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I Mott Insulators I

e Optical conductivity
e Formation of “Mott-Hubbard Excitons”

e weakly coupled Mott insulators
crossover MI — Fermi liquid

‘ ~ Quasi-1D Quantum Magnets I

e "Dimensional Crossover”
The “High-energy” physics in the ordered phase of spin-1/2
antiferromagnets

e "Field induced gap systems”:

quantum solitons and “breathers” in CuBenz
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4 A
I Some (Generalities ' I

e Gapless quasi-1D systems can be treated by means of CFT
techniques (—) reviews by e.g. Schulz, Voit, book by GNT)

e We are interested in quasi-1D systems with a gap. These are
much more difficult to handle.

e We will do so using field-theory techniques. This imposes
some limitations.

Magnets:
H=JY S -Sp+h) (-1)"SE.

Field theory applies at energies/temperatures w, T < J if the
gap is small M(h) < J; J plays the role of a UV cutoff.

Mott; Insulators:

H=-1 Z [Cjz,ocnﬁ-l,a T h.C.] +U Z Tkt Tk L

n,o k

Field theory applies for w, T, M(U) < t. This does not
imply that U < t.

We will further assume that T < M (U) so that we can
neglect temperature corrections. The results will apply in the
regime

Tip_ap LT K M(U) <L 1.
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Dynamical Properties of 1D Mott
insulators

Tough old problem: strongly correlated with a gap.

Candidates/Examples:
¢ quasi-1D antiferromagnets [K&g] [ HussARD e HE[SENB@R&]
+

e carbon nanotubes
e organic conductors e.g. Bechgaard salts

1D Mott transition:

Simplest example: Hubbard model
H = ——tz [CL,JC,H_LU + h.C.] + Uznk,Tnk,l
n,o k

Phase diagram:
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‘ Field Theory of 1D Mott insulators I

1D Metal = Luttinger liquid

Hy, =H charge + Hspin

171 .- . T

Hspin = 5 “I‘(_s(vsaz¢s)2+Ks (at¢s)2
171 2 2]

,Hcharge = '2_ —I—(_c ('Ucazc(bc) +Kc (at¢c)

L )
— spin-charge separation. , KS.Q Centniin l‘n%maﬁbm on

inberackions,

Umklapp only affects the charge sector

-~

- — H MI = H charge + Hspin

Hcharge =

3 | (000" + Ko (0807 + hcosVErge
‘ D /4
' ‘\o\Q@- %QQQ(J.
This is quite general! [K.=4 for  Hubbaud umhaaﬂ;
Kec A Qo Voxbended” tubbard 1)

Spectrum in the charge sector: Gap M.
o K.> % “holon” and “antiholon” only. (spinless charge Fe carriers)
o K. = % “Luther-Emery point”

e K. < 1 holon, antiholon and several excitons (hh bound states)

. ‘ Y
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] “Luther-Emery” Point I

At the special point § = /4w, the SGM

1
L= 5 (aﬂcb)? — Acos Vg
is equivalent to a free massive Dirac fermion
L= [ipy"0uh — mip]
This is a free theory — easy to calculate correlation functions

local in fermions.

In the literature it is often stated that
e Correlation functions at the LE point are representative for
the whole SGM (“universal”).
This is incorrect; the LE point is quite special.
e the physics of the Hubbard model is described by its LE
point.
The Hubbard model does not have a LE point.

The easiest way to see that is to note that free fermions have

a 2-particle S-matrix S = —1, whereas the exact S-matrix of
the Hubbard model [Essler/ Korepin ’94] 1S
I(—i3) TG +43) [ 4 A
S(ky ko) = ———2—22 - P),
(b, 72) r(d) r( —4) ()\—z' A—i

sin(ky) — sin(ks)
2U [t
IHPOSSIBLE. 0 HAVE S —o -4  AND  LORENTE INVCE

N _/

-&-

A
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' Situation in the Bechgaard salts : I

e quarter-filled

¢ small dimerization

T ——

H = -— Z(t + (-1)”8) [C;rl’[,cn_,_l,g + hC]

+U an,TnkJ + W annk+1 + Vs annk+2 -
k k k

= Ho + Hin.

Diagonalize Ho: Hy = Y e(k)[i} (k)lo (k) — uf (k)uo (k)]
k

e(k) = —2V/t2cos? k + 62 sin® k .

