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The scaling two-dimensional Ising
model in a magnetic field

Gesualdo Delfino

SISSA—Trieste

Goals :

— Review some recent progress on a fundamental model

— Illustrate a more general framework

Contents:

— Introduction

- Ising field theory

-From scattering theory to correlation functions

- Universality

— Breaking integrability
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The two-dimensional Ising model

p —
~* T

,-E

conf

Spin-reversal symmetry for H = 0

The simplest model of statistical mechanics exhibiting a
phase transition. The critical point is located at H = 0,
T —— T"7

— J-c

H

• Thermal case: H = 0

- L. Onsager, 1944 : free energy

- C.N. Yang, 1952: spontaneous magnetisation

- B. Mccoy and T.T. Wu, 1967: correlation functions

• H ^ 0 : No lattice solution

Scaling limit: f -^ oo as T -> Tc, H -> 0

=^> continous (field theoretic) description

Universality: the scaling limit does not depend on the
microscopic realisation (e.g. choice of the lattice)

-I-



Ising field theory

1. Critical point: conformal field theory (CFT)

Z = Xl "f" ix2 5 Z = X\ — 1X2

conformal scaling operators : <p(x) = <PL(Z)(PR(Z)

<p(x) —> (A^ jA^) conforma! dimensions

p ^ + A^ scaling dimension

S<p = A^ - Ay, spin

local if Sy, G Z/2 —)- (y(sc)y?(O)) single valued

scalar if 5V = 0

¥?(#)• relevant if Xy, < 2

Ising : the simplest (unitary) CFT

central charge : C = 1/2

conformal dimensions : 0, 1/16, 1/2 (mod n > 0)

relevant local operators:

' r= (0,0) identity

%j) = (1/2,0) , -0 = (0,1/2) free neutral fermions

a= (1/16,1/16), e=(l/2,l/2)

Symmetry:

a x a ~ i -p e
a- Z2-odd (spin)

<j x e ~'a =$•

e Z2-even (energy)
£ X £ ~ I ti&



2. Scaling limit: deformed CFT

The operator space is isomorphic to the conformal case,
but y(x) ^ (pL(z)ipR(z)

—T / d2xe(x>)—h / d2xa(x)

r ~ m2~Xs = m — m
15/s

One-parameter family of renormalisation group trajecto
ries labeled by rj = r/|h|8/15

• Thermal case: h = 0

free massive fermion theory

but the spin sector is non-trivial

• The fermionic language is not helpful at h ^ 0

A. Zamolodchikov, 1988 : integrable deformations of CFTs

In particular: the Ising field theory is integrable when
h = 0 or r = 0

Waarnar, Nienhuis, Seaton, 1992: an integrable lattice
model in the same universality class as Ising at T = TC



Integrable Quantum Field Theories

Possess an infinite number of quantum integrals of
motion

Consequences for the scattering theory:

• Elasticity:

Factorisation :

rr i

if m

The scattering amplitudes are determined exactly by

requiring analyticity, unitarity, crossing symmetry, ...



Scattering theory for self-conjugated

particles

|0> vacuum state

Aai(<9i)... Aan(0n)\0) = |Aai(6>i)... ..4an(<9n)> particle s ta tes

Aa(0) creates a particle of species a (mass ma) with energy
momentum

aiPl) — (ma cosh 6>,ma si nh6>)

Two-particle scattering : (6>i > 02)

t»o

Aa(01)Ab(62) =

= O1+P2)2 = m2+m2-h2mamf,cosh(6'i-6>2) (centre
of mass energy)2

• Unitarity: Sab(e)Sab(-6) = 1

• Crossing symmetry: Sab(0) = Sab(in — 6)

• - 6 -



Solution : Sab(9) =

tanh \{0 — i-rra)

Bound states:

Sab(0 ~ iuc
ab)

mj? = mj + ml -\- 2mamt, COS u£6

Bootstrap : = 7r~

= 5lfa(e-tuJ1,)Sd6(e + iu£J)

Strategy:

start with the lightest particle A\;

if Sn has a pole corresponding to A2 ,

use the bootstrap eq. to compute S12 ;

check the poles of £12 ;

continue until no new particle is generated .



