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Nonperturbative Phenomena
and Phases of QCD

E.V.Shuryak
SUNY Stony Brook

• - Introduction. Theory of chiral symmetry
breaking, from Nambu-Jona-Lasinio model
to instantons.

]Jl • -The QCD correlation functions and hadronic
structure;

• - The QCD phase diagram. Finite tem-
o perature transition. Properties of Quark-

Gluon PLasma.

• - QCD at finite density, Color supercon-
ducting phases.

• - Overview of what we have learned about
hadronic matter and its properties from
heavy ion collisions, mostly at CERN SPS
and BNL RHIC. H
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Overview: scales and approximations

It is assumed that some basic facts about
perturbative QCD are known

g> Asymptotic freedom - the charge is running

2TT
as{Q) Air blog(Q/AQCD)

The 1st coeff. of Gell-Mann-L&w function

as(Q} is small at Q >>
The Landau pole prevents us from going to
infrared ? o(s^^> «i (p-̂  A^D ?
''Dimensional transmutation" - running charge
defines a dimensional scale fiQCD ~ 200MeV
(exact number depend on exact def.)
Is AQCD reaUy the scale at which one has
to abandon pQCD?
No! It is actually around A^ ~ 1 GeV



The barriers still exist between description of perturbative and
Inon-perturbative effects:

- One barrier is the famous "1 GeV scale", which is simulta-
neously the lower boundary of pQCD and the upper bound of
say chiral Lagrangians.

k4 Q l

O.l $eV X ^ V 10 GeV 100 GeV

Effective theories perturbative domain, parton description
chiral Lagrangians, NJL

instanton liquid model

(jrte
'4

Ulou
Mr

in pQCD it is not seen: all logs are limited by AQCD instead

• - The so called "chiral scale" is given by iristanton-induced
effects

Very amusing correspondence between N=2 SUSY (Seiberg-
Witten Theory) and QCD in IMPLICATION OF EXACT
SUSY GAUGE COUPLINGS FOR QCD. By L. Randall, R.
Rattazzi, E. Shuryak Phys.Rev.D59:035005,1999 e-Print Archive
hep-ph/9803258)
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SUSVQCD

— one loop
- - two loops

SU(2) lattice
SU(3) lattice
QCD, IILM
Seiberg-Witten

- • SW, one instanton



Two major pictures of the QCD vacuum *

The "instanton liquid"

quark condensate <
SU(Nf) chiral symmetry
is spontaneously hmkep
^ is dynamir

0

Important for 7r, 77', N etc

Rather complicated
statistical mechanics

The "dual superconductor"

string tension a ^ 0
color confinement

Important for T, J / ^ etc

Rather complicated objects and
unclear quantum mechanics

However, both pictures are probably much simpler
than the original Quantum Field Theory language

How
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Semi-classical approximation,
instantons and anomalies

• Overview: scales and approximations

9 Going from Minkowski to Euclidean space

• Tunneling in quantum mechanics: first in-
stantons

• Instantons in Yang-Mills theories

• Fermionic zero modes and the chiral anomaly

• U(l) Chiral symmetry breaking in 1-flavor
theory

• Instantons in electroweak sector^ and in SUSY
theories

10



Tunneling in general

• - Who was the first to discover 'tunneling' phenomena in quantum
mechanics, and in what context it was first done?

It was George Gamow, in late 20's, and the context was alpha-decay
of nuclei. He explained the mjstery of radioactivity, why nuclei
should wait sometimes for billion years to decay, in spite of the fact
that typical nuclear time scale is about 10~22aec. 'Tunneling' means
going through the mountain (the repulsive potential) AS IF there is
a tunnel in it.

Probability ~ exp(— <a=4

Note: x is our small parameter: the a particle velocity, which is
small compared to atomic one. Numerical factor 2?r is important!

• - How one can use classical mechanics for description of classically
forbidden phenomena?

• - Hint. In quantum mechanics energy is conserved, and Schreodinger
eq. also can be understood as

£7 = <P2>
2m + < V(x) >

In classically allowed region, p2 > 0 and the wave function is a wave
ij> ~ ex%{ij>x} withjreal p. However, if we are in classically forbidden
region E < V, we must have tfi'egaiive kinetic energy})iXimaginary pT

n



II

Then iff ~ cxp(—\p\x), and one understands why tunneling is a very
rare event, etc.

