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HAMILTON-JACOBI-BELLMAN
EQUATION
FOR PROBLEMS UNDER
STATE-CONSTRAINTS
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MAYER’S PROBLEM UNDER
STATE CONSTRAINTS

Consider the optimal control problem
 Minimize g(z(1))

over z € WH1([0,1]; R") satisfying
7'(t) € F(t,z(t)) ae. tel0,1],
z(t)e K Vitelo1],

|2(0) = =,

A

(P)

the data for which comprise: a function ¢ : R"
R U {400}, a set-valued map F': [0,1] x R™ ~»
R", a closed set K C R™ and 25 € R™.

Solutions of the above differential inclusion sat-
isfying the constraints of (P), are called feasible
arcs (for (P)).

Note that, since g is extended valued, (P) in-
corporates the endpoint constraint:

z(l) e C
where C' := dom g.
The Hamiltonian H is defined by

H(t,z,p)= sup <p,v>
veF (t,x)
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Denote by V : [0,1] x K — R U {+o0} the
value function for (P):

for each (¢t,x) € [0,1] x K, V(t ) is defined
to be the infimum cost for the problem

 Minimize g(y(1))

over y € WHi([t, 1]; R™) satisfying
(Pra) {4'(s) € Fis,y(s)) ae. s€lt,1],
y(s) e K Vseltl],

y(t) =

Thus
V(t,z) = inf(Py ).
(If (P¢ z) has no feasible arcs, V (¢, z) = +00.)
The Hamilton-Jacobi-Bellman Equation (HJB)
in the constrained case is :

8V 4+ H(t,x, _8_V) 0, (t,z) €]0,1[xIntK

V(l,z) =g(x) forz € K

To get uniqueness of solutions to the above PDE
in the constrained case we are led to impose some
kind of constraint qualification on the dynamic
constraint at boundary points of the state con-
straint set.



We restrict attention to a special class of state
constraints sets, namely a finite intersection of
smooth manifolds. It is assumed that the state
constraint set K 1s expressible as

K = ﬂg___l{ax :hi(z) <0}
for a finite family of C1! functions
{h; :R" = R}§:1

(C11 denotes the class of C! functions with lo-
cally Lipschitz continuous gradients.)
The “active set” of index values I(x), at a point

x € bdy K, is
I(x) ={j€(1,...,r): hj(x) =0}

Recall the notations a V b = max{a, b} and a A
b = min{a, b} for all real numbers a, b. We write

ht(z) = (jzrln%%. Thj(a:)) V 0.

Whl([a,b); R™) denotes the space of absolutely
continuous n-vector valued functions on [a, b], with
norm

2llyra = lle(@)]| + g |12 (2)]|dt.
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NEIGHBOURING FEASIBLE
TRAJECTORIES THEOREM

Theorem 6.1 Fiz rg > 0. Assume that for
somec>0,a>0andk(-) € L :

(i) F' has nonempty closed images and F(-,x)
1s measurable for all x

(1)) F(t,x) C c(1+]|z|)B V (t,z) € [0,1]xR"
(i11) F(t,-) is k(t)— Lipschitz for a.e. t € [0, 1]
Assume furthermore 4 o > 0 such that
CQ’ Miny e p(¢ r) MaXje () VRj(2) v < —a
Ve B(0,e(rg+c)) Nbdy K, t € [0,1].

Then there exists a constant 9 (which depends
on rg, ¢, o and k € L) with the following
property: given any ty € [0,1] and any & €
Sjto,1] such that z(tg) € B(0,m9) N K, an x €
S[to,l](i’(t())) can be found such that

z(t) e K Vtelty,1]
and

1z = 2y, 1.8m) < 9 A T (2(t)).
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In the case F is continuous, condition (CQ) ’ is
implied by the condition

min = max Vhj(z) v <0
veF (t,x) j€l(x)
Ve B(0,e(rg+c)) Nbdy K, t € [0,1].

CONSTRAINED
HAMILTON-JACOBI-BELLMAN
EQUATION

To investigate uniqueness of solutions in the
constrained case we assume :

(H1) F is a continuous set-valued map, with non-
empty, closed, convex images

(H2) There exists ¢ > 0 such that
F(t,z) C c(1+||z|)B V (t,z) €[0,1]]xR"

(H3) 3 k € L! such that F(t,-) is k(t)—Lipschitz
for almost all ¢ € [0, 1]

(H4) g is lower semicontinuous.