Scattering theory for the Ising integrable

directions

1. h = 0

A neutral free fermion => S(0) = - 1

m ~ \T\

2. r = 0, / i ^O (A. Zamolodchikov, 1988)

The conserved currents give information on the poles of
^ n - Then the bootstrap closes on 8 particles Aa (o =
1 , . . . ,8) with masses

mi ~

m2 = 2mi COS- = (1.6180339887..) mi
5

m3 = 2mi COS — =' (1.9890437907..) mi

7TT
m4 = 2m2COS—- = (2.4048671724..) mi

2TT
= 2m2 COS — = (2.9562952015..) mi

= 2m2 COS — = (3.2183404585..) mi

m7 .= 4m2COS-COS— = (3.8911568233..) mi
5 30 V \

m8 = 4m2COS-COS— = (4.7833861168..) mi
5 15

Scattering amplitudes:

Sn(e) = t2/3(O)t2/5(e)t1/15(9) => AiAi ^ Ai, At, A3

s12(oy = u/5(9)t3/5(o)t7/is(e)u/15(o) =±» AiA2 -> AX,Ai,

and so on ... (36 amplitudes)



Form factors for self-conjugated particles

<$>(x) scalar operator

General properties : (Karowski et al, 1978; Smirnov)

0 -F...,ai,aH.1,.

m i i ( 0 2 ,

in) -^Res,a_,b=iuc6Fa^ai) an(ea,eb,eu...yen) =

a6 ̂ ^ ^ 01,

iv) - i Res^ = e + i 7 r Fo%>ai>...jaii(0
/, 0 , 0 i , . . . , 0«) =

[ ^ ^ ] <...,an(01, • • • , On)

l& is 0 if <t> and the particles are mutually local, 1 otherwise

These equations are linear in the operator

Correlation functions:



The identification problem I

Operator space:

••

I

o

How do we select the different operators in the ff ap-
proach ?

Asymptotic bound (G.D. and G. Mussardo, 1995)

r -> 0

Mp = < + 0 0 if p > 2X& - 2

cosh 0k

an(6
>i---^n) < constant

- t o -



Form factors in the thermal Ising model
(h=0)

(Berg, Karowski, Weisz, 1979; Yurov, Al. Zamolodchikov, 1991)

S(6>) = - l , V r (Duality)

n

, Vr (e

n odd ,
n even ,

s = 0)

T > 0
T < 0

r > 0 :

T < 0 : = 1

= 2i(a) ^ 0

N.B. : The asymptotic bound uniquely selects the solu-
tions. For example sinhfc(#i — 62)/2, k odd positive, sat-
isfies the ff eqs. but growes faster that exp(X£6*;/2) =
exp(6>i/2) i f A;



Form factors in the magnetic Ising model
(r=0)

(G.D., G. Mussardo, 1995; G.D., P. Simonetti, 1996)

e)' So6(0) = . ( -

Two-particle ft: F+(eu 02) =

a,6 = 1,... ,8

- 02)

ii)

Hi) ir^

iv) Res<,=i?rF*(0) = 0

iy
2/

solves (0 a n d CO

Ta(9) = exp <̂  2
dtcosh(a-|)t . 2(i7r-0)t
t cosh|sinht

,1̂ 1/2
2TT

as |0| -> ex

COS 7ra—

2COS2(W2)
accounts for the poles

<9 operator-dependent

real



The asymptotic bound imposes the same constraints for
any relevant operator (p(x) (X^ < 2) :

Nu<l

N12 < 2

1 coefficient (+ an overall normalisation)

