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Motivation I

1. NLSM - semiclassical description of antiferromagnet.

Z = f Dne~s[n\ n2 = l, He S'

2. Theta term for Id NLSM from one-dimensional spin
5-chains.

Stheta[n] = i9Q[n]

Q[fi]= / d2x —€nUn[dnn x dvn]
J2 7T

9 = 2TTS Haldane (1983)

3. Theta term —> quantum interference and drastic
change in the behavior of the QAFM.

5-integer —> gapped spectrum
5-half-integer —> gapless spectrum



Motivation II

4. Topology behind 5theta-

( , t ) : S2 - >
(compactified spacetime) —• (target space of n)

There exist nontrivial classes of mappings labelled
by integer Q -winding number: 7r2(S'2) = Z

Q[n]= / d2x —euUn[dnfi x dvn]
Js2 OTT

5. Two-dimensional NLSM with Hopf term.

S = 5NLSM + iOH[n]

H[n] - Hopf invariant - integer labelling classes of
mappings: TT3(52) = Z.

n{x, y, t ) : S3 -+ S2

Dzyaloshinskii, Polyakov, Wiegmann (1988):

for2d QAFM.



Motivation 111

6. No microscopic derivation of NLSM with Hopf term
from 2d QAFM analogous to Haldane's semiclassical
derivation of NLSM with theta term for quantum
spin chains.

Id: (Berry phases of S{) —> (theta term)

2d: (Berry phases of Si) -> 0

Fradkin & Stone;

Haldane;
Wen L Zee; (1988)
loffe & Larkin;
Dombre & Read.

7. Magnetism occurs in strongly correlated electronic
systems.

Question:

Is there any fundamental fermionic system
which produces NLSM with Hopf term as
an effective theory?

-to -



Results

Yes, this model exists!

S=

ft = nara.

syfi _ afi _ pau|j matrices acting on spinor index of

ra - Pauli matrices acting on isospinor index of

spin 1/2 and fermionic statistics of solitons

In Id: Sid = - I n d e t ( i ^ + ira75n) Tsvelik (1994)



Hopf invariant

1. Algebraic. Topological current:

8TT
f

J° - topological charge (number of
skyrmions)

ii ii

r

= 0

H = -

JM =
2TT

/
S3

2. Geometric. Hopf invariant is a linking number of
two world-lines of n.

3. Physical. Hopf term defines spin and statistics of
skyrmions.



Hopf invariant — linking number of
world-lines of n

H = #(IA,IB)-

• 1 3 -



Spin of skyrmions

F. Wilczek and A. Zee, (1983)

AS
NT'

creation of skyrmion - antiskyrmion pair

H = 1 for this process =>• skyrmion rotation contributes
ei9H _ ei$ _ ei2irS

For (9 = 7T



Statistics of skyrmions

Similarly, the process of creation of two S-AS pairs,
the interchange of skyrmions, and then annihilation
of pairs has H = 1 which leads to a conclusion that
statistical angle of skyrmions is 9.

H = l

Therefore, for 8 = TT

Skyrmions are fermions!



Non-linear a-model induced by fermions

S= I dzx
f53

Space-time: three-dimensional sphere 53

. M = 1,2,3,
- 2 x 2 gamma-matrices
- external Abelian gauge field

Target space: two-dimensional sphere S2.
n — n- r, n = 1,
r - the set of Pauli matrices acting in isospace.

-5c / /(n) =
e x p (_



Symmetries

Parity:

n = —ft'.

Abelian gauge invariance:

= A'

SU(2) gauge invariance if one adds non-Abelian
gauge field:

'U-\h = Un'U-\



Chiral rotation

with SU(2) matrix U: U^nU = r

Seff = -Tr In

where a^ — U 1idflU is a pure gauge.

Expansion in aM, A^ gives in effective Lagrangian

m
2TT

771

Skyrmion has charge 1!

but no term

4TT
e»vXa\dva\ — • iirHMA

Skyrmion has no spin!?



Global chiral rotation

Rotation matrix U(x): Ss -> 517(2) = S3 is
characterized by an integer winding number.

TTS(SU(2)) = Z

This winding number - Hopf invariant of n.

To unwind n with non-zero Hopf invariant one
needs globally non-trivial chiral rotation!

