
united nations
educational, scientific

and cultural
organization

the

international centre for theoretical physics

international atomic
energy agency

SMR1327/5

Summer School on Mathematical Control Theory
(3 - 28 September 2001)

Value Function in Optimal Control

Helene Frankowska
CNRS, CREA

Ecole Polytechnique
1, rue Descartes

75005 Paris
France

These are preliminary lecture notes, intended only for distribution to participants

strada costiera, I I - 34014 trieste italy - tel. +39 0402240 I I I fax +39 040224163 - sci_info@ictp.trieste.it - www.ictp.trieste.it





SUMMER SCHOOL ON MATHEMATICAL
CONTROL THEORY

ICTP, TRIESTE, September 2001

Value Function in Optimal
Control

Helene Frankowska
CNRS, CREA,

ECOLE POLYTECHNIQUE
1, rue Descartes, 75005 PARIS, FRANCE





Contents

Set-Valued Analysis 7
1.1 Preliminaries 9

1.1.1 Limits of Sets 9
1.1.2 Tangent and Normal Cones to a Subset . . . . 10
1.1.3 Generalized Differentials of Nonsmooth Func-

tions 11
1.1.4 Semiconcave Functions 13
1.1.5 Subnormal Cones to the Epigraph 17

1.2 Regularity of Set-Valued Maps 18
1.3 Differential Inclusions 27

1.3.1 Filippov's Theorem 28
1.3.2 Relaxation Theorems 31
1.3.3 Infinitesimal Generator of Reachable Map . . . 34
1.3.4 Variational Inclusions 36
1.3.5 Viability Theorem 37

1.4 Parametrization of Set-Valued Maps 38

Control Systems and Differential Inclusions 41
2.1 Nonlinear Control Systems 43

2.1.1 Reduction to Differential Inclusion 44
2.1.2 Linearization 46

2.2 State Dependent Control Systems 47
2.2.1 Reduction to Differential Inclusion 47
2.2.2 Linearization 48

2.3 Linear Implicit Control Systems 50
2.4 Nonlinear Implicit Control Systems 53

2.4.1 Reduction to Differential Inclusion 53



2.4.2 Linearization of Implicit Systems 55

Value Funct ion of Mayer's P r o b l e m 57
3.1 Value Function 60

3.1.1 Mayer and Bolza Problems 60
3.1.2 Lipschitz Continuity of the Value Function . . 62
3.1.3 Optimal Feedback 65

3.2 Maximum Principle for Free End Point Problems . . . 67
3.2.1 Adjoint System 67
3.2.2 Maximum Principle 70

3.3 Necessary and Sufficient Conditions for Optimality . . 72
3.3.1 Sufficient Conditions 72
3.3.2 Necessary and Sufficient Conditions 73
3.3.3 Co-state and Superdifferentials of Value . . . . 76
3.3.4 Hamiltonian System 78
3.3.5 Uniqueness of Optimal Solution and Differen-

tiability of Value Function 81
3.4 Semiconcavity of Value Function 82

3.4.1 Differentiability along Optimal Solutions . . . . 87
3.4.2 Regularity of Optimal Feedback 88

Hamilton-Jacobi-Bellman Equation 91
4.1 Solutions to Hamilton-Jacobi Equation 92
4.2 Lower Semicontinuous Solutions 96

4.2.1 Lower Semicontinuous & Contingent Solutions 96
4.2.2 Monotone Behavior of Contingent Solutions . . 99
4.2.3 Value Function & Contingent Solutions . . . . 103
4.2.4 Regularity of Value Function at Boundary Points 104

4.3 Viscosity Solutions 106

Value Function of Bolza Problem and Riccati Equa-
tions 111
5.1 Matrix Riccati Equations and Shocks 114
5.2 Matrix Riccati Equations 122

5.2.1 Comparison Theorems 122
5.2.2 Existence of Solutions 125

5.3 Value Function of Bolza Problem 126
5.3.1 Maximum Principle 128



5.3.2 Differentiability of Value Function and Unique-
ness of Optimal Solutions 130

5.3.3 Smoothness of the Value Function 132
5.3.4 Problems with Concave-Convex Hamiltonians . 137

Hamilton-Jacobi-Bellman Equation for Problems un-
der State-Constraints 141
6.1 Constrained Hamilton-Jacobi-Bellman Equation . . . . 143
6.2 A Neighbouring Feasible Trajectories Theorem . . . . 145
6.3 Proof of the Main Theorem 152





Chapter 1

Set-Valued Analysis

This chapter is concerned with the differential inclusion (multivalued
equation):

x'(t) e F(t,x(t)), x(t0) = xo (1.1)

Its investigation was initiated in the thirties by the Polish and French
mathematicians Zaremba in [42], [43] and Marchaud [31], [32].

Control theory motivated the renewal of the interest to the differ-
ential inclusion (1.1) in the earlier sixties. Filippov [14] and Wazewski
[41] have shown that under very mild assumptions the control system

x — /(£, x,u(t)), u(t) G U is measurable, x(to) = XQ (1.2)

can be reduced to differential inclusion (1.1). This placed control sys-
tems in the framework of ordinary differential "equations" with the
difference that the right-hand side of these equations is multivalued.

However, very fortunately, the development of differential inclu-
sions followed the same route that ODEs. There are existence results
of Peano and Cauchy-Lipschitz type. When F is Lipschitz, then so-
lutions depend on the initial condition in a Lipschitz way. We can
as well differentiate solutions with respect to the initial condition
(and to obtain variational inclusions instead of variational equa-
tions.) The only, but very important difference, is due to the fact
that the solution to (1.1) is a set (of absolutely continuous functions
x(-) starting at XQ and satisfying x'(t) E F(t,x(t)) almost every-
where.) For this reason the set-valued analysis arguments [5] have
to be used in an essential way to investigate differential inclusions.
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In Section 1 we recall Painleve-Kuratowski limits, tangents to sets
and generalized derivatives of functions and in Section 2 definitions
concerning regularity and differentiation of set-valued maps that we
shall use. We also gather some results on measurability and integra-
tion. The detailed study of these topics can be found for instance in
[5].

Section 3 is devoted to differential inclusions. We start by the
fundamental Filippov theorem and its applications. This is more
than an existence theorem d la Cauchy-Lipschitz, but implies the
same kind of consequences than the Gronwall inequality. In par-
ticular, we can compare solutions under perturbations of dynamics
and/or initial conditions, and, in this respect, this theorem is par-
ticularly useful. We also discuss there a result due to Filippov and
Wazewski which states that solutions to (1.1) are dense in solutions
to the relaxed differential inclusion

x'(t) e coF(t,x(t)), x(t0) =

This allows to extend the concept of infinitesimal generator to set-
valued semigroups (reachable maps) and also to derive variational
inclusions by differentiating solutions with respect to initial condi-
tions.

Finally we state the very useful viability theorem for problems
under state constraints. See [4] for many results of this theory.

A natural question do arise:

Can differential inclusion (1.1) be reduced to control system (1.2)?

This is not true in general and examples of "nonconvex" dif-
ferential inclusions justify their study in the nonparametrized form.
However, the answer is positive when F has convex images.

We state in Section 4 some theorems concerning parametrization
of set-valued maps. Most of the results of this section are provided
without proofs.
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1.1 Preliminaries

1.1.1 Limits of Sets

Let X be a metric space supplied with a distance d. When if is a
subset of X, we denote by

:= d(x,K) := inf d(x,y)
yeK

the distance from x to K, where we set d(x, 0) := +oc. Limits of
sets have been introduced by Painleve in 1902, as it is reported by
his student Zoretti. They have been popularized by Kuratowski in
his famous book TOPOLOGIE and thus, often called Kuratowski lower
and upper limits of sequences of sets.

Definition 1.1.1 Let (Kn)ne^q be a sequence of subsets of a metric
space X. We say that the subset

Limsupn^ooi;Cn := Ix G X | liminf d(x,Kn) — 0 \

is the upper limit of the sequence Kn and that the subset

\Ammin-+00Kn := {x E X | limn_>ood(z, Kn) = 0}

is its lower limit. A subset K is said to be the limit or the set limit
of the sequence Kn if

K =

Lower and upper limits are obviously closed. We also see at once
that

Liminf^ooi^ C Limsupn^ooi;fn

and that the upper limits and lower limits of the subsets Kn and of
their closures Kn do coincide, since d{x)Kn) — d(x,Kn).

Naturally, we can replace N by a metric (or even, topological)
space X, and sequences of subsets n ̂ > Kn by set-valued maps x ^
F(x) (which associates with a point x a subset F(x)) and adapt the
definition of upper and lower limits to this case, called the continuous
case.
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1.1.2 Tangent and Normal Cones to a Subset

We begin with a presentation of the contingent cones:

Definition 1.1.2 (Contingent Cones) Let K C X be a subset of
a normed vector space X and x G K belong to the closure of K. The
contingent1 cone TK{X) is defined by

K — x
TK(X) := {v | liminf dx(x + hv)/h = 0} = Li

It follows from the definition that TK{X) is a closed cone.
It is very convenient to have the following characterization of this

cone in terms of sequences:

\ v E TK(X) if and only if 3 hn -» 0 + and 3 vn -> v
I such that Vn, x + hnvn G K

It implies that when K is convex, TK{X) — UA>O M& ~ x)- We also
observe that

if x e Int(if), then TK(x) = X

This situation may also happen when x does not belong to the inte-
rior of K (see Figure 1.1.)

We shall need the following very useful theorem.

Theorem 1.1.3 Let X be a finite dimensional vector-space and K
be a closed subset of X. Then for every x G K

iniy^KXco(TK{y)) C TK{x)

See for instance [5] for the proof.

Definition 1.1.4 (Subnormal Cones) Let K C X be a subset of
a normed vector space X and x G K belong to the closure of K. The
subnormal cone N^(x) is defined by

N^(x) := {p G X* | < p,v >< 0 V v G TK(x)}

the Latin contingere, to touch on all sides, introduced by G. Bouligand
in the 30's. This term was already used by R. Descartes, in a 1638 letter to
Mersenne criticizing P. de Fermat's method on tangents.
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Figure 1.1: Contingent Cone at a Boundary Point may be the Whole
Space

\ °

Subset K such that TK(0) = X

1.1.3 Generalized Differentials of Nonsmooth Functions

Definition 1.1.5 Let X be a normed vector space, tp : X i—> R U
{zboc} be an extended function and XQ G X be such that (p(xo) ^ ±oo.

T/ie superdifferential of if at XQ is the closed convex set defined
by:

d+(p(x0) = limsup
\X — XQ\

0

where < •, • > denotes the scalar product.
The subdifferential is defined in a similar way:

d-ip{x0) = liminf
X-+XQ

ip(x) - - <p,x - x0 > 0
\X-XQ\

We always have d+tp(xo) = — d_(--</?)(#o).
The super and subdifFerentials may also be characterized using

contingent epiderivatives:

Definition 1.1.6 Let X be a normed vector space, (p : X i—> R U
{±00} be an extended function, v G X and xo G X be such that
ip(x0) ^ ±00.
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The contingent epiderivative of cp at XQ in the direction v is given
by

D+ip(xo)(v) = hminf

contingent hypo derivative of <p at XQ in the direction v by

^ o ) ( v ) = hmsup

Clearly

By a direct verification D^-cp(xo) is a lower semicontinuous map tak-
ing its values in RU {±00} whose epigraph is equal to the contingent
cone to the epigraph of ip at (#0, ip(xo)).

When cp : R n 1—> R is Lipschitz at #0, then the contingent epi and
hypo derivatives are reduced to the Dini lower and upper derivatives:

r • r ^(xp + hv) - cp(x0)— limmf
h

and
n / w x rDiip(xo){v) = hmsup

h0

Proposition 1.1.7 [5] Let (p : Rn \-> R U {±00} be an extended
function. Then

d-<p(x0) = {peRn\ V ^ R n ,

and

VT; G Rn ,

It is not difficult to show that (p is Frechet differentiate at xo if
and only if both super and subdifferentials of cp at XQ are nonempty.
Moreover in this case

d+(p{x0) = d-(p{xQ) =
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Definition 1.1.8 Let ip : Rn i—?• R be Lipschitz at XQ. We denote by
d*(p(xo) the set of all cluster points of gradients Vip(xn), when xn

converge to XQ and ip is differentiate at xn, i.e.,

d*(p(x0) = Limsupa._>a.o { V<p(x) }

Proposition 1.1.9 (Clarke) / / d*cp(xo) is a singleton, then ip is
differentiate at XQ.

See [11, p.33] for the proof.

1.1.4 Semiconcave Functions

Definition 1.1.10 Consider a convex subset K ofHn. A function
ip : K H-> R is called semiconcave if there exists uo : R + x R + H-> R +

such that

V r < R, V s < S, u{r, s) < u{R, S) & lim u(R, s) = 0 (1.3)
5^0 +

and for every R > 0, A G [0,1] and all x,y G K H RB

X)\\x-y\\ u>(R, \\x-y\\)

We say that ip is semiconcave at XQ if there exists a neighborhood of
XQ in K such that the restriction of ip to it is semiconcave. We call
the above function uo a modulus of semiconcavity of ip.

Observe that every concave2 function ip : K H> R is semiconcave
(with UJ equal to zero.)

Exercises

1. Let K be a convex subset of R n and ip : R n ^ R b e continu-
ously differentiate on a neighborhood of K. Show that the restric-
tion of ip to K is semi-concave.

2. Consider a subset K of R n and define the function ip : R n H-»
R + by ip(x) — dist(x, K)2. Show that ip is semiconcave.

2 Recall t h a t a function tp : K H-> R , where K is a convex subset of a vector
space, is called concave if for all x,y £ K and A G [0,1], ip(\x + (1 — X)y) >
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3. Show that a continuous semiconcave function cp : Rn »-> R is
locally Lipschitz. •

In general a Lipschitz function does not have directional deriva-
tives. Our next result implies in particular that for a semi-concave
function, the directional derivatives exist.

Theorem 1.1.11 Let K C R71 be a convex set, XQ G K and let a
function (p : K \—> R be Lipschitz and semiconcave at x$. Then for
every v G TK(x0)

liminf ^ ' + hv')-^X')

v' -> v,h -» 0+ h

xf ->/< x0, x1 + hv1 e K

hv1) -

vf -> v , h -> 0 +
x0 + hvf e K

In particular, if XQ G Int(if),

= co (d*<p(x0)) (1.4)

(Clarke's generalized gradient of ip at XQ), where co states for the
convex hull Furthermore, setting cp — —oo outside of K, for all
x0 G K

L i K ) X 0 d+(p{x) C d+cp(x0)

Proof — It is enough to consider the case \\v\\ < 1. Fix such
v and let 8 > 0 be so that (p is semiconcave on K fi .82 (̂XQ) with
semiconcavity modulus CJ(-) := CJ(25, •). Let x G If Pi ^ (xo) . Then
for all 0 < h\ < h<i < S such that x + h^v G K we have

Consequently,

>
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and we proved that for every x E K fl Bs(xo) and all 0 < h! < h < 5,

Thus for every 0 < h < 6

^ <p{x) _

h! -+ 0+ h h

v1 —> i?

.x + /iV G K

Taking lim sup in the right-hand side of the above inequality when
x — xo, we deduce that

hv') - (p(x0)

h -> 0+,vr -> v h

x0 + hvr E K

does exist. Fix e > 0 and 0 < A < 5. From the Lipschitz continuity
of tp it follows that there exists 0 < a < 8 such that for all x E
K fl Ba(x0) and v' E Ba(v)

Xv) - (p(xQ) (p{x + A^) - cp(x)
~ AA ~ A

where #o + AD G K, x + Av' E if. Thus, using (1.5), we obtain that
for all sufficiently small a > 0,

Xv) - (f{x0)
A

inf rt* + W)-y(s) + ^ #|

x + hv' E if

Letting £, a and A converge to zero we end the proof of the first
statement. The second one results from the alternative definition of
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Clarke's generalized gradient, i.e. p G co (d*(p(xo)) if and only if for
all v

• r (p(xl + hvf) — (p(xf)
limmf <<P->v >

v1 ^v,h-+0+ h

<jJ —y /£n

To prove the last statement we set cp = — oo outside of K. Con-
sider a sequence xm G lnt(K) converging to xo and a sequence pm G
d+(p(xm) converging to some p. We have to show that p G d+(p(xo).

From (1.4) and the Caratheodory theorem, we deduce that there
exist A™ > 0 and xf1 G Int(K) converging to x$ when m —> oo
such that cp is differentiable at x™ and for all i the sequence
converges to some pi when m -> oo, and for every m, J2i=o

Taking a subsequence and keeping the same notations, we may as-
sume that (AQ\. . . ,A™) converge to some (Ao,...,An). Thus p —
Sr=o ^iPi- Since d+(p(xo) is convex, the above yields that it is enough
to prove our statement only in the case when ip is differentiate at
xm. Fix v G TK(XQ) and consider hm —> 0+ such that xm + hmv G K
and

} y> + I
m

This and the first claim imply that

ip(x0 + hvf) -cp(x0)hmsup — -^ < (p,v)

Hence from Proposition 1.1.7 we deduce that p G d+(p(xo)- O

Proposition 1.1.12 Let <p : Rn n-y R fe Lipschitz and semiconcave
at xo. If d+(p(xo) is a singleton, then (p is differentiable at xo and

In particular, if d+(p(x) is a singleton for all x near XQ, then (p is
continuously differentiable at XQ.



1.1. Preliminaries 17

Proposition 1.1.13 Let (p : Rn \-> R7 xo G Rn. //<£> is Lipschitz at
XQ and both (p and —cp are semiconcave at XQ, then cp is continuously
differentiate on a neighborhood of XQ.

Proof — Since </? and —cp are semiconcave at xo, by Theorem
1.1.11, there exists a neighborhood J\f of XQ such that for all x G M

d+(p{x) = co{d*<p{x)), d-ip(x) = -d+(-<p){x) = -co(d*{-(p)(x))

Hence both d+ip(x) and d-(p(x) are nonempty. Therefore (p is dif-
ferent iable on AT. The conclusion follows from Proposition 1.1.12.
•

We investigate next closedness of the level sets of regularized
lower derivatives.

Proposition 1.1.14 Let K C Rn and (p : K i—> R be locally Lips-
chitz. Define the set-valued map Q : K ^ R n by:

for all x G if, Q(#) is

hminf —̂  r < 0}
v1 -+ v,h ^ 0+ ^

,^7 + hvf e K

Then Q has closed nonempty images and Graph(Q) is closed.

