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What's missing?

So far, gravity is not yet included. Quantum gravitational

effects are relevant only at a very high energy scale, called

the Planck scale

MP L = (ch/GN)1/2 ~ 1019 GeV,

which arises as follows. The gravitational potential

energy of a particle of mass M, G^M2jr (where GN is

Newton's gravitational constant), evaluated at its Compton

wavelength, r = h/Mc, is of order the rest mass, Me2, when

which implies that M2 ~ CU/GN- When this happens,

the gravitational energy is large enough to induce pair

production, which means that quantum gravitational effects

can no longer be neglected. Thus, the Planck scale,

AfpL =' (c7i/Gjv)1//2, represents the energy scale at which

gravity and all other forces of elementary particles must be

incorporated into the same theory.



Where does the Standard Model Break

Down?

The Standard Model (SM) describes quite accurately

physics near the electroweak symmetry breaking scale

[v = 246 GeV]. But, the SM is only a "low-energy"

approximation to a more fundamental theory.

• The Standard Model cannot be valid at energies above

the Planck scale, M P L — 10 1 9 GeV, where gravity can

no longer be ignored.

• Neutrinos are exactly massless in the Standard

Model. But, recent experimental observations of

neutrino mixing imply that neutrinos have very small

masses (mu/me ^ 10~ 7 ) . Neutrino masses can be

incorporated in a theory whose fundamental scale is

M ^$> v. Neutrino masses of order v2/M are generated,

which suggest that M ~ 101 5 GeV.



When radiative corrections are evaluated, one finds:

- The Higgs potential is unstable at large values of the

Higgs field ( | * | > A ) if the Higgs mass is too small.

- The value of the Higgs self-coupling runs off to infinity

at an energy scale above A if the Higgs mass is too

large.

This is evidence that the Standard Model must

down at energies above A.

800

mt = 175 GeV

10 10* 10 1015 1018

A [GeV]



Problems with Elementary Scalar Fields

In 1939, Weisskopf computed the self-energy of a Dirac fermion and

compared it to that of an elementary scalar. The fermion self-

energy diverged logarithmically, while the scalar self-energy diverged

quadratically. If the infinities are cut-off at a scale A, then Weisskopf

argued that for the particle mass to be of order the self-energy,
""I O

• For the e~, A ^ mea ^ AfpL [where ex. = e /(47rhc) ~
1/137];

• For an elementary boson, A ~ m/9, where g is the coupling of

the boson to gauge fields.

In modern times, this is called the hierarchy and naturalness problem.

Namely, how can one understand the large hierarchy of energy scales

from v to - M P L in the context of the SM? If the SM is superseded by a

more fundamental theory at an energy scale A, one expects

m2
H = (m2

H)0 + Kg2A2

(m2
H)o is a parameter of the fundamental theory, K r^> O(l) is

determined by low-energy physics. The natural value for the scalar

squared-mass is g2A2. Thus,

A ^ mH/g ~ O(l TeV)

What new physics is lurking at the TeV scale?
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On the Self-Energy and the Electromagnetic Field of the Electron

V. F. WEISSKOPF

University of Rochester, Rochester, New York

(Received April 12, 1939)

The charge distribution, the electromagnetic field and
the self-energy of an electron are investigated. It is found
that, as a result of Dirac's positron theory, the charge and
the magnetic dipole of the electron are extended over a
finite region; the contributions of the spin and of the
fluctuations of the radiation field to the self-energy are
analyzed, and the reasons that tile self-energy is only

legarithmicaUy~infinite in-positron tktwy « M jprnea. It is
proved that the latter result holds to every approximation
in an expansion of the self-energy in powers of e*/hc. The
self-energy of charged particles obeying Base: statistics is
found to be quadratically divergent. Soaae i'>iA«m e
given that the "critical length" of positron thtwry k %
small as h/(mc)-exp {—hc/e1).

I. INTRODUCTION AND DISCUSSIONS OF

RESULTS

THE self-energy of the electron is its total
energy in free space when isolated from

other particles or light quanta. It is given by the
expression

) f (H*+E*)dt. (1)

Here T is the kinetic energy of the electron; H
and E are the magnetic and electric field
strengths. In classical electrodynamics the self-
energy of an electron of radius a at rest and
without spin is given by W~mci+<?/a and con-
sists solely of the energy of the rest mass and of
its electrostatic field. This expression diverges
linearly for an infinitely small radius. If the
electron is in motion, other terms appear repre-
senting the energy produced by the magnetic
field of the moving electron. These terms, of
course, can be obtained by a Lorentz transforma-
tion of the former expression.