(CQ)Vx € K andt € [0, 1] thereexistsv € F(t,x) :
vjeI(z), Vhj(z) -v>0.
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Theorem 6.2 Let V : [0,1]x K — RU{+00}.
The assertions (a)-(c) below are equivalent:

(a)V is the value function for (P).
(b) V is lower semicontinuous and
(1) V (t,z) € ([0,1[x K) Ndom V

' <
vejl?ir‘l(gf,x) DyV(t,z)(1,v) <0

(11) V (t,z) €]0,1] x int K) Ndom V

sup D4V (t,z)(—1,—-v) < 0
veF (t,r)

(i) Ve e K, V(1,z) = g(x)

liminf V(t,2) =V(1,z)
{({t' ) —(1,z)t'<1, 2'€int K}

(c)V 1is lower semicontinuous and
(1) V (t,z) € (]0,1[xint K) Ndom V,

V (pt,pz) € 0-V(t,2), —ptt+H(t,z,—py) =0
(ii) ¥ (t,x) € (]0,1[xbdy K) Ndom V,

V (pt,pz) € 0-V(t,z), —pitH(, 2, —ps
(i43) lim inf gy oy (0 2)e>0r V(E, ) =V

lim inf{(t’,x')—)(l,x):t’<l, ' cint K} V(t,, :L',) —
V(1,z) = g(x) for allz € K.
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Example Consider the constrained problem
' Minimize g(z(1))
r'(t) € F(t,z(t))
z(t) e K
k ZL’(O) = X0,
in whichn =1, g(z) =z, F(t,z) = {1}, K =
{z:2 <0}, 29g=0.
By inspection

+00 ifx > —(1-1t)
z+(1—t)ifz < —(1—1

The hypotheses for application of Theorem 6.2
are satisfied, including the outward-pointing con-
straint qualification (CQ). Theorem 6.2 therefore
tells us that V is the unique solution of (HJB)
(in the sense specified).

Notice that V(t,z) = 400 at some points in
0,1] x K, despite the fact that g is everywhere
finite valued (no endpoint constraints).

V(t,z)=



Lemma 6.3

(i) Take any point x1 € K. Then there exists
6 €l0,1] and a solution y : [1 — §,1] — R"
such that y(1) = 1 and

y(t) eint K Vte|[l-94,1]

(11) Take any tg € [0,1] and any solution x :
to, 1] = K. Take also a sequence of points
{(73,&)} in [tog, 1| xint K such that (75, &) —
(1,z(1)). Then there exists a sequence of
solutions {x; : [tg, 5] — R"} such that
zi(Ti) = &

r;(t) e it K Vteltn], i=12,...
and

[|lzi — 2| ooty 7, R — 0 as @ — oo.

Proof. According to (CQ), there exists v €
F(1,z1) and o > 0 such that
Vhj(z1) v>a Vjel(r)

For some § €]0, 1 — tg], whose magnitude will be
set presently, define

z(t)=x1— (1L —t)v forte|l—4,1].
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By Filippov’s Theorem, there exists a solution
x:[1—9,1] = R" such that (1) = z; and
|z(t) = 2(t)[| < exp{fy kK(t)dt} | dp(s (s))(v)ds
for all ¢t € [1—9,1]. We deduce from the continu-
ity of (t,z) ~ F(t,x) and the continuous differ-
entiability of the h;’s that there exists a function
n: RT — R" such that n(6) L 0 as 6 } 0,

|z(1 —s) — (z1 — sv)|| < n(s)s for s €0,0]
and

hj(@(1=5)) < hy(e1)+Vhj(z)(e(1—s)—a1)}+n(s)s

for all s € [0,0]. But then, since hj(z1) = 0
for all j € I(x7), there exists M (M does not
depend on s) such that

hi(z(1—s)) < —sVhj(z1) - v+ Mn(s)s
for all j € I(z1). Hence Vs € [0,6], j € I(z;)
1
Dhjla(t - 5)) <+ Mo
It follows that, if we now choose ¢ such that
Mmn(6) < a, then hj(x(t)) < 0for all j € I(xy).
Since hj(z1) < 0 for all j ¢ I(z1), we can ar-

range, by a further reduction in the size of 9,
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that

je?ll??.{,r} hi(z(t) <0 Vtell-4,1]