-• Trick: if p is imaginary, why do not try to interpret it as mgtior^
in imaginary time?
Changing t to r = it we have new classical equation of motion *,

in-dr2 dx

It is the same as flipping the potential upside down! Then
classical paths certainly exist.
F gf :

Using Feynman path integral one can go to imaginary time easily
(in fact, this is what he did to get correct continuation to real time)
The weight of any path is exp(-S[x(r)]), and this essentially gives
the tunneling probablity. '

» %

t -
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Tunneling and instant ons

• Topology and classical vacua

Vacuum (classical) = configuration, minimizing the
potential energy, ("configuration" is time-independent,
no kinetic energy)

The gauge AQ = 0. Then Ei = cfoAi and its value
squared is kinetic energy^ while the (still laon-Miaear)
magnetic part is the potential one.

Minimum is at zero magnetic field Gf^ = 0, so vector
potential should be "pure gauge"

A, = (J / 5 )5^5 * . .

We have to classify gauge matrices S(r): they project
3-dim space to the group. SU(2) group has 3 pa-
rameters.

5 = exp(if(r)rara/r)

Such projections have the integer number n (called
the winding numbjgr) which counts how many times
the group manifold is covered.

n =

For the particular example above

n = (1/2TT)[/(O) - /(oo) - 5in(2/(Q))/2 -h «n(2/(oo))/2]

fjerent and one cannot obtain one from another by
means of CONTINUOUS gauge transformation.

13



The instanton is the path configuration with Q = l

where eta is the so called 't Hooft symbol. It is
eo/iI/ if all indices are not equal to 4, Satl if v = 4 and
—5av if fi — 4. There is also symbol fjafjlu, in which
last two statements (with delta) has the opposite
sign.
But A is not yet physical quantity, the action den-
sity:

{G%f = l<V/(z2 + p2)4

is finite everywherey and concentrated in spot of
^ ^ ^ the radius p, the so called instanton radius.

f t (t*|t ) Integral overs small fluctuations around it leads to
i O£ J instanton density generalized to SU{NC)

Now, the (one-loop)asymptotic freedom formula

8TT2/52(P) = blog(l/pA), b = (ll/3)JVe - (2/3)Nj

leads to

d*z

rt ?

14



In 19811 came up with the so called 'Instanton Liquid Model', start-
ing from the foUowing question: ' " '

• - What tftfie typical instanton size* $ *»*

From several arguments (especially the magnitude of the*quark con-
densate < qq >) I have concluded that

Pe * 1/3/m = (600MeV)- l

If so, some important cosequences follow:

• - DILUTENESS.

where R is the typical distance between the pseudoparticles. It is
not very small ratio, but in 4-dim space it enters in 4-th power, 00
only few per cent of the space-time is occupied by strong field.

• - SEMICLASSICAL FORMULAE ARE APPLICABLE.

The action is large enough

So = %*2/g(p)2 ~ 10 > 1

Quantum corrections go as I/So and are presumably small enough.*** 19

• -INTERACTION DOES NOT DESTROY INSTANTONS.

Estimated by the dipole formula, interaction was found to be typi-
cally

\6Sini\ ~ (2 - 3) < So

• -LIQUID. NOT GAS.

interaction is not negligible in the statistical mechanics of instantons:

exp\6Sint\ ~ 20 > 1 f *

15



U1

t4o*s C*M 6?CD uoc««
2
5

09K)]

tUiu/an

*+

16



0.0 0.1 0.2 0.3 04

izi us 4i\/icU

*s 0(f)

Tim

100000

10000 -

1000

100 -

000

FIG 1 (a) The instanton density dn/dpd*z, [fin"5] ve
its size p [tm]. (b) TLe combination p~6dn/dpd4z, in w
the main one-loop behavior drops out for Nc = 3,iV/
The points are from the lattice work [8], for this theory,
,#=5.85 (diamonds), 6 0 (squares) and 6 1 (circles). T
. jmpaxiscn should demonstrate that results are rather
tice-independent The hne corresponds to the proposed
pression ~ exp(—2-irop2), see text.
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Low-lying Fermion Modes, Topology and Light Hadrons in Quenched QCD

Thomas DeGrand, Anna Hasenfratz
Department of Physics, University of Colorado, Boulder, CO 80309 USA

(February 21, 2001)