2.5

15 /\

05

E/t

-2 —%/4 0 w4 2

e Interaction terms mix the 2 bands

¢ Integrate out upper band and “high-energy” regions of lower
band — effective Hamiltonian for degrees of freedom around
+kp.

e — generates double Umklapp (T. Giamarchi) J

\

..'L{,_-



"double Umklapp"

Bosonize the resulting Hamiltonian —

H = ,Hcharge +Hspin
1

Hspin = 5 [('Usaa:¢s)2 + (6t¢8)2]
Hcharge = % ?{1_ (vcax¢c)2 + Kc (atQSC)2 + Acos \/§7_l'¢c + [ cos 2\/8—7(‘¢C

VUs,c, Ks ¢y A, p are functions of U/t, V1 /t, Va/t

“Double Sine-Gordon Model” (Delfino/Mussardo 98,
Fabrizio/Gogolin/Nersesyan ’99) not integrable.

Study limiting cases:

e )\ ox § and therefore A < p is possible — double Umklapp should
dominate at “high” energies - “SGM;”

e If dimerization is dominant physical ingredient — neglect double
Umklapp — “SGM,” (THS HAPENS AT Kc>"/z;-)

o if both processes are important — trouble.

_ ' Y,

_‘6.—



IN  WHAT  ToLLows WE  WILL  CONSIDER.

We  HooEL

i= (:Es-!- Sﬁc,

IN & CASES *

(1 HALE- FILLED MOIT INSWATOR.

B= ek

Gi) QUARTER - FILLED MO INSULATORL

B= “&‘ch

N.B. THE HAN  ODFFERENCE 1S TWE  RELATON
OF  LATI\CE OPERATORS  AND  OFERATORS 1IN WHE

SGM W THE A CASES



CEXAMPLES: | FLECTRON OPERATOR S

A .\k\fx ...'lki:)(
ng- ~ c R.o-tx)i- e Lo-lx)
L [ig: (T (%-04)
e = e e‘*[é 2 HAF FILLED
—L‘ | q : - E -9
L= 9o e"%}fc e "ﬁfs sj A —Fiuep

CURRENT  OPERAIOR.

» + +
4 % L CeGur = Clo G
'

[NB.  B0es NOT  GomMuiE WM LATICE #AMILTONIAN |

3~ hk WM RR 3 MO & Fluep

\—{4 -



CALCULATE OPTICAL CoNDUCTIVITY

wb |

—
o) = & fe Sdx St (i, joo1) €

f = A %P CurReNT OPERABR

g

CONSWER. T =0 ONLY

SPECTRAL REPRESENTATION :

;En.'t-: n,)(
( G(X\t) Q'To,o)> = ) e\

n

b
| (ol Two)inY |
!
(AN CALCULATE THESE EXACTLY

Usine INTEGRABILTY OF SGM

2
Ow) = A L 140l ooy in>] 8(R) Slw-Ea)
0 n
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WE OBTAIN AN EXPANSION OF Ow ) OF Tie. TORM

G(N)'—‘ 6;[06) + 6;((,3) + 6;(00') +....

3 SSSS
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EXACT FOR
W< UM
— _J
N
Exxct YOR
W< 6M

vﬁfw)- 5{3(&) + 6';;{(«.)) + Gigzm) toens
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—o 3-fus |
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CONFORMAL  PERTURBATION WEORY  [Ramawsdcimcs)
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HIGH - ENERGY  BEHAVIOUR :

CouraRISON 1o | (oNFORMA L>
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OPTICAL CONDUCTIVITY
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\ Comparison to Dynamical DMRG I

DDMRG calculates

0lJ|n)|?
op(w) = —%Im Don w_&l_lE)Ol)Hn

for specific lattice models on 128 sites.

half-filled Hubbard model U ~ 3t, n = 0.1¢:

¢ TEID WEoRY

4¢—— Wit

™ e s BROWENING,

Extended Hubbard models: — exciton formation

-7 —



EXTENDED  HUBBARD MODELS @ %~ MG

H= -t )—:_ C%;-(&Ho— + he, ULZ Nt Oy
N

4

+ \/4 ln'ﬂ‘u + \Ig. >—_ NN
y d 1 3 Jre

U')\JA)VQ_ « t
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(f«" 363% ic,

Ls= £ @L) + wwawawx ReeEawT
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RESRICTION UV« € NE CAN  TUNE R
fro Y& [ %=0] W WE  ATIRACTIVE