(ii) Define the sequence of positive numbers
Vi = (—jﬂ?fir h](fz)) AN(E~") fori=1,2,...
Since {£;} C int K and (CQ) holds true, it fol-

lows that v; > 0 for all 2. Clearly ~; | 0. For
each ¢ define

h;(x) == h](a:) + ;-

Apply the time dependent version of Filippov’s
Theorem to ' € F(t, ), taking as reference tra-
jectory x restricted to [tg, 7;]. This yields a so-
lution y; : [tg, 73] — R satisfying y;(7;) = &
and

Hyi_x“LOO([tO,Ti];R”) < exp{/()l k(t)de}||z(r;)—&|l

Since (z(7;) — &) — 0 as © — oo, we conclude
that

(1) My = @l poo(fty,r)) = 0 as i — oo
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By the comments following the statement of

Theorem 6.1, (CQ) yields (CQ)’. So we deduce
from Theorem 6.1 applied to the set-valued map

— F that there exists ¥ > 0 and a sequence of so-
lutions {z; : [tg, 73] — R"} such that x;(7;) = &;
and for ;2 =1,2,...

|yi — @il| Loo(jtg,rRP) <

+
¢ | max max h;(y;(t)) + v;

tE[to,TZ] J
hi(zi(t) +v; <0 Vi€ lty,n], 5 €l(z;(t))
This means that
r;(t) et K Vtety,n],i=12,...

Since hj(z(t)) < 0 for all t € [0,1], we deduce
from (1) that

|z; — xHLOO([t(),TZ']) — 0 as1 — oo.
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In the next lemma, reference is made to the
d-tube about Z : [tg, 1] — R™

Ts(z) = {(t, ) € [to, 1] xR : |lz—Z(t)|| < &}

Lemma 6.4 Take [tg,t1] C [0,1], a solution

T [tg, t1] = R™, § > 0 and a lower semicon-

tinuous function V : [ty, t1] x R™" — RU{+o0}

such that ¥ (t,x) € Ts5(T) with t < t;

V (pt,pz) € 0-V(t, ), —pt + H(t,z,—pz) <0
Then, for any tog <t <t <,

V(e z(t)) < V(" 2(t"))

Proof. We deduce in the same way as for the
unconstrained case, that

V(e z(t) < V(" z(t"))

The fact that ¢’ < ¢; (strict inequality) is im-
portant here, since no regularity hypotheses have
been imposed on t — V/(t,-) at t = ¢1.
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Proof of the uniqueness theorem 6.2

(a) = (b). The value function V is lower semi-
continuous by the same arguments as before.

Under the hypotheses, (t,z) € dom V implies
that (P¢ ;) has a solution. It is a straightforward
matter to show that, if y is a minimizer for (P ;),
then s — V(s,y(s)) is constant on [¢, 1]; b(i) can
be deduced from this property.

It can also be shown that, if y : [t,1] - R™isa
solution satisfying the constraints of (P¢ ), then
s — V(s,y(s)) is non-decreasing on [t, 1]; b(ii)
can be deduced from this latter property.

Since V' is lower semicontinuous, it remains only
to verify that for all z € K

liminf V(' ) <Vv(1,z)

{(t',x")—=(1,z)t'<1l,2’eint K}

Lemma 6.3 tells us that there exists § €]0, 1] and
a solution y : [1—46,1] — R™ such that y(1) = x
and

y(t) eint K Vte[l—9,1]

But V(t,y(t)) < V(1,x), a basic monotonicity
property of the value function. Since y is contin-
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uous,

liminf V(' ) <
{(tx")—(1,x)t'<1, x'€int K}

limsup V (t,y(t)) < V(1,z).
1

as required.

(b) = (c). This implication is a consequence du-
ality relationships between 0V and D4V

(c) = (a). Assume that V satisfies (c). Take any
ro € K and ty € [0, 1].

Step 1: We show that
2 Vitgeo) 2 inf(Py).

