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Lecture 2
Throughout this lecture (unless otherwise stated) M (and N) will denote complete (con-
nected) Riemannian manifolds. Furthermore I" will denote the group of all deck transforma-

tions of the universal cover M — M and we identify I with 7wy (M). If v is a vector tangent
to M (i.e. v € TM = tangent bundle of M) then

ay,:R— M

denotes the unique geodesic such that &,(0) = v.

Figure 1
The function R x TM — TM defined by

fort € Rand v € TM, is a flow on TM; i.e. it is smooth and satisfies the equation

9°(g'(v)) = 9" (v)
for all 5,¢ € R and v € TM. This flow leaves invariant SM = unit sphere bundle of M and

its restriction to SM is called the geodesic flow. Closely related to the geodesic flow is the
exponential function Exp : TM — M defined by

Exp(v) = au(1).

It is also a smooth function. If we fix a base point zo € M, then the restriction of Exp to
T;,M = tangent space to M at z, is also called the exponential function and denoted by

expy, : TopeM — M.
(Or more simply by exp when no ambiguity is possible.) Note that the vector space T,,M

considered as a smooth manifold N = T, M has a natural complete Riemannian metric;
namely, if u € TN, then |u| = VU - U where U is the parallel translate of u to 0.
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Figure 2
We say that M is non-positively curved (resp. negatively curved) if all its sectional cur-
vatures are < 0 (resp. < 0). And a negatively curved manifold is pinched negatively curved
if its sectional curvatures are bounded away from 0 and —oo. Note that a closed negatively
curved manifold is pinched negatively curved.

Definition. A smooth map f: M — N is called (weakly) ezpanding if
df (0)] > o]
for all vectors v € TM.
There is the following important result relative to these definitions.

Theorem. (Cartan) Let M be non-positively curved and xo € M be a base point. Then
exp : Ty, M — M is an expanding map. Furthermore it is a covering projection and hence a
diffeomorphism when m (M) = 0.

Because of Cartan’s theorem a non-positively curved (Riemannian) manifold M™ is as-
pherical since its universal cover M is diffeomorphic to R™. It also leads to the following
useful alternate description of TM as the bundle with fiber M associated to the principal
I'-bundle M — M; namely

M Xr M - M.
‘In fact this bundle is indentified with TM — M as Diff(R™)-bundles via the I'-equivariant
diffeomorphism

TM — M x M
which sends v € TM to (a,(0), 0(1)). The 0-section of T'M corresponds (under this iden-

tification) with the image of the diagonal A of M x Min M xp M.

There is also a natural geodesic ray compactification M of M due to Eberlein and O’Neill
such that (M, M) is homeomorphic to (D™, Int D™ ) where

D™ = {v e R™ | o < 1}.



Let M(c0) = M — M denote the points added; called ideal points. Each ideal point is an
asymptoty class of geodesic rays in M. A geodesic ray is a subset of M of the form

{aw(t) |t € [0, +00)}

for some v € SM. Two rays R, and R, are asymptotic if there exists a positive number b
such that each point of R; is within distance b of some point of Ry and vice-versa.

Figure 3
The deck transformation action of I' on M extends to an action on M since T' acts
via isometries on M and isometries preserve both geodesic rays and the relation of being
asymptotic.
W.C. Hsiang and I abstracted an additional key property possessed by the geodesic ray
compactification in the following definition. (For the rest of this lecture M denotes a closed
topological manifold and not necessarily a Riemannian manifold.)

Definition. A closed manifold M™ satisfies condition (*) provided there exists an action of
' = m(M™) on D™ with the following two properties.

1. The restriction of this action to Int(D™) is equivalent via a I'-equivariant homeomor-
phism to the action of I' by deck transformations on the universal cover M of M™.

2. Given any compact subset K of Int(D™) and any € > 0, there exists a real number
0 > 0 such that the following is true for every v € I'. If the distance between vK and
S™=1 = 9™ is less than §, then the diameter of vK is less than e.
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Figure 4
The above picture illustrates property 2 of condition ().

Remark 1. Hsiang and I showed that every closed (connected) non-positively curved Rie-
mannian manifold M satisfies condition (x) by using its geodesic ray compactification.

Remark 2. Any manifold satisfying condition (*) is obviously aspherical. It was conceivable
20 years ago, when this condition was formulated, that every closed aspherical manifold M™
satisfies condition (*). But then Mike Davis constructed closed aspherical manifolds M™
where M # R™ contradicting property 1 of condition (x).

On the other hand, M™ x S! satisfies property 1 of condition (*) whenever M = R™.
This is seen as follows. Let Z denote the additive group of integers. Its natural action by
translations on R extends to an action on [~o00, +00) where each group element fixes —co.
We hence have a product action of 7;(M x S') = m;(M) X Z on

M x [—00,+00) = R™ x [0, 4+00)

which extends to its one point compactification D™+, If we let this be the action posited in
the above Definition, then it satisfies property 1 of condition (x) but not property 2.

Figure 5



We also note that the universal cover X of M™ x S! is R™*! for any closed aspherical
manifold M™ where m > 5 because X is contractible and simply connected at oo. This is a
result of Newman (1966).

Theorem. (Farrell-Hsiang 1981) Let M™ be a closed manifold satisfying condition (x).
Then the map in the (simple) surgery sequence

S*(M™ x D*,0) —» [M™ x D", 9; G/ Top]
18 tdentically zero whenn > 1 and n+m > 6.

