algebraically by surgery on chain complexes with sym-
metric Poincaré duality. The applications of surgery to the classification of manifolds involve
a normal map (f,b) : M — X, and only surgeries with an extension of (f,b) to a normal
map on the trace

((9,0); (£,0), (£, 1)) & (W; M, M') — X x ([0, 1]; {0}, {1})
are considered. Surgery on normal maps is described algebraically by surgery on chain
complexes with quadratic Poincaré duality. The quadratic refinement corresponds to the
additional information carried by the bundle map b : vy — vx. The formulae for algebraic
surgery on symmetric Poincaré complexes are entirely analogous to the formulae for quadratic
Poincaré complexes.

1.3 The Principle of Algebraic Surgery

In its simplest form, the Principle states that for a cobordism of n-dimensional manifolds
(W; M, M") the chain homotopy type of C(M’) and the Poincaré duality chain equivalence

[MIn—: C(M)"™ ~ C(M")
can be obtained from

(i) the chain homotopy type of C'(M),

(ii) the Poincaré duality chain equivalence
¢o = [M]N— : C(M)"™ ~ C(M)

“and the chain homotopy
$1 ¢ (d0)" = do : C(M)"™" — C(M)
determined up to higher chain homotopies by topology,

(iii) the chain homotopy class of the chain map j : C(M) — C(W, M’) induced by the
inclusion M C W,

(iv) the chain homotopy
6do = joj™ =~ 0 : C(W,M")"™ — C(W,M')

determined up to higher chain homotopies by topology.
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The chain complex C(M’) is chain equivalent to the chain complex C' obtained from C(M)
by algebraic surgery, with

Cl = C(M)®Cry(W, MY C Y (W, M) .

See §3 for formulae for the differentials and Poincaré duality of C’.

In particular, if (W; M, M) is the trace of a surgery on S° x D"™* C M as in §1.2 then
C(W, M’) is chain equivalent to S"*Z, and replacing C(W, M’) by S"~*Z in the formula for
C! gives a smaller chain complex (also denoted by C”)

o= Chi(M) <2, n-i-1(M) ® Z = Crima(M) — ...

— Cipa(M) 2% Cri(M) @ Z 225 Oy (M) — ...

chain equivalent to C(M’). The attaching chain map z : S°Z — C(M) and the chain
map j : C(M) — C(W,M’') ~ S"Z in (iii) are determined by the homotopy class of
the core embedding S* x {0} C M. The detaching chain map y : C(z) — S"'Z and the
chain homotopy d¢g in (iv) are determined by the framing of the core, and are much more
subtle. (See the Example below). In this case the algebraic surgery kills the homology class
x € H;(M). In the general algebraic context surgery kills entire subcomplexes rather than
just individual homology classes.

Ezample There are two ways of extending S° C St to S° x D! c St

(i) If the two paths D' C S* move in opposite senses the effect of the surgery is M’ = S'US?,
and the trace (W; M, M") is given by W = cl.(S?\(D? U D? U D?)).

(i) If the two paths D! C S! move in the same sense the effect of the surgery is M’ = S,
and the trace (W; M, M) is given by W = cl.(Mé&bius band\ D?) (which is nonorientable).[]

2 Forms and formations

The quadratic L-groups L,(A) were originally defined by Wall, with L;(A) a Witt-type group
of stable isomorphism classes of nonsingular (—)*-quadratic forms over a ring with involution
A, and Ly;1(A) a Whitehead-type group of automorphisms of (—)*-quadratic forms over A
(now. replaced by formations). The surgery obstruction of a normal map (f,b) : M — X
from an n-dimensional manifold M to an n-dimensional Poincaré complex X

.(f,b) € Ln(Z[m (X))

"was defined by first making (f,b) i-connected for n = 2i (resp. 2i + 1) by surgery below the
middle dimension. The surgery obstruction is such that o.(f,b) = 0 if (and for n > 4 only
if) (f,b) is normal bordant to a homotopy equivalence.