We explore the properties of low lying eigenmodes of fermions in the quenched approximation of
lattice QCD. The fermion action is a recently proposed overlap action and has exact chiral symmetry.
We find that chiral zero-eigenvalue modes are localized in space and their positions correlate strongly
with the locations (as defined through the density of pure gauge observables) of instantons of the
appropriate charge. Nonchiral modes are also localized with peaks which are strongly correlated
with the positions of both charges of instantons. These correlations slowly die away as the fermion
eigenvalue rises. Correlators made of quark propagators restricted to these modes closely reproduce
ordinary hadron correlators at small quark mass in many channels. Our results are in qualitative
agreement with the expectations of instanton liquid models.

ooo

4) I. INTRODUCTION

Q
_ Is there a particular physical mechanism in QCD which is responsible for chiral symmetry breaking? If so, what

j other qualitative or quantitative features of QCD depend on this mechanism? The leading candidate for the source of
chiral symmetry breaking is topological (instanton) excitation of the gauge field, which couples to the quarks through
the associated fermion zero modes (or near-zero modes, after mixing) leading to chiral symmetry breaking via the

_ j Banks-Casher [1] relation. An elaborate phenomenology built on the interactions of fermions with instantons is said
,*-} to account for many of the low energy properties of QCD (for a review, see Ref. [2,3]).
^N^ Lattice simulations can in principle address this issue, and indeed this is a large and active area of research. However,
r—i nearly all results, be they from pure gauge operators or from fermions, are contaminated by one kind of lattice artifact
CD or another, which cloud the picture.
CD The problem is, that typically, pure gauge topological observables depend on the operator used. The dominant
•*-* features of the QCD vacuum seen in any lattice simulation are just ultraviolet fluctuations, as they would be for any
J2 quantum field theory. To search for instantons (or other objects), one must invent operators which filter out long

JL distance structure from this uninteresting noise. Some quantities (like the topological susceptibility in SU (3) gauge
qj theory) are less sensitive to filtering, but some (like the size distribution of topological objects) are more so, and most
C*j results are controversial (see Ref. [4] for a recent summary).
; * Perfect action topological operators is «i -«"--•

80
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FIG. 5. The same quantities as in Fig. 4, but for non-zero mode eigenvectors and again for the
Iwasaki action. The double-peak structure is a feature expected in instanton-dominated models of
the QCD vacuutxT ~~ " ' " ~~~ ~~
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I L M do

The partition function of the instanton liquid

The main assumption underlying the instanton model is that the full
partition function can be approximated by relevant gauge configurations,
which are superpositions of instantons and anti-instantons.

eft**

Here dQ{ = dUi dI Z{ dpi is the measure in the space of collective coordi-
nates, color orientation, position and size. For the gauge group SU(3)
there is a total of 12 collective coordinates per instanton.

Fluctuations around the multi-instanton configuration are included in
gaussian approximation for the individual instantons ('t Ho oft 76). To
two loop accuracy it reads

d(p) = CNep-%(p)2N' exp l-foip) + (2NC - ~ ) ^

4.6exp(-1.86iVc)

^c ~ ir2(Nc-l)l(Nc-2)\
where (3\(p) and / ^ W are the one and two loop beta functions

26



In principle, there is wide selection of pos-
sibilities, e.g.

ordered system, or "instantonic crys-
tal" . (never occured)
i2jDisordered " liquid": provides chiral sym-
metry breaking as needed

[3)Nearly ideal" gas" of instanton-anti-instanton
pairs (" molecules"): this is what happens in
QUark Gluon Plasma phase.

; polymer chains of alternating I and
/ or diquark condensates" those are color
superconductor phases at high density

But the main point now is that we cannot
just select the phase we prefer. It is re-
ally impossible to say what phase is actually
the case under before calculations are made.
Chiral symmetry has been found to be bro-
ken for Nf < Nfitical = 5. (T.Schafer,ES,J.Ver1
1995.)

can do c*tc"l*l\o«t io ctM
11
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Lecture 1: Conclusions

• The so called "chiral scale" Ax ~ 1 GeV
separates pQCD and effective theories: we
will try to describe both

• Tunneling between topologically non-equivalent
classical vacua is described by instantons

• Instantons form a relatively dilute ensem-
ble: (pjRf ~ (1/3)4

• Fermionic zero modes and chiral anomaly
are explained by "infinite hotel story": the
level movement during tunneling

• New interaction - the 't Hooft Lagrangianj
with 2Nf legs^ provides expMrit U(l) Chi-
ral symmetry breaking

• However SU(JVy) Chiral symmetry break-
ing is mcffe cem|dic^ed: tt is spontaneous
one, which exists only in thermodynamic
limit and only as multi-instanton effect

30
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Hadronic Structure
and the QCD correlation functions.