Proof— Clearly for every x, 0 G Q(x). It remains to show that for
every sequence (xn, vn) G K x R n converging to some (x,v) G K x R n

and satisfying vn G Q(xn), we have v G Q(x). Fix such a sequence
and let en —> 0+. Then there exist hn -> 0+, x^ ^/< x, v'n -)- v
such that for every n, ,T^ + hnv'n G if and

( p « + hnv'n) - (p(x'n)

Taking lim inf in the above inequality we end the proof. •

1.1.5 Subnormal Cones to the Epigraph

Recall that
(1-6)
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where £p denotes the epigraph.
The subnormal cone to £p((p) at (XO,.<P{XQ)) is given by

Thus

Proposition 1.1.15 Le£ </p : Rn «->• R U {±00} and XQ G Dom(^).
e following statements are equivalent

i) p G d_<

u) V u G Rn ,

m) ( p , - l ) G

We shall also need the following technical result.

Lemma 1.1.16 ([37]) Consider an extended lower semicontinuous
function if : R n H-> R U {+00} and xo G Dom(</?). Let p G R n 6e
such that

(p,0) € ?

T/ien /or everi/ e > 0, there exist x£, pe in R n and q£ < 0 satisfying

1.2 Regularity of Set-Valued Maps

We recall next some definitions concerning set-valued maps. Let
X, Y denote metric spaces and F : X ^ Y be a set-valued map.
For every x G l the subset F(x) is called the image of F at x. The
domain of JF is the subset

Dom(F) ~ {xeX \ F(x) ^ 0}

and its graph

Graph(F) := {(x,y) eX xY\ y G F ( x ) }
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Definition 1.2.1 The map F is called upper semicontinuous at x if
and only if for any neighborhood U of F(x),

3 r] > 0 such that V x1 E Bv(x), F{x) C U

It is said to be upper semicontinuous on a subset K C X if and only
if it is upper semicontinuous at any point x E K.

The map F is called lower semicontinuous at x if and only if for
any open subset U CY such that U fl F(x) / 0,

3 rj > 0 such that V xf E Bv(x), F(xf) n U ^ 0

It is said to be lower semicontinuous on a subset K C X if for every
x E K and for any open subset U CY with U fl F(x) ^ 0;

3 r; > 0 s u c h t h a t V x G ^ ( r c ) H i f , F ^ ' ) C\U ^ 0

WTe «s/ia// sa^/ ^/ia^ F i«s continuous at x if it is both upper and
lower semicontinuous at x, and that it is continuous on a subset
K C X if and only if it is upper and lower semicontinuous on K.

Notice that if F is upper semicontinuous on X, then its domain is
closed.

When F(x) is compact, F is upper semicontinuous at x if and
only if

V o O , 3 77 > 0 such that V x E Bv(x), F{x) C (J B£(y)
yeF{x)

Proposition 1.2.2 [5] The graph of an upper semicontinuous set-
valued map F : X -̂> Y with closed images is closed. The converse
is true if we assume that Y is compact.

Definition 1.2.3 When (X, dx) is a metric space and Y is a normed
space, we shall say that F : X ^> Y is Lipschitz (L—Lipschitz) on a
subset K C Dom(F) if there exists L > 0 such that

Vxux2eK, F(xi) C F{x2) + Ldx(xux2)B

The set-valued map F is called locally Lipschitz around x E X if
there exists a neighborhood M of x such that F is Lipschitz on J\f.
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We recall next definitions of derivatives of set-valued maps.

Definition 1.2.4 Let X, Y be normed' spaces, F : X ^> Y be a
set-valued map and y G F(x).

The adjacent derivative dF(x,y) is the set-valued map from X to
Y defined by

Vu G I , v G dF(x,y)(u) *£=> V/ i n -» 0 + 3 un ->• u

( F(x + hnun)—y\
such that lim dist v, — ^-^ = 0

n^oc V hn )
n

If F is Lipschitz around x, then an equivalent definition is given by

\Ju E X, dF(x,y){u) =

( F{x + hu)-y\
lim dist v, = 0

h-+o+ V h J

We shall need the following proposition.

Proposition 1.2.5 [5] Let us assume that the images of F are con-
vex and that F is Lipschitz around x. Then for any (x, y) G Graph(F)
the images of the adjacent derivative dF(x1y) are convex and

dF{x,y)(0) = TF{x)(y)

\/u e Dom((iF(x,y)),L>bF(a;,y)(^) +dF(x,y){0) = dF(x,y)(u)

Proof — Let v\ and V2 belong to dF(x,y)(u). Then, for any
sequence hn > 0 converging to 0, there exist sequences u\n and u^n
converging to u and sequences v\n and V2n converging to v\ and V2
respectively such that

V n , y + hnvin G F(x + hnuin) (z = l , 2 )

Since F is Lipschitz around x, there exists I > 0 such that for all n
large enough,
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so that we can find another sequence v^n converging to V2 such that

y + hnv3n C F(x + hnuin)

Now, F(x + hnu\n) being convex, we deduce that for all A E [0,1],

V + hn(\Vin + (1 - \)v3n) E F(x +

Since Xvin + (1 — X)v3n converges to Xv\ + (1 — A)^2, this element
belongs to dF(x,y)(u).

Notice that v E dF(x,y){0) if and only if d(v, (F(x) - y)/h)
converges to 0. Since F(x) is convex, it coincides with the tangent
cone.

Since 0 E dF(x,y)(0) we obtain that

Vu, dF(x,y)(u) C dF{x,y)(u) +

To prove the opposite inclusion fix

v E dF(x,y)(u) & w e dF(x,y)(0)

Let /?,n —> 0+, i>n —>> ^ be such that

V n, y + hnvn E F(x + hnu)

By convexity of F(x), there exist wn -^ w such that for n large
enough, y + v 7 ^ ^ n E F(x). Then, by the Lipschitz continuity of F ,
for all large n and for some w'n, we have

Thus

= y + /in(^n + ^n) -VKKvn = y + hn(v + w) + hne(hn

E F(a; + hnu)

where e(hn) converges to 0. Hence

lim dist [v + w, ; = 0
n-*oo V ft I
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This ends the proof. •

Let X be a complete separable metric space, to < T be real num-
bers and U : [to,T] -̂> X be a set-valued map with closed, possibly
empty images. It is called (Lebesgue) measurable if for every open
subset O C X, the set

{ t E [to,T] | U{t)nO ^ 0 } is Lebesgue measurable

or, equivalently, if for every closed subset C d , the set

{ t E [to,T] | U(t) n.C ^ 0 } is Lebesgue measurable

A measurable single-valued map u : [to,T] "-> X satisfying

Vt G [to,T], u(t) G C/(t)

is called a measurable selection of (/(•).
Measurable selections are dense:

Theorem 1.2.6 [5] Let X be a complete separable metric space and
U : [to,T] ^ X be a set-valued map with closed nonempty images.
Then the following two statements are equivalent:

i) — U is measurable
ii) — There exist measurable selections un{-) ofU(-), n = 1,...

such that for every t E [to,T], U(t) = {jn>\Un(i).

Proposition 1.2.7 [5] Let X be a complete separable metric space
and Un : [to,T] -̂> X, n — 1,... be measurable set-valued maps with
closed images. Then the set-valued maps

^w. * ^ u
n>\ n>\

and

t ^ Liminf^oo C/n(t), t^> Limsup,,^^ (7n(t)

are measurable.
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Corollary 1.2.8 Let X,Y be complete separable metric spaces, x :
[to,T] \-> X be a measurable single-valued map and F : [ f o , T ] x I ^
Y be a set-valued map with nonempty closed images satisfying the
following assumptions:

i) V x G X the set-valued map F(-,x) is measurable

ii) For almost every t G [to,T], F(t,-) is continuous at x(t)

Then the map t^* F(t:x(t)) is measurable.

Proof — Since x(-) is measurable, there exist measurable maps
xn : [to,T] »-> X assuming only finite number of values such that for
almost every t G [£o,T], l™n->oo^n(^) — x(i). From the assumption
i) we deduce that the map t ^ F(t,xn(t)) is measurable and from
the assumption n), that for almost all t G [£o,T]

F(t,x(t)) = Liminfn^oo F(t,xn(t))

Proposition 1.2.7 completes the proof. •

Let us denote by B(x, p) the closed ball in X of center x and ra-
dius p. When K C X and y G X we denote by II#(y) the projection
of y on K given by

UK(y) := {x G K\ dx(x,y) = dist (y,K)}

Of course it may happen that the set Ux(y) is empty. Denote by co
the closed convex hull.

Proposi t ion 1.2.9 [5] Let X be a separable Banach space, U :
[to,T] ^ X be a measurable set-valued map with closed nonempty
images and g : [to,T] i—> X, k : [to,T] H-> R + be measurable single-
valued maps. Then the maps

t -v* coU{t), t ^ B(g{t),k(t)), t -> nu{t)(g(t))

and t i—> dist(^(t), U(t)) are measurable. Consequently, if

{v G U(t) | \\v - g(t)\\ < k(t)} ^ 0 almost everywhere in [to,T]

then there exists a measurable selection u(t) G U(t) such that for
almost all t G [to,T], \\u(t) - g(t)\\ < k(t).
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Consider a metric space Y. We recall that a map (p: [ to ,T]xJh>
Y is called Caratheodory, if for every x E X, <£(•,#) is measurable
and for almost all t E [to,T], the map (/?(£, •) is continuous.

Proposition 1.2.10 [5] Consider complete separable metric spaces
X,Y, a Caratheodory map cp : [to,T] x X i—> Y and a measurable
set-valued map U : [£o,T] ^ X with closed nonempty images. Then
for every measurable map h : [to,T] i-» y satisfying

h(t) E (p(t,U(t)) almost everywhere in [to,T]

there exists a measurable selection u(t) E U(t) such that h(t) =
(p(t,u(t)) for almost all t E [to,T].

t
Definition 1.2.11 Consider metric spaces X,Y and a set-valued
map G : [to, T] xX ^ Y with closed images. It is called a Caratheodory
set-valued map if for every x E X, the map t ^ G(t, x) is measurable
and for every t E [to,T]; the map x ^ G(t,x) is continuous.

Theorem 1.2.12 (Direct Image [5]) Let X be a complete sepa-
rable metric space and U : [to,T] ^ X a measurable set-valued map
with closed images.

Consider a Caratheodory set-valued map G from [to,T] x X to a
complete separable metric space Y. Then, the map

[to,T] 3 * ^ G(t,U(t))

is measurable.

Denote by Ll(to,T]TLn) the Banach space of (Lebesgue) inte-
grable maps u : [to,T] \-> Rn with the norm

Definition 1.2.13 Consider a set-valued map U : [to,T] ^ Rn and

denote by U the set of integrable selections of U, i.e.,

U := {ue Ll(t0,T;Rn) \ u(t) E U(t) almost everywhere in [to,T] }

The integral of U on [to,T] is defined by

u(t)dt \ u e U)[ Udt := i /
-It0 [ Jto
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We say that a set-valued map U : [to,T] ^ R-n is integrably
bounded if there exists an integrable function ip : [̂ o,?1] i—)• R+ such
that [/(*) C ip{t)B almost everywhere in [to,T].

Let K be a nonempty subset of a vector space Y. A point x G K
is called extremal if for all y,z £ K and 0 < A < 1 satisfying x =
Ay + (1 — \)z, we have x = y — z.

Theorem 1.2.14 (Aumann) Let U : [to,T] ^ R n be a measur-
able set-valued map with nonempty closed images. Then the integral
Jt Udt is convex and extremal points of co (ft Udt) are contained

in Jt Udt. If in addition U is integrably bounded, then the integral

of U is also compact and Jt Uds — Jt coUds.

See for instance [5] for the proof.

Theorem 1.2.15 Let U : [to,T] ^> R n be a measurable set-valued
map with closed images having at least one integrable selection.

Then for every e > 0 and integrable selection u(t) EcoU(t) there
exists an integrable selection u(t) G U(t) such that

sup
te[to,T] 'to

In particular this yields that

I ft rt _
/ u(s)ds — / u

\Jt0 Jto
< e

fT fT
/ co Udt = / Udt
'to Jto

Proof — Fix e > 0, an integrable selection u(t) G co U(t)
and let uo(-) be an integrable selection of U(-). Define measurable
set-valued maps Un : [to,T]^> X with closed nonempty images by

Vt G [to,T], Un{t) = uQ{t)U(U{t)nnB)

and set en(t) := dist(:u(t),co(Un(t))). By Proposition 1.2.9, en(-)
is measurable for each n. Furthermore, the sequence {£n{')}n>i is
integrably bounded and limn_>oo en(t) = 0 for t G [to,T]. Using
again Proposition 1.2.9, we deduce that for every n > 1 there exists
a measurable selection un(t) G co Un(t) such that

\\un(t) — u(t)\\ < en(t) almost everywhere in [to,T]
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Therefore, by the Lebesgue dominated convergence theorem, the se-
quence un converges to u in Ll(to,T; R n ) and for all n large enough

sup / un(s)ds — / u(s)ds < / \\un(s) — u(s)\\ ds < -
te[to,T\ I Jt0 Jt0 Jt0 2

It remains to show that for every n > 1 there exists an integrable
selection u(t) E Un(t) C U(t) such that

sup / u(s)ds — I un(s)d±
= [to,T] I -̂ 0̂ Jt0te[to,T] - 2

Fix n > 1 and let ^ : [to,T] h-> R + be an integrable function such
that Z7n(£) C ip{t)B for i E [to,T]. Let z > 1 be so large, that for
any measurable subset / C [£o,T] of the Lebesgue measure less than
(T — to)/i we have JIif;(s)ds < e/4. We denote by Ij the interval

By Theorem 1.2.14,

r
coUn(s)ds = / Un(s)ds

Ji

This yields that for every 1 < j < i there exists a measurable selec-
tion fj(t) E Un(t) such that

/ fj{s)ds = / un(s)ds
Jij Jij

Let u be a selection of C/n equal to fj on the interior of Ij for every
j = 1, ...,z. Then for every t E [to,T], there exists j such that t E Ij
and

T,3r=\fIr(u-un)(s)ds +fIj\\u-un\\(s)ds

\un(s)\\)ds < 2fIji/>(s)d8 < e/2 •
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1.3 Differential Inclusions

Consider to < T and denote by C(to,T;Rn) the Banach space of
continuous maps from [£o,T] into R n with the norm

\\x\\c = sup ||a;(i)||
te[to,T]

We first define what we call a solution to differential inclusions.

In the case of differential equations, there is no ambiguity since
the derivative x'(-) of a solution x(-) to a differential equation xf(t) =
/(£, x(t)) inherits the properties of the map / and of the function x(-).
It is continuous whenever / is continuous and measurable whenever
/ is continuous with respect to x and measurable with respect to t.

This is no longer the case with differential inclusions3.

We recall that a function x G C(to,T;Rn) is called absolutely

continuous if for for almost all t G [to,T] the derivative x'(t) exists,
x1 EL1(*o,T;Rn) and

rt
Vt E [£0,T], x{t) = x(t0) + / x'(s)ds

rt

'to'

Let Wl>l(t0,T; R n ) denote the Banach space of absolutely continuous

3The extension of Peano's Theorem to differential inclusions is due to Mar-
chaud and Zaremba who proved independently in the thirties the existence of
respectively contingent and paratingent solutions to differential inclusions (called
champs de demi-cones at the time. The generalization of the concept of deriva-
tive to the notion of contingent derivative is due to B. Bouligand, who wrote: "...
Nous ferons tout d'abord observer ... que la notion de contingent eclaire celle de
differentielle".) Then Wazewski proposed at the beginning of the sixties to look
for solutions among absolutely continuous functions. He wrote: "... I learned
the results of Zaremba's dissertation before the second world war, since I was
a referee of that paper. Then a few years ago I came across with some results
on optimal control and I have noticed a close connection between the optimal
control problem and the theory of Marchaud-Zaremba." The author learned that
this "coming across" happened during a seminar talk of C. Olech on a paper by
LaSalle at Wazewski's seminar.

Wazewski proved that one can replace the contingent or paratingent deriva-
tives of functions by derivatives of absolutely continuous functions defined almost
everywhere in the definition of a solution to a differential inclusion, that he called
orientor field.
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functions from [to,T] to R n with the norm4

| |z||wi,i = N t o ) | | + / \\x'(t)\\dt

Consider a set-valued map F from [£o,T] x R n into subsets of
R n . We associate with it the differential inclusion

x1 E F(t,x) (1.7)

An absolutely continuous function x : [to,T] H-» R n is called a
solution to (1.7) if

x'(t) E F(t,x(t)) almost everywhere in [to,T] (1.8)

1.3.1 Filippov's Theorem

We investigate here some properties of solutions to differential inclu-
sion (1.7) in the case when F is Lipschitz with respect to x.

We denote by S[t0iT](xo) the set of solutions to (1.7) starting at
XQ £ R-n and defined on the time interval [£o,T]:

S[t0iT]{xo) = ix I x is a solution to (1.7) on [to,T], x(to) — xo}

and set L1(to,T) — L1( to,T;R+) (the set of nonnegative integrable
functions.)