Let A be an associative ring with 1, and with an involution A — A;a — @ satisfying

a+b =a+b,ab=0ba,a =a,1 =1.
In the applications to topology A = Z[r] is a group ring with the involution

Zirl| - Zr); x = anng = ang"l.

gem geE™



The dual of a left A-module is the left A-module
K* = Homyu(K,A), AxK*"—> K*; (a,f) — (z — f(z)a) .
The dual of an A-module morphism f : K — L is the A-module morphism
[T "= K5 g0 (z—g(f(2)) -
For f.g. free K, L identify

f** — f . K** — K — L** — L ,

using the isomorphism K — K**;z — (f + f(z)) to identify K = K**, and similarly for L.
A (—)-quadratic form (K, \, ) is a f.g. free A-module K together with a (—)*-symmetric
form .
A= (=) K- K"
and a function ’
poo K—Quyu(4) = A/{a—(-)alac A}

such that

Az)(2) = px)+ (=) u@), paz) = au(@)a, prz+y) = u@)+uy) +Az,y) -

The form is nonsingular if A : K — K* is an isomorphism.
A lagrangian for a nonsingular (—)i-quadratic form (K, \, 1) is a f.g. free direct summand
L C K such that \(L)(L) =0, (L) =0, and L = L+, where
LY = {z € K| \z)(L) =0} .

A nonsingular form admits a lagrangian if and only if it is isomorphic to the hyperbolic form
. 0 1
H(—)i(L) = (Lol ((__)i 0) , 4)

with u(z, f) = f(z).

The 2i-dimensional quadratic L-group Lo;(A) is the Witt group of stable isomorphism
classes of nonsingular (—)*-quadratic forms (K, \, u) over A, where stability is with respect
“to the hyperbolic forms. '

As in Chapter 5 of Wall [9] the surgery obstruction of an i-connected 2i-dimensional
normal map (f,b) : M — X is the Witt class

o.(f,b) = (Ki(M), A, p) € Los(Z[m (X)])

of the kernel nonsingular (—)*-quadratic form (K;(M), \, u) over Z[r1(X)], with X, p defined
by geometric intersection numbers. An algebraic surgery on (£, b) removing S7 x D*~7 ¢ M
for j =i —1 (resp. i) correspond to the algebraic surgery of the addition (resp. subtraction)
of the hyperbolic form H(_y:(Z[m (X)]) to (resp. from) the kernel form.
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A nonsingular (—)*-quadratic formation (K, \; F, G) is a nonsingular (—)*-quadratic form
(K, A\, 1) together with an ordered pair of lagrangians F,G.

The (2i + 1)-dimensional quadratic L-group Lo;1(A) is the group of stable isomorphism
classes of nonsingular (—)‘-quadratic formations (K, A, u; F, G) over A, where stability is
with respect to the formations such that either F) G are direct complements in K or share a
common lagrangian complement in K.

The surgery obstruction of an i-connected (2¢ + 1)-dimensional normal map (f,b) : M —
X
U*(f7 b) = (K7 >‘> L3 F? G) € L2i+1(Z[7rl(X)])

is the Witt-type equivalence class of a kernel (—)*-quadratic formation over Z[m (X)] with
FNG = KW(M) , K/(F+G) = K{(M).

As in Chapter 6 of Wall [9] such a kernel formation (K, \, u; F, G) is obtained by realizing
any finite set {z1, xs, ..., zx} C Ki(M) of Z[m;1(X)]-module generators by a high-dimensional
Heegaard-type decomposition of (f,b) as a union of normal maps

(f,b) = (fo,bo)U(g,C) M = MOUU—>X == )(()L.Jl)%_!_1

with ) ) ) . . )
(g,¢) : (U,0U) = (#&£5" x D' #,.5 x §) — (D¥*, §%) |

G = im(KH,l(MO,E?U) — K,(E)U)) = Z[’]Tl(X)]k s
K = K;(0U) = Fe& F*, (\,u) = hyperbolic (—)*-quadratic form .