REGIME B< W



half-filled extended Hubbard model: [E. Jeckelmann (2001)]

DMRG vs. field theory
1D extended Hubbard model (t=1), U=3.5, V=1.4, n=0.1

T v \J

10} —— DMRG (128 sites) h
=== FT (£=1.37, A=0.6642)

O(0)/C

*  DMRG vs. field theory
1D extended Hubbard model (t=1), U=4.15, V=2, n=0.1

10 ¢ —~—— DMRG (128 siles) b
~=== FT (£=1, A=0.6490)

o(w)/o,.,,

~
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| Single;Particle Green’s function I

1. Half-Filled Case. (3* = 87K,)

¢j.o X v/ag [exp(ikrpz) Ry(x) + exp(—ikpz) Lo (z)] ,

L, = n, exp (% {ﬁ@c - gec]) exp <%&[(I)s - @s]) )

R, = 7, exp (—i— [B‘Pc + -‘—[;:90]) exp (—%6 [®, + @s]) .

e spin sector: free boson — easy to get correlation functions

e charge sector: use form factor approach. Complicated operators but
formfactors have recently been determined by Lukyanov/Zamolodchikov
(2001). Form factor expansion looks like

/ ggm'm(“”t)'@——("IO(O,O)IO) +...

where next contribution is from intermediate states with 2 solitons and

1 antisoliton. Take only single-soliton intermediate state into account
A\ pt Zo(B) exp[-mV/ 72 + 22077
(Rs(z,7)R! (0,0)) ~ , .
2T \/ (vsT — iz) (VT — i)

Fourier transform and analytically continue— retarded Green’s function

(o = vs/v.)

R) (o) = -7 2 w + veq
GRR(CU,Q) ‘ O(ﬂ) 1+a\/m2-|—v§q2—w2

2
X [(m—l— \/m2 + v2¢? —w2) —

[XTE

l1-«a 9
o v

bg( -

g A

_ . 6= L
& = +{ax,0 =1,!, 7, Klein factors n2 = 1, ;yny = —nym. er"s Pe,s

Sdgy

-89

Pe .l




Hol  Good AN APPROXIMATION 1S TS ¢
(1) LON ENERGIES /LARGE DISTANCES :
—> God  BY  DEANTION | (opreciioNs € @ T 1
2)  "HIGH" ENERGIES / SHORT DISTANCES @
{ Re 1) R.:-co.o)> d A A + (LL)
{(mo-ix (T-ix)
6‘.—_- }i“:—f ‘A— .
L o " O
Ke= L [ su@) SMM. IN CHARGE SECTOR
“ - PaRNG" N HOBEARD 7]
=> FF Resud GETS  SHRT DISTANCE
ASKMPTOTICS  RIGHT !
RG: <Ro—(.x.t) R:;(o.o)> = Z) &or Ke= 4
AR T-1%) Vs = Ve =V

fe) = fr 3 T e (r—o0)
R tumce

FE o <R6’lx.t) ‘R-.g-(m(ﬂ) = Z&, e _
AT QT ~1X

Zo = 0928 (LE 0! )
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/‘ Spectral Function I\

A(w=3m,q)
o
o

N F
-~

0
0 vg/m
-4 -2 [} 2 4 !

ke

Figure 1: (a) Density plot of the spectral function Agg(w,q) as a function

of w and vq/m for vs = v, = v. (b) Constant energy (w = 3m) scan of the

spectral function for o = 1.

4 5
4_
3
. 5 sl
£
9
: E
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1 L L_——’/
0 L 1 1
-4 -2 0 2 4
0 = vg/m

Figure 2: (a) Density plot of the spectral function Aggp(w,q) as a function
of w and v.q/m for vs /v, = 0.4. (b) Constant energy (w = 3m) scan of the

spectral function for a = 0.4. |
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DENSITY OF STATES

QW) = Xaq A(w,q)

= 1o O wl- m)
TWs Ve
gmﬂA
_— .
- 0 M v
< >
2x Mott gap
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| Single-Particle Green’s function I

2. Quarter-Filled Case.(3* = 327K,)

¢j,o < y/ag [exp(ikrz) Ry(x) + exp(—ikrz) Ly ()] ,

L, = "70‘ cXp (% [g'q’c ’“Vlg‘ec:l> €xXp (Z_.&[‘I)s - @s]> y

1 T 1.
R, = 10, exp (_Z [g@c +4%4@c]> exp (—Zo[q)s + 83]> )
o =+® o =11, n, Klein factors n2 =1, ML = —N0N-

e spin sector: free boson — easy to get correlation functions

e charge sector: use form factor approach [Lukyanov/Zamolodchikov
(2001)]. Form factor expansion looks like

ds, d,

5 5 (010" (2,)[0162) — __(6:16:10(0,0)[0) + ..

i.e. lowest contribution comes from two solitons. Can understand this
intuitively by considering U — V extended Hubbard model with “large”
V:

________________________

The kink has charge 1/2 — electron operator must couple to two
kinks.

