i the
etcator o abdus salam
renizacn international centre for theoretical physics

&

international atomic
energy agency

SMR.1320 - 5

SUMMER SCHOOL
on
LOW-DIMENSIONAL QUANTUM SYSTEMS:
Theory and Experiment
(16 - 27 JULY 2001)

PLUS

PRE-TUTORIAL SESSIONS
(11 - 13 JULY 2001)

LEADING ASYMPTOTICS OF FERMION CORRELATION
FUNCTIONS IN INTEGRABLE QFTs

S. LUKYANOV
Rutgers University
Department of Physics & Astronomy
P.O. Box 849
136 Frelinghusen Road
NJ 08855-0849 Piscataway
U.S.A.

These are preliminary lecture notes, intended only for distribution to participants

strada costiera, | | - 34014 trieste italy - tel. +39 04022401 | | fax +39 040224163 - sci_info@ictp.trieste.it - www.ictp.trieste.it






LEADING ASYMPTOTICS OF
FERMION CORRELATION FUNCTIONS

IN INTEGRABLE QFTs

by Sergei Lukyanov

" Based on a joint work with A.B. Zamolodchikov

hep-th/0102079



MASSIVE THIRRING MODEL
_ 2 SY g m =
Avra —/d z { Uy 8, + 3 JuJ +MTU

_ 1 (e D .
U(z) = N ( ¢L) Dirac fermion

Ju = ¥v,¥ is a non-anomalous vector current

omi (U(z) T(0)) = ”I“jl'“ Gi(|z]) + 1 Gallal)

X —1y

(Wr(2) ¥R(0)) =i === Gillal),  {¥n(@)$}(0)) = Ga(lal)

e Multiplicative unambiguity

I\IJ—>con3t\Ifl

¢ CFT normalization condition

Aprm = Aryr + M /d2.’13 AV

X —1y const
| ||

(Yr(z) ¢L(O) MNiz|—0 = (¥r(z) ¥h(0))opr =1
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CFT normalization : Gy(|z|) — P as x| — 0

Anomaly dimension: dy = % + 47(;%-_-&7

Large distance: For g < 0 there are no bound states:

(Br@BhO)= T Tl om0
‘e—?——o‘ + s —>— © o*\.—?/“o
\ R % —a”

——
—_—

\

d 2 _ippxt
[_Oo 2rE, HUGCI?,DR(O)Ip) | e +
° Pqu‘C c ‘;f'u- «-,L:%/'
R — yo
2 E/p +
| (vac|¥r(0)|p) | Zy .

ulp ',C‘J AL"%
4 ?

Ky (Mz)) e~ Ml
Gi(lz @ ~ 7 as x| — o0 .
1l @ ¥ V21 M|z| &

“Field-strength renormalization constant”

o Zgy ~ M3
e Zy/M?% - function of g
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Perturbation Expansion

_:%: —— +8_/3’— «—C&E)

2

2
Zy =1M { 1+<%) ( 1og(M2)+2’yE—|—6—2log 2—% )+O(g3) } ,

~g is Euler’s constant.



THE PROBLEM

e Form-factors of local field operator O(x)

(vac|O(x)| n — particle states)

allow one to generate exact large-distance expansions for
the correlation functions by inserting complete set of states
of asymptotic particles.

e It is usually convenient to fix normalizations of the field
operators in terms of the short-distance behavior of their
correlation functions. If the short-distance behaviour is
controlled by associated CFT, the two-point correlation
function of a spin-S field O(x) has the asymptotic form

1 (ix+y)?

<O($) (/)T(O)> — |x|2do I:L"ZS

Find the specific normalization of form — factors

which corresponds to the “CFT normalization”.




TOPOLOGICALLY CHARGED FIELDS IN SG

MTM = sine-Gordon QFT

Asq = fd2x{ 1; (Bup)® — 2 COS(B¢)>

Global Z symmetry: ¢(z) — ¢(z)+ 2mn/f = Disorder fields

/ Dy e~ HAsc {local insertz’ons}

Change of the variable:

o (z) = ¢(x) if = outside the loop C
v | ¢(z) + 2nn/p if z inside the loop C

=7
N

=

Dp=Dy’,  cos(Byp) = cos(By’) .
d,¢' = 8,0 —2mn/B N, §?@(x - C)
where N, is an external normal to the loop.

1
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2 2, I ATV 7”7'2 2 ) (0 2
d*z(8,¢" )"+ dl Oy’ N 4ﬂ2 &’z (6% (z - C))

d’z(d,p)* =
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Notice that

fdlf),,cp'N” :f dzt e, 0¥ =
C C

<6—T4’% fo €, 0% ¢ dz > e—const_<,,,> .

. = >
'Dimc «fl”/fy |

@ = me €, 0P dz” is an ill-defined field in sG!

Og are mutually local and they have zero Lorentz spin and
the topological charge n. They are not local w.r.t. p(z).