3 Surgery on symmetric Poincaré complexes

Symmetric Poincaré complexes are chain complexes with the Poincaré duality properties
of manifolds. A manifold M determines a symmetric Poincaré complex (C, ¢), such that
a surgery on M determines an algebraic surgery on (C,¢). However, not every algebraic
surgery on (C, ¢) can be realized by a surgery on M.

Given a f.g. free A-module chain complex

C: - 5Cusc Lo —...
write the dual f.g. free A-modules as
Cm = (G
For any n > 0 let C™™* be the f.g. free A-module chain complex with
don—e = (=)d* : (C"™*), = C"7 = (C"™*),_; = C"".
The duality isomorphisms

T : Homy(C?,Cy) — Homy(CY, Cp) 5 ¢+ (—)FI9"



are involutions with the property that the dual of a chain map f : C"™* — (' is a chain map
Tf:C"* = C,withT(Tf)=f.

The algebraic mapping cone C(f) of a chain map f : C — D is the chain complex with

oy = (% O o) = D6~ O = D6 G

An n-dimensional symmetric complex (C, ¢) over A is af.g. free A-module chain complex

C:CoHChy——C5C
together with a collection of A-module morphisms ¢ = {¢s : C*~""* — C, | s > 0} such that
dps + (—1) ¢od® + (=1)" " Hoo1 + (=1)Tpe1) = 0 : C*"H 1 5 C, (s 20,91 =0).

Thus ¢¢ : C*™* — (' is a chain map, ¢; is a chain homotopy ¢, : ¢g ~ T'¢g : C"* — C, and
so on ... . The symmetric complex (C, ¢) is Poincaré if the chain map ¢ : C*™* — Cis a
chain equivalence.

Ezample. (Mishchenko [3]) An n-dimensional manifold M and a regular covering M with
group of covering translations 7 determine an n-dimensional symmetric Poincaré complex
over Z[r] (C(M), ¢) with

—

¢o = [MIN— : C(M)"™ — C(M)

the Poincaré duality chain equivalence. The higher chain homotopies ¢1, ¢, ... are deter-
mined by an equivariant analogue of the construction of the Steenrod squares. u

An (n+1)-dimensional symmetric pair (j : C — D, (8¢, $)) is an n-dimensional symmet-
ric complex (C, ¢) together with a chain map j : C' — D to an (n + 1)-dimensional f.g. free
A-module chain complex D and A-module morphisms §¢ = {d¢, : D"*1=™+¢ — D, |s > 0}
such that

364" = A8+ (Y00’ + (<) (e + (<) T8gemr) : DT S D,
(S 2 0) 6¢-—1 = 0) .

d¢o
Gog”*

which case (C, ¢) is a n-dimensional symmetric Poincaré complex.

“The pair is Poincaré if the chain map ( ) : DP17* — (C(j) is a chain equivalence, in

A cobordism of n-dimensional symmetric Poincaré complexes (C, ¢), (C’, ¢') is an (n+1)-
dimensional symmetric Poincaré pair of the type (C & C’" — D, (6¢,¢ @& —¢')). Symmetric
complexes (C, @), (C', ¢') are homotopy equivalent if there exists a cobordism with C' — D,
C" — D chain equivalences.

Ezxample. A 0-dimensional symmetric complex (C, ¢) is a f.g. free A-module Cy together with
a symmetric form ¢ on C°. The complex is Poincaré if and only if the form is nonsingular.
Two 0-dimensional symmetric Poincaré complexes (C, ¢), (C’, ¢') are cobordant if and only
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if the forms (C?, ¢), (C'°, ¢}) are Witt-equivalent, i.e. become isomorphic after stabilization

with metabolic forms (L & L*, <i\ (1))) O

Ezample. An (n + 1)-dimensional manifold with boundary (W,0W) and cover (W, W)

determines an (n + 1)-dimensional symmetric Poincaré pair (j : C(@W) — C(W), (69, 9))
over Z[n] with