Correlators as a bridge between hadronic
and partonic worlds

Example: vectors and axial correlators

Other mesonic channels

Baryonic correlators and Diquarks.

Hadronic structure and the lowest Dirac
eigenvectors

3
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Hadronic properties/models of light and heavy
quark hadrons are quite different

• - Useful approximations are opposite: for
u,d s it is the chiral limit m —> 0, for c,b,t
it is the heavy quark symmetry limit, with

~ Ijeavy quark hadrons are remarkably in- Z
sensitive to chiral symmetry breaking, pi- \
ons and sigmas, instantons and all that.
Example 1. Compare ^ —> J/tfrnir and
p1 —> PTTTT. Same quantum numbers (TTTT in
0 + + or a state), about the same energy re-
leased. If SU(4) symmetry be true, should
have the same width: the difference in fact
is about a factor of 1000, 100 MeV vs 100
keV.
Example 2.Instantons dominate light quark
physics, but (their strong fields notwith-
standing) they contribute to the static quark
potential only few percents of their value, at
large distances giving only 5M w 50MeV

33 cap 2



- Light quark hadrons are remarkably in-
sensitive to confinement.
Example l.In spectroscopic calculations with
quark model, string tension should be re-
duced to a fraction .cf ^ - i Ge-vft^ . Uk H :

Example 2.Complete correlation functions/wave
functions at all distances are calculated in
the instanton model, without confinement.

Example 3. Coolingjhelattice configura-
tion one is killing confinement, but hadronic
correlation functions/wave functions change
very little.

34 cap 2
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°f
One can classify correlation functions considering quark paths, recog-

nising two different types of diagrams: w / "̂  ~ J ^Tr U 1
(i)the one-loop ones, <^> * • fr • V ^ * J '
and (ii) the two-loop diagrams ^ ^ yO| £?/\ s u (~W & > &.,? / \

The main portion of lattice work deal with one-loop diagrams, and
therefore with the 1=1 channels (the reason is technical, and can actually
be overcomed). For those one can make some general statements.

First of all, following Weingarten,one may use the following relation
for the propagator in backward direction

Second, one can decompose it into Dirac matrices

where
Fi = l,7s>7|i»*757mttlt7M7.u(/i ^ v)

Third step: one can consider all diagonal one-loop correlators of the type

, and perform the traces.
For pseudoscalar (pion) correlator one has a sum of all coefficients

squared:

while e.g. the scalar one is ""

£ - M2)/|a0|2

Ci
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> 4 i P i *

• 0»

As a result, Weingerten inequality follows: the pseudoscalax correla
tor should exceed the scalar one at all distances.

The non-trivial thing is that physical pion is very light, while scalars
are heavy, and therefore for x > .5 fin the scalar correlator is practically
zero. It means there is a very delicate cancellation between differ-
ent components of the propagator!

Similar relations for vector (p) and axial (A\) channels:

£ 2 - 2|a6|
2 + M 2 - M2)/ |a0 |2

2 + 2|a6|2 + 2

and Verbaarschot inequalities follow:

( Witten has found another interesting inequality between vector and
axial correlators, but this holds in momentum representation, and there-
fore we do not discuss it here.)

As these inequalities are identities, they are satisfied for any con-
figuration of the gauge field, and therefore theoretically are not very
restrictive. However, they can be used to check consistency of experi-
mental data, as discussed below.

On the other hand, the (diagonal) correlators themselves are positive
monotonously decreasing functions, as is clear from the spectral
decomposition.
It is trivial experimentally, but produce the non-trivial limitations for
the ensemble of vacuum fields. Some configurations do produce negative
correlators,_especially the scalar ones: as a result, their weight in the
ensemble of vacuum fields should not be too large, t .