The quantum theory of the electron has put
the problem of the self-energy in a critical state.
There are three reasons for this:

(a) Quantum kinematics shows that the radius
of the electron must be assumed to be zero. It is
easily proved that the product of the charge
densities at two different points, p(r— ?/2)
Xp(r-K/2), is a delta-function «*«(£)• In other
words: if one electron alone is present, the
probability of finding a charge density simultane-
ously at two different points is zero for every
finite distance between the points. Thus the
energy of the electrostatic field is infinite as

(b) The quantum theory of the relativistic
electron attributes a magnetic moment to the
electron, so that an electron at rest is surrounded*
by a magnetic field. The energy

«=(l/8r)J.H'dr

of this field is computed in Section III and the
result is

This corresponds to the field energy of a magnetic
dipole of the moment eh/2mc which is spread
over a volume of the dimensions a. The spin,
however, does not only produce a magnetic field,
it also gives rise to an alternating electric field.
The closer analysis of the Dirac wave equation
has shown1 that the magnetic moment of the spin
is produced by an irregular circular fluctuation
movement (Zitterbewegung) of the electron
which is superimposed to the translatory motion.
The instantaneous value of the velocity is always
found to be c. It must be expected that this mo-
tion will also create an alternating electric field. •
The existence of this field is demonstrated in
Section III by the computation of the expression

U.r-

There E. is the solenoidal part (div. £,==0) of the
electric field strength created by the electron.
The fact that the above expression does not
vanish for an electron at rest proves the existence

»E. Schroedinger, Berl. Ber. 1930,418 (1930).
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ELECTROMAGNETIC FIELD OF THE ELECTRON 75

zero in the one-electron theory, is negative and
quadratically divergent in the positron theory.
This is because of the negative contribution of
the magnetic field and the interference effect of
the electric field of the vacuum electrons.

(c) The energy Wnu« of forced vibrations
under the influence of the zero-point fluctuations
of the radiation field. The energies (b) and (c)
compensate each other to a logarithmic term.

It is interesting to apply similar considerations
to the scalar theory of particles obeying the Bose
statistics, as has been developed by Pauli and
the author.7 Here the probability of finding two
equal particles closer than their wave-lengths is
larger than at longer distances. The effect on the
self-energy is therefore just the opposite. The
influence of the particle on the vacuum causes a
higher singularity in the charge distribution
instead of the hole which balanced the original
charge in the previous considerations. It is shown
in Section V that this gives rise to a quadratically
divergent energy of the Coulomb field of the
particle. Thus the situation here is even worse
than in the classical theory. The spin term
obviously does not appear and the energy Wfiuet
is exactly equal to its value for a Fermi particle.

A few remarks might be added about the
possible significance of the logarithmic divergence
of the self-energy for the theory of the electron.
It is proved in Section VI that every term in the
expansion of the self-energy in powers of e*/hc

diverges logarithmically with infinitely small
electron radius and is approximately given by

W">~z.mcVAc)»[lg (h/mca)]1, l^n.

Here the zn are dimensionless constants which
cannot easily be computed. It is therefore not
sure, whether the series (3) converges even for
finite a, but it is highly probable that it converges
if 5=e2/(Ac)-lg (h/mca)<l. One then would get
W=mc*O(h) where 0(5) = 1 for a value of 5<1.
We then can define an electron radius in the same
way as the classical radius tP/mc* is defined, by
putting the self-energy equal to me2. One obtains
then roughly a value a~h/(mc)-exp (—heft?)

~7 W. Pauli and V. Weisskopf, Helv. Phys. Acta 7, 709

which is about 10~H times smaller than the
classical electron radius. The "critical length" of
the positron theory is thus infinitely smaller than
usually assumed.