3 coefficients

5n and S12 have 3 common poles

n
12

c — 1 2 3

There is a single free parameter

-11

No solution if c\x — 0

Problem : determine za and ze

= c^ (cosh



On the energy-momentum tensor form
factors

A = ACFT +9 d2x 4>{x)

O(x)~ g<p(x) Trace of the energy-momentum tensor

Conservation :
0 + T~ = d-O

n

k=l

= FZ..a.f

The ff of 0 , T++, T have the same singularities

=r> F®i-fl)i oc P+P~ unless P+ , P~ have the same zeros

lu "~~" -̂ ~ • . ^ ! 7T~ ~T~ ~~7x ~ &

(9) oc (P+P-)1.-*- = f cosh 6 + m" + m ^
\ 2



Back to magnetic Ising :

TYls i 777/

<2?2(0) = cosh 6 H ^ ^ — 2 . ) ( a i cosh 9 + a0)
\ 2mrri

3 residue equations for 3 unknowns (a i , ao,

2m?
= 4.869840..

How can we determine



The identification problem II.
Asymptotic factorisation

(G.D., P. Simonetti and J. Cardy, 1996)

Consider a massive integrable theory without internal sym-
metries :

= JJia(0)
a

cp(x) relevant, scalar, scaling operator

, . . . , 0 n ) = (O|0(O)|A(0i)...A(0n)>.

Massless (conformal) l imit :

= Mm (mcosh (6 ± — ) .msinh (0 ± —

(M ,0 , M ,a\.= — e ± e , ± — e ± 9 \ R/L movers

= mea/2 finite parameter

( +

SRR(6) = SLL(e) = S(9)

Masslessff:

^ ...,(?{) = (O|0(O)|Afl(^i) . . . A f l(^ r)AL(^) . . . AL{e[))



ip(x) = (pii(z)ipL(z) at criticality

, . . . , Orfa, . • • A) = J=?*(Ol9 . . . , 0r\) ^ ( l * i > • • • '

Lorentz invariance

= lim F*(0i± a/2,...,On ± a/2)

•M)0 • • • 5

m ' 5 • . .
- a

2'

..., 0T) Ff(9'x,

Non-linear equation for scaling operators



Magnetic Ising :

I'm F*{&) =

In particular:

a, b — 1 , . . . , 8

Two real solutions for

4.869840.. =

1.255585.. = z

Notice that we have access to

Having fixed za and z£ the ff bootstrap can be carried
through using the residue eqs (this requires a discussion
of higher order poles)

We get rid of the non-universal overall normalisation con-

sidering (p =



k=0

-2.093102832
-10.19307727

-70.00917205
-87.90247670

C12
C12
C12

-7.979022182
-71.79206351
-70.29218939

-466.3008246
-1307.331521
-853.2803886

¥
-582.2557366
-6944.416956
-13406.48877
-7049.622303

-43021.45153
-182413.2733
-241929.7678
-102574.1349

22

22

-22

-21.48559881
-333.8125724
-791.3745549
-500.2535896

-2193.896354
-10870.05277
-16161.44508
-7510.235388

'14
1
14
,0
-14

22.57778351
318.7122159
672.2210098
377.4586311

2074.636471
9881.413381
14357.04570
6568.762583

15

-260.7643072
-4719.877128
-15172.07643
-17428.22924
-6716.787925

30333.56619
198757.2340
-447504.5720
-422808.9295
-143743.2050

C23
r3C23

'23
,0
-23

92.73452350
1846.579035
-661S.297073
-8436.850082
3579.556465

11971.94909
81253.72269
186593.8661
178494.3378
61194.62416



'33 -1197.056497
-30166.99117
-150512.4122
-301093.9432
-267341.1276
-87821.70785

-195385.7662
-1743171.802
-5603957.324
-8422606.859
-6035102.896
-1668721.004

C25
r5C25
4

25

25

'25

1425.995027
44219.03877
286184.1535
788413.2178
1078996.488
725356.4417
191383.5734