10
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L5
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: • ALEPH:

~ • "

paiton model prediction

pertlttbative QCD (massless)

U l - a ,

23

2

13

1
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-03
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— partonraodel/perturbativeQCD-

*

-
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. . . . i . . . . i . . . . i . . . . i . . . . i . . . . i . . . , :

0 03 1 13 2 23 3 3J

Mass2 (GeV/c2)2

0 03 I 13 2 23 3 13

Mass2 (GeV/c2)2

Figure 1: Spectral functions v(s) ± a(s) = 4ir2(pv(s) + PA(S)) extracted by the ALEPH
collaboration.

Recent example of V,A from r decays
i

j a ' /

The correlation functions are calculated from
the spectral representation

= Ids
>x)

where D(m,x) = m/(A7r2x)Ki(mx) is the
Euclidean coordinate space propagator of
a scalar particle with mass m. The l.h.s.
was calculated in the random ensemble of
instantons with standard n, p. The agree-
ment is stunning: it is there for ALL dis-

12
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Figure 2: Euclidean coordinate space correlation functions Uv(x) ± IIA(X) normalized to
free field behavior. The solid lines show the correlation functions reconstructed from the
ALEPH spectral functions and the dotted lines are the corresponding error band. The
squares show the result of a random instanton liquid model and the diamonds the OPE
fit described in the text.
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FIG. 10. Comparison of the difference point-to-point vector and axial vector correlators from the overlap action (octagons)
and with the instanton model of Ref. [39] (fancy crosses) and ALEPH T—lepton decay, as extracted by Ref. [39] (lines), (a)
amq =0.01 (n/p ~ 0.34); (b) amq = 0.02 (n/p ~ 0.50); (c) amq - 0.04 (irfp ~ 0.61); (d) amq - 0.06 (n/p ~ 0.64).
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efcdj of II fc'

m* (extr.)

A.

A

mp

9P

mai

m.a

»<> [GeV]

[GeV]

[GeV2]

[GeV]

[GeV]

[GeV]

[GeV]

[GeV]

[GeV]

streamline

0.265

0.117

0.214

0.071

0.795

6.491

1.265

7.582

0.579

2.049

1.570

quenched

0.268

0.126

0.268

0.091

0.951

6.006

1.479

6.908

0.631

3.353

3.195

I i

ratio ansatz

0.128

0.067

0.156

0.183

.0.654

5.827

1.624

6.668

0.450

1.110

0.520

R1LM

0.284

0.155

0.369

0.091

1.000

6.130

1.353

7.816

0.865

4.032

3.683

TABLE III. Meson parameters in the different instanton ensembles. All quantities are given in

units of GeV. The current quark mass is mu = mj = 0.1A. Except for the pion mass, no attempt

has been made to extrapolate the parameters to physical values of the quark mass.

mN

AJV

A A'

m A

AA

[GeV]

[GeV3]

[GeV3]

[GeV]

[GeV3]

streamline

1.019

0.026

0.061

1.428

0.027

quenched

1.013

0.029

0.074

1.628

0.040

ratio ansatz

0.983

0.021

0.048

1.372

0.026

RILM

1.040

0.037

0.093

1.584

0.036.

TABLE IV. Baryon parameters in the different instanton ensembles. All quantities are given

in units of GeV, The current quark mass is mu = m^ = 0.1A. ^»

33
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TABLES

n

P

p4n

<qq>

A

channel

streamline

0.174 A4

0.64A"1

(0.42 fm)

0.029

0.359A3

(219 MeV)3

306 MeV

TABLE I. Bulk

current

quenched

0.303A4

0.58A-1

(0.43 fm)

0.034

0.825 A3

(253 MeV)3

270 MeV

ratio ansatz

0.659A4

0.66A"1

(0.59 fm)

0.125

0.882A3

(213 MeV)3

222 MeV

parameters of the different instanton ensembles.

RILM

1.0 fm4

0.33 fm

0.012

(264 MeV)3

-

matrix element experimental value

a

Tins

p

«1

N

N

A

n = m-»Taq-

•a — T°

jf = ^ a < 7

ja = qq

in™ = 9759

771 = eabc{uaCltlu
b)lhl»dc

2 = e^(u^Ca^ub)l5a^

Tiu = eabc{uaCjaUb)uc

<

<

<0|r?1

<0|r/2

<O|77M |

o|i"k6 > = ^a6Aff

\JU\*" >=sahi»f*

0\j%\8b >= SabXs

< 0\ja\a > = Xa

2

\N(p,S)>=X?u(p,s)