The situation b» hnwtwr, entirely different
for a particle with Bate atatbtica. Even the
Coulombian part of the artf-energy diverges to a
first approximation as W*~«fkf(mca?) and re-
quires a much larger critical length that is
a~(hc/*)-*-k/(mc), to keep it «i tiw order of
magnitude of nu?. This may indicate that a
theory of particles obeying Bose statistics must
involve new features at this critical length, or at
energies corresponding to this length; whereas a
theory of particles obeying the exclusion prin-
ciple is probably consistent down to much
smaller lengths or up to much higher energies.

II. THE CHARGE DISTRIBUTION OF

THE ELECTRON

The charge distribution in the neighborhood
of an electron can be determined from the.
expression

Jp(r- (4)

here p(r) is the charge density at the point
r. G(%) is the probability of finding charge simul-
taneously at two points in a distance J-. If ap-
plied to a situation in which one electron alone
is present, direct information can be drawn from
this expression concerning the charge distribution
in the electron itself. The charge density is
given by

p(r) = c{^*(r)^(r)j — <r, (5)

where ^(r), the wave function, is a spinor with
four components ^,,, /i= 1, 2, 3, 4. We write

for the scalar product of two spinors. a is the
charge density of the unperturbed electrons in
the negative energy states which is to be sub-
tracted in the positron theory. In the one-
electron theory a is zero. The wave function ^
can be expanded in wave functions <pq of the



A lesson from history

The electron self-energy in classical electromagnetism goes

like e2/a (a —>• 0), i.e., it is linearly divergent. In quantum

theory, fluctuations of the electromagnetic fields (in the

"single electron theory") generate a quadratic divergence. If

these divergences are not canceled, one would expect that

QED should break down at an energy of order me/e far

below the Planck scale (a severe hierarchy problem).

The linear and quadratic divergences will cancel exactly if

one makes a bold hypothesis: the existence of the positron

(with a mass equal to that of the electron but of opposite

charge).

Weisskopf was the first to demonstrate this cancellation in

1934... well, actually he initially got it wrong, but thanks

to Furry, the correct result was presented in an erratum.



The self-energy of the electron
v. WEISSKOPF
Zeitschrifi fur Physik, 89: 27-39 (1934). Received 13 March 1934.

The self-energy of the electron is derived in a closer formal
connection with classical radiation theory, and the self-energy of
an electron is calculated when the negative energy states are
occupied, corresponding to the conception of positive and nega-
tive electrons in the Dirac 'hole' theory. As expected, the self:
ejnergy_also divergesjn_th:s theory, and specifically to the same,
extent as in ordinary single-electron theory.

1 Problem definition

The self-energy of the electron is the energy of the electromagnetic field which is
generated by the electron in addition to the energy of the interaction of the electron
with this field. Waller,1 Oppenheimer,2 and Rosenfeld3 calculated the self-energy of
the free electron by means of the Dirac relativistic wave equation of the electron and
the Dirac theory of the interaction between matter and light. They here used an
approximation method which represents the self-energy in powers of the charge e.
They found that the first term, which is proportional to e2 , already becomes infinitely
large. The essential Teason for this is tbat the theory of the interaction of the electron
with the electromagnetic field is built on the classical equations of motion of a point-
shaped electron whose self-energy, as is well known, also becomes infinite in classical
theory.4

In the present note, the expressions for the self-energy shall be derived without direct
application of quantum electrodynamics, but by means of the Heisenberg radiation
theory,5 which is linked much more closely to classical electrodynamics. The radiation
field is calculated classically from the current and charge densities of the atom;
however, the amplitudes of the electromagnetic potentials are regarded as non-com-
muting in the final result. Just as was shown in a corresponding paper by Casimir6

concerning the natural line width, this method yields the same result as explicit quantum

1 I. Waller, ZS. f. Phys. 62C, 373,1930.
2 R. Oppenheimer, Phys. Rev. 35,461,1930. '
3 L. Rosenfeld, ZS. f. Phys. 70,454,1931.
* Recently, G. Wentzel (ZS. f. Phys. 86,479,635,1933) has shown that one can circumvent the

divergence of the self-energy in classical electron theory by suitable limiting processes. The
transfer of these methods to quantum theory has failed, however, since, according to Waller,
the degree of infinity in quantum theory is higher than in classical theory. The hope, expressed
there that the degree of infinity will become smaller in the Dirac formalism of the 'hole' theory,
does indeed hold for the electrostatic pan but sot for the electrodynamic part, so that the
Wentzel method must fail here too.