Let y E W r l )1(to,T;Rn) be an absolutely continuous function.
Filippov's theorem provides an estimate of the distance from y to the
set S[t0iT]{xo) C W l 5 l( to,T;Rn) under the following assumptions on
F:

i) V(t,a;) E [ t o , T ] x R n , F(t,x) is closed

ii) V x E R n the set-valued map F(-,x) is measurable
(1.9)

in) 3 f5 > 0, /c E Ll(t$,T) such that for almost all
t E [to,T], F(t,x) is nonempty for x E y(t) + (3B
the map F(t, •) is k(t) — Lipschitz on y(t) + ,

It is called Sobolev space.
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Theorem 1.3.1 Consider a set-valued map F : [to,T] x R n ^ R n

and an absolutely continuous function y G W1 '1(to,T;Rn) . Assume
that (1.9) holds true and that the function

is integrable. Let 5 > 0 and se£

/ / * / N f*A:(r)dr

If rj(T) < (3, then for all xo G R n

x G 5j^O5x](xo) 5^c/z that

Vt e [to, T], | |x(t)- j /( t) | | <

and
lk;(*) - y'{t)\\ < k{t)r](t) + 7(t) a.e. in [to,T]

R e m a r k — From Corollary 1.2.8 and Proposition 1.2.9 follows
that under assumptions (1.9) the function t *-» dist(?/(£),F(£,y(£)))
is always measurable. •

The proof can be found in [14], [1]. The above result can be
extended to the whole half line:

Theorem 1.3.2 Consider a set-valued map F : R + x R n ^> R n and
an absolutely continuous function y G W1}1(0, oo;Rn) . Assume that
(L9) holds true with the time interval [to,T] replaced by R + and that
the function t H* j(t) := dist(y;(t), F(t,y(t))) is integrable on [0, oof.
Let S > 0 and set

v{t) = eSok^dTS +

If limsup^_>oo?7(t) < f3, then for all xo G R n with \\XQ — y(0)|| < 5,
there exists x G 5[o,oo[(a;o) such that

V< > 0, \\x(t)-y(t)\\ < r](t)

and
\\x'(t) - y'(t)\\ < k{t)r){t) + 7(t) a.e. in [0,oo[
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Proof— Theorem 1.3.1 yields an estimate on the finite interval
[0,1]. Hence there exists a solution x(-) E <5[o,i](̂ o) satisfying the
required estimates on the interval [0,1] and in particular

\\x{l) - y(l)\\ < efok^dT5 + [\(s)efsk{r)drds
Jo

This and Theorem 1.3.1 imply that there exists a solution z(-) E
<%,2](x(i)) satisfying the required estimates on [1,2]. Hence we can
extend x(-) on the interval [0, 2] by concatenating it with z(-) and we
reiterate this process. •

The above theorems yield the following corollaries.

Corollary 1.3.3 Consider a set-valued map F : [to,T] x Rn M Rn

and a point XQ E Rn . We assume that F satisfies (1.9) with y = XQ
and is lower semicontinuous at (to,xo). Then for every u E F(to,xo)
there exist t\ > to and a solution x(-) E S[to5^](xo) with x'(to) — u.

Proof— Fix u E F(to,xo). It is enough to consider the absolutely
continuous function

\/t E [to,T], y(t) = x0 + (t-to)u

Then for every t E [to,T] such that (t — to) \\u\\ < /3 we have

dist (u,F(t,y(t))) < dist (n, F{t,x0)) + k(t) \\y(t) - xo\\

= dist(ix, F(t, xQ)) + k{t){t - t0) ||u||

By Theorem 1.3.1 there exist t\ > to and a solution x E S[to^(xo)
such that

\\x(t) - y(t)\\ < Si (dist(«, F(s,x0)) + k(s)(s - t0) ||«||) e£ k{r)dTds

for all te [to,ti]. Thus

V t E [to, hi \\x(t) -x0 - (t-to)u\\ = o(t-t0)

and the result follows. •
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Corollary 1.3.4 Let yo G Rn, y G <S[t0,r](yo) and assume that F, y
satisfy (1-9). Then there exists S > 0 depending only on k(-) such
that for all XQ G B(yo, 5) we have

mf \\x-y\\c < eJto \\x0 - yo\\
( x )

1.3.2 Relaxation Theorems

Let XQ G Rn. In this section we compare solutions to the differential
inclusion

J x'{t) G F(t,x(t)) almost everywhere in [£o,T] n inx
[ x(t0) = x0

and of the convexified (relaxed) differential inclusion:

{ xf(t) G co F(t,x(t)) almost everywhere in [to,T] ( ,
x-(to) = xo ( 1 > U )

Observe that if F satisfies (1.9), then so does the set-valued map

Theorem 1.3.5 Let y : [to,T] i—>> R n be a solution to the relaxed
inclusion (1.11). Assume that F and y satisfy (1.9) and that the
set-valued map [£Q,T] 3 f ^ F(t,y(t)) has at least one integrable
selection (or, equivalently, that the map t \-> di«st(0,i7'(t,y(t))) is
integrable.)

Then for every e > 0 there exists a solution x to (1.10) such that
\\x -y\\c < £•

Proof— By Corollary 1.2.8 and assumptions (1.9) the set-valued
map t ̂  F(t,y(t)) is measurable and has closed images.

Fix e > 0 so small that e < f3 — e. By Theorem 1.2.15 there exists
an integrable selection u(s) G F(s,y(s)) such that

sup I [\u-y')(s)ds < ee~^ok{s)ds M + [Tk(s)ds)
te[to,T] I ̂ o V Jt* J
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Define the absolutely continuous function y : [to,T] •-> R n by

rt
Vt G [to,T], y(t) - x o + / u(s)ds

•/to

Then y(to) = #o and

Vt G [*0,T], | |y ( t ) -y( t ) | | < e

Thus F(t, •) is /c(t)-Lipschitz on the ball B(y(t), (3-e). Furthermore,
for almost all t G [to,T],

dist(y'(t),F(t,l/(t))) < k{t)\\y(t)-y(t)\\ = k(t)\ [ {u-y'){s)ds

Set

rj(t) : - / dist(yf(s),F(s,y(s)))efsk{T)drds

Then, by the choice of u and 6, 7/(T) < e < /3 — e. Theorem 1.3.1
ends the proof. •

Theorem 1.3.6 (Relaxation) Let F : [to,T] x R n ^ R n be a set-
valued map with closed nonempty images and x$ G R n . Assume that
there exists k G L1 (to, T) such that for almost every t E [to,T], F(t, •)
25 k(t)-Lipschitz and that the map t ^> i^(£, 0) ^^5 at /easi one in^e-
grable selection.

Then solutions to differential inclusion (1.10) are dense in solu-
tions to the relaxed inclusion (1.11) in the metric of uniform conver-
gence.

Proof— It is enough to observe that for every y G C(to,T;Rn)
wehaveF(t ,0) C F(t,y(t)) + k(t) \\y(t)\\B. Since t ^ F(t,0) has an
integrable selection, from Proposition 1.2.9 we infer that so does the
set-valued map t^> F(t,y(t)). Theorem 1.3.5 ends the proof. •

Theorem 1.3.7 Let XQ G Rn and S?° Ti(^o) denote the set of solu-
tions to the relaxed inclusion (1.11). Under all assumptions of The-
orem 1.3.6 suppose that the set-valued map t ^ F(t,0) is integrably
bounded.

Then the closure of S[t0,T}(xo) i>n the rnetric of uniform conver-
gence is compact and is equal to S?° TAx$).
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Proof— We first show that S[to^](xo) is relatively compact in
C(to,T; R n ) (i.e., its closure is compact.) Indeed consider a sequence
xn(') G S[tOiT](x0) and let ?/>(•) G Ll{t^T) be such that F(£,0) C
il>(t)B almost everywhere in [to,T]. Then for almost all t G [to,T]
and for all n > 1 we have

< s u p | | e | | + k{t)\\xn(t)\\ < i/>{t) + k(t)\\xn(t)\\
e£F(t,0)

Thus

/ ip(s)ds + / k(s) \\xn(s)\\ ds
Jto Jto

This and Gronwall's lemma5 imply that there exists M > 0 such
that

V* G [to,T], Vn > 1, ||xn(t)|| < M

Thus the sequence x'n{') is integrably bounded and thereby the se-
quence xn(-) is equicontinuous. By the Dunford-Pettis criterion6 a
subsequence {x'nh } converges weakly in L1 (to, T; Rn) to an integrable
map g : [to,T] i-» R n .

Using Ascoli's theorem, taking a subsequence and keeping the
same notations, we may also assume that xnk(-) converge uniformly

5Which states that if continuous functions u and a from [to, T] into R+ satisfy

V£ e [to,T], u(t) < a(t) + / k(s)u(s)ds

for some integrable function k G L1(to,T;R+), then

V* e [to,T], u(t) < a(t) + I k(s)a(s)efsk{T)dTds
Jt0

(see [1].)
6Which states that a bounded subset K C L1 (to, T; Rn) is weakly sequentially

precompact if and only if

lim / f(s)ds — 0 uniformy for f in K

where /i denotes the Lebesgue measure on [£o,^]-
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to a continuous map x : [to,T] *-> Rn- Since for every n > 1,
#n(£) = £o + / / ^^(5)^55 taking the limit we obtain that

rt
\/t e [to,T], x(t) = xo+ / g{s)ds

Jtn

ft

Ito

Thus x(-) is absolutely continuous and x' — g. Since

x'n(t) ecoF(t,xn(t)) CcoF(t,x(t)) + k(t)\\x(t) - xn(t)\\B

Mazur's theorem yields that x(-) is a solution to the differential in-
clusion (1.11). Theorem 1.3.6 ends the proof. •

1.3.3 Infinitesimal Generator of Reachable Map

Consider T > 0, a set-valued map F : [0,T] x Rn -^ Rn and let
XQ G Rn, p > 0 be given. In this section we assume that

i) V (t,x) E [0,T] x Rn, F(t,x) is closed

n) Vx G Rn, F(-,x) is measurable

in) V (t,x) e [0,T] x Sp(a;o), F(t,x) ± 0

zv) 3 L > 0 such that for every i G [0,T],
) C F(t,y) + L ||x - y|| B

For all 0 < t0 < ti < T and ( G R n set

This is the so-called reachable set of the inclusion

x1 E i^(t,x) (1.13)

from (£o,£) a t time t\.
We first observe that the set-valued map R enjoys the following

semigroup properties:

v o < ti < t2 < h < r, v e E Rn,

V 0 < t < T , V ( E R n ,



1.3. Differential Inclusions 35

When F is sufficiently regular, the set-valued map coF(>,-) is the
infinitesimal generator of the semigroup i?(-, •) in the sense that the
difference quotions (R(t + /&,£)£ — £)/h converge to

Theorem 1.3.8 Assume that (1.12) holds true and let t0 E [0,T[.
If F is lower semicontinuous at (to,xo), then

x0) C Limmf/i_>0+

If F is upper semicontinuous at (£o?#o) and F(to,xo) ^ bounded,
then

( )T. R(to + h,to)xoxo ^
Limsup / l__>0+ C

Consequently, if F is continuous at (to,#o) and F(to,xo) is bounded,
then

Proof — The set-valued map (£, a:) -̂ > co F(t, x) is lower semi-
continuous at (£o,#o) ^ s o ^s ^- -̂ ^x w ^ co^(^o^o)- By Corol-
lary 1.3.3, there exist t\ > to and a solution x(-) to the relaxed inclu-
sion (1.11) with T replaced by t\ such that xr(to) = u. Using The-
orem 1.3.5, we deduce that for every sufficiently small h > 0, there
exists Xh(-) € S[to,t0+h](xo) s u c h tha t \\xh(to + h) — x(to + h)\\ < h2.
Hence

^ T. . r R(to + h,to)xo -x0
u G Limint/l_>o+ 7̂

n
Since n is an arbitrary point in coF(to,xo), the first statement fol-
lows.

To prove the second one we first observe that our assumptions
imply that for some e > 0, M > 0 and all t G [to, to + e], # E B£(xo)
we have F(t,x) C M S . This yields that for some t\ > to and all
x E S[W l](x0)

Vt E [to,*i], H t ) - a ; o | | < M ( t - t o )

Fix f E Limsup/l^o+[^(^o + ^ ^o)^o ~ ^o]/^ ^nd consider a sequence
hn> 0 converging to zero and xn(-) E <%O,£O+M(X())

 s u c h t t i a t

/ I I 7 \

_ | i m

n->oo /T,^
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Since F is upper semicontinuous at (to, XQ), there exist en —» 0+ such
that

Vt E [to,<o + /in], ^ ( M o ) C

Since for all large n

xn{tQ + K) - xn{t0) e f£+hnF(t,xn(t))dt

C f£+h» F(t,xo)dt + (jlQ+hn L \\xn(t) - xo\\ dt) B

C hnco(F(t0, x0)) + (£rX

dividing by hn and taking the limit we get v G co(F(to, #o)).

1.3.4 Variational Inclusions

This section is devoted to differentiability of solutions to differential
inclusion (1.7) with respect to the initial condition.

We denote by dxF(t,x,y) the adjacent derivative of F(t, •, •) (with
respect to x) of the set-valued map F(t, •) at (x,y) E Graph(F(t, •)).

Theorem 1.3.9 (Adjacent variational inclusion) [5] We consider
the solution map <S[£0}T](')

 as t^e set-valued map from R n to VF1?1(to,T; R n )
and a solution y(-) to differential inclusion (1.10). Assume that (1.9)
holds true, u E R n and let w E VF1'1(to,T; R n ) 6e a solution to the
linearized inclusion.

j w'(t) G dxF(t:y(t),y'(t))(w{t)) a.e. in [io,T]
\ w(t0) = u l i - i 4 j

T/ien for all u^ E R n converging to u when h —> 0+ and for all small
h > 07 there exists x^ E 5[^o^](xo + hu^) such that the difference
quotions (xh — x)/h converge to w in Wrl'1(to,T; R n ) when h —> 0+.

In particular, w E d S(xo,y(-))(u).

The above result was proved in [5] in the case when u^ — u. Corollary
1.3.4 allows to extend it to an arbitrary sequence u^.
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Theorem 1.3.10 (Convex adjacent variational inclusion) We
consider the solution map <S[£0,T](-) as the set-valued map from Hn to
C(to,T;Rn) . Let y be a solution to the differential inclusion (1.10).

Assume that (1.9) holds true, u G R n and let w be a solution to
the inclusion

f w'{t) G dx(co F)(t,y(t),y'{t)){w{t)) a.e. in [to,T]
| w(t0) = u

Then for all u^ G R n converging to u when h -» 0+ and for all small
h > 0, there exists Xh G S[to^(xo + hu^) such that the difference
quotions (xh — x)/h converge to w in C(to,T;Rn) when h —> 0+.

Proof— It is enough to apply Theorems 1.3.5 and 1.3.9. •

1.3.5 Viability Theorem

We recall here some definitions and the statement of Viability The-
orem.

Let F : R n ^> R n be a set-valued map and K C Dom(F) be a
nonempty subset.

The subset K enjoys the viability property for the differential
inclusion

x' G F{x) (1.15)

if for any initial state XQ G K, there exists at least one solution x(-) to
(1.15) starting at xo which is viable in K in the sense that x(t) G K
for all t > 0. The viability property is said to be local if for any
initial state XQ G X, there exist T(XQ) > 0 and a solution starting at
.To which is viable in K on the interval [O,T(xo)] in the sense that
for every t G [0,T(x0)], x(t) G K.

We say that K is a viability domain of F if

VxeK, R{x) := F(x) H TK(x) ^ 0

Theorem 1.3.11 (Viability Theorem) If F is upper semicontin-
uous with nonempty compact convex images, then a locally compact
set K enjoys the local viability property if and only if it is a viability
domain of F. In this case, if for some c > 0, we have

VxGi f , \\R(x)\\ := inf ||u|| < c(||x|| + 1)
ueR(x)
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and if K is closed, then K enjoys the viability property.

We refer to [4, Aubin] for the proof and many applications of viability
theory.

The following result provides a very useful duality characteriza-
tion of viability domains:

Proposition 1.3.12 (Ushakov, [27]) Assume that the set-valued
map F : K ^ Rn is upper semicontinuous with convex compact
values. Then the following three statements are equivalent:

i) VxeK, F(x)nTK(x) + 0

ii) VxeK, F(x)nco(TK(x)) ^ 0 (1.16)

in) MxeK, VpeN%{x), a(F(x),-p) > 0

where a(F(x),-) denotes the support function of F(x).

(see for instance [5] for the proof).

1.4 Parametrization of Set-Valued Maps

We recall here few results concerning parametrization of set-valued
maps. Their proofs can be found in [5, Chapter 9]. Theorems com-
paring solutions to differential inclusion and solutions to the corre-
sponding parametrized system will be provided in the next chapter.

Consider a metric space X, reals to < T and a set-valued map
F: [to,T] x l ^ r

Definition 1.4.1 Consider subsets C(t) C X, where t G [to,T].
The set-valued map F is called measurable/Lipschitz on {C(t)}te[to^]
if for every t G [£o,T], there exists k(t) > 0 such that

Vx G X, F(-,x) is measurable

Vt G [to,T], Vx G C(t), F(t,x) ^ 0 and is closed

^ \/t G [£0,T], F(t,-) is k{t) - Lipschitz on C(t)
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Definition 1.4.2 Let U be a metric space and C(t) C X, t G \t$,T]
6e given nonempty subsets of X. We say that a single-valued map

f : [to,T] x ! x [ / 4 R n

«5 a measurable/Lipschitz parametrization o /F on {C(t)}te[to^ with
the constants k(t), t G [to,T] z/

i) V(t,x) £ [*o,T]xX, F(t,x)=f(t,x,U)

ii) V (x,u) G X x J7, f(-,x,u) is measurable

m) V(t,u) G [to,T]xC7, f(t,-,u) is &(i)-Lipschitz on C(t)

i?;) V(t,x) G [to,T] x J , /(£,£,•) is continuous

Theorem 1.4.3 (Parametrization of Unbounded Maps) Con-
sider a metric space X and a set-valued map F : [to,T] x X ^> R71

with closed convex images.
Assume that F is measurable/Lipschitz on {C(t)}te^to^] and let

A;(t), t G [to,T] denote the corresponding Lipschitz constants.
Then there exists a measurable/Lipschitz parametrization f of F

on {C(t)}te[tQiT] with U = R n such that:

V(i,u) G [ t o , T ] x R n , f(t,-,u) is ck(t) - Lipschitz on C(t)

V(t,x) G [ t o , T ] x X , f(t,xr) is c - Lipschitz on R n

tt c independent of F. Furthermore if F is continuous, so is f.

Theorem 1.4.4 (Parametrization of Bounded Maps) Under
the assumptions of Theorem 1.4-3 suppose that the images of F are
compact.

Then there exists a measurable/Lipschitz parametrization f of F
on the family of sets {C(t)}t^to^} with U equal to the closed unit
ball B in R n such that:

i) V (t,u) G [to,T] x S, f(t,-,u) is ck(t) -Lipschitz on C(t)

ii) Vt e [ £ 0 , T ] , V x G X , V U , V e B

\\f(t,x,u) -f(t,x,v)\\ < c(maxyeF(tiX)\\y\\)\\u-v\\
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with c independent of F. Furthermore if F is continuous, so is f.