More general topologically charged, “semi-local” fields

: n [~ .
O (zx) = 6l_1)nJ30 exp {——E / Oy p(x, y)dx} exp {iap(x +€,y)}

) an
Lorentz spin: —

g

Topological charge : n

SEE
o, SR AN

Correlation functions

(Ogi(x1,y1) - OgN(xn,YN) )

e multivalued function of the coordinates z,---,zn
e It acquires the phase factor (mutual locality index)
exp (— im(a; nk + axn;)/B) <. Kie

J

when the point z; is brought around z; counterclockwise



Examples

e ( S.Mandelstam. 1975) MTM (£ = 2—ﬂ7 1) fermions
U(z) = —— (¢R> L (0-ﬂ/2)
V2m \ YL oL (’)ﬁl/2
e “Spin-charge separation”

. (8uw)2

_ 2
A—Asg+/d o

w is a free bozon field: w = wr(x +iy) — wr(x — iy)

On(CIJ) _ eza(wR wL)— (wr+wrL)

YL =) 0_}3/4 004 5 vir=m Og/y O 4

YL =m 0,3/4 07/4 ) ViR =M O—ﬁ/4 0-7/4

where 7, = ! are Klein factors (n% = nf =1, nyn = —m11)-

Each of the factors @ and O is nonlocal (they each have
spin 3), while

1 ¢0R($))
V. (x —
( ) V ('(poL(x)
are local fermi fields of spin 1
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DEFORMED SU(2)-THIRRING MODEL

2 (8uw)2 _
A3G+/d T 16r
/ d%:{ > VOV + Dl I 2 90 T }
o=T1,l
Ju=Vy, U,  Ji =Ty,

gy >0, g1 - “running” coupling constants, go does not flow

RG (Kosterlitz-Thouless) flow

A de
N ¢ _L\>
| N / | 4 7o
. ’ g‘\ -

gy = lim gy(L) L = log(scale)

The theory depends on g, and gy besides the mass scale
appearing through dimensional transmutation.
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FORM FACTORS

e Conservation of the topological charge:

')
(vac | OZ(0) | 1+ PntN, PL- DN )=t # 0

S ——?
N

e Lorentz Transformation: E +p— et (E +p)

(vac | O2(0) [ pr-- )=k — €7 (vac | OF(0) | pr--)—.t

e Factorizable Scattering
Up to overall normalization, all form-factors can be written
down in closed form, as certain N-fold integrals. For N = 0:

F(s) - “minimal form factor” (s12 = (pf + p5)?)

L ® -
J(S)'% (—S/G\LF %vio) \ / -

S(s ~\°) -
\ M Fles) -
e MTM fermions: Z'\p =7Z1(6/2)
e Deformed SU(2) TM fermions: Z, = Z;(3/4)
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U,(sl(2)) WARD IDENTITIES

Uq(sm))-symmetry in sG ( D.Bernard, A.LeClair, 1991):

[

Te(@) = O (), Ha(x) = )= b C 0L, ;@)
Tt (z) = Oi21 (z), Hi(ﬂ?) =mlp O;( ) _ﬁ)( )

0 J+(x) = 0Hy, O Jx(x) =0Hy

The conserved charges

o [ (e st
Qs = % (o) + Falxy) e

=L Oxp(x,y) dx

generate affine quantum group Uq(sl/@)) of level zero, with

qg= ei7r/,82

If ZZQ = p (1 + &) sin(n/€) (vac | eB=1/B)% | yac) =

20  _oH
Q-Q1 ~FQ4Q- = i Q4Q-~Q-Qy = T
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U,(sl(2)) action on asymptotic states

e One-particle states

Qelp)r=Q+|p)r =0,

Qxlp)t = (%—f——g)& p)s, Qflp)t= (g—f—iyé |p)+

e Multy-particle states: Coproduct

AQ:)=Q+®1+¢7"®Q4, AQ1)=Q+®1+¢7 ®Q4

———

U,(sl(2)) action on fields

For all integer n and m the fields

" or with anm = - + P

3 . n,m 4ﬁ 2

are local w.r.t. the currents J+ and Hy, and

a = n - 271
q * Q-I— OZn,1 —q-’ Ogn,l Q+ = _Z—g 02:32,1 -

Zn (an,l)

Zpi2(an_21) ( 2Z¢

€ .7-".(—42)




RESULT

ey [P ][4

{ cosh(4éat/B)e~(1+ént _ 1 n

sinh(&¢) sinh ((1 + £)t) cosh(¢) * sinh(t€) dd(a,n) e }J

Here

* dt sinh(¢) sinh(¢(§ — 1)) )

—AM?) =261 exp( —
F(—4M~7) =2¢ §p( /0 t  sinh(tf) COShz(t)

2
d(a,n) = 2a° + L

832 |
,82 N gﬁ& (Jc‘w\euf,'og # d;ﬂ o)

1- 32
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CONCLUSION

e Example:

Asu() = / d’z { Z UoyH9, U, —I—-g— J_;Lf“} .
o=T,l

’

{1 as |z] —0

, - TuZ! o
271 (Vo () U(0)) = |Z:]2 Ogr X C e Miz| as |z| — o0

C=2"%e"1 AL =0.921862... .

e Subleading asymptotics
Short distances: Conformal Perturbation Theory

Large distances: Next form factors

e Exact asymptotics in lattice systems (XXZ, Hubbard,. ..
chains).
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Short distances |z| — 0

: = & Yzt 3 75 261
2mi (W, (z) U7(0)) = II;IQ 5, (1_Eg"°51_2'92—8192 340(g 4))

Here
T _5
—g " + 2 log(g) log (\/; eVFT s Mlxl) (vyg = 0.577216...)

Large distances |z| — +oc0

211 (U, (z) W7 (0)) =

50 (C e—Mle+O(e—3M|x|)>

Icvl2 i
C=2% ¢ i AL =0.921862... .
G
G chol dighne G pans i
=
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