289831.4882
3275586.983
13872077.63
29236961.96
32979257.31
19100224.04
4471623.121

y

:
'17
-0
'17

190.8548023
4633.706068
21406.72691
39514.82959
32456.91939
9906.265607

30394.23374
274294.8033
897781.3229
1375919.456
1004969.466
282938.1974

'44
-.6
'44
,5
'44
A
'44
->3
'44a
-44
a
'44

-44

-7249.785565
-276406.7236
-2299573.212
-849276.3526
-16615618.39
-17950817.11
-10139089.36
-2341590.241

-1830120.693
-25699492.93
-138411873.8
-384776478.8
-608371427.1
-553818699.0
-270964337.7
-55283137.91



One-particle form factors:

(<t>i(r)ct>2(0)) =
a = l

Fi
Fi
F3

FA

Fs

F6
F7

F8

a
-0.64090211..

0.33867436..
-0.18662854..

0.14277176..
0.06032607..

-0.04338937..
0.01642569..

-0.00303607..

e
-3.70658437..

3.42228876..
-2.38433446..

2.26840624..
1.21338371..

-0.96176431..
0.45230320..

-0.10584899..

• Numerical estimates:

•M. Caselle, M. Hasenbusch, 2000 (transfer matrix)

\Fi\
\F2\

<J

0.6408(3)
0.325(25)

£ :

3.707(7)
3.38(7)

• Short distance expansion of the correlators (conformal

perturbation theory): Guida, Magnoli, 1996; Caselle, Grinza,

Magnoli, 2000

-ai -



Sum rules

T^u energy-momentum tensor

r = (Tii-T22-2zTi2)/4,

Nearby a fixed point:

<T(aOT(0» ^ C/(224),

ST — ^ J £© = Sy> = : 0 =

<T(x)T(O)) =

<T(aOe(0)) =

e(rc)e(0).)conn = H(zz)/(zz)z)2

= M(ZZ)/ZZ

V = 2F-G~ 3H/S , D = L + M/4

dT/dz+ (1/4) dO/dz = 0

f" = -3H/4, £> = M/4

At a fixed point: 0 = 0 = >

Then, integration over zz gives:

• 4 - ~ df =i zz—-
dzz

D = X(p/2

= 3/(4TT) fd2x

(A. Zamolodchikov, 1986; J. Cardy, 1988)

= -1/(2TT) j d2x <0 conn

cIR =

(G.D., P. Simonetti, J. Cardy, 1996)

= 0 in a massive theory



Sum rules in the Ising model

h =

3 r sinh2a;
2 J cosh4x

— 3 r
- 2J

KAJXXJ — —
1
2

— A. f
2TT J

sinh2a;
2?r J cosh3 x

1
8

• r = 0:

Cab.. = contribution of the state AaAb.. to C

c2
c3
c4
Ci2
c5

^partial

0.472038282
0.019231268
0.002557246
0.003919717
0.000700348
0.000974265
0.000054754
0.000154186
0.499630066

A -

Ai
A2

A3

An
A4

A12
A5
Ai3

A partial

Aexact

a
0.0507107
0.0054088
0.0010868
0.0025274
0.0004351
0.0010446
0.0000514
0.0002283
0.0614934
0.0625

e
0.2932796
0.0546562
0.0138858
0.0425125
0.0069134
0.0245129
0.0010340
0.0065067
0.4433015

0.5



Ising universality class

Critical exponents and critical amplitudes:

Correlation length : £ =
fc\h\-"<, T = 0 ,

Specific heat : C —
(A±/a) \r\~a, r -+ 0±, h == 0

a% r = 0,

Magnetisation : M =
- T ) ^ 3 , T ->. 0", h = 0

Susceptibility :
= o,

M



A = ixed point ~ r / ddxe(x) - h i ddxa(x)