Chapter 2

Control Systems and
Differential Inclusions

In this chapter we discuss several types of control systems and their
relations to differential inclusions. Namely, we shall single out

• Explicit control systems

• State dependent control systems

• Implicit control systems

The explicit control system

x1 = f(t,x,u{t)), u(t) G U(t)

is the most investigated in the literature. It is well adapted to the
techniques of Ordinary Differential Equations and can be seen as a
parametrized family of ODE's. Indeed let us define the set of admis-
sible controls U as the set of all measurable selections u(t) G U(t) and
with every u(-) G U, let us associate cpu(t,x) — f(t,x,u(t)). Then
the above control system may be replaced by ordinary differential
equations

x — <pu(*,#), u G U

So questions of existence, uniqueness and differentiability of solutions
with respect to initial conditions may still be investigated using clas-
sical results. Another possible approach is to define the set-valued

41



42 2 - Control Systems and Differential Inclusions

map F by F(t,x) = f(t,x,U(t)) and to consider the differential in-
clusion

x1 E F(t,x) (2.1)

In Section 1 we show that under quite mild assumptions on the maps
/ and [/, these two problems are equivalent. We apply this fact and
variational inclusions from Chapter 1 to characterize variations of
solutions. This will be used in Chapters 3 and 5 to prove necessary
conditions for optimality.

State dependent control systems

x = f(t,x,u(t)), u(t) G U(t,x)

present additional difficulties: we can no longer choose controls inde-
pendently of the state. A possible solution to this would be to pick
first a selection u(t,x) G U(t,x) and then to consider the differential
equation

x' = f(t,x,u(t,x))

However we have to use classical existence theorems to guarantee
existence of a solution to such equation and, thereby, to assume at
least continuity of u with respect to the state variable x. This would
exclude a quite large number of solutions, because it is not possible
to associate with every of them such regular selection u. This is why
it is more natural in this case to use differential inclusion (2.1) with
the set-valued map

F(t,x) = f(t,x,U(t,x)) = {f(t,x,u)\ u G U(t,x)}

In Section 2 we show that this new system has the same solution set
and prove some results about variations of solutions.

Linear implicit system (descriptor system)

Ex' = Ax + Bu(t), u(t) e U

where E,A,B are possibly rectangular matrices, arises in models
of electrical networks. When E, A are square, the above system is
sometimes called singular because E may be noninvertible. Solutions
to such system are usually understood in the distributional sense.
Here we restict our attention to absolutely continuous solutions only
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and prove in Section 3 that this implicit system may be reduced to
the explicit one (in the sense that the sets of solutions are the same):

x = Dx + v{t), v(t) G V, x G Q

where V <Z Q are subspaces obtained using E, A, B and D is a linear
operator from Q into itself whose range is orthogonal to V.

Nonlinear implicit control systems

f(x,xr,u(t)) = 0, u(t) G U

appear often in different models. To investigate them, we shall use
differential inclusion (2.1) with the set-valued map F(t,x) = {v | 0 G
f(x,v,U)} for answering in Section 4 the same type of questions:
comparison of solution sets and variations of solutions.

Although the nature of these systems appear to be different, the
differential inclusion formulation allows to develop a unified approach
to all of them. However one should always keep in mind that differ-
ential inclusions being rather an abstract representation, their inves-
tigation would remain unsatisfactory as long as the results are not
translated in terms of the original systems. This is why we are also
computing derivatives and variations of set-valued maps F defined
in the above examples.

2.1 Nonlinear Control Systems

Consider a complete separable metric space Z, real numbers to < T
and a map (describing the dynamics)

/ : [to,T] x R n x 2 4 R n

Let U : [to, T] ̂ > Z be a set-valued map (of controls) with nonempty
images. We associate with these data the control system

x1 - /(£,£,u(£)), u(t) e U{t), t G [to,T] (2.2)

An absolutely continuous function x : [to,T] H-» Rn is called a solu-
tion to (2.2) if there exists a measurable map u : [£o,T] ^ 2 , called
admissible control, such that

xf(t) — /(t,x(t),u(t)), u(t) G U(t) almost everywhere in [£Q,T]
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2.1.1 Reduction to Differential Inclusion

Define the set-valued map from [to,T] x Rn to Rn by

F{t,x) = f(t,x,U(t))

and consider the differential inclusion

x'(t) G F(t,x(t)) almost everywhere in [to,T] (2.3)

Clearly every solution x to control system (2.2) satisfies (2.3). Hence
x is also a solution to differential inclusion (2.3).

The natural question arises whether (2.3) has the same solutions
than the control system (2.2)? The answer is positive for a quite
large class of maps / .

We impose the following assumptions on / and U:

V (x,u) G R n x Z, f('jX,u) is measurable

Vt G [to,T], f(t, •,•) is continuous (2.4)

[/(•) is measurable and has closed nonempty images

Theorem 2.1.1 Assume that (2.4) holds true. Then the set of so-
lutions to control system (2.2) coincide with the set of solutions to
differential inclusion (2.3).

Proof — Fix a solution x(-) to differential inclusion (2.3). By
Theorem 1.2.12 and our assumptions, the map (t,u) i-> f(t,x(t),u)
is Caratheodory. So the proof follows from Proposition 1.2.10. •

The images of the set-valued map F defined above in general are
not closed, while most Theorems of Chapter 1 deal only with closed
valued maps. We provide next two results concerning "closure" of
F.

Proposition 2.1.2 Assume (2.4) and define the set-valued map clF
by

V(t,x) G [ t o , T ] x R n , clF{t,x) = f(t,x,U(t))

Then clF(^x) is measurable for every x G R n . Furthermore if for
some x0 G Rn , e > 0, t G [to,T] and all u G U(t), /(*, -,u) is k(t)~
Lipschitz on B£(XQ), then so is clF(t, •). Finally, ifU(-) has compact
images, then so does F and, consequently, clF = F.
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Proof— Measurability follows from Theorem 1.2.12. The proof
of the last two statements is obvious. •

Theorem 2.1.3 Assume (2.4) and let x(-) be a solution to the dif-
ferential inclusion

x(t) G clF(t,x(t)) almost everywhere in [io,T] (2.5)

Further assume that there exist p > 0 and k G L1(to,T) such that
for for almost every t G [£o,T] and all u G U{t), the map /(£, -,u) is
k(t)-Lipschitz on Bp(x(t)).

Then for all e > 0 there exists a solution x(-) to (2.2) such that
x(to) — x(to) and \\x - #11^1,1 < e.

Proof— By Theorem 1.2.12 and (2.4) the map (t,u) H-> f(t,x(t),u)
is Caratheodory. Fix e > 0, TV > 1. By Proposition 1.2.10 there ex-
ists a measurable selection u(t) G U(t) such that

\\a?(t)-f(t,x(t)Mt))\\ < e/N

Consider the system

x' = f(t,x,u(t)), x(t0) = x(t0)

Choosing Â" large enough and using Filippov's Theorem 1.3.1 with
t, x) — /(t, x, u(t)) and y — x we end the proof. •

Theorem 2.1.4 Assume that (2.4) holds true and for some 7 G
L^to.T) and for almost all t G [to,T]

V* G R n , sup
ueu(t)

Farther assume that for every R > 0 there exists k,R G Ll(to,T) such
that for almost all t G [to,T] and for every u G C/(t), /(£, -,u) is
kn(t)-Lipschitz on BR(0).

If the sets /(t,rc, U(t)) are closed and convex, then the set of solu-
tions to control system (2.2) starting at XQ is compact in C(to,T; Rn) .

Proof— It is enough to apply Theorems 2.1.1 and 1.3.7. •
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2.1.2 Linearization

Consider a solution z to control system (2.2) and let u be a corre-
sponding control. We associate with it the following linearization of
(2.2) along the solution-control pair (z,u):

(2.6)

where T^f^^^u^^f (t,z(t)^u(t))) denotes the tangent cone to the
convex set cof(t,z(t),U(t)) at f(t,z(t),u(t)).

We assume that

v(t) G V(t) ~Tm(tAt)i

The derivative -g^(t^z(t)^u(t)) exists a.e. in [£o,T]

For some e > 0, k G Ll{t^,T) and for a.e. t G [to,T] y ' J

V w G U{t), f{t,-,u) is k(t) - Lipschitz on B£(z(t))

Recall that the solution w(-) to (2.6) starting at WQ and corre-
sponding to an integrable selection v(s) G V(s) is given by

Vt G [io,T], w(t) = X( t )^ 0 + / X(t)X{s)-1v(s)ds
Jt0

where X(-) denotes the fundamental solution to the linear system

X'(t) = ^(t,z(t)Mt))X(t), X(t0) = Id (2.8)

Theorem 2.1.5 Assume that (2.4) and (2.7) hold true. Then for
every solution w(-) to linearized system (2.6) and elements
in R n satisfying lim/l_>o+ Wh — w(to), there exist solutions
to (2.2) such that

Xh(to) = z(to) + hwh for all h > 0 small enough

and the difference quotients (xh — z)/h converge uniformly to w when
h goes to zero.
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Proof — By Theorem 2.1.3 we may replace control system
(2.2) by differential inclusion (2.5). Propositions 2.1.2, 1.2.5 allow to
apply the variational inclusion (Theorem 1.3.10) and to deduce the
result after observing that

Vw, -±{t,z{t),u{t))w € dxF(t,z(t),z'{t))(w) a.e. in [£0,T] •

2.2 State Dependent Control Systems

In the previous section we have considered the map of controls U(-)
depending only on time. When it also depends on the states, then
the control system is called a state dependent control system.

Let Z be a complete separable metric space and let

U: [to,T] X R " M 2

be a given set-valued map. Consider the control system

x1 = f(t,x,u), u e U(t,x), t e [to,T] (2.9)

An absolutely continuous function x : [to,T] i-> R n is called a so-
lution to (2.9) if for some measurable selection u(t) E U(t,x(t)) we
have

x'{t) = f(t,x(t),u(t)) almost everywhere in [to,T]

2.2.1 Reduction to Differential Inclusion

We introduce the set-valued map F : [£o,T] x R n ^ R71 defined by

F(t,x) = f(t,x,U(t,x)) = {f{t,x,v)\ v e U(t,x)}

and replace (2.9) by the differential inclusion

x'(t) e F(t,x(t)) almost everywhere in [to,T] (2.10)

We impose the following assumptions:

V(x,u) G R n x Z, /(- ,x,u) is measurable

Vt e [to,T], / ( t , •,•) is continuous (2.11)

U is Caratheodory and has closed nonempty images
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Theorem 2.2.1 / / (2.11) holds true, then the sets of solutions to
control system (2.9) and differential inclusion (2.10) do coincide.

Proof— Clearly every solution to (2.9) solves also (2.10). Con-
versely, consider a solution x to differential inclusion (2.10). By
Theorem 1.2.12 the set-valued map t ^ U(t,x(t)) is measurable and
the map (t,u) H* f(t,x(t),u) is Caratheodory. Applying Proposition
1.2.10 we can find a measurable selection u(t) G U(t,x(t)) such that
x'(i) — /(£,#(£), u(£)) almost everywhere in [to,T]. •

Hence we can rewrite dynamical system (2.9) in the differential
inclusion formulation (2.10). In general F does not have closed val-
ues. However, using arguments comparable to those from the proof
of Theorem 2.1.3 we get

Proposition 2.2.2 Assume that (2.11) holds true. Then the set-
valued map clF : [£Q,T] X R n -̂ > R n defined by

dF(t,x) = f(t,

is measurable with respect to t. Furthermore if for some t E [to,T],
k(t) > 0, /(£) > 0, x0 G Rn , p > 0, the map /(£, •, •) is k(t)-Lipschitz
on Bp(xo) x Z and the set-valued map C/(t, •) is l(t) — Lipschitz on
BP(XQ), then clF(t, •) is k(t)(l + l(t)) — Lipschitz on BP(XQ).

Let x(-) be a solution to the differential inclusion

xf(t) E clF(t,x(t)) almost everywhere in [to,T] (2.12)

Further assume that there exist p > 0 and k G Ll(t§,T) such that
for for almost every t G [̂ ô ^1] and a^ u G U(t,x), the map / ( t , -,u)
is k{t) - Lips chitz on Bp(x(t)).

Then for all e > 0 there exists a solution x(-) to (2.9) such that
x(to) — x(to) and \\x — ^| |^i,i < s.

2.2.2 Linearization

In this section we assume that Z is a separable Banach space. Con-
sider a solution z to (2.9) and let u(t) E [/(£, z(t)) be a corresponding
control. We associate to it the following linearization of (2.9) along
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the pair (z,u):

w'(t) G A(t)w(t) + B(t)dxU{t,z(t)Mt))(w(t)) +"(*)
(2.13)

v(t) G Tcof{t^z{t^u{t^zm(f(t,z(t),u(t))) a.e. in [to,T]

where

A(t) = ^-(t,z(t),u(t)), B(t) = ^(

and dxU denotes the (partial) adjacent derivative of U. with respect
to the state variable x.

We impose the following assumptions

dfThe derivative d,J^(t,z(t),u(t)) exists a.e. in[to,T]

3 e > 0 and functions fc, / : [to,T] ^ R + such that (2.14)
/(t,-,-) is k(t) - Lipschitz on B£(z(t)) x Z and

) is l(t) - Lipschitz on Be(z(t)) for a.e. t G [to,T]

Theorem 2.2.3 Assume that Z is a separable Banach space, that
(2.11), (2.14) hold true and the map t 1—)• k(t)(l +l(t)) is integrable.

If at least one of the following two conditions holds true:

{ i) V(t,x) E [to,T}xRn, f(t,x,U{t,x)) is closed
I ii) V(t,x) G [to ,T]xRn , U(t,x) is convex

then for every solution w(-) to (2.13) and elements {wh}h>o in R-n

satisfying \im.h-^o-\-wh — ̂ (^0)? there exists a family {xh(m)}h>o °f
solutions to (2.9) such that

Xh(to) — z(to) + hwh for all small h > 0

and the difference quotients (xh — z)/h converge uniformly to w when
h goes to zero.

Proof— We apply the variational inclusion (Theorem 1.3.10)
to deduce the result from the following relation:

\/v G R/\ A(t)v + B(t)dxU(t,z{t),u{t))v C dxF(t,z(t),zf(t))v

for almost all* e [to,T]. •
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2.3 Linear Implicit Control Systems

Let E,A e £ ( R n , R m ) be linear operators from R n into R m , U be
a finite dimensional vector space and B G £([/, R m ) . Consider the
implicit control system

Ex' = Ax + Bu, u G U (2.15)

When n = m this system is sometimes called singular, because
E may be noninvertible.

An absolutely continuous function x : [£o,T] «-̂  R n is called a
solution to (2.15) corresponding to a measurable control u : [to,T] \->
U if

Exf(t) — Aa;(t) + Bu(t) almost everywhere in [to,T]

Our aim is to reduce (2.15) to the explicit system

x1 = Dx + v, v e V, x G Q (2.16)

where V C Q are subspaces of R n and D is a linear operator from
Q into Q.

Let us denote by B the range of B and for every y G R m set

£ - 1 ( y ) = {xenn\ Ex = y}

We introduce a decreasing family of subspaces:

Ko = Rn , . . . , Kk+l = A~\EKk + B), k > 0

Since they are subspaces of Rn , we obtain

Q :=
k>\

for some j < n - 1. Furthermore A~l(EQ + B) = Q and therefore
the set-valued map T : Q ~~> Q given by

\/x G Q, ^(rc) := fi-1^ + 5) H Q

has nonempty images. It is also clear that for every x G Q> -̂"(x) is
an affine subspace of Q.
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Theorem 2.3.1 Every solution x(-) to (2.15) defined on the time
interval \t$,T] satisfies x(t) G Q for all t G [to,T].

Proof — Fix a solution x : [£o,T] i-> Rn = JFCO- Assume that we
already know that for some 0 < k < n— 1, #(£) G iffc for all t. Then
#'(£) G .Kfc almost everywhere and, consequently,

x(t) G A-^Sx'W + fi) C A-^Eiffc + B) - Kk+1 for a.e. t G [to,T]

Continuity of #(•) yields that x(t) G iffc+i for all t G [to,T] and the
proof ends by the induction argument. •

Let the map V : Q H-» Q and the subspace V C Q be defined by

V.TGQ, VxeT{x), \\Vx\\ = min ||y|| , V = E~\B) n Q = .F(O)

Proposition 2.3.2 The map T> defined above is a linear operator
from Q into itself. Furthermore for every x G Q , F{X) — T^x + V
and Vx is orthogonal to V.

Proof — Since Graph(jF) is a subspace,

Vx + V C ?{x) + V = T{x) + T(0) C T{x)

To prove the equality, consider y G T{x) C Q. Then Ey G Ax + #,
EPx e Ax + B and therefore y-Vx G Q and £?(y - ©rr) G B. Hence
y - % G F and T{x) = Vx + V.

It remains to show that V is linear. The element Vx being the
orthogonal projection of zero onto Vx + V, we deduce that V(Q) C
VL (orthogonal to V in Q). Fix x, y e Q. Then

-EVx G -Ax + 5, -££>y G -Ay + #, ££>(£ + y) G Ax + Ay + B

Adding these inclusions, we get E(V{x + y) — Vx - Vy) G B. Thus

V(x + y) -Vx-Vy e V nV1- => V(x + y) = Vx + Vy

Finally V is homogeneous, because

T(\x) = E-1(\Ax + B)nQ = XT{x) D
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Theorem 2.3.3 Solutions to (2.15) and (2.16) do coincide. Denote
by B+ the orthogonal right inverse1 of B. Then the map

f , f B+(EVx-Ax) if x G Q
1 0 if not

is a regulation law for (2.15): for every XQ G Q there exists a
C°° — solution to the singular system

Ex1 = Ax + Bu{x), x(0) = XQ (2.17)

defined on [0, oof. It is unique if and only ifkev(E) n Q = {0}.

Proof— By Theorem 2.3.1 and Proposition 2.3.2 every solution
to (2.15) solves (2.16). Conversely every solution x : [to,T] \-> R n

to (2.16) satisfies Ex'(i) G Ax(t) + B almost everywhere. Hence, by
Proposition 1.2.10, x(-) solves (2.15).