@30*) = W]n—: D" = O(W)" = C(j) = C(W,oW)

the Poincaré-Lefschetz duality chain equivalence. O

The data for algebraic surgery on an n-dimensional symmetric Poincaré complex (C, ¢)
is an (n + 1)-dimensional symmetric pair (j : C — D, (d¢, ¢)). The effect of the algebraic
surgery is the n-dimensional symmetric Poincaré complex (C’, ¢’) with

de 0 (=)""lgos*

dor = | (=)7 dp  (=)"0¢o
0 0 3
Ol = C®Dp ®D" " - Cl_ = Crmy ® D, @DV
Po 0 0
¢ = | (=)"7iT¢y (=)"7""Té¢1 0
0 1 0
o = onr o) Dn—r+1 @ Dr+1 N C; — Cr o Dr+1 D pn—r+l :
Ps 0 0
¢, = | (=) Thesr (=) "+T6pssr 0
0 0 0

C/n—r—l—s — Cm—r+s @Dn—r+s+1 ® 1)7__5_‘_1 N C,/. — Cr @Dr+1 @Dn——r+l (S 2 1) .

Symmetric Surgery Principle. For any (n + 1)-dimensional cobordism (W; M, M’) the sym-
metric Poincaré complex (C(M'), ¢') is homotopy equivalent to the effect of algebraic surgery

o~

on (C(M), $) with data (j : C(M) — C(W, M), (66, ). 0

Ezample. 1f (W; M, M’) is the trace of a surgery on S* x D" C M then C(W, M’) o
S™~Z|x] is concentrated in dimension (n — 7), and the effect is to kill the cohomology class
"j e HY M) = Hy(M). O
In [4] it is shown that the cobordism of symmetric Poincaré complexes is the equivalence
relation generated by homotopy equivalence and algebraic surgery. The cobordism groups
L"(A) (n > 0) start with the symmetric Witt group L°(A). The symmetric signature map
from manifold bordism to symmetric Poincaré bordism

0"+ Qu(X) = L'ZIm (X)) ; M = (C(M),¢)
is a generalization of the signature map

o : Qu — L*(Z) = Z; M s signature( H* (M), intersection form) .



Although the symmetric signature maps ¢* are not isomorphisms in general, they do provide
many invariants. In fact, the symmetric L-groups L*(A) only differ from the quadratic L-
groups L,(A) in 2-primary torsion.

4 Surgery on quadratic Poincaré complexes

Quadratic Poincaré complexes are chain complexes with the Poincaré duality properties
of kernels of normal maps. The quadratic Poincaré analogues of cobordism and surgery
are defined by analogy with the symmetric case. Although there are many similarities
between the quadratic and symmetric theories, there is one essential difference : the quadratic
Poincaré cobordism groups are the Wall surgery obstruction groups L.(A), so for A = Z|n]
every element is geometrically significant.

An n-dimensional quadratic complez (C, 1) over A is a f.g. free A-module chain complex
C together with A-module morphisms ¢ = {5 : C""~° — C,. | s > 0} such that

dips + (= 1) ed® + (=1)" " (hoyy + (1) Topepy) = 0 : C"" 1 5 C, (s> 0).

The quadratic complex (C,v) is Poincaré if the chain map (1 + T)¢ : C*™* — C is a
chain equivalence. A quadratic complex (C, ) determines the symmetric complex (C, ¢)
with ¢o = (1 + T)to, ¢ = 0 (s > 1).

Ezample. ([4]) An n-dimensional normal map (f,b) : M — X and a regular covering X
with group of covering translations 7 determine a kernel n-dimensional quadratic Poincaré
complex (C, ) over Z[r] with C = C(f') the algebraic mapping cone of the Umkehr chain
map

floX) ~ Xy Loy ~ o(M)
and (1 +T)yo = [M] N —: C*"* — C the Poincaré duality chain equivalence. It follows
from f.[M] = [X] € Hn(M) (f is degree 1) that there exists a chain homotopy f fle~1:
C(X) — C(X). The homology Z[r]-modules of C are thus the kernels of f

2

H,(C) = K,M) = ker(f, : H (M) — H.(X)),

such that H,(M) = K.(M) ® H,(X). 0

An (n+1)-dimensional quadratic pair (7 : C — D, (§%,%)) is an n-dimensional quadratic
complex (C, ) together with a chain map 7 : C — D to an (n + 1)-dimensional f.g. free
" A-module chain complex D and A-module morphisms §v = {1, : D"*1="=* — D, | s > 0}
such that

JsJ" = A5 + (=) 0sd” + (=) (01 + (=)' T6sp1) = D" = Dy (s20).