\N(p,s)>=\?u{j>,s)

| i V ( P i S ) > = : A A u ( / > ) S )

A,~

A =

9P =

9a, =

(480 MeV)2

93 MeV

5.3

:9.1

TABLE II. Definition of various currents and matrix elements used in this work.
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\jic\ oi

<

a

r (fm)

Fig. 2. Correlation functions for yt-type diquarks (a-b) and T-type diquarks (c-d). The diquark
channels are labeled by the F matrix defining the non relativistic current. The solid lines correspond

to the heavy-light parametnzation discussed in section 3,

Us
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TABLE 1

Numerical results from fitting the djxjuark correlation functions in the RILM with a "dkpiark
resonance plus continuum" model Tie parameters are defined in section 2 of the text.

This work Other information Comment

mA,V
mj

Ss
SA,v
gr

420 ± 30 Msx
940 ± 2 0 MeV
570 ± 2 0 MeV

0.225 ± 0.011 GeV2

0.244 ±0.010 GeV2

0.134 ±0.004 GeV2

234 MeV
824 MeV

0.135 ±0.025 GeV2

NJL model [27]
NJL model [27]

QCD sum rules [28]

200

<; o \AA*

4
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ooi Y

1 5

FIG 10 Comparison of uncooled and cooled den-
sity-density correlation functions for the pion, p, and nucleon
The sohd circles denote the correlation functions calculated
with uncooled QCD, the open circles with error bars show the
results for 25 cooling steps, and the crosses denote the results
for 50 cooling steps The p and pion results are compared for
M, = 0 16 GeV2 and the nucleon results are compared for
Mn = 36 GeV2 As m Figs 8 and 9, the separation is shown
in physical units using values of o from Table I All correla-
tion functions are normalized to 1 at the origin, except for
the cooled pion correlation functions, wL ch are normalized
to have the same volume integral as the uncooled pion result
Errors for the uncooled results and for 50 steps, which have
been suppressed for clarity, are comparable to those shown
for 25 steps

FIG 4 Comparison of pion and proton Bethe-Salpeter am-
plitudes calculated in the random mstanton model with the cor-
responding results of lattice calculations reported m [3,4] The
lowest curve is the full lattice result, the curve in the middle
shows the result in the mstanton model, and the upper curve
corresponds to the lattice result after cooling

O i.
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Figure 5-8: The lowest 64 modes of the Dirac operator on one selected lattice after 0 and 100
relaxation steps, K = 0.1600 on both graphs and large negative values on the lower graph indicated
that KC for this configuration is much lower (»s 0.125).
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Conclusions

- The non-perturbative QCD bounds the
applicability of pQCD at rather large scale,
ranging from about 1 GeV in many cases,
to 3-4 GeV in the glueball world. Still,
in some cases (V+A) all non-perturbative
effects cancel to few percent level... ^^7v,\# l

- This scale determines surprisingly small
size of constituent quarks and flux tubes,
the main element of our main tool, THE
QUARK MODEL.

- Understanding of what exactly happens
at this scale is the top priority issue. JLAB^
and new lattice projects are going to ad-
dress it.

- The best model which works quantita-
tively for light quark problems is the Jn-
stanton liquid model, with many elements
verified on the lattice. It also quantitatively
explains OZI rule violation, etc.

tf'. , j j « »1 #$#• '
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QCD at finite T and density

The phases of QCD at theif Phase Diagram

Color Superconductivity, forces etc

Color-Flavor locking phase, new pions etc

Asimptotically large densities and pQCD
superconductivity

More exotic phases (crystalline ones, the
pion or kaon condesates)

5
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Q D Q ^ QnJ,Cf<4fiAlC mu
FIG. 1. Schematic QCD%>hase diagram, on the chemical potential fi - temperature T plane.I Small T and mu region

corresponds to ormnary hadxonic matter, with broken chiral symmetry. The point M (from "multifrapmentaion") is the
endpoint of nude* liquid-gas phase transition. The point E is another endpoint, in which the ftfSt order line goes second
order (for mv.1mj= 0) or diclppears for finite light quark masses. CSC2 and CSCi indicate the Nj = 2 and Nj = 3-type
superconducting phases. The hypothetical intermediate quark-diquark phase is indicated by QDQ.