Fix XQ G Q and consider the solution x(-) G C°° to the linear
system

X = Vx, x(0) — XQ

It is defined on [0, +oo[ and is also a solution to (2.15). To prove the
latter statement of our theorem, observe that (2.17) may be written
as:

Ex = EVx, x(0) = x0 (2.18)

So the solution to (2.17) is unique if and only if the solution to (2.18)
is unique. But this happens whenever zero is the only solution to the
differential inclusion

x1 G Vx + kei{E) n Q, x(0) = 0

Consequently uniqueness is equivalent to ker(E)nQ = {0}. •

Observe that the above results allow to study implicit system
(2.15) even in the case when the solution corresponding to a given
control and a given initial state is not unique. We investigate next
necessary and sufficient conditions for uniqueness.

lrThat is B+ is the linear operator from B into U with B+x equal to the
orthogonal projection of zero onto B~1(x). Clearly for every x G Rm, BB+x = x.
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We say that (2.15) enjoys uniqueness if to every measurable con-
trol u : [0,T] H-> [/, T > 0 and every initial state #0 £ Rn corre-
sponds at most one solution to control system (2.15) starting at xo.
Set (A"1 E)° (Rn) = Rn and define recursively

VA; > 0, ( A - ^ + ^ R 7 1 ) = A~1

Theorem 2.3.4 Consider the subspace P = (A'1 E)n~l(Rn).
following statements are equivalent :

i) System (2.15) enjoys uniqueness
ii) ker E D P = { 0 }

Proof — Observe that i) is equivalent to: x(-) = 0 is the only
solution to the linear system Ex' = Ax starting at zero. Hence, by
Theorem 2.3.3 applied with B = 0, (2.15) enjoys uniqueness if and
only if ii) holds true. •

2.4 Nonlinear Implicit Control Systems

Let Z b e a complete separable metric space, / : Rn x Rn x Z \-> Rm

be a continuous map and U C Z be a given closed set. Consider the
implicit control system

ffax'M*)) ^ 0, u{t)EU, t e [to,T] (2.19)

An absolutely continuous function x : [£o,T] ^ Rn is called a solu-
tion to (2.19) if there exists a measurable map u : [to,T] i-> U such
that f(x(t),x'(t),u(t)) — 0 almost everywhere in [£o,T].

2.4.1 Reduction to Differential Inclusion

Define the set-valued map F : Rn ^ Rn by

F{x) = {v e Rn \ 3u e U with f(x,v,u) = 0}

and consider the differential inclusion

x{t) G F{x(t)) almost everywhere in [to,T] (2.20)

Clearly every solution to (2.19) solves (2.20). The following lemma
implies the converse statement.
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Lemma 2.4.1 // / is continuous, then the solution sets of (2.20)
and (2.19) do coincide.

Proof— Fix a solution x to (2.20). The existence of a measurable
selection u(t) E U with f(x(t),xf(t),u(t)) = 0 almost everywhere in
[£0,T] follows from Proposition 1.2.10. •

The introduced set-valued map F has a closed graph whenever /
is continuous and U is compact. If moreover for all x E R n

3e>0 such that liminf min \\f(x,v,u)\\ > 0 (2.21)
||u||—»oo xEB£(x), U£U

then

3R > 0 such that Vx E B£(x), F{x) C BR{0) (2.22)

This and Proposition 1.2.2 yield that if (2.21) holds true and / is con-
tinuous, then F is upper semicontinuous on its domain of definition
and has compact images.

Another sufficient condition for the upper semicontinuity of F is
given by

Proposition 2.4.2 Assume that Z is a finite dimensional vector
space, f is continuous and for every x E R n

3e >0 such that liminf inf \\f(x,v,u)\\>0 (2.23)
IÎ H _> oo xeB£(x),ueu
\\u\\ —» oo

Then (2.22) holds true, F is upper semicontinuous on its domain of
definition and has compact images.

In general the images of F are not convex and for this reason
inclusion (2.20) is not easy to investigate even when F is upper semi-
continuous.

Our next aim is to provide a sufficient condition for Lipschitz
continuity of F. We assume that

/(-,-,•) is continuous
V u E [/, /(- ,- , u) is differentiate O C)A\
df
—-(•, •, •) is continuous
ov
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Theorem 2.4.3 Assume (2.24) and that for an open subset M C R n

the following holds true

V (x,v,u) E /~1(0) with x G A/*, w E t/, —-(x,^,u) is surjective

Further assume that at least one of the following two conditions is
satisfied:

i) U is compact and for every x E Af (2.21) is valid
ii) Z is finite dimensional and every x E M satisfies (2.23),
Then the set Dom(F) Pi J\f is open and F is locally Lipschitz on

it. Furthermore for all (x,v,u) E /~1(0) with (x,u) E Af x U, we
have

ker ( . (x,v,u)) C
\d(x,v) )

The proof results from the inverse mapping theorems [22].

2.4.2 Linearization of Implicit Systems

Consider a solution z to (2.19) and let u be a corresponding control.
We associate with it the following linear time dependent implicit
system

" A(t)w(t) + B(t)(wf{t)-v(t)) = 0
(2.25)

v(t) E T-oF{z[t)){z'(t)) a.e. in [to,T]

where

A(t) = ^(z(t),z'(t)Mt)), B[t) = ^

Theorem 2.4.4 Assume that all hypothezis of Theorem 2.4-3 hold
true with Af = z([0,T]) + pB, where p > 0. Let w be a solution to

Then for all elements {wh}h>o in R-n satisfying lim/l_^o+ wh —
%JO (to), there exist solutions x^ to implicit system (2.19) such that

xh{to) — z(to) + hwh for all small h > 0

and the difference quotients (xh — z)/h converge uniformly to w when
h goes to zero.

Proof— To prove this result we apply Lemma 2.4.1, Theorems 2.4.3,
1.2.5 and variational inclusion (Theorem 1.3.10). •
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Chapter 3

Value Function of Mayer's
Problem

In this chapter we address the Mayer problem arising in control the-
ory. We start with the free end point case:

minimize g(x(T))

over all solutions to the control system

x1 = f(t,x,u(t)), u(t) G U(t) (3.1)

satisfying the initial condition

x(0) = £0 (3.2)

By a simple change of variables the classical Bolza problem

f rr-i \

f I
g(x(T)) + / L(t,x(t),u(t))dt >

Jo J
over all state-control solutions (x,u) of (3.1), (3.2) may be reduced
to the Mayer problem.

The basic objective of optimal control theory is to find necessary
and sufficient conditions for optimality and to construct optimal solu-
tions. Necessary conditions are available in the form of Pontriagin's
maximum principle. It implements the Fermat rule in the case of
optimal control problems.

57
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When applied to an abstract minimization problem: minxex <p(x),
where K is a subset of a normed space, Fermat rule states that if
x E K is a minimizer, then

V v G T/r(z), (V<p(x), v) > 0

In the above TK(X) denotes the contingent cone to K at x.
In the same way as the Euler-Lagrange equation is a consequence

of the Fermat rule in Calculus of Variations, the maximum principle
can be deduced from the above rule: If the state-control pair (z,u)
is optimal, then the solution p(-) (called the co-state) to the adjoint
system

P(t) = -(^(t,z(t)Mt)))*p(t), P(T) = -Vg(z(T))

satisfies the transversality condition

p(t) G Nft,t\(z(t)) almost everywhere in [0,T]

where N^tJz(t)) denotes the subnormal cone to the reachable set
R(t) of (3.1) from £o at time t. This last inclusion implies the maxi-
mum principle:

(p(t), f(t,z(t)Mt))) = max (p(t), f(t,z(t),u)) a.e. in [0,T]
ueu(t)

In Section 3 we complete these conditions to obtain sufficient ones
by using the value function

V(to,xo) — inf{ g(x(T)) \ x is a solution to (3.1), x(to) = XQ }

and the Hamiltonian H of the control system (3.1):

H(t,x,p) = sup (pj(t,x,u))
ueu(t)

In general V and H are nonsmooth functions and we have to use
notions of super differentials from Chapter 1.

The value function allows to single out optimal solutions. Indeed,
it is nondecreasing along solutions to (3.1) and is constant along
optimal solutions.
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Sufficient conditions that we prove are of the following type: for
almost every t E [0,T], there exists p(t) such that

{(p(t),z'(t)), -p(t))€d+V(t,z(t))

where d+V denotes the superdifferential of V. We also show that
the co-state of the maximum principle verifies the above relations.

To find the value function from its definition at first glance seems
to be an impossible task, because it amounts to solving as many
optimization problems as there are initial points (£o?#o)- ^ u ^ v e i T
fortunately, under quite general assumptions, the value function is
the unique solution to the Hamilton-Jacobi equation:

-~(t,x) + ff(t,a:,-|£(t,a0) = 0, V(T,-) = <?(•)

However, since even in very regular situations the value function is
merely Lipschitz, solutions of the above Hamilton-Jacobi equation
have to be understood in a generalized sense, where derivatives are
replaced by subdifferentials (see Chapter 4.)

We also investigate what are the regularity properties of the sys-
tem which are inherited by the value function (Lipschitz continuity
in Section 1, semiconcavity in Section 4 and lower semicontinuity in
Chapter 4.) In Section 3 we show that differentiability of V is re-
lated to uniqueness of optima and is preserved along each optimal
solution.

When the Hamiltonian H is smooth enough and the value func-
tion is differentiable at (O,£o), then the following necessary and suf-
ficient condition for optimality holds true:

Let #(•), p(-) solve the Hamiltonian system

Then x is optimal if and only if x(0) = £o? p(0) = ~
The value function can be also used to construct the optimal

feedback map:

G(t,x) = j t , <E f(t,x,U(t)) = 0
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Namely the following property holds true: a solution x to (3.1) is
optimal for our minimization problem if and only if it is a solution
to the differential inclusion

x1 G G{t,x), x(0) = £0 (3.3)

To investigate the regularity of the set-valued map G, we show in
Section 4 that for sufficiently smooth / and g, the value function is
semiconcave. As a consequence, we obtain that the feedback map
G is upper semicontinuous on [0 ,T[xl and has nonempty compact
images. In particular whenever G is single-valued, it is continuous
and optimal solutions are continuously differentiable.

If the data are convex, then the value function is convex, G has
convex values and inclusion (3.3) fits the well investigated framework
of upper semicontinuous convex valued maps (see [1].)

3.1 Value Function

3.1.1 Mayer and Bolza Problems

Consider T > 0, a complete separable metric space 2 , a set-valued
map U : [0,T] ^ Z and a map / : [0,T] x Rn x Z \-> Rn . We
associate with it the control system

x'(t) = f(t,x(t),u(t)), u(t) E U(t) (3.4)

Let an extended function g : Rn i-> RU {+oc} and £o G Rn be given.
Consider the minimization problem, called Mayer's optimal control
problem :

min {g(x(T)) \ x is a solution to (3.4), z(0) = £0} (3.5)

The value function associated with this problem is defined by: for
all(to,*o)e[O,T]xR™

V(to,xo) = inf{g(x(T)) \ x is a solution to (3.4), a;(to) = ^o} (3.6)

We impose the following assumptions
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V (x,u) E Rn x Z, /(-,#, w) is measurable

For a.e. t E [0,T], / ( V r ) is continuous (3.7)

[/(•) is measurable and has closed nonempty images

and

i) 3k e Ll{0,T) such that for a.e. t E [0,T],
V u eU(t)J(t,-,u) is fe(t) - Lipschitz

ii) 3 7 G l 1 ( 0 , T ) such that for a.e. £E[0,T], (3.8)

in) g is locally Lipschitz

These assumptions imply that V is actually equal to the value func-
tion of the relaxed problem in which system (3.4) is replaced by the
differential inclusion

x'{t) e co(f(t,x{t),U(t))) almost everywhere (3.9)

Hence for all (to,xo) E [0,T] x Rn,

V{to,xo) = mf{g{x(T)) \ x solves (3.9), x(t0) = x0} (3.10)

The Bolza problem has the same nature, but its cost involves the
integral functional: Consider in addition a function L : [0, T] x Rn x
2 ^ R and the following minimization problem:

minimize g(x(T)) + j\{t,x(t),u{t))dt 1 (3.11)

over all solution-control pairs (x,u) to (3.4) with x(0) — £o
We denote by x = (x°,x) elements of Rn + 1 and we set

Vte [0,T], x = {x\x), uEZ, f{t,x,u) :=
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Then it is not difficult to realize that a solution-control pair (2, u) of
(3.4) is optimal for problem (3.11) if and only if the map

a
L(s,z(s),u(s))ds, z(t)

solves the problem

minimize (g(x{T)) + z°(T))

over all solutions to the control system

x'(t) = /(*,£(*), u(*)), u(t)eU(t), z(0) = (0,f0)

This new problem is of Mayer's type.

3.1.2 Lipschitz Continuity of the Value Function

More generally consider an extended function g : Rn i-> R U {+00},
a set-valued map F : [0,T] x R ^ R " , ( 0 ^ R n and the differential
inclusion

x'(t) e F(t,x(t)) almost everywhere (3.12)

We investigate the minimization problem

mm{g(x(T)) \ x is a solution to (3.12), x(0) = ̂ 0}

The corresponding value function is given by:

For all (io,zo) ^ [0,T] x Rn,

V(to,xo) = M{g(x(T)) I x solves (3.12), x{tQ) = x0} (3.13)

Let S[tQiT](xo) denote the set of solutions to (3.12) starting at XQ
at time to and defined on the time interval [to, T]. The value function
is nondecreasing along solutions to (3.12):

xih)) <V{t2,x{t2))

and satisfies the following dynamic programming principle:

Vte[to,T\, V{to,xo) = mf{v(t,x{t))\ x € <S[4O,T](^O)} (3.14)
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Furthermore x G S[t0iT]ixo) ls optimal for problem (3.13) if and only
ifV(t,x(t))=g(x(T)).

We impose the following assumptions on F and g

i) F has closed nonempty images

ii) V x G R72, F(-,x) is measurable

m) 3 A: G L ^ T ) , Vi G [0,T], Vi,y G Rn,
) C F(t,y) + k(t)\\x-y\\B

iv) ^ G L ^ T ) , VtG [0,T],

K v) g is locally Lipschitz

and observe that if the map / from Section 3.1.1 satisfies (3.7) and
(3.8), then, by Chapters 1,2, assumptions (3.15) hold true for the set-
valued map F(t,x) := W (f(t,x,U{t))). This and (3.10) yield that
results of this section may be applied as well to the Mayer problem
considered in Section 3.1.1.

We recall that the directional derivative of a function cp : R m *-)>
R at XQ G R m in the direction v G R m (when it exists) is defined by

dp ip(xp + hv) - cp(xQ)
—-(xo) = lim
ov /i^o+ h

Theorem 3.1.1 Assume (3.15). Then for every R > 0, there exists
LR > 0 such that

i) For all (£o,#o) ^ [®IT]XBR(0) and every solution x G 5^o^T]{XO)

Vt€[to ,T], ||a:(*)|| < LR

and the map [to,T] 3 t i->- V(t,x(t)) is absolutely continuous.
Furthermore for almost every t € [itb^L ^ e directional derivative

{t

does exist.
ii) For all t G [0,T], V(t, •) is LR-Lipschitz on BR(0)
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Finally, if for all R > 0, there exists CR>0 such that

Fora.e. *G[0,T], V x E # # ( 0 ) , sup ||y|| < cR (3.16)

yeF{t,x)

then for every R > 0, there exists CR > 0 such that
V x E BR(0), V(-,x) is C^-Lipschitz

Proof— Consider any solution x E <S[£0,T](XO) to differential
inclusion (3.12). Then for almost all t E [*0,T] '

x'[t) E F(t,x(t)) C F(t,0) + fe(t)||a;(t)||S

Thus

Vt e [to,T], ||x(t)|| < | |xo | |+ f\{s)ds+ (tk(s)\\x(s)\\ds
Jto Jt0

This and Gronwall's lemma yield the first statement. Since tp is
locally Lipschitz we deduce ii) from Filippov's theorem.

Let x\ E S[tQiT](xo). We claim that the map t H^ V(t,xi(t)) is
absolutely continuous. Indeed fix to <ti < t2 < T. By (3.14), there
exists X2 E S[tl^](xi(ti)) such that

V{t2,x2(t2)) <

Then from i) we deduce that for i = 1, 2

Thus, by ii), for a constant L depending only on ||xo|

0

< V(t2,xi{t2)) - V(t2,x2(t2)) + \t2 - til

< L \\xi(t2) - x2{t2)\\ + |i2 - til (3.17)

< L(\\xi{t2) - xi(ti) | | + ||s2(*2) - a;i(*i)||) + 1*2 - *i|

< 2L % ^s)ds + 2i||x0|l^ ft?
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Recall the following characterization of absolutely continuous maps:
A function / : [a, b] H-> R is absolutely continuous if and only if

i) 3 v(f) > 0, V a = ai < h < ... < am < bm = 6,

T,iLi\f(bi)-f(oi)\<v(f)

ii) V e > 0, 3 S > 0 such that V a < a^ < bi < 6, i — 1,..., m

satisfying ]ai? 64 n ]aj, 6j[ = 0 for i ^ j , EI^i(^ ~ «i) < ^

we have £ £ i |/(6Z) - /(a,)| < e

Thus, by (3.17), the map t i-̂  (p(t) := V(t,x\(t)) is absolutely con-
tinuous.

Fix t G [to,T] such that tp and xi are differentiable at t. Then
from the local Lipschitz continuity of V with respect to the second
variable

V{t + h.x^t) + hx^jt)) - Vjt.x^t)) = U m <p{t + h)- <p(t)
h->0+ h

To prove the last statement of our theorem, observe that (3.16) and
i) imply that for all i? > 0, there exists IR such that every x G
S[t0,T](xo) is ^-Lipschitz whenever XQ G BR(0). Fix 0 < to < t\ <
T, XQ G -B^(O). By (3.14) there exists x G <S^o?T](xo) such that
V(tux(ti)) <V(to,xo) + \ti-to\. Then

\V(tuxo)-V(to,xo)\

< \V(tux{ti))-V(tQ,x0)\ + |V(*i^(*i))-

- *o|

3.1.3 Optimal Feedback

When the value function is directionally differentiable, it has many
properties related to dynamics of the system.
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Proposition 3.1.2 Assume (3.15). Iffor some (to,xo) G [0,T[xRn
;

F is lower semicontinuous at (io?#o) and for some v Gco (F(£o,#o));
the directional derivative ofV at (to,xo) in the direction (l,v) exists,
then this directional derivative is nonnegative.

Proof— Consider a solution x(-) to differential inclusion (3.12)
satisfying x(to) — XQ, x'(t()) — v. Since V(t,-) is Lipschitz on a
neighborhood of XQ with the Lipschitz constant independent of t and
since V is nondecreasing along solutions to (3.12),

V(t0 + h, x0 + hv) -

To characterize optimal solutions, we introduce the following
feedback map G : [0, T ] x R n M Rn denned by

F(t,x)

(notice that the sets G(t,x) may be empty.)

