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Generalized Differentials of Nonsmooth
Functions

Definition 2.1 Let X be a normed vector space,
¢ : X = RU{Loo} be an extended function
and xg € X be such that p(xg) # Fo0.

The superdifferential of ¢ at xg is the closed
convex set O+p(xq) equal to:

— — < p,T—1x0 >
T |z — x|

<0

where < -, - > denotes the scalar product.
The subdifferential 0—p(xq) is defined as the
set:

(@—¢®w—<nw—xm>zm
, lz — o
We always have 04p(zg) = —0—(—p)(xp).

{p e R"| lim,inf



The super and subdifterentials may also be char-
acterized using contingent epiderivatives:

Definition 2.2 Let X be a normed vector space,
¢ : X — RU{xo0} be an extended function,
v € X and xg € X be such that p(xg) # Loo.

The contingent epiderivative of ¢ at xg in the
direction v is given by

. plme+ M) = p(xg
Destrle) =, iy P

and the contingent hypoderivative of ¢ at xg in
the direction v by

ho') —
Dypleo)(v) = lmsup ZE0FAY) = o0
h—0+, v/—v h

Cleaﬂy
Dyp(zo) = —D (—¢)(z0)

By a direct verification Dy(z) is a lower semi-
continuous map taking its values in R U {%oc0}.



When ¢ : R"™ — R is Lipschitz at z(, then the
contingent epi and hypoderivatives are reduced
to the Dini lower and upper derivatives:

p(zo + hv) — (z0)
Dyp(zo)(v) = liminf h

and

D ¢(xp)(v) = limsup oz + hv) — o(zo)
h—0+ h

Proposition 2.3 Let ¢ : R" — RU{£o0} be
an extended function. Then 0_p(xg) =

{p e R" |VveR", Dyp(zo)(v) >< p,v >}
and O4+p(xg) =
{peR"| YveR", Dip(x)(v) << p,v >}

Notice that ¢ is Fréchet differentiable at z( if and
only if both super and subdifferentials of ¢ at x
are nonempty. Moreover in this case

O+p(xg) = O0—p(zg) = { Vo(z0) }



Definition 2.4 Let ¢ : R™ — R be Lipschitz
at xg. We denote by 0% p(xg) the set of all
cluster points of gradients V(xy,), when xj

converge to xg and ¢ is differentiable at .,
1.€.,

0%p(xo) = Limsup,_,y; { Vo(z) }

Proposition 2.5 (Clarke) If 0*p(xg) is a sin-
gleton, then ¢ is differentiable at x.

We recall that the directional derivative of a
function ¢ : R™ +— R at g € R™ in the direc-
tion v € R™ (when it exists) is defined by

dp p(zg + hv) — p(zo)

Ov (z0) = h1—1>18+ h




Semiconcave Functions

Definition 2.6 Consider a convex subset K
of R™. A function ¢ : K — R is called semi-
concave if d w : Ry X Ry — R4 such that
limg 04+ w(R, s) =0,

Vr <R, Vs<Swrs) <wR,>S)
andV R>0, A€ [0,1] and all z,y € KN RB
Ap(z) + (1 = Ne(y) <
p(Az + (1= Ny) + A1 = M|z — yllw(R, |lz —yl))
w 15 called a modulus of semiconcavity
of .

Proposition 2.7 Let ¢ : R" — R be Lips-
chitz and semiconcave at xg. If O+p(xq) is a
singleton, then ¢ is differentiable at g and

0" ¢(z0) = { Vo(zo) }

In particular, if 0+p(x) is a singleton for all =
near xq, then ¢ is continuously differentiable
at x.



Theorem 2.8 Let K C R" be a conver set,
zg € K and let ¢ : K — R be Lipschitz and
semiconcave at rg. Then for every v

lim inf p(e’+ ') — p(a')
vl = v, h = 0+ h
sz, o +h €K

hv') —

_ i p(zg + hv') — (o)
vl = v, h — 0+ h
o+ hv' € K

In particular, if xg € Int(K), then
O+p(z) = co (8"p(x0))



Proposition 2.9 Let K C R" and ¢ : K —
R be locally Lipschitz. Define the set-valued
map Q) : K ~ R" by:

for all x € K, Q(x) is equal to

! h/ . /
{v| lim inf pla +hv) = p(@) <0
v = v, h = 0+ h
o sz, +meK

Then @ has nonempty images and Graph(Q)
is closed in K x R"™.