• „ . — - — ^
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Instantons and triality

id

There are three attractive channels,
which compete

• instanton-induced attraction in qq
channel leads to x-symmetry break-
ing, *k* V

k
i instanton-induced attraction in qq

AU leads to color superconductivity, It

v_."

decreases with A?"c as l/(iVc — 1) j

light-quark-induced attraction of//
leads to pairing of instantons into
"molecules", effect increases with
Nf
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QCD at finite T

Quark-Gluon Plasma: screening vs anti-
screening

Lattice results about Phase diagram and
the OrhidEquation of State

Chiral symmetry restoration and II molecules
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P-
la? QCD]

3 flavour
2+1 flavour

2 flavour
pure gauge

P/P:

3 flavour ••••
2 flavour —

2+1 flavour —
pure gauge

T/Tr

100 200 300 400 500 600 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 4. The pressure in QCD with nj = 0, 2 and 3 light quarks as well as two light
and a heavier (strange) quark. For n/ ^ 0 calculations have been performed on a NT = 4
lattice using improved gauge and staggered fermion actions. In the case of the SU(3) pure
gauge theory the continuum extrapolated result is shown. Arrows indicate the ideal gas
pressure pss a s given in Eq. 3.

3. The Equation of State

4

LH& \ z ?£0
T

(*LHB. w HIP c* H2H)

25.0

3 flavour
2+1 flavour

2 flavour

Figure 5.
tion with
(NT = 4,

The energy density in QCD. The left (right) figure shows results from a calcula-
improved staggered (Wilson) fermions on lattices with temporal extent Nr = 4
6). Arrows in the left figure show the ideal gas values tSB as given by Eq. 3
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CH1RAL SYMMETRY RESTORATION

(based on T.Schaefer, E. Shuryak and J. Verbaarschot, The chi-
ral phase transitions and the Instanton Molecules; SUNY-NTG-94-
24,Stony Brook.) d ^ ^

• — At growing T, quark motion becomes anisotropic
Example: zero mode of the "caloron" (T ^ 0 instanton)

IJ)(T,T) cosh(7rTr)|

oscillatory in time, exponentially decaying in space.

• — A "pairing" of instantons (leading to formation of / / molecules
even at T=0) becomes much stronger, if J and / are at the same
point

detD

• - Rapid "polarization" of even one molecule was found at T « Tc,
( which allows one to identify Tc as approximately the size of the
"Matsubara box", such that exactly one molecule fits into it).

AT = —-, half box
Ar = 0 same pouint

t *i Tr 1*0
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Brief history

- 70-80's: Quarks of different col-
ors are attracted perturbatively: s
C. Frautschi (Ericel97S),F. Barrels, Nucl. Phys. B129. 390 (1977),D.

Bailin and 4 Love, Phys. Rep, 107, 325 (1984). A <~i A f e V

only...

- T.Schaefer, E.S.,J.Verbaarschot Nucl. Phys. B412, 143 (1994):

ud scalar diquarks are very deeply
bound in the instanton model, be-
ing a very robust element of Nucle-
ons (octet) baryons, as opposed to
A ( d e C U p l e t ) O n e S . Sorry: too many phenomeno-

logical hints to mention here: weak decays, formfactors, fluctuations

of the N cross section...

• - First attempts to study instan-
tons at finite density numerically
T. Schafer, Phys. Rev D57 (1998).

%l 8950,: diquarks persist, even at high
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£

Why transition from particle-hole
to particle-particle pairing ?

particles

^. ;,:, , ,

holes
to ;wet for
filtod

vacuum superconductor

Energy versum piomenta: the blue
dashed line show the dispersion curves
for vacuum and dense matter. It has
discontinuity at two different places,
the surface of the Dirac sea and Fermi
sphere.

r "

.' \ ' '" "X

<• • *
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Why instantons?

- It is the strongest non-perturbative
effect generally ,

- Explanes quantitatively chiral sym-
metry breaking in vacuum. Gap is
large: (mconstituent = 330 - AOOMeV)

Anomaly is not eliminated by
adding 7̂4 to the Dirac operator1

L .