Theorem 3.1.3 Assume (3.15) and lett0 E [0,T]. T/ierz the follow-
ing two statements are equivalent:

i) x is a solution to the differential inclusion

x'(t) e G(t,x(t)) almost everywhere in [£0,T] (3.18)

ii) x is a solution to differential inclusion (3.12) defined on the
time-interval [to,T] and for every t G [£o,T], V(t,x(t)) = g(x(T)).

Proof — Fix a solution x to (3.12) defined on [£o,T] and set
<p(t) — V(t,x(t)). By Theorem 3.1.1, <p is absolutely continuous and
for almost all t G [£o,T]

^ {t



3.2. Maximum Principle for Free End Point Problems 67

Assume that i) holds true. Hence, for almost every t G [to,T], the
set G(t,x(t)) is nonempty and (p'(t) = 0 almost everywhere in [£o,T].
Consequently cp = V(T,x(T)) = g(x(T)).

Assume next that ii) is verified. Then, differentiating the map
t i-> (p(t), we obtain that for every to < t < T, <//(£) = 0. Therefore
for almost all t G [to,T], x'(t) G G(t,x(t)). •

Corollary 3.1.4 Assume (3.15). Then, a solution x G ^ o / r ^ o ) is
optimal for problem (3.13) if and only if it is a solution to differential
inclusion (3.18) satisfying the initial condition x(to) = XQ.

Theorem 3.1.5 Assume (3.15) and that the images of F are con-
vex. Then for every to G [0,T] and XQ G Rn , inclusion (3.18) has at
least one solution x G S^0^(XQ).

Proof— By Theorem 1.3.7, problem (3.13) has at least one op-
timal solution x. Furthermore V(t,x(t)) = g(x(T)). Theorem 3.1.3
ends the proof.

3.2 Maximum Principle for Free End Point
Problems

3.2.1 Adjoint System

Consider a complete separable metric space Z} real numbers to < T
and

/ : [to,T] x R n x 2 4 R n

Let [/ : [to,T] ^ Z be a set-valued map and consider the control
system

x1 = f{t,x,u{t)), u(t) £ U{t), t G [to,T] (3.19)

Fix a state-control solution (z,u) to control system (3.19). We
assume that (3.7) holds true and

The derivative fa.(t,z(t),u(t)) exists a.e. in [to,T]

(3 20)
For some e > 0, k G Ll{t^,T) and for a.e. t G [to,T] V ' ;

VuG U(t), / ( t , -,u) is fe(t) - Lipschitz on B£{z{t))
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Denote by X(-) the fundamental solution to the linear system

X'(t) = ^(t,z(t),u(t))X(t), X(t0) = Id (3.21)

We recall the following property of the fundamental solution.

Proposition 3.2.1 Let X(t)* denote the transposed matrix. Then
every solution p to the adjoint system

-p' = d£(s,z(3),«(5)))p (3.22)

verifies p(t) = (X(i)*)"1 X(Tfp(T) for all t € [to,T\.

Proof— Set A(s) = yt(s,z(s),u(s)). Then, differentiating the
identity X{t)X{t)~l = Id, we obtain that for almost all t G [to,T]

0 = X'{t)X{t)-1 +
1 + XWX-1)'® = A(t) + X(t)(X-l)'(t)

Hence {X-l)'{t) = -X(t)-lA(t) and therefore (X(-)*)~l is the fun-
damental solution to

Y\t) = -A(t)*Y(t), Y(t0) = Id

Thus the solution p(-) to (3.22) verifies p(t) = (X(t)*)'1 p(t0) for all
te [to,T], So, p(t0) = X(T)*p(T) and the proof follows. •

Let us associate with control system (3.19) the Hamiltonian H :
[0, T] x Rn x Rn H> R defined by

H(t,x,p) = sup <pj(t,x,u)>
ueu{t)

Under assumptions (3.7), (3.8), H is measurable with respect to t,
locally Lipschitz with respect to (x,p) and convex with respect to
the third variable p.

Denote by R(t) the reachable set of (3.19) at time t from z(to):

R(t) = {#(£) | x is a solution to (3.19), x(to) = z(to)}
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by Tft(£)(z(£)) the contingent cone to R(t) at z(t) and by

N°m(z(t)) := (Tm(z(t)))~

the subnormal cone to R(t) at z(t) (negative polar cone of the con-
tingent cone to R(t) at z(t).)

Lemma 3.2.2 Assume that (3.7) and (3.20) hold true. If p is a
solution to adjoint system (3.22) such that p(T) G N^TJz(T)), then

Vt € [to,T\, ()

and the following maximum principle holds true:

= H{t,z(t),p(t)) a.e. in [to,T] (3.24)

Proof— From Theorem 1.3.9 we deduce that for all v G
X(T)X(t)-lv G TR{T)(z{T)). Thus {p(T),X{T)X(t)-lv) < 0 and,
using Proposition 3.2.1, we obtain

<p(t),v>= ^(X(t)*)"1 X(T)*p{T), v^ < 0

If w solves the linearized system (2.6) and to = 0, w(0) = 0, then
w(T) G TR{T){z(T)) and w(T) = JQ X(T)X{s)-1v{s)ds. Thus

0 >< p(T)MT) >=< [ < (X(sy)-lX(T)*p(T),v(s) > ds
Jo

Thus < JQ < p(s),v(s)ds >< 0 for all integrable selection v(s) G

Tcof(s,z(s),u(s))(zf(s))- Since

n a r o /7Q ?(Q\ TI(^) — 7f(<i) r T—£< t \ TT( w( f(<i 7(s) Til?)))u t L,UJ yz>) ^ys)-, u \^)) & \^) ^— -Lcof(s,z{s):U(s))\J K^i ̂ K^Ji Uj\^))J

we deduce, using results on measurable set-valued maps from Chap-
ter 1 that

f1

0 >< / sup <p(s),v > ds > 0
Jo vecof(s,z(s),U(s))-z'(s)

Which yields (3.24) •
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3.2.2 Maximum Principle

Let g : Rn ^ R b e a differentiate function and xo G Rn be given.
Consider the problem

minimize g(x(T))

over all solutions to control system (3.19) satisfying a;(to) = x$.

Theorem 3.2.3 / / a state-control solution (z,u) solves the above
problem and (3.7), (3.20) hold true, then the solution p to adjoint
system (3.22) such that

p(T) = -

satisfies (3.23) and maximum principle (3.24).

Remark — The map p(-) in the above theorem is called co-state
or adjoint variable associated with (z,u). •

Proof — Since z is optimal, we have

= g(z(T))

Let v E TR(T)(Z(T)) and hn -> 0+,vn —>• v be such that z(T)+hnvn E
R,(T). rT\ieYLg(z(T)^rhnvn)-g(z{T)) > 0. Dividing by hn and taking
the limit we obtain < Vg(z(T)),v > > 0. Hence -Vg{z(T)) G
NR(T)(Z(T))- Lemma 3.2.2 yields the conclusion. D

The above theorem can be applied to derive necessary optimality
conditions for various minimization problems:

Exercises

1. Minimization with respect to both End Points. Con-
sider a differentiate function ip : Rn x Rn i-> R and the problem

minimize (p(x(to),x(T))

over all solutions to control system (3.19). Assume that a state-
control solution (z,u) is optimal and (3.7), (3.20) hold true.
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Show that the solution p to adjoint system (3.22) such that

P\J- ) — —7Z—yZ\T>§j^ Zy± jj yo.ZiOJ

satisfies maximum principle (3.24) and

p{to) = w— {z{t0),.

2. Problem with Initial Point Constraints. Consider the
same problem as in Exercise 1 with an additional restriction

x{t0) G K (3.26)

where K is a given subset of Rn. Assume that a state-control solution
(z,u) is optimal and (3.7), (3.20) hold true.

Show that the solution p to adjoint system (3.22), (3.25) satisfies
maximum principle (3.24) and transversality condition

P(to) G ^(z(to),z(T)) + N°K(z(t0)) (3.27)

3. Bolza Problem. Let (/?, K be as in Exercise 2. Consider a
function L : [to,T] x Rn x 2 ^ R and the optimization problem

minimize < (p(x(to)^x(T)) 4

over all state-control solutions (#, u) to system (3.19) satisfying (3.26).
Assume that a state-control solution (z,u) is optimal and that the
map (/, L) satisfy assumptions (3.7), (3.20).

Show that the solution p to the equation

-p' = (|£(M(t),

satisfying (3.25) verifies transversality condition (3.27) and the max-
imum principle:

(p{t),f(t,z(t)Mt))) - L(t,z(t),u(t))

= ma,xueU{t){(p{t)J(t,z(t),u)) - L(t,z(t),u)) a.e. in [to,T]
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4. Free Time Mayer Problem. Let g be a function as in
Section 5.2.2 and consider the problem

minimize g(x(t))

over all solutions to control system (3.19) satisfying x(to) = XQ. Let
(z,u) be an optimal state-control solution, T > 0 be the correspond-
ing optimal time and assume that (3.7), (3.20) hold true. Let p
denote the corresponding co-state. Assume in addition that /(•,#, •)
is continuous, [/(•) is lower semicontinuous and for all x G Rn, the
set f(T,x,U(T)) is bounded. Show that

<p(T), f(T,z(T),u) > = 0 •

3.3 Necessary and Sufficient Conditions for
Optimality

We begin this section with a sufficient condition for optimality in-
volving the superdifferential of the value function.

3.3.1 Sufficient Condi t ions

Theorem 3.3.1 Assume that (3.7), (3.8) hold true and let (£o,#o) £
[0,T] x Rn . Consider a solution z : [to,T] i-> Rn to control system
(3.4) with z(to) = XQ and let u be a corresponding control. If for
almost every t G [£o,T]7 there exists p(t) G Rn such that

G d+V(t, z(t)) (3.28)

then z is optimal for problem (3.6).

Proof— By Theorem 3.1.1 the map ij){t) := V(t, z(t)) is absolutely
continuous. Let t E [to,T] be such that the derivatives ip'[t) and
z'{t) do exist and (3.28) holds true. Then, using Theorem 3.1.1 and
Proposition 1.1.7

0 = ((< p(t),z'(t) >,-p(t)),(l,z'(t))) >

V(t + h,z(t + h))-V(t,z(t))
> hmsup/l_>0+
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This yields that ip is nonincreasing. Since the value function is also
nondecreasing along solutions to control system (3.4), we deduce that
the map t \—> V(t,z(t)) is constant. So z is optimal. •

3.3.2 Necessary and Sufficient Conditions

Theorem 3.3.2 Assume (3.7), (3.8), that f is differentiable with
respect to x and g is differentiable. A state-control solution (z,u) to
control system (3.4) with z(to) = xo is optimal for problem (3.6) if
and only if the solution p : [to,T] i-> Rn to the adjoint system

) , P(T) = -Vg(z(T)) (3.29)

satisfies the maximum, principle

<p(t)J(t,z(t)Mt))>= H(t,z(t),p(t)) a.e. in [to,T] (3.30)

and the generalized transversality conditions

(H(t,z(t),p(t)),-p(t)) E d+V(t,z(t)) a.e. in [£0,T] (3.31)

-p(t) E d+Vx(t,z(t)) for every te[to,T] (3.32)

where d+Vx(t,z(t)) denotes the superdifferential ofV(t,-) at z(t).
Furthermore, if V is semiconcave and H is continuous, then

(3.31) holds true everywhere in [to,T].

Proof — Sufficiency is a straightforward consequence of The-
orem 3.3.1 and (3.30), (3.31). The fact that (3.29) and (3.30) are
necessary follows from Theorem 3.2.3.

Fix t E [£o,T], v £ Rn and consider the solution w(-) to the
linear system

, se[t,T\

Then w(T) = X(T)X(t)-lv, where X(-) is the fundamental solution
to (3.21). For every h > 0, let Xh be the solution to the differential



74 3 - Value Function of Mayer's Problem

equation

s G [t,T]

From the variational equation we know that the difference quotients
(xh — z)/h converge uniformly to w.

To prove (3.32) it is enough to observe that

(-p(t),v) - ((X(t)*)-lX(T)*Vtp(z(T)),v) = (S7<p(z(T))MT))

> lim8uph_+0+{V(t,z{t)+hv)-V(t,z(t)))/h

To prove the necessity of (3.31) fix t G [0,T[ such that z'(t) =
f(t,z(t),u(t)) and equality (3.30) holds true, v eRn, a G R. Then
from (3.30), using that V(£, •) is locally Lipschitz, that V is nonde-
creasing along solutions to (4.3) and is constant along z1 we deduce

lim supfc_>0+ (V(t + ah, z{t) + h(az'(t) + v))

) + hw(t + ah)) - V(t,z(t))) /h

h)) - V(t,z(t)))/h

(tp(xh(T)) - <p(z(T))) /h = (V<p(z(T))MT))

= (V<p(z(T)),X(T)X(t)-lv) = ( ^ ( ^ ^ - ^

+ (-p(t),az'(t)

- aH{t,z(t),p(t)) + (

Hence we deduce that for every a G R and ^i G R

, ^ ) < aH{t,z(t),p(t))

n

and (3.31) follows from Proposition 1.1.7.
When V is semiconcave, then, from Theorem 1.1.11, its superdif-

ferential is upper semicontinuous. Thus the last statement results
from (3.31) and continuity of J5T(-), p(-), z(-). •
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For autonomous systems, that is with / and U independent of
£, the Hamiltonian is constant along any optimal state/co-state pair
(z,p). Indeed, recalling (3.30), (3.29), for almost all s E [to,T] we
obtain

H(z(t)lP(t))-H(z(s),p(S))
>(p(t)J(z(t),u(s))-f(z(s)Ms))) + (p(t)-p(s),f(z(s)Ms)))
= o(\t-s\)

for all t G [£o,T]. Since the above argument is symmetric,

\H(z(t),P(t))-H(z(s),p(s))\ < o(\t-s\)

Using that t \-> H(z(t),p(t)) is absolutely continuous, we deduce that
H(z(t),p(t)) is constant.

When the Hamiltonian H(£, •, •) is differentiate at (z(t),p(t)) for
all t G [to,T], then z and the co-state p satisfy the Hamiltonian
sxjstem

a.e. in [to, 1 \

This follows from Theorem 3.3.2 and

Proposition 3.3.3 Let (t,z,p) G [to,T] x Rn x Rn andue U(t) be
such that (jp,f(t,z,u)) = H(t,z,p). Then

i) If H(t, -,p) is differentiable at z, then

dH,. _x

ii) If H(t,z, •) is differentiable at p, then

dp

Proof — It is enough to observe that for every v G Rn

H(t,z+hv,p)-H(t,z,p) ^ v (p, f(tiz+hv,u)-f(t,z,u))

= (p, §|(i,z,S)u) = ((§|(t,*,iZ))*p, v
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and

= (vj(t,z,u)) •

3.3.3 Co-state and SuperdifFerentials of Value

Proposition 3.3.4 Assume (3.15) and let z be an optimal solution
to problem (3.13). Then for almost every t G [to,T],

V(Pt:Px)ed+V(t,z(t)), -pt - (Px,z'(t)) = 0 (3.33)

Furthermore, if F is lower semicontinuous, then for almost every
t€[to,T],

V(puPx)£d+V{t,z(t)), -pt + H(t,z(t),-px) = 0 (3.34)

If (3.16) holds true and F is continuous, then (3.34) Z5 satisfied for
all t0 <t <T.

Proof— Let i G ]to,T[ be such that z'(t) G F(t,z(t)). Then for
all(pt,Pa) ed+V(t,z(t))

> r V(s, z(s)) - V(t, z(t)) -Pt(s~t)- (pg, z(s) - z(t))
> limsup \S -t\ + \\Z(S) -Z{t)\\

Since V(-,z(-)) is constant, the above estimate yields

0 > lim -*(*-*)-<**>*(*)-*)) = _ f t _ {px,z'{t))

By the same arguments, taking 5 —>> t— we derive 0 > pt + (px, z'(t))
and so (3.33) is proved. Assume next that F is lower semicontin-
uous and fix v G F(to,xo),to < T. Consider x G S[t,T](xo) satis-
fying a;7(to) = v. Since for all small h > 0, F(to,xo) < V(t0 +
/i, x(to + /i)), we deduce that £)^Vr(to,xo)(l,^) > 0. Consequently,
for all (pt,px) G a+F(to,xo), p^+ < Px,^ >> 0. But this yields
—pt + if (to, #o, ~Px) < 0. From the last inequality and (3.33) we get
(3.34).
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If (3.16) holds true and F is continuous, then z is Lipschitz.
Fix to < t < T. Then for a sequence hn —)> 0+ and some v E
co(F(t,z(t)))

z(t-hn)-z(t)
lim — — = —v

hhn

Fix (pt,px) £ <9+F(£, z(t)). Applying exactly the same arguments as
before, we deduce that pt + (jpx->v) < 0 yielding equality (3.34) at t.
D

Theorem 3.3.5 Assume (3.7), (3.8), that f is differentiable with
respect to x and g is differentiable. Suppose further that V(to, *) is
differentiable at XQ and let (z,u) be an optimal state-control solution
to problem, (3.6). Then the co-state p : [to,T] t—> R n corresponding
to (z,u) and given by Theorem 3.3.2 verifies

{-p{t)} = d+Vx{t,z{t)) for all te[to,T\

Hence ifV(t,-) is semiconcave, then ^(t,z(t)) = —p(t).

R e m a r k — In Section 4 below, we show that under some addi-
tional regularity assumptions on / , V is semiconcave. •

Proof— We already know from Theorem 3.3.2 that

-p(t) E d+Vx(t,z(t)) for all te[to,T]

Fix v E R n and let w, x^ have the same meaning as in the proof of
Theorem 3.3.2 with t replaced by to- Then, since V is nondecreasing
along solutions to control system (4.3) and constant along z.

, , . v v /dV \
(-p(to),v) = ( — - ( t o , x o ) , v ) = h m

\ ox I h>o

< limsup

h

V{t,xh(t))-V(t,z{t))
— -^-7 -^

-V(t,z(t))
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for all t E [to,T]. Hence for every q E d+Vx(t, z(t)) we have

(-P(to),v) < (q,w(t)) = (q,X(t)v) = (X(t)*q,v)

where X denotes the fundamental solution to (3.21).
Since v E R n is arbitrary, p(£o) = —X(t)*q. On the other hand,

p(-) being a solution to (3.29), we know that p(to) = X(t)*p(t) and we
deduce that —p(t) = q. This yields that d+Vx(t,z(t)) is a singleton
and ends the proof. •

3.3.4 Hamiltonian System

Whenever H happens to be more regular we can prove the following
theorem concerning optimal design. For every (£o5^o) £ [0^] x R-n

define

where W is given by W(x) — V(to,x).