(1 + T
(1 +T)thos”
lence, in which case (C, ) is a n-dimensional quadratic Poincaré complex.

The pair is Poincaré if the chain map ( ) : D™= — (C(j) is a chain equiva-

A cobordism of n-dimensional quadratic Poincaré complexes (C, ), (C',4¢') is an (n+1)-
dimensional quadratic Poincaré pair of the type (C & C' — D, (§¢,% & —v')). Quadratic
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complexes (C, ), (C',¢') are homotopy equivalent if there exists a cobordism with C' — D,
C’' — D chain equivalences.

Ezample. An (n+1)-dimensional normal map of pairs (g, ¢) : (W,0W) — (Y, dY') determines
a kernel (n + 1)-dimensional quadratic Poincaré pair over Z[x] (j : C(8g') — C(g"), (6%, ))

with (14 T)5
1+ Oj * _ . Nn41—x -
(") = win- ey - )
the Poincaré-Lefschetz duality chain equivalence. (]

The data for algebraic surgery on an n-dimensional quadratic Poincaré complex (C, )
is an (n + 1)-dimensional quadratic pair (j : C — D, (6¢,%)). The effect of the algebraic
surgery is the n-dimensional quadratic Poincaré complex (C’, ') with

de 0 (=) +T)vos*
deo = | (=)3 dp (=) (1+T)do
0 0 ds

C''=CoD oDV (| = Coly®D, DV

Yo 0 0
vy = |10 00
0 10
ot o= O @ prr+l o Dr+1 N C'; — Cr ey Dr+1 D pnr+l ,
Ys  (5) T TYey™ 0
#o= [0 (2T 0

0 0 0
QM = Ometms @ DTSt g Dyyorr — C’?’" = C. & D,y ® pr-r+l (3 > 1) .

In [4] it is shown that the cobordism of quadratic Poincaré complexes is the equivalence
relation generated by homotopy equivalence and algebraic surgery.

Quadratic Surgery Principle. For a bordism of n-dimensional normal maps
((g,0); (£, 0), (f,0)) + (W; M, M") — X x ([0,1]; {0}, {1})
the quadratic Poincaré complex (C(f'"),4’) is homotopy equivalent to the effect of algebraic

surgery on (C(f"),v) with data (C(f') — C(g', f'), (80, %)). - O
- Example. If (W; M, M) is the trace of a surgery on S*x D"~ C M then C(g', f"') ~ S™Z|n]
is concentrated in dimension (n — i). O

A n-dimensional quadratic Poincaré complex (C, ) is highly-connected if it is homotopy
equivalent to a complex (also denoted (C, %)) with

cC: - =20—-0Ci—=-0—... ifn=2
c: ----50-C41—Ci—-0—... ifn=2i+1.

Ezample. (i) The quadratic kernel (C, ) of an n-dimensional normal map (f,b) : M — X
is highly-connected if and only if f : M — X is i-connected, that is 7,.(f) = 0 for r < 3.
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(ii) The quadratic Poincaré kernel (C,%) of an i-connected 2i-dimensional normal map

(f,b) : M — X is essentially the same as the geometric (—)*-quadratic intersection form
(K;(M), A\, p) of Wall [9], with

A= 1+T)o : HI(C) = Ki(M)— Hi(C) = K{(M)
u(x) = tolz)(z) € Q) (Zm(X)]) .