So as not to obscure the argument, we sketch the proof of this Theorem under the extra
assumptions that M is triangulable and n = 1. Set

E2m = M Xr M
and let p : E?™ — M denote the bundle projection. Then the following square commutes:

S*(D! x M,9) —= [D* x M, 9;G/Top]

al l(idxp)*

S(D! x E,9) — [D* x E,9; G/ Top]
where « is the transfer map defined as follows. Let the simple homotopy equivalence
h: (W,0W) — (D' x M,0)
represent an element b € S*(D! x M, ). Then the proper homotopy equivalence
h:(W,0W) — (D' x E, )
represents a(b) € S(D! x E,d) where
W ={(z,y) €W x (D! x E) | h(z) = id x p(y)}

and h(z,y) = y. Since p is a homotopy equivalence, (id x p)* is an isomorphism. Hence the
Theorem is a consequence of the following:

"Assertion. The map « is identically zero.

We proceed to verify this. Note first that W is an s-cobordism and hence a cylinder
because of the s-cobordism theorem. We may therefore assume that W = [0,1] x M and
that h is a homotopy between idy, and a self-homeomorphism f : M — M. Furthermore, if
f is pseudo-isotopic to idys via a pseudo-isotopy homotopic to h rel 9, then b = 0.

Let h be the unique lift of h to [0, 1] x M such that & is a proper homotopy between id;
and a self-homeomorphism f : M — M, which is a lift of f. Then & x idy; determines a
proper homotopy

k:[0,1] x E—[0,1] x E
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between idg and a self-homeomorphism g : E — E (which is also determined by f x id;).
Since
h:(W,0W) — (D' x E,d)

can be identified with
k:([0,1] x E,d) — ([0,1] x E,9),
the Assertion is an immediate consequence of the following.

Lemma. g is pseudo-isotopic to idg via a pseudo-isotopy which is properly homotopic to k
rel 0.

_ We now use our assumption that M™ satisfies condition (*) to prove this lemma. Identify
M with D™ and define a manifold E by

EZDm XPM.

Then E = Int(E) and property 2 of condition (x) implies that f extends to a I-equivariant
homeomorphism B
f:D" - D™

by setting f|gm-1 = idgm-1. Consequently f x idy; determines a self-homeomorphism
g: E—-E

which extends g : E — E and satisfies g|sz = idyz. We proceed to construct a pseudo-
isotopy _ ~
¢:Fx[0,1] = E x[0,1]

satisfying
1. ¢lexo =G;
2. ¢|E><1 = idgxy;
3. lor)x[0,1] = 1daE)x0,1]-

Properties (1-3) define ¢ on 8(E x [0,1]). To construct ¢ over Int(E x [0,1]) consider the
natural fiber bundle )
E x [0, ].] ——q—> M

"with fiber D™ x [0,1]. And note the following. If A is an n-simplex in M, then ¢~'(A) can
be identified with D*+t™+1,

The construction of ¢ proceeds by induction over the skeleta of M via a standard ob-
struction theory argument. And the obstructions encountered in extending ¢ from over the
(n — 1)-skeleton to over the n-skeleton are the problem of extending a self-homeomorphism
of 8™ to one of D**™*1  But these obstructions all vanish because of the Alexander
Trick. Recall that this Trick asserts that any self-homeomorphism 7 of S™ extends to a
self-homeomorphism 7 of D**!. In fact

n(tz) = tn(z)



where z € S™ and ¢ € [0, 1] is an explicit extension.

Figure 6
Now ¥ = ¢|gx[o, is the pseudo-isotopy from g to idg posited in the Lemma. And a
similar argument, which we omit, shows that 1 is properly homotopic to k rel 0. Q.E.D.

Remark 3. It follows from results of Davis and Januszkiewicz that PL non-positively
curved closed manifolds also satisfy condition (*). And Bizhong Hu showed that every
non-positive curved finite complex K is a retract of such a manifold. Hu (1995) deduced
from this, using Ranicki’s algebraic formulation of surgery theory, that the assembly map
is split monic for such a K. Ferry-Weinberger and Carlsson-Pedersen also obtained this in
addition to many further results on the split injectivity of o.

Corollary. Let f : N — M be a homotopy equivalence between closed smooth manifolds
such that M supports a non-positively curved Riemannian metric. Then N and M are stably
homeomorphic; i.e.

fxid: N x R"™ 5 M x R+

is homotopic to a homeomorphism where m = dim(M).

Proof. Let ¢ : N x S' — M x S' x R™*3 be an embedding homotopic to the composition

id
N x SUZSE 0 % 81 % 0 C M x St x R,

Note that ¢ exists because of the Whitney Embedding Theorem. And let v denote the
normal bundle to ¢. We proceed to show that v is topologically trivial. Now Kwan and
.Szczarba showed that f x idg: is a simple homotopy equivalence and hence represents an
element in S*(M x S'). This element maps to 0 in [M x S; G/Top] because of the Theorem
and the 4-fold (semi) periodicity of the topological surgery exact sequence. But v (equipped
with a specific homotopy trivialization) is this image element; in particular, v is topologically
trivial.

Since the region outside an open tubular neighborhood of image(®) is a (half open)
h-cobordism, we can use the h-cobordism theorem to show that the total space F of v is
diffeomorphic to M x S* xR™+3. But E can also be topologically identified with N x S x R™+3
since v is topologically trivial. Hence there is a homeomorphism

PN xS xR 5 M x St x R*3
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such that g(mN) = m(M). The homeomorphism posited to exist in the Corollary is
obtained by lifting ¢ to the infinite cyclic covering spaces corresponding to 7 (N) and m; (M),
respectively. O
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