Theorem 3.3.6 Assume (3.7), (3.8), that f is differentiable with
respect to x, g is differentiable and that H(t, •, •) is differentiable1 on
R n x (R n \ {0» for almost every t E [to,T].

Further assume that the sets / ( t ,x , U(t)) are convex and compact
and for every R > 0, there exists a nonnegative integrable function
lR E Ll{0,T) such that for all x,y E RB andp.q E RB\^B

(3.35)

Let (£o,#o) ^ [to,T]xRn andpo ^ 0 be such that —po E d*Vx(tQ,xo).
Then the Hamiltonian system

P;(*) = -&,x(t),p(t)), p(t0) = Po (3.36)

k p{t) ^ 0 for all t E [to,T]
xIt is well known that H(t,x,-) is not differentiable at zero when f(t,x,U(t))

is not a singleton. For this reason we exclude zero in our differentiability
assumptions.
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has a unique solution {z(-),p(-)) defined on [£o,T]. Moreover z(-) is
optimal for problem (3.6).

Consequently, problem (3.6) has at least as many optimal solu-
tions as there are elements in the set d*V^(£o,£o)\{O}.

Furthermore, ifVg(-) is continuous at z(T), then p(-) is the co-
state corresponding to z(-) given by Theorem 3.3.2.

R e m a r k — A typical example of a nonlinear control system
with closed convex images is the affine system:

m
I r> / \ , V ~ ^ / \ r 7 -1

where / and gi are maps from R n to itself and ai < b{ are given
numbers. •

Proof — From the very definition of d*Vx(to,xo) it follows
that there exists a sequence xk converging to xo such that F(£o, •) is
differentiable at xk and

dV,
-po = hm —(to,xk)

k-+oo OX

Let (zk,uk) be an optimal state-control solution for problem (3.6)
with xo replaced by xk. By Theorem 3.3.2 (applied with xo replaced
by #fc), for every k there exists an absolutely continuous function
pk : [to,T] H-* R n such that

-Phi*) = (U&ZkWiUkifyYpkit), a.e. in [to,T]
(3.37)

~Pk(to) = &0,xk), pk(T) = -Vg{zk{T))

Therefore, pk(t) ^ 0 for all t G [to,T] and sufficiently large k. By
Proposition 3.3.3, for every t G [£o,T],

fl dH tZk{t) = x0 + J —{s,zk(s),pk{s))ds

(3.38)

pk(t) = Po ~ -7-^(s,zk(s),pk(s))ds
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Recalling assumptions (3.8) and Theorem 3.1.1, we conclude that
Zk, k = 1,... are equicontinuous and equibounded. Furthermore,
from (3.8) and (3.37) it follows that pk are also equicontinuous and
equibounded, because the maps t H-» ^ ( t , Zk{t),uk{t)) are integrably
bounded on [to,T]. So, taking a subsequence and keeping the same
notation, we may assume that (zk^pk) converge uniformly to some
(z,p) and | i ( . , ^ ( . ) , ^ ( . ) ) converge weakly in Ll{t0,T;B.n x R n )
to some A(-). In particular p(£o) = po i=- 0 and p solves the linear
system

—p'(t) = A(£)*p(£), almost everywhere in [to,T]

Thus p(£) ^ 0 for all t G [to,T]. Fix R > 1 so that

v*e[to,T], | < 11̂ )11 < f

Then, for all sufficiently large /c and all s G [£o,T], we have

So, using (3.35) and taking the limit in (3.38), we deduce (z,p) is a
solution to Hamiltonian system (3.36).

Since p never vanishes, assumption (3.35) implies that (z,p) is
the only solution to (3.36). On the other hand

V{to,xQ) = \imV(to,zk(to)) = lim g{zk(T)) = g{z(T))
k—>oo k+oo

and therefore z is optimal for problem (3.6).
If Vg is continuous at z(T), then from (3.37) it follows that

p(T) — —Vg(z(T)) / 0. Let p\ be a co-state corresponding to the
optimal solution z given by Theorem 3.3.2. Then pi(t) =̂  0 for all
t G [to,T] and, by Proposition 3.3.3 it solves the problem

Since p is also a solution to this system, p\ = p by uniqueness. •
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3.3.5 Uniqueness of Optimal Solution and Differentia-
bility of Value Function

Theorem 3.3.6 yields that if d*Vx(to, XQ)\{0} is not a singleton, then
optimal solution to (3.6) is not unique. We prove a similar statement
under less restrictive regularity assumptions on H(t,x, •).

Theorem 3.3.7 Assume (3.7) (3.8), that g is continuously differ-
entiable, f is differentiable with respect to x, f(t,x,U(t)) are convex
and compact and that for every t £ [0,T], §f-(t, •, •) is continuous.

Further assume that for every R > 0, there exists a nonnegative
integrable function IR E L1(0,T) such that

\ f)TT r)TT
_(*,a;,p)-— <lR(t)\\x-y

If problem (3.6) has a unique optimal solution z, then for all t G
[to,T]7 <9*yx(t, z(t)) is a singleton and, consequently, V(t, •) is differ-
entiable at z(t).

Proof— Observe that for every t G [to,T], problem (3.6) has a
unique optimal solution with (to,^o) replaced by (t,z(t)). For this
reason we prove the result only for V(to,-).

By Proposition 1.1.9, it suffices to show that d*Vx(to,xo) is a
singleton. Let pi,p2 £ d*Vx(£o?#o) and consider sequences {x\} and
{x\} converging to xo, such that

dV
lim — - ( t 0 , 4 ) = pi, i = l , 2

+ OX

Let z\ be optimal solutions to problem (3.6) with XQ replaced by
x\, i = 1,2 and denote by p\ the corresponding co-states given by
Theorem 3.3.2. Then, by Proposition 3.3.3,

a.e. in

pl(T) = -Vff(4(T)), pl(t0) = -%(t0,4)

By Theorem 3.1.1, z\ are bounded, equicontinuous and V(T, z\{T)) —
g(zl

k(T)). Since the solution to (3.6) is unique by our assumptions,
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we deduce that z\ converge uniformly to z for i = 1, 2. Taking sub-
sequences and keeping the same notations, we may assume that p\
converge uniformly to the unique solution p to the system

p'(t) = - ^ - ( * ^ ( t ) , p ( * ) ) , P(T) = -Vg(z(T))

Thus, pi =p(t0) =p2. •

Theorem 3.3.8 We posit all hypothezis of Theorem 3.3.6 and we
assume that g is continuously differentiate. Then V(to,-) is differ-
entiable at xo with the derivative different from zero if and only if
there exists a unique optimal solution z to problem (3.6) satisfying
Vg{z{T)) ± 0.

Proof— Assume that ^ ( ^ b ^ o ) 7̂  0. Let z be optimal for prob-
lem (3.6). By Theorem 3.3.2, Vg(z(T)) ^ 0. By Proposition 3.3.3,
every optimal state/co-state pair solves Hamiltonian system (3.36)
with po — ~-~^(£o>£o)- This and Theorem 3.3.6 yield uniqueness of
optimal solution.

Conversely, assume that (3.6) has a unique optimal solution z
and X7g(z{T)) ^ 0. By Theorem 3.3.7, V(*o, •) is differentiable at x0.
Theorem 3.3.2 implies that f£(*o,#o) ^ 0. D

3-4 Semiconcavity of Value Function

We provide next a sufficient condition for semi-concavity of the value
function on [0,T] x Rn . Throughout the whole section we assume
the following

3 UJ : R + x R + H-» R + such that (1.3) holds true and

*)

(3.39)

VAG [0,1], i?>o, x^xx eBft(0), te [O,T], ue u(t)
\\\f(t,xo,u) + (1 - \)f{t,xuu) - f(t,xx,u)\\

where x\ = Xxo + (1 — X)x\

g : R n H-> R is semiconcave



3.4. Semiconcavity of Value Function 83

R e m a r k — Assumptions (3.39) hold true in particular when
g is continuously differentiable and / is continuously differentiable
with respect to x uniformly in (£, u). More precisely, if we assume
that there exists a function u : R + x R + H> R + satisfying (1.3) such
that

x dx '

for all t G [0,T], wG [/(£) and xux2e BR(0).

-x2

2) Vice versa, Proposition 1.1.13 implies that, if/ satisfies (3.39),
then / is continuously differentiable with respect to x. •

Theorem 3.4.1 Assume (3.7), (3.8) and (3.39). Then there exists
u : R + x R + \-> R + satisfying (1.3) such that for all t G [0,T], A G
[0,1], R> 0

V.T0, xi e BR{0), XV(t, rci) + (1

A)||xi - xo||cJ(i?,||a;i - xo\\)

Consequently for every t G [0,T], V(t, •) z«s semiconcave.

Proof— For every t G [0,T] and control w(s) G ?7(5) (admissible
control), we denote by y(-;t,rr,u) the solution to the system

By Theorem 3.1.1 for every R > 0 there exists L# such that

Moreover, by the Gronwall lemma, for all t G [0,T], 5 G [£,T],
.xo,xi G R n and all admissible control w(-), we have

H - y ^ t , ^ ^ ) - y(5;t,xo ,u)| | < e / > ( r ) d T ||*i - xo\\ (3.41)

Step 1. We claim that there exists oo\ : R + x R + H^ R + satisfying
(1.3) such that for all 0 < t < s < T, R > 0, x0, a;i G J3#(0), A G [0,1]
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and admissible control u(-), we have

\\\y(s]t,xi,u) + (1 - \)y(s;t,xo,u) -y(s;t,Xx0 + (1 - X)xuu)\\

< X(1-X)\\X1-X0\\L)1(R,\\X1-XQ\\)

Indeed set x\ — XXQ + (1 — X)xi and define

yx(r) = \y(r;t,xi,u) + (1 - X)y(r;t,xo,u) -y(r;t,xx,u)

Then yA(i) = 0 and

y(r;t,xo,ifc),i/(r)) - ,/(r,y(r; t, xA,u), u

From assumptions (3.8), (3.39) we obtain

\\yr
x(r)\\ < k(r) \\yx(r)\\ + A(l - A) | |y(r;t,xi,ii) - y(r; t ,x0 ,

x a;(L/^

Our claim results from (3.41) and the Gronwall lemma.

Step 2. Fix e > 0 and a control u£ such that

F(t,xA) > g(y(T;t,xx,u£))-e

Let cô  denote a modulus of semiconcavity of g and CR a Lipschitz
constant of g on the ball of radius LR. Then from (3.41) and Step 1,

XV(t,xi) + {l-\)V{t,x0) - V(t,xx) <

,a;i,ixe) - y{T;t,xo,u£)\\ x

x a;^(L^, \\y{T;t,xi,u£) - y(T;t,xo,u£)\\)

+ CR\\Xy(T-t,xuu£) + {1 - X)y{T-t,xo,u£) - y{T;t,xx,u£)\\ + e

< Jtk^dsX(l - X) \\xx - xo|| u>g (LR, Jtk^ds \\Xl -

- A) ||^i - xo|| o;i(i2, Hxi - soil) + e
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Since e > 0 is arbitrary the proof follows. •

If we impose some additional assumptions on / , then V is semi-
concave also with respect to t.

Theorem 3.4.2 Assume (3.7), (3.8) and (3.39), that k and U are
time independent and for every R > 0, there exists UR > 0 such that
for all x G BR(0) and u G [/, f(-,x,u) is k R- Lips chitz.

Further assume that for all R > 0, there exists CR > 0 such that

), \\f(t,x,u)\\ < cR (3.42)

Then the value function is semi-concave on [0,T] x Rn.

Proof — Consider 0 < tx < t0 < T, R > 0 and let xo,xi G
BR(Q), A G [0,1]. Define

and pick any e > 0. By (3.14) there exists an admissible control u£

such that
y(to,y(to;tA,as'A,^)) < V(t\,x\) + e

Define

( A s + (1-A) i o , if *x < « < to ( 3 4 3 )

1 5 otherwise

Since the value function is nondecreasing along solutions to our con-
trol system, we have

y(to',ti,xi,ue or)) - V(to,y(to;t\,x\,u£)) +e

Define LR as in the proof of Theorem 3.4.1 and set

yiOO = y{sm,tuxuueor), y\(s) = y(s\ tx,xx,u£)

Let ifj^ denote the Lipschitz constant of V on [0, T] x L -̂B (which ex-
ists by Theorem 3.1.1.) From Theorem 3.4.1 and the latter inequality
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we obtain

XV{ti,Xl) + (l-\)V{tOtxo) - V{tX:xx)

< A(l - A) | |y i(t0) - a;o|| uJ(LR, | |y i(t0) - soil) (3.44)

+ KR\\\yi(t0) + (1-A)a;o - y\{to)\\ + e

On the other hand from assumption (3.42) it follows that

V«G[ti , to], l|yi(s)-a;o|| < \\xi - xQ\\ + MR(t0 - h) (3.45)

where MR = CLR. Set

z(s) = Ayi (T-\S)) + (1-A)a;o - Vx{s)

and notice that

z(tx) = 0, «(t0) = Xyi(t0) + (1 - X)x0 - yx(t0)

On the other hand, by assumptions of theorem there exists L > 0
such that for every t G [0,T] and u E U, f(t, -,u) is L-Lipschitz on
R n . Hence, using (3.39), we obtain the following estimates

h(s)) - f(s,y\(s),ue(s))\\

- y\(s)\\

< L ||2;(5)|| + L(l - A) ||yi or~l(s) - xo\\ + CR ^-(to - s)

where CR := kiR. Therefore from the Gronwall inequality and (3.45)
we deduce that for some c > 0 depending only on L and CR

\z(to)\\ < c(l - A) j£ (||yi o T-l(s) - xo\\ + V ) ds

(3.46)

< c A ( l - A ) ( t o - * i ) ( | | a ; i - a ; o | |

Since e > 0 is arbitrary, inequalities (3.44), (3.45), (3.46) imply the
conclusion. •
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3.4.1 Differentiability along Optimal Solutions

In this section we provide further results concerning differentiability
of V along optimal solutions.

Theorem 3.4.3 Under all assumptions of Theorems 3.3.7 and 3.4-2,
suppose that problem (3.6) has a unique optimal solution z. Then V
is differentiable at (t,z(t)) for all t E [to,T].

The proof of this statement is left as an exercise.
Theorem 3.3.8 yields

Corollary 3.4.4 Under hypothezis of Theorems 3.3.6 and 3.4-2, as-
sume that g is continuously differentiable. Then V(-, •) is differen-
tiable at (to,xo) with the partial derivative f^r(to,#o) different from
zero if and only if there is a unique optimal solution z to problem
(3.6) satisfying Vg(z(T)) ^ 0.

Usually the value function is not everywhere differentiable. How-
ever this is always the case for "convex" problems, as we prove below.

Theorem 3.4.5 Assume (3.7), (3.8), (3.39), that g is convex and

Vt E [0,T], Graph(/(t,-,[/(t))) is closed and convex (3.47)

Then V(t, •) is convex and continuously differentiable on R n .

Moreover, if all assumptions of Theorem 3.4-2 are verified, then
V is continuously differentiable on [0,T] x R n .

Proof— Assumptions (3.47) and (3.8) yield that for every (to, #o) G
[0,T] x R n there exists a solution z to control system

x' = /(t,x(t),u(t)), u(t)EU{t), x(to)=xo

satisfying V(to,xo) = g{z(T)).
Fix to G [0,T], xo,xi G Rn , A E [0,1] and consider solutions

x : [to,T] H-> R n and y : [t0)T] i-» R n to (3.4) such that

V(tQ,xo) = g{x(T)), V(to,Xl) = g(y(T))
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Define the map z : [to,T] H-» Rn by z(t) = Xx(t) + (1 - X)y(t).
From (3.47), we deduce that z is a solution to control system (3.4)
satisfying z(t$) = Xx$ + (1 — X)x\. Thus, from convexity of g,

and therefore V(to, •) is convex.
Next, as V(t, •) is both convex and semiconcave for all t G [0,T],

Proposition 1.1.13 yields that V(t, •) is continuously differentiate on
Rn . The last statement follows from Proposition 1.1.12. •

3.4.2 Regularity of Optimal Feedback

One of the major issues of optimal control theory is to find an "equa-
tion" for optimal solutions. Theorem 3.1.3 provides an inclusion for-
mulation. However, in general, the set-valued map G is not regular
enough to make us able to approximate solutions to (3.18) using, say,
Euler's scheme. This is one of the reasons why we have to investigate
regularity of the set-valued map G.

Theorem 3.4.6 Under all assumptions of Theorem 3.4-2, suppose
that the sets f(t,x,U) are closed. Then G has compact nonempty
images and is upper semicontinuous on [0,T[xRn.

Proof— From Theorems 3.4.2 and 1.1.11 we know that for ev-
ery (t,x) G [0,T[xRn and every v G Rn the directional derivative
dfi^v) (^ x) exists. Define the set-valued map

Q: [

by: for every (t,x) G [0,T[xRn, Q(t,x) is equal to

{ . £ R » | liminf VV + h-* + *»)-VM K 0}
f x,h^0+ h

t' ->t, t' > 0
xf ^ x,h^0+ h

From Proposition 1.1.14 follows that Graph(Q) is closed in [0, T[xRn

xR n . By Proposition 3.1.2, for all v G co(/(t, x, [/)), Qjj^(t,x) > 0.
Thus

G(t,x) = Q(t,x)nf(t,x,U)
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Consequently, Graph(G) is closed in [0,T[xRn x Rn. From Propo-
sition 1.2.2 we deduce that G is upper semicontinuous on [0,T[xRn.
•

Corollary 3.4.7 Under all assumptions of Theorem 3.4-2 suppose
that the sets /(£,£,[/) are closed. If G is single-valued on a subset
K C [0,T[xRn

7 then the map K 3 (t,x) i—> G(t,x) is continuous.

Theorem 3.4.8 We posit all assumptions of Theorems 3.4-2, 3.4-5
and suppose that g is convex. Then G has convex compact images
and is upper semicontinuous. Furthermore, if for every (t,x) the set
f(t,x,U) is strictly convex2, then G is single valued and continuous
on the set

j(t,a;) G [0,T[xRn

Proof — By Theorem 3.4.5, we know that V is continuously
differentiate. This and convexity of f(t,x,U) yield that for all
(t,x) e [0,T[xRn

G(t,x) = f(t,x,U)n{veRn\ (W(t,o;),(l,v)) - 0}

is convex. Theorem 3.4.6 ends the proof of the first statement. From
Proposition 3.1.2 it follows that for all (t,x) G [0,T[xRn

( v E G{t,x) <£=>

{
This and strict convexity of /(£, x, U) imply that G is single valued
on {(t,z) G [0,T[xRn | | | ( t , x ) ^ OJ. Corollary 3.4.7 completes the
proof. •

2 A subset K C Rn is strictly convex, if for all xo,x\ G K and 0 < A < 1 we
have Ax0 + (1 — \)x\ € Int(K) whenever xo ^ x\.