For ¢ > 3 an element z € K;(M) can be killed by a geometric surgery if and only if u(z) = 0,
if and only if there exists algebraic surgery data (z : C — S*Z[m(X)], (6¢,)). The effect of
the surgery is a normal map (f’,b') : M’ — X with quadratic Poincaré kernel (C’,v’) such
that

Il

HY(C)",

C o= 0= Zm (X)) S K (M) Z5 2 (X)) — 00— ... . 0

Theorem. (Ranicki [4])

(i) Every n-dimensional quadratic Poincaré complex (C, %) is cobordant to a highly-connected
complex.

(ii) The cobordism group of n-dimensional quadratic complexes over A is isomorphic to
L,(A), with the 4-periodicity isomorphisms given by L,(A) — L,14(A); (C, ) — (Ch—2, ¥).
Proof. (i) Let n = 24 or 20 + 1. Let D be the quotient complex of C with D, = C, for
r >n—1i, and let 7 : C — D be the projection. The effect of algebraic surgery on (C, )
with data (j : C — D, (0,%)) is homotopy equivalent to a highly-connected complex (C’, ).
(ii) A highly-connected 2i-dimensional quadratic Poincaré complex (C, 1)) is essentially the
same as a nonsingular (—)i-quadratic form (C?,1),). The relative version of (i) shows that a
null-cobordism of (C, 1)) is essentially the same as an isomorphism of forms

(C°, ) ® hyperbolic = hyperbolic ,

which is precisely the condition for (C°, 1) = 0 € Lq;(A).

A highly-connected (2i + 1)-dimensional quadratic Poincaré complex (C, v) is essentially the
same as a nonsingular (—)*-quadratic formation. See [4] for further details. O
Instant surgery obstruction for n = 2i. A 2i-dimensional quadratic Poincaré complex (C, )
is cobordant to the highly-connected complex (C’,v') with

(Cﬂ,wé) = (Cokel‘( ((_)H-l(cf*—i_ T)Q/)O 2) : Ci—l P Oi—l-2 — Ci ® Ci—l—l), (%0 g)) '

Thus if (C, ) is the quadratic Poincaré kernel of a 2i-dimensional normal map (f,b) : M —
X then (C”,4}) is a nonsingular (—)i-quadratic form representing the surgery obstruction
0u(f,b) € Las(Z[m1(X)]) (without preliminary geometric surgeries below the middle dimen-
sion). O

See §1.4 of [4] for the instant surgery obstruction formation in the case n = 2i + 1.

5 The localization exact sequence

For any morphism of rings with involution f : A — B there is defined an exact sequence of
L-groups
o= Lo(A) L Lo(B) = Lo(f) = Ln_1(A) — . ..
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with the relative L-group L,(f) the cobordism groups of pairs

((n — 1)-dimensional quadratic Poincaré complex (C, ) over A,

n-dimensional quadratic Poincaré pair (B®4 C — D, (09,1 ® 1)) over B) .

Algebraic surgery provides a particularly useful expression for the relative L-groups L,(A —
S~1A) of the localization map A — S™'A inverting a multiplicatively closed subset S C A
of central non-zero divisors.

Localization ezxact sequence. (Ranicki [5]) The relative L-group L,(A — S~ A) is isomorphic
to the cobordism group L,(A, S) of (n — 1)-dimensional quadratic Poincaré complexes over
A which are S~ A-acyclic.

Proof Clearing denominators it is possible to lift every quadratic Poincaré pair over S™1A4
as above to an n-dimensional quadratic pair (C' — D', (6¢’,%)) over A. This is the data for
algebraic surgery on (C, 1) with effect a cobordant (n — 1)-dimensional quadratic Poincaré
complex (C',9') over A which is S~1A-acyclic (i.e. H.(ST!A®4 C’) =0). O

The localization exact sequence
o= Ly(A) — Ly(S7A) = La(A,S) — Lp_y(A) — ...

and its extensions to noncommutative localization and to symmetric L-theory have many
applications to the computation of L-groups, as well as to surgery on submanifolds (cf.
Ranicki [6]).
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