~35-
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use the explicit expressions for the form factors—

o0 2
G (w,q) = Zz(ﬂ/8)\/1—+—; [ ) j% I ife'

X \/;2(%)1}6:1;5 (c(ﬂ) + +/c%(0) — 32)
-—i—_{:z(w+ch)2:l )

s2 = w? —v2¢%, c(6) = 2M cosh 8, a = vs /v,
G(ﬂ) = iC’lsinhH/Z
* dt sinh®(¢[1 — inh(t[¢ — 1
conp ([ L] 1))
0

t sinh 2¢ sinh && cosht

o~ e (_ /Owgfsinhz(t/z) sinh(t[.f—l])),

t sinh2t sinh ¢t cosht

¢=p%/(1- P

No singularities !!

‘3(0 -—




QENSITY OF STATES [ % Fuwa |

arceosth )‘t_%’n N
QW) = const S 48 |Gue) |
0 \ wh®

2& cn £ (1-2) s t(§-1)
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l Weakly coupled Mott insulators I

HALF- FILLED CARE

,.r v o - t U,V
¢ ’
’
AN tperp'\ \
'\ \‘ \‘
—e ‘e Se- A
7 ‘ . 1 ’ ‘ ‘
\\ N \\
\
b
» - S® LUV
’ ’ ’
’ 4
\\ \\ \\
A. LY @ K'Y @ t,U,V

Take the interchain hopping into account in Random Phase Approximation

- G ,
Gsp(w,q, k) = 1~»D(w 9

1- t_;_(’c) Glp(w,q)
ti(k) = tiy exp(ik-a)

— can have a pole = collective mode (with quantum numbers of an
electron)

Spectral Function:

. COMERERT
ModE

q (WAVENUMBER  ALONG.
CHAN  DIRECTION )

NG /
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IN  WE VICINTY  OF THE  CoHcRENT MODE

WE HANE

® - —
Gren (0,9, R) = £q k)

w- £q.R)
,—b
A Zo
-~
A 1 « VWeaklY k
DEPESMDENT
-u‘) o 0 ;Lo g “‘Vm, :

Zg.R)  VERY SMALL  WITHIN  THE

- NONINTERACTING.  FTERMI  SURFACE:

ﬁgq_



TORMATION OF A YERM| SURFACE

INCREASE  TRANSVERSE  HoPPNG.  AMPUITUPE  t.

=>  COHERENT MoDE  EVENTUALLY BEOMES  SofT

> SMAL  BLECTRON  MND  HoOlE  RyexeTs TorM |

1 €9 }=0)
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‘k_‘_ A
w 7
D Hoe —
Porkers
ELECTRON
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foekeTS
x M

> 2?4!




LUTTINGER 'S THEOREM

# OF PARTCES oL VoLUHE OF MM sPace
INCQLUDED (N THE SURFACE DERINED BY WE

SWNGULAMITES  OF QVL[GL (=0, {5) ] )

— Youis CR ZRES oF Lulbe .

(1) AD  MoTT INSULATOR.

\ “ —_
"U=0 = fues At Rg

uz0 = (. (0,9)  HAS  Ecrors AT q=0
(te.x ke)
== \.\L\\«'mgar (s. ‘HAM thc’.s .
(N s Ouasi- 2D HoTT INSULATOR
ks | _
W, J| ¢  1EROES OF
G"‘R?A (O)Au)k.l)
O ' ;O — hu foes OF
G—erol’t (.o) kll ] kl.>
e N

NONWTERACTIVG:  FERM| SURFACE
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DENSITY  OF  SINTES

(L) D=q , SQUARE LATTICE
ASU")

—> GAP GETS FILED N
— TEAK AT wW=0 ONELOPS

() D=3, CuBIC_LATTICE

No PEAK AT  wW=0  OBIELPS TR t, »tc

—h2-