This inequality holds true if V(tg, zg) = +oo0.
So we assume that V(tg, zg) < +o00.

Notice that, since dom V' C K, conditions c(i)
and c(ii) imply

V (t,x) €]0,1[x K, V (pt,pz) € O_V (¢, x)
—Dt + H<t7 X, —px) S 0
and

lim inf V') =V(0,z) VzeR"”
{(#,2)=(0,2):t'>0}
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(We here regard V' as a function on [0,1] x R"
which takes value +oco at points (¢, x) ¢ [0, 1] x
K.) But then we deduce by applying the same
arguments as in the unconstrained case the ex-
istence of a solution x : [ty, 1] — R™ such that
z(tg) = zg and

V(tg,zg) > V(t,z(t)) Vte lty1].

This inequality implies that V (¢, z(t)) < 400
for all t € [tg, 1]. Since dom V' C K, we conclude
that x(-) satisfies the state constraint. It also
implies that

V(to,20) > V(1,2(1)) = g(z(1)) > inf(Py ).
This is the required inequality.
Step 2: We show that
(3) V(tg,zg) < inf(Pyy )

This will complete the proof, since (3) combines
with (2) to give V (tg, zo) = inf( Py, 4,).
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Inequality (3) is automatically satisfied if
inf( Py, z,) = +00. So we assume that it is finite.
In this case, inf( Py, 4,) is the infimum of g(z(1))
over all feasible arcs of (Py, 4,). It therefore suf-
fices to show that

V(to, mo) < g(2(1)),

where Z € WH1([tg, 1]; R™) is an arbitrary feasi-
ble arc of (Py, z,)-
By hypothesis,

9(2(1)) = {(T,f)—)(l,:i’l%?)l)%rrlil,feint K} Vi ¢)

There exists, therefore, a sequence {(7;,&;)} in
9, 1) x int K such that £ — Z(1) and

(4) Vi(7i, &) — g(z(1)).
Lemma 6.3(ii) asserts the existence of a sequence
of solutions x; : [ty, ;] — R"™ such that x;(7;) =
i

z;(t) €eint K VYt € |ty 7
and

(5) lz; — Z|| poo(jty, R = 0 as @ — oo.
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Filippov’s Theorem tells us that x; can be ex-
tended to all of [tg,1] (we write the extension
also ;) as a solution to our differential inclusion.
Choose o; €]7;, 1] and €; > 0 such that

z;(t) + B Cint K Vite [t0, 03]

Now apply Lemma 6.4 with o; = t1 and T = z;
to conclude that

V<t07 xz(t())) < v<7-i7 gz)

It follows from (4), (5) and the lower semiconti-
nuity of V' that

V(to, o) = V (t0, Z(to)) < liminf V (2o, z;(to))
< lim V(r;, &) = g(2(1))

as required.
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EXERCISES.

In all exercises we impose all the assumptions
of Theorem 6.1.

1. Assume that g is continuous on K. Show
that the value function of the problem
| Minimize g(y(1))
over y € WHi([0,1]; R™) satisfying
y'(s) € F(s,y(s)) ae. sel0,1],
y(s) € K Vselo,1],

N

y(0)=1z
coincides with the value function of the relaxed
problem

' Minimize g(y(1))

over y € WhH1([0,1]; R™) satisfying
'1/(s) € coF(s,y(s)) a.e. se€l0,1],
y(s) e K Vselo,1],

y(0) =2

and that V' is continuous on [0,1] x K.

2. Assuming that g is locally Lipschitz on K,
show that in this case V is locally Lipschitz on
0,1] X K.
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3. Show that if g is continuous on K, then the
value function V satisfies the following properties

(i) V (t,x) € (]0,1[xint K) Ndom V/,
V (pt, pz) € 04V (¢, z) |
—pt + H(ta Ly _pSL') < 0.

(ii)) V (t,x) € (]0,1[x K) Ndom V,
V (pt,pz) € 0-V (i, z)

—Dt T H(tv £, —px) Z 0

4. Show that if W is continuous on [0,1] x K,
satisfies the boundary condition W(1,-) = ¢ and
the above properties (i), (ii), then W is the value
function.

5. State and prove a relaxation theorem under
state constraints.
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