5 W. Heisenberg, Ann. d. Phys.37&, 1931; see also W. Pauli's article in Geiger-Scheel, Handb.
d. Phys. XXIC/1,2nd edn., pp. 201-10.

4 H. Casimir, ZS. f. Phys. *1,496,1933.
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Correction to the paper: The self-energy
of the electron

Zeiischrififiir Physik, 90:817-18 (1934). Received 20 July 1934.

On [p. 166] of the paper cited above, there is a computational error which has seriously
garbled the results of the calculation for the electrodynamic self-energy of the electron

according to the Dirac hole theory. I am greatly indebted to Mr Furry (University of
California, Berkeley) for kindly pointing this out to me.

The degree of divergence of the self-energy in the hole theory is not, as asserted in
[the preceding paper], just as great as in the Dirac one-electron theory, but the.

expression for the electrostatic and electrodynamic
t p now c o t l d i thparts of the self-energy £ of an electron with momentum p now correctly reads, in the

notations used in [the preceding paper]:

dk _ .
—— + finite terms,
k

e2 _ f" dJfc _ .
r ° ss (m2c2 - i v ) T~ + finite terms.

For comparison, we cite the expressions obtained on the basis of the single-electron
theory:

c2 f"
£ s = — I dk + finite terms,

h M

h [p(m2c2 + p2)1* & (m2c2 + p'Y" ~ P

+ T - T ^ — n r r I ^dfc.
A(m2c2 + p2)1/2 Jo

The computational error arose in the transformation of the electrodynamic portion
£ D for the case of the hole theory:

£ D = Jk+(p) - f-(p), k = 1 or 2,
where /+(/?) is defined on [p. 166] whereas

ik + + P~
k pp+(P+P+ + k)

and is not equal to the quantity Jitf), from which it differs only by a sign. Likewise,
one must set

£vac= 2,
* -1 .2 •

for the self-energy of the vacuum.
As a consequence of the new result, the question raised in note 4 of the paper

requires a new examination, whether the Wentzel method,1 to avoid the infinite
self-energy by suitable limiting processes, might not still lead to the objective in the
hole theory.

'5 G. Wentzel, ZS. f. Phys, 86, 479, 635,1933.
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A remarkable result:

(a) (b)

The linear and quadratic divergences of a

quantum theory of elementary fermions are

precisely canceled if one doubles the particle

spectrum—for every fermion, introduce an

anti-fermion partner of the same mass and

opposite charge.

In the process, we have introduced a new CPT-symmetry

that associates a fermion with its anti-particle and guarantees

the equality of their masses.

12



Low-Energy Supersymmetry

Will history repeat itself? Let's try it again. Take the Standard

Model and double the particle spectrum. Introduce a new symmetry—

supersymmetry—that relates fermions to bosons: for every fermion, there

is a boson of equal mass and vice versa. Now, compute the self-energy

of an elementary scalar. Supersymmetry relates it to the self-energy

of a fermion, which is only logarithmically divergent [or logarithmically

sensitive to the fundamental high energy scale]. Conclusion: quadratic

divergences cancel! The hierarchy problem is resolved.

No analogy can be precise. In this case, a serious flaw arises. No super-

partners have ever been seen. (There is no scalar-electron degenerate in

mass with the electron.) Supersymmetry, if it exists in nature, must be

a broken symmetry. Previous arguments imply that:

The scale of supersymmetry-breaking must be of order

1 TeV or less, if supersymmetry is associated with the

scale of electroweak symmetry breaking.

Still to be understood—the origin of supersymmetry breaking.

Nevertheless, TeV-scale physics could provide our first glimpse of the

Planck scale regime.

13



Benefits of Low-Energy Supersymmetry

In low-energy SUSY theories, quadratic sensitivity to A

is replaced by quadratic sensitivity to the SUSY-breaking

scale.

Provides a framework for the hierarchy of energy scales

between the scale of electroweak symmetry breaking and

the Planck scale ( M P L ^ 1019 GeV), which characterizes

the fundamental scale of gravity.

Unification of the three gauge couplings at r* 101 6 GeV.

2 4 8 10 12 14 16 18
Log10(Q/1 GeV)

(see kchres ^ foift

14
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