Corollary 2.10 Let V : [0,T[xR"™ — R be
locally Lipschitz and semiconcave. Define

oV
o(1,v)
Then ¥ has nonempty images and Graph(¥)
is closed in [0, T[x R™.

U(t,z) = {v |

(t, ) < 0}



VALUE FUNCTION FOR MAYER
PROBLEM

Consider T > 0, a complete separable metric
space U and amap f : R" x U — R"™. We
associate with it the control system

(1) 2t = flz(t),ult), u(t) € U

Let an extended function g : R — RU {+o0}
and &y € R™ be given. Consider the minimiza-
tion problem, called Mayer’s problem:

min {g(z(7T")) | « is a solution to (1), x(0) = &y}

The value function associated with this problem
is defined by: for all (¢, zg) € [0,T] x R"

V(to, zo) = inf{g(z(T)) | 2 solves (1), z(to) = zo}
Define the Hamiltonian H : R™ x R"™ — R by

H(z,p)= sup <p,v>=sup <p,f(z,u) >
ve f(z,U) uelU

In all the results of today lecture it is
assumed that f(z,U) are compact and

for some k£ > 0, f(-,u) is k—Lipschitz for
all u e U.



Lipschitz Continuity of the Value
Function

More generally consider g : R — R U {+o0},
a set-valued map F' : R™ ~ R", & € R" and
the differential inclusion

(2) 2'(t) € F(z(t)) almost everywhere
and the minimization problem
min {g(z(T)) | = solves (2), x(0) = o)}

The corresponding value function is given by: For
all (tg,zg) € [0, 7] x R™,

(3)V (¢, z0) = inf{g((T)) | & € Sy, 71(w0)}
The value function is nondecreasing along solu-

tions to (2): V & € Sy, (o),

Vig<t1 <ta <T, V(ty,2(t1)) < V(to, z(t2))

and satisfies the following dynamic programming
principle: ¥ t € [ty, T,

V(to, mo) = inf {V (£, (1)) | = € Sy, 7y(0)]
Furthermore & € Sy, (2o) is optimal for prob-
lem (3) if and only if V (¢, z(t)) = g(x(T)).

10



Theorem 2.11 Assume that F' is Lipschitz with
compact nonempty images and g s locally Lip-

schitz. Then for every R > 0, there exists
Lpr > 0 such that

i) For all (ty,zq) € [0,T] x Bgr(0) and every
solution = € S[tO’T](Z'())

Vtelt,T), llzt)] < Lg

and the map [tg,T] > t — V(t,z(t)) is abso-
lutely continuous.

Furthermore for almost every t € [tg,T|, the
directional derivative

oV
o(1,(5) " )

does exist.

it) For oll R > 0, V is Lg-Lipschitz on
0,T] x Bg(0)

11



SUFFICIENT CONDITIONS FOR
OPTIMALITY

Theorem 2.12 Assume that g s locally Lips-
chitz and let (ty, zg) € [0,T] x R™. Consider a
solution z € S[to,T](xO)- If for a.e. t € [tg, T,
dp(t) e R”

(4)  ((p(®),2'(1)), —p(t)) € 0LV (¢, 2())

then z 1s optimal.

Proof — The map ¥(t) := V(t, 2(t)) is abso-
lutely continuous. Let ¢t € [tg,T] be such that
the derivatives ¥'(t) and 2/(t) do exist and (4)
holds true. Then

0= {(< p(t), #(t) >, (1)), (1, 2(1))
> DyV(t, 2(t))(1, 2/(t)

, V(Et+h,z(t+h)) —VI(t, 2(t
+ lmupg s, VTR ER) = V(s
This yields that 9 is nonincreasing. Since the
value function is also nondecreasing along solu-
tions, the map t — V/(t, z(t)) is constant. So z
is optimal.

12



NECESSARY AND SUFFICIENT
OPTIMALITY CONDITIONS

Theorem 2.13 Assume that f is differentiable
with respect to x, and g s differentiable and
locally Lipschitz. A trajectory-control solution
(z,1w) with z(tg) = xg is optimal if and only
if the solution p : [tg,T| — R™ to the adjoint
system

/() = (2L (a(0), ute)) 5t6), p(T) = - (a(T)

satisfies the maximum principle

(p(t), f(2(t),u(t)) = H(z(t),p(t)) ae.
and the generalized transversality conditions
(5) (H(2(t), p(t)), —p(t)) € 0+ V (¢, 2(t)) ae.