H[n] = —^• [ dsx

Transformation i\) —> Uip is globally non-trivial and can
result in non-trivial "Jacobian". In fact,

det (U-XDU) = {-1)H det (D)

Witten (1983)



Calculation

SSeff = -S (Tr In D) = - T r SDD'1

= - T r

where

6D = imbn,

Expanding (DD^) 1 in powers of mfth and calculating
traces we obtain:

We have used only the property n2 = 1

Calculating trace of r-matrices we obtain 0!

No surprize! 8(iOH[n\) = 0 for any 0.

-StO-



CPn generalization of the model

S = / dsx ip[i$ + imn] ip,

where in CP1 representation n = z^rz or

n 2zz\ _1=

z = +

Under z —• el(Xz, h —> h so that target space
S3/*7(l) = CP 1 = S2.

We introduce n = 2zz^ — 1 with:

z =

\

Z2

Zn+l

z ^ - 1

Target space S2n+1/U(l) = CPn and still h2 = 1

T. Jaroszewicz (1987)



Reduction

Consider now the particular configuration

z = ( z2 0 of,
Then

n =
2z2z$

0

0

2z2z%
0

•
•

0

- 1
0
0

- 1
•
•

0

0 \
0
0

- 1

and Lagrangian factorizes into the model we are
interested in and n-independent massive Dirac
fermions.

n+1

L = {tUft + iranl ^ + /̂ t̂>k U
k=S

Therefore

const



Topology of CPn

There are solitons in CPn model:

7T2(CPn) = Z

and, therefore, topological current can be defined

Z7T

where aM = z^{—id^)z is the same (in CP1 case) as a
component of "non-Abelian field" a3.

However, there is no Hopf invariant for CPn model
with n > 1.

1) = Z, -> Hopf invariant,

7T3(CPn>1) = 0, - • no Hopf invariant.

Therefore, for CPn model one can restore the effective
action from its variation SSeff without loosing any
information.



Embedding method

Two mappings n(x) : S3 —> S2 with different Hopf
invariants cannot be deformed one into another. It is
difficult to compare det D{n) for those configurations.

We embedded S2 = CP1 into the bigger manifold
CPn so that two configurations z = {z\, z2, 0 , . . . , 0)
and z1 = ( ^ , ^2 ,0 , . . . ,0) can always be deformed
one into another albeit through configurations with

H=-l H=0 H=+l

Map ( S3 — CP1 ) d Map ( S3— CP11)
disconnected connected

We can perform this deformation and see that

detD(n)~(-l)H.



Calculation

We have used so far only the property n2 = 1 which is
true for general CPn field.

To "remove" variation we use ft — 2zz{ — 1 and
after some manipulations obtain

[6

On Ss one can define z globally and full derivative
term does not contribute to the integral.



We obtain

= Trsgn m ^ dsx

This is correct for general CPn model.

Let us now make a reduction and consider a,
: with z = (zuz2) - CPMield. Then

x

and the "Chern-Simons term" is an algebraic
representation of Hopf invariant:



Regularization by embedding

The question of relative sign of fermionic
determinants for configurations with different Hopf
invariants is ill-defined. There are several ways to
compare those signs:

• Soft constraint. In physical models the constraint
n2 = 1 is always "soft". Allowing high energy
processes with n = 0 at some points one can deform,
say, H = 0 into H = 1.

• Lattice regularization. All configurations n can be
connected by smooth transformations.

• Embedding in the bigger space allows to connect
configurations with different H.

The advantage of the embedding method —
no singular configurations of n in the process of
deformation.

Hopefully (it is not clear) all these regularizations
give the same answer.



Conclusions

The Hopf term is derived on 53 for the non-linear
cr-model coupled to 2 + 1 Dirac fermions through
Yukawa coupling. The coefficient in front of Hopf
invariant is 9 — TT.

The value 6 = TT makes skyrmions spin-| fermions.
This is in agreement with known electric charge
e = 1 of skyrmions.

The calculation of the fermionic determinant is
performed by embedding method .

Hopf term is derived also for the models defined on
product spaces S2 x S1 and T3 .



Some open problems

Physical applications: two-dimensional antiferromagnets,
quantum Hall ferromagnet, topological superconductivity,
superfluid films of 3He — A, high energy (high
temperature?) physics etc.

Other types of regularization: lattice and soft
constraint.

Topological terms in the presence of singular
configurations of chiral fields.

Interplay between different types of topological
terms.