- But at very high density instanton
effect are suppressed by the Debye
screening (E.S.1982)

= 0)exp(—Nfp ji
1 In random matrix models people have used a simple-minded approach:

adding ^74 to the Dirac operator represented as a random matrix with some
density of zero modes (leading to quark condensate). If \i is sufficiently
large, eigenvalues move away from zero and chiral symmetry gets restored.
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Two colors: a very special theory

• - The opposite to the large Nc limit:
Baryons are degenerate with mesons:
Pauli-Gursey symmetry ( Unlike SUSY
different number)

• - symmetry breaking is SU(2Nf) —>
Sp(2Nf) For Nf = 2 the coset K =
SU(A)/Sp(A) = SO(6)/SO(5) = S5 5
massless modes: pions plus scalar
diquark S and its anti-particle S

• - RSSV1: finite JJL breakes rotates
the 5-dim sphere. Scalar diquark
(not sigma meson) becomes mas-
sive, more in: Kogut, Stephanov
and Toublan hep-ph/9906346

• - Fermionic determinant is real: lat-
tice simulations possible. Results
by Karsh, Dagotto et al of mid-
80 's make sense! See recent work
by S.Hands et al.
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how the calculations are done:
the mean field way

G F

o The mass operator include two types of di-
-agrams: total energy of Fermi gas ("kinetic

^ jpass operator ^
energy" is calcualated with it,

anomalousGorkovoperator COhdiUl/ykX Qt~Q u C/f

The ("potential energy") operator also two
types of diagrams: For instantons and
Nf = 3 it looks like this, where green area
are < qq > and magenta < qq > or its
conjugate.

; M

Then one minimizes the sum and get
gap equations There are many because
all masses/condensates are color-flavor
matrices.

Approximations; (i) The coupling
constant G is treated as constant.
(ii) No clustering included. J©
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In early simplified studies (ARWl
and RSSV1) the possible interme-
diate phase (between vacuum and
CSC2) - Fermi gas of constituent
quarks, where both M, A ^ 0 - was
unstable.

0 . 0 0 8 I I I . I .

. — phase 1

phase 2

phase 3

0 100 200 300 400
M (MeV)

, , . , 1 , ,

''' '11_ phase 1

phase 2

. phase 3

250 260 270 360

In our latest study
(RSSV hep-ph/9'904353) , includ-
ing formfactors coming from instan-
ton zero modes we found that it
survives...

ttiti o*h;** HP, twi.
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The "continuity" issue

v/ )

T.Schafer and F.Wilczek (98) pointed
out that CSC3 phase has not only
the same (?) symmetries as hadronic
matter v but also very similar exci-
tations:
The condensates conveniently mix
color with flavor
quark language
8 gluons
3*3 quarks *
8 massless pions .
7 is combined with
"hypercharge" g x

Singlet scalar U(l)^

hadronic language
& massive vect. mes.
8+1 "baryons"
remain \

>H condensate

comment
Meissner eff.
A(1405)?
if <qq>=£0
like 7 Z in SM

• • •

But: It is still not transparent for
ni ita nt=> I otJ^Il t / t i l l All CL ¥ ¥ t / I i l U C I sL / k3-O.lO.lIJ

should not have warried about) so
it will levitate in an ordinary mag-
net, or reflect light from the sur-
face...
Is it the correct condensation pat-
tern of Nf_ —3 nuclear matter?
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The one-gluon exchange

The operator (7^X7/^): no chiral-
fliP L i ^ t CSJ

Strength depends on momentum trans-
fer Q (it is after all the Rutherford-
like scattering)
Electric exchanges are Debye screened
at Q ~ gn (like instantons)
Magnetic ones got no screening at T=0,
only Landau damping j^JtJi^f
(One has also to take care of time
delay effects, since we now speak of
relativistic bound state bound by ex-
changes of propagating quanta... Eliash-
berg eqn.)
T.D.Son, hep-ph/9812287 therefore found
a "double log" in the gap equation

1 = const g log A

thus unusual answer: A ~
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SUMMARY

#- Finite density QCD is very rich,
displaying a Higgs-like CSC2 phase
(< ud >3^ 0) or a combination
of that with chirally asymmetric
CSC3 phase (< qq >^ 0, < qq >^
0), with 1st order transition be-
tween them

m- Instantons dominate at inter-
mediate fi ~ 400MeV, but become
Debye screened away at high /i.
Triality of channels (qq, qqandll is
the key to interplay^^FS major
phases, hadronic, color supercon-
duction and QGP.

m- Magnetic gluons overtake elec-
tric ones at large /i, and the abso-
lute value of the condensate grows
w i t h j l . r \ ..'-.. ^'"v -•• • * / • ' ' , : ,
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