—p(t) € 04Vy(t, z(t)) for every t € [tg,T]
where 04+Vz(t, 2(t)) denotes the superdifferen-
tial of V(t,-) at 2(t).

Furthermore, if V is semiconcave, then (5)
holds true everywhere in [ty, T).

The map p(-) given by the above theorem is
called the co-state or the adjoint variable
corresponding to the optimal control w.

13



EXPRESSING NECESSARY
CONDITIONS USING
HAMILTONIANS

If H is differentiable, then z, p satisty the Hamil-
tonian system

2/(t) = Gy (2(t), p(1))

P(t) = 95 (2(t),p(t)) ae in [ty T]
Proposition 2.14 Let (z,p) € R" x R™ and
u € U be such that

(p, f(2,u)) = H(2,p)
i) If H(-,p) is differentiable at z, then
oH,K6 af , \*
5, (%P) = (&U(Z,U)) p
i1) If H(z,-) is differentiable at p, then
OH

—8;(271_7) — f(Z7U>

In particular H(z,-) is not differentiable
at zero, when f(z,U) is not a singleton.

14



CO-STATE &
SUPERDIFFERENTIALS OF VALUE

Theorem 2.15 Assume that f is differentiable
with respect to x and g is differentiable and
locally Lipschitz. Suppose further that V (tg, )
is differentiable at xy and let (z,uw) be an op-
timal state-control pair. Then the co-state p
g, T] — R"™ corresponding to (z,u) verifies

{—p(t)} = 04Vi(t, 2(t)) forall t € [ty, T

In particular if V(t,-) is differentiable at z(t),
then
oV

S (t2() = —p(t)

15



HAMILTONIAN SYSTEM AND
OPTIMALITY
Define W (-) = V (tg, ), 0*Vz(ty, xzg) = "W (xg).
Theorem 2.16 Assume f s differentiable with

respect to x, g is differentiable and locally Lip-
schitz, and H is differentiable on R™x(R™\{0}).
Further assume that the sets f(x,U) are con-

ver and for every R > 0, 4 lp > 0 such that
for all x,y € RB and p,q € RB\%B

IVH(z,p) — VH(y,q)l < Rz — yll+|lp — qll)
Let (tg,xzg) € [tg, T] x R™ and py # 0 be such
that —pg € O Vi(ty,zg). Then the Hamilto-
nian system

/() = Y(x(t),p(t),  w(to) = =0

/() = =L (x(t),p(t)),  plto) = po

p(t) # 0 forall t € [tg,T]
has a unique solution (z(-),p(-)) defined on [tg, T).
Moreover z(-) is optimal.

Furthermore, if Vg(-) is continuous at z(T),
then p(-) is the co-state corresponding to z(-).

16



UNIQUENESS OF OPTIMA AND
DIFFERENTIABILITY OF VALUE

Theorem 2.16 yields that if 0V (tg, z¢)\{0} is
not a singleton, then optimal solution is not
unique. We prove a similar statement under less
restrictive regularity assumptions on H(z, ).

Theorem 2.17 Assume that g € C’l, f s dif-

ferentiable with respect to x, f(x,U) are con-

vexr and %é,[ 18 continuous.

Further assume that for every R > 0, there
exists g > 0 such that

OH OH

Va,y,p € BB, |- ——(x,p) ——(f)—(y p)

<Igl|lz -y

If the Mayer problem has a unique optimal
solution z, then for all t, O*Vi(t, 2(t)) is a
singleton and V' (t,-) is differentiable at z(t).
Theorem 2.18 We posit all hypothezis of The-
orem 2.16 and we assume that g € C1. Then
V (tg, ) is differentiable at z( with the deriva-

tive different from zero if and only if
there exists a unique optimal solution z

satisfying Vg(z(T)) # 0.

17



SEMICONCAVITY OF VALUE

We assume the following

IHWZR_FXR_Fl—)R_{_, VTSR,SSS,
w(rr? 8) < W(Ra S)a hms—)O—I—w(R: S) =0

IVR>0,21,29 € Bp(0),u € U
191 (21, u) — (29, w)|| < w(R, ||z — z9|)

g : R" — R is semiconcave, loc. Lipschitz
(6)

Theorem 2.19 Assume (6). Then the value
function is semi-concave on [0,T] x R™.