Z = f = -—\nZ3 V

m
- l

c

M

X

Or2 " '
dj__
dh '
&l
dh2

Oe(0)>con» - ™ 2 X - d

= I ddx(a(x)a(O))conn ~ rn
2Xa-d

T r^> m
d-Xe h

V = VC - -Xa)

a = (d-2Xe)v, ac=(d-2Xe)

7 = (d - 2Xa) v , 7 c = (d - 2Iff)

d = 2 Ising model: Xa = 1/8, Xe = 1

= lf i/c = 8/15, a = ac.=. 0, /3 = 1/8, 5 = 15, 7 = 7/4,
=14/15

The exponents are universal, the amplitudes are not



Universal amplitude ratios:

8 exponents —^ 6 scaling relations

a + 2/3 + 7 = 2

a + dv = 2

7 c = = 1

ac = a//3S

Example:

lim
T

, h=o M2 - a) (Br-

— CK)(2 — a )



Ising critical amplitudes:

• (<r(x)a(O)) = C<r\x\-1/4
y x -* 0

"conformal" normalisation: Ca = C£ = 1

1) Exponential correlation length:

( < T ( » c r ( 0 ) ) C o n n ~ , . ^ - . N / O > N - > OO

1 /m, r > 0
= 0 : ^ = <( , m — CT\r\

l/2m, r < 0

T = 0 : ^ = 1/mi , 7711 = Ch\

Thermodynamic Bethe ansatz (Al. Zamolodchikov, 1995;
Fateev, 1994):

CT = 2TT , Ch = 4.40490857..

2) a = ac = 0
r - A ±

c=\ l - A c

In

In \h\

= 2TT / rdr (e(r)e:(0)) ~ 2TT / d r / r ~ —2TT In

8
A



3) M- (a)

<<x)h=o, r<o = B(-r)1'8 , <<r)T=0 =

Fateev, Lukyanov, A. and Al. Zamolodchikov, 1997:

B = 1.70852190.., D = 0.0253610264..

4) conn

(Wu, Mccoy, Tracy, Barouch, 1976):

0.148001214.., T_ = 0.00392642280.

= 0':
1 (d/dh){a) =

7 c=l- l /<J , rc = j^— = 0.0851721517

-Or-



Thermal ratios
solution) :

(known since Wu et al, 1976, lattice

A+/A-

r+/r_

Rc

-1

= 37.6936520..

= . 2

= 0.318569391..

= 1/\/2TT

Magnetic ratios (G.D., 1998):

Rx —

RA =

Qi =

6.77828502..

0.0250658794..

3.23513834..

Numerical estimates:

Tarko, Fisher, 1975, series expansions

R-v ~ 6.78

Caselle, Hasenbusch, 2000, transfer matrix:

Rx=z 6.7782(8), Q2 = 3.233(4)



Perturbing integrable theories

(G.D., G. Mussardo and P. Simonetti, 1996)

A = Aintegrable + A / (fx W (x)

Perturbation theory in A involving the ff of computed

First order corrections to the energy spectrum:

5ml ^ - 02 =

Ising model

• /i->0, r < 0

(O|cr(O)|6>i,6>2) =

(5m = oo ! kink confinement

t l

T

• r -> 0 :

S£vac/fi™>l
Sm2/Smi
Srri3/5mi

form factors
-0.0558.. mi

0.8616..
1.5082..

Numerical
-0.05 mi

0.87
1.50



One-point functions on the cylinder

Tnp(x)e-RH

Tr e~RH

Leading corrections as R —»• oo

1

7T(<P)R=OO
a

a

Ising field theory:

<O|<KO)|0i,02> =
0 , r > 0

r < 0

to be defined,
r > 0
r < 0

= 0 (G.D.,2001):

At
Al
At

a
-8.0999744..
-21.206008..
-32.045891..

s
-17.893304..
-24.946727..
-53.679951..

M. Caselle and M. Hasenbusch (to appear)

A{ = -8.11(2), Af =-17.5(5)

-SI -
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