Example Consider the control system
k
t' = folz) + X fil@)ui, u; € [a;b]

If f; € C1 for all i > 0, then (6) holds true. Fur-
thermore f(x,U) is convex and compact, where
U = [al,bl] X oo X [ak,bk] and

flz,ug,...,ux) = folz) + zélfz'(w)uz’

18



DIFFERENTIABILITY ALONG
OPTIMAL SOLUTIONS

Theorem 2.20 Under assumptions of Theo-
rem 2.17, suppose that the Mayer problem has
a unique optimal solution z and V' is semicon-
cave. Then V is differentiable at (t,z(t)) for
all t € [ty, T).

Corollary 2.21 Under hypothezis of Theorems
2.16, assume that g is continuously differen-
tiable and V is semiconcave. Then V(-,-) is
differentiable at (tg, o) with the partial deriva-
tive %%(to,:co) different from zero if and only
if there exists a unique optimal solution

z satisfying Vg(z(T)) # 0.

Theorem 2.22 Assume that V' is semiconcave,
g 18 conver and

Graph(f(-,U)) is convex

Then V (t,-) is convex and V is continuously
differentiable on [0,T] x R™.

19



OPTIMAL SYNTHESIS
The optimal synthesis is a mapping u : [0,T] X
R"™ — U, ie. u(t,x) € U such that for every
(tg, zg) € [0, T] x R™ the solution z(-) to
v = f(x,u(t, 1))
z(ty) = o
is optimal, i.e. V(tg, xg) = g(z(T)).

BUT

e The optimal feedback may be discontinuous

e [t may be not unique

Example For instance for g(y) = —|y| and
the control system
' =wu, uel[-1,1]

Set ,

+1 if >0

G(z) =1-11if z<0

{-1,+1} if z=0
Then z(-; to, g, u) is optimal if and only if

2'(t) € G(z(t)) almost everywhere

20



OPTIMAL FEEDBACK

We introduce the following feedback map G :
0,7 x R®" ~ R™ V (t,x) € [0,T] x R"

oV
d(1,v)
(notice that the sets G(t,x) may be empty.)
Theorem 2.23 Assume that F' is Lipschitz and
g s locally Lipschitz and let ty € [0,T]. The

following two statements are equivalent:
i) x is a solution to the differential inclusion

(7)  2'(t) € G(t,z(t)) ae. in [ty,T]
1) x € Sy, 11(@0) and V (¢, z(¢) = g(z(T)).

Proof — Fixz € S, myandset p(t) = V (¢, z(t)).
Then ¢ is absolutely continuous and for a.e. t €
[t0, T

G(t,x) =1{v € F(x) | (t,z) =0

PO = gt alt)

Assume that ¢) holds true. Hence, for almost
every t € [tg,T], the set G(t,x(t)) is nonempty
and ¢'(t) = 0 almost everywhere in [t, T].

21



Corollary 2.24 A solution « € Sy, 1(20) s
optimal for the problem

inf{g(2(T)) | = € Sy, 1(z0)}

if and only if it is a solution to the differ-
ential inclusion

z'(t) € G(t,z(t)) ae. in [ty, T
satisfying the initial condition x(ty) = xg.

The set-valued map G may be very-very ir-
regular. In the true (and most) nonlinear cases

e (5 is not single-valued
e the sets G(t, x) are not convex

e G(t,-) is not locally Lipschitz and even not
upper semicontinuous

However if f, g are sufficiently smooth (C1), G
1S upper semicontinuous.

22



REGULARITY OF OPTIMAL
FEEDBACK

The feedback map is defined by
oV
—(t
8(1, U) ( ) :U)
Theorem 2.25 If V' 1is semiconcave, then G

has compact nonempty images and its graph
is closed in [0, T|x R"™.

G(t,z) ={v € F(x) | =0

Corollary 2.26 If in addition G s single-valued
on a subset K C [0,T[xR", then the map
K > (t,z) — G(t,x) is continuous.

Theorem 2.27 IfV € C! on [0, T]x R", then
G has convexr compact itmages and s upper
semicontinuous. Furthermore, if for every x
the set f(x,U) s strictly convex, then G is
single valued and continuous on the set

(t.2) € D.TxR"| O (t,2) # 0
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