90 3 - Value Function of Mayer's Problem



Chapter 4

Hamilton- Jacobi-Bellman
Equation

Introduction

Consider the Hamilton-Jacobi-Bellman equation:

t,x,-^{t,x)^j = 0, V(T,-) = gK(-) (4.1)

associated to the Mayer problem with end point constraints:

minimize { g(x(T)) \ x(T) E K }

over all solutions to control system

x' = f{t,x,u{t)), u{t) eU (4.2)

satisfying the initial condition x(0) = <̂o5 where K is a given subset
(called target) and gx denotes the restriction of g to K.

In the above equation (4.1), the Hamiltonian H is given by:

H(t,x,p) = sup (p,f(t,x,u))
ueu

The value function for the constrained Mayer problem is defined
by

V(to,xo) = ini{g(x(T)) | x solves (4.2), x(t0) = x0, x(T) 6 K}

91
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In general V is merely lower semicontinuous and is equal to H-oc at all
points from which it is impossible to reach the target K. In fact one
can even avoid using the target K in the definition of minimization
problem by setting g(x) = +00 whenever x £ K.

The value function is nondecreasing along solutions to (4.2) and
is constant along optimal solutions. These two properties and the
final value V(T, •) = g(-) characterize the value function.

There have been several concepts of "generalized" solutions to
Hamilton-Jacobi equation (4.1): viscosity solutions, contingent solu-
tions, lower semicontinuous solutions. Under quite general assump-
tions we shall prove that all these concepts of solutions are equivalent
and that the value function is the unique solution.

The outline is as follows: In Section 1 we state several charac-
terizations of the value function, which are proved in the subsequent
sections. Section 2 is devoted to equivalence between contingent so-
lutions and semicontinuous solutions and to the monotone behavior
of contingent solutions. Then we show that the value function is the
only solution to (4.1). A comparison to continuous viscosity solutions
is provided in Section 3.

4.1 Solutions to Hamilton-Jacobi Equation

Consider T > 0, a complete separable metric space U and a map
/ : [0,T] x Rn x U i-> Rn . We associate with it the control system

x'(t) = f(t,x(t)Mt)), u(t) e U (4.3)

Let an extended function g : Rn H-» RU {+00} and £0 £ Rn be given.
Consider the minimization problem (Mayer '5 problem):

min {g(x(T)) \ x is a solution to (4.3), x(0) = £0} (4.4)

The value function F : [ 0 , T ] x R n 4 R U {+00} associated with it
is defined by: for all (to,xo) G [0,T] x Rn

V(to,xo) = ini{g(x(T)) \ x is a solution to (4.3), x(to) — XQ}
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We impose the following assumptions

i) V R > 0, 3 cR G Lx(0, T) such that for almost all t
VixG (7, /(£, •, u) is c#(£) — Lipschitz on

ii) 3k e Ll(0,T) such that for almost all t G [0,T],
V r r G R n , supuGt/ | |/(t,a;,iz)|| < fe(t)(l + ||x||)

m) V (t,x) G [0,T] x Rn , f(t,x,U) is convex, compact ' ^

iv) f is continuous and for all (£,#) G [0,T] x Rn ,
, u) - / ( t 7 , x', ifc)|| = 0

^) g is lower semicontinuous

By these assumptions the control system (4.3) may be replaced by
the differential inclusion

x'(t) G F(t,x(t)) almost everywhere (4.6)

where F(t,x) = f(t,x,U). Furthermore, F satisfies the following
conditions:

a) F is continuous and has nonempty convex compact
images

b) 3k e Lx(0, T) such that for almost all t G [0, T],
V x G R™, s u p , G F ( M ) |M| < k(t)(l + INI) ( ' 7 j

c) V i? > 0, 3 cR G L^O, T) such that for a.e. t G [0, T]
F(t, •) is c#(£)-Lipschitz on BR(0)

Recall that SuQ^]{xo) denotes the set of absolutely continuous
solutions to (4.6) defined on [to,T] and satisfying the initial condition
x(to) = XQ.

We show next that

V(tQ,x0) = min{ g(x(T)) \ x G S[to,T](x0) } (4.8)
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Theorem 4.1.1 Consider an extended lower semicontinuous func-
tion g : R n »-» R U {+00} and assume (4-5).

Then V takes its values in RU {+00} and is lower semicontinu-
ous.

This Theorem follows from

Theorem 4.1.2 Consider a set-valued map F : [0,T] x R n -̂ > R n

and an extended lower semicontinuous function g : R n i-> RU{+oo}.
Assume (4.7) and define V : [0,T] x R n H> R U {±00} by

V{to,xo) = inf {g(x{T)) \ x solves (4.6), x(t0) = x0}

Then V is lower semicontinuous taking its values in R U {+00} and
(4-8) holds true.

Proof— Fix (ioj#o) £ [0,T] x Rn . Since the set of solutions
<%o,T](xo) is compact and g is lower semicontinuous we deduce that
V(to,xo) > —00 and (4.8). To prove that V is lower semicontinuous
consider a sequence (tn,Xg) -> (to,^o) such that tn £ [0,T]

liminf V(t,x) = lim
(t,z)->(to,zo),te[0,T] n > ° °

and let xn G 5^n^(xo) be such that

x%) + -

For every n > 1 such that tn > to consider a solution yn to inclusion

x'(s) £ -Fitn-s.xis)), x{0) = x%

defined on [0,tn — to]. Set

y U\ - / xn(t) if t > tn
[ ' ~~ \ yn(tn-t) otherwise

Then zn £ S[to,T]{yn(tn ~ to)). We also observe that (4.7) b) yields
that yn{tn — to) converge to XQ. By Fillipov's theorem there exist
zn £ S[tQiT](xo) such that zn — zn converge uniformly to zero. The set
S[t0,T]{xo) being compact in the space of continuous functions, there
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exists a subsequence znk converging to some z G S[to,T]ixo)- But then
also znk converge to z. Since g is lower semicontinuous, g(z(T)) <
limn_^oo V(tn,XQ). On the other hand, V(to,xo) < g(z(T)) and the
proof follows. •

The Hamiltonian associated to control system (4.3) is the func-
tion F : [ 0 , T ] x R n x R n 4 R denned by

H(t,x,p) = max (p, f(t,x,u))
ueu

Consider the Hamilton-Jacobi equation

x, -f^(*,z)) =0, V(T,-)=g(-) (4.9)

In the result stated below we use notions of super/subdifferentials
and epi/hypoderivatives introduced in Chapter 1.

Definition 4.1.3 An extended lower semicontinuous function V :
[0, T] x Rn >-> R U {+00} is called a lower semicontinuous solution
to (4-9) if it satisfies the following conditions:

V(T,-) = g{-) and for all (t,x) G]0,T[xRn,

V (puPx) e d-V(0,x), -pt + H(0,x,-px) > 0
V (puPx) e d-V{T,x), -pt + H{T,x,-Px) < 0

Definition 4.1.4 An extended lower semicontinuous function V :
[0,T] x Rn i-> RU {+oc} is called a viscosity supersolution to (4-9)
if for all t G]0, T[ and x G Rn such that (t,x) G Dom(V) we have

V(puPx) e d-V{t,x\ -pt + H(t,x,-px) > 0

An extended upper semicontinuous function V : [0,T] x Rn - ^ R U
{ — 00} zs called a viscosity subsolution to (4-9) if for all 0 < t < T
and x G Rn such that (£, re) G Dom(Vr) we have

V(PuPx) e d+V(t,x), -pt + H(t,x,-px) < 0

Let V : [0,T] x Rn i-> R be a continuous function. It is called a
viscosity solution to (4-9) if for all t G]0,T[ and x G Rn

) , -Pt + H(t,x,-Px) > 0
d+V(t,x), -Pt + H(t,x,-Px) < 0
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Theorem 4.1.5 Assume (4.7) and let V : [0,T] x Rn H> R U { + O O }

be an extended lower semicontinuous function.
Then the following four statements are equivalent:

i) V is the value function given by (4.8)

ii) V is a lower semicontinuous solution to (4.9)

Hi) V is a contingent solution to (4.9) in the sense that
V{T,-)=g{-) and for all (t,x) G Dom(F),
0 < t < T => mfvemx)DtV{t,x)(l,v) <0
0 < t < T => supveF(tiX)DtV(t,x)(-l,-v)<0

) - fl(.) andforall (t,x) G ]0,T[xRn ,
V (pt,Px) G 5_y(t,x), - p t + iy(t,x, -Px) = 0

Finally, if V is continuous on [0, T] x R n then the above statements
are equivalent to:

v) V is a viscosity solution to (4-9).

4.2 Lower Semicontinuous Solutions

4.2.1 Lower Semicontinuous & Contingent Solutions

The equivalence between statements ii) and in) of Theorem 4.1.5
follows from Theorems 4.2.1 and 4.2.2 proved below.

Let T > 0. Consider a set-valued map F : [0, T] x Rn ^ Rn

with nonempty bounded images and define the Hamiltonian H :
[0,T] x R n x R M R b y

H(t,x,p) = sup <p,v> (4.10)

Then H(t,x, •) is convex and positively homogeneous. Furthermore,
if F is continuous, then so is H.

Theorem 4.2.1 Consider an extended lower semicontinuous func-
tion V : [0,T] x R n 4 R U {+oc}. Assume that F is upper semicon-
tinuous and has nonempty convex compact images on Dom(F).
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Then the following four statements are equivalent :
i) For all (t,x) G Dom(F) such that t <T and for every

,-px) > 0 (4.11)

ii) For all (t,x) G Dom(F) such that t <T and all y > V(t,x)

({1} x F(t,x) x {0})fiTw(^,y) ± 0

in) For all (£, x) G Dom(F) such that t <T

inf D+V(t,x)(l,v) < 0
v£F(t,x)

iv) For all (t,x) G Dom(Vr) such that t < T

V(puPx) e d-V(t,x), -pt + H(t,x,-px)>0

Proof — Fix (t, x) G Dom(y) such that t < T and observe that

My > V{t,x), T£p{v)(t,x,V{t,x)) C TSp{v)(t,x,y) (4.12)

Since the contingent cone to the epigraph is the epigraph of the
epiderivative, ii) is equivalent to in).

Assume that in) holds true. Fix (t,x) G Dom(y) such that
t < T and (pt,Px,q) £ [TeP{v){t,x,V(t,x))]-. Consider v G F(t,x)
satisfying

DtV(t,x){l,v) < 0

or, equivalently, (1,^,0) G T£:p(y)(t, x, V(t,x)). Hence pt + (̂ x? v) ^ 0
and z) follows.

Assume next that i) holds true. We claim that

({l}xF(t,x)x{O})ncd(TSp{v)(t,x,y)) ^ 0 (4.13)

for all (t,x) G Dom(V) such that t < T and y > V{t,x).
By (4.12) it is enough to prove (4.13) with y = V(t,x). Other-

wise, by the separation theorem, there exists

(PuPx,q) €
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such that
pt+ inf (px,v) > 0

veF{t,x)

Consequently —pt + H{t, x, — px) < 0, which contradicts i) and proves
(4.13).

Finally, since F is upper semicontinuous and has convex compact
images, Proposition 1.3.12 and relation (4.13) imply ii).

By Proposition 1.1.15, i) yields iv).
Assume next that iv) is verified. Fix (t,x) E Dom(y) such that

t < T and {puPx^q) G A^ ( y )(£,£, F(t,:r)). Since

{ 0 } x { 0 } x R + C

we have g' < 0. If q < 0, then

From Proposition 1.1.15 and iv) we deduce that

Multiplying by |g| the above relations we derive (4.11).
It remains to consider the case q — 0 and {pt,Px) 7̂  0. For

this aim it is enough to apply Lemma 1.1.16 and to use the same
arguments as above. •

Theorem 4.2.2 Consider an extended lower semicontinuous func-
tion V : [0,T] x Rn i—> R U {+00} and assume that F is lower
semicontinuous and has nonempty compact images on Dom(V).

Then the following four statements are equivalent :
i) For all (£, x) G Dom(F) such that t > 0 and for every

-pt + H(t,x,-px) < 0

ii) For all (t, x) E Dom(F) such that t > 0 and all y > V(t,x)

{-1} x {-F{t,x)) x {0} C Tep{v)(t,x,y)
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in) For all (£, x) G Dom(Vr) such that t > 0

sup £>tV(t,x)(-l,-^) < 0

iv) For all (£,#) G Dom(F) snc/fc £/m£ t > 0

V(p*,Pa:) G 9_y(t ,x) , -pt + H{t,X,-Px) < 0

Proof — We deduce using (4.12) that ii) is equivalent to in).
Clearly, ii) yields i). We next claim that i) implies that

{-1} x ( -F( t ,x) ) x {0} C co(T£ p ( v )(*,x,y)) (4.14)

for all (t,x) G Dom(V) such that t > 0 and y >
Indeed, by (4.12) it is enough to consider the case y = V(t,x).

If (4.14) is not satisfied then, by the separation theorem, there exist
v G F(t,x) and {pt,Px,q) G N%p^(t,x, V(t,x)) such that -pt +
(—Px,v) > 0- Consequently —pt+H(t,x, —px) > 0, which contradicts
i) and so inclusion (4.14) follows.

Since F is lower semicontinuous, (4.14) and Theorem 1.1.3 yield
that for all (t,x) G Dom(F) such that t > 0 and all y > V(t,x),

C Liminf(t,}X/y)^fp(v)(Mj2/) co (rSp{v)(t',x
f,yf)^J C

Arguments similar to those of the proof of Theorem 4.2.1 yield that
i) is equivalent to iv).

4.2.2 Monotone Behavior of Contingent Solutions

Consider a set-valued map F : [0,T] x R n ^ R n and the differential
inclusion

x'{t) G F(t,x(t)) almost everywhere (4.15)

In this section we investigate a relationship between monotone
behavior of a function V along solutions to (4.15) and contingent
inequalities in) of Theorem 4.1.5.
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Theorem 4.2.3 Let V : [0,T] x Rn i-» R U {+00} be an extended
lower semicontinuous function. Assume that F is upper semicontin-
uous7 that F(t,x) is nonempty convex and compact for all (t,x) G

and that for some k G ^

sup
veF(t,x)

Then the following two statements are equivalent

i) V (t,x) G Dom(F) with t < T, inf D+V(t,x)(l,v) < 0
veF(t,x)

ii) For every (£o,#o) ^ [0^] x R-n? there exists x E S[t0iT](xo)
such that V(t,x{t)) < V(to,xo) for all t G [to,T].

Proof— Assume that i) holds true and fix (£o,#o) ^ Dom(F).
Define the upper semicontinuous set-valued map

F : R + x R n x R - > R x R n x R

by

{ {1} x F(t,x) x {0} when t < T

[0,1] x co (F(T,a;) U {0}) x {0} when t > T

and consider the viability problem
(t,x,z)' G

{t,x,z)(t0) = (to,xo,V(to,xo)) (4.16)
(t,x,z) G £p(V)

By Theorem 4.2.1, for all (t,x,z) G ̂ p(T )̂ we have

F(t,x,z)nTSp(y){t,x,z) ± 0

Since F is upper semicontinuous and has convex compact nonempty
images and linear growth on the closed set £p(V), the Viability The-
orem 1.3.11 yields that problem (4.16) has a solution

[to,T] 3 t .-> (t,z(t),
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Thus V(t,x(t)) < z(t) = V(to,xo) for all t G [to,T] and ii) follows.
Conversely, assume that ii) is satisfied. Fix (to,xo) G Dom(V)

with to < T and let x be as in ii). Since F is bounded on a neighbor-
hood of (£o,£o), w e deduce that x(-) is Lipschitz at to- Let /in —> 0+
be such that [x(to + hn) — x(to)]/^n converge to some i>. Theorem
1.3.8 yields that v G F(£o,#o)- On the other hand

D+V(to,xo)(l,v) < hmmf — — < 0 •
n-»oo h

Theorem 4.2.4 Let V : [0,T] x Rn ^ R U {+oc} be an extended
lower semicontinuous function. If F verifies (4-7), then the following
two statements are equivalent:

i) V(i,z) EDom(V) with t > 0, sup DtV(t,x){-l, -v) < 0

ii) For every x G 5[t0,T](^o) and all t G [£o,T], ^(^0,^0) <

Proof —- Assume that i) holds true. Since i) does not involve
T, it is enough to prove the inequality in ii) for t — T. By Theo-
rem 4.2.2, for all 0 < t < T and x G Rn such that (T-t, x) G Dom(F)
and for all z > V(T-t,x),

{ _ 1 } x ( _ j p ( r _ t 5 X ) ) x { o } C TSp{v)(T-t,x,z) (4.17)

Let U denote the closed unit ball in Rn. From Theorem 1.4.4 there
exists a continuous function / : [0,T] x Rn x U H-> Rn and a > 0
such that

= f(t,x,U)
V u G [/, /(t, -,^) is acii(t) — Lipschitz on BR(0) a.e. in [0,T]
V (t, x) G [0, T] x Rn and for all u,v G U, we have

t ,x ) l ly | l ) l l^- u l l

Fix (t0, XQ) G [0,T] x Rn and x G S[to^(xo). It is enough to consider
the case V(T,x(T)) < 00.

Consider a measurable map u : [to,T] »-> [/ such that

2/(t) - f{t,x(t),u{t))
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almost everywhere. Consider a sequence of continuous maps uk :
[to,T] H> U converging to u in Ll(to,T;U) and let xk denote the
solution to

x'k(t) = f(t,xk(t),uk{t)), t G [to,T], xk{T) = x(T)

The Gronwall lemma implies that Xk converge uniformly to x. On
the other hand, the map t *-+ (T - t,xk(T - t),V(T,x(T))) is the
only solution to

V(<) = - i
y'(t) = -f(T-t,y(t),uk(T-t)) ( ,
z'(t) = 0 [ 8 J

[ 7(0) = T, y(0) = x(T), z(0) = V(T,x(T))

By (4.17) we know that

V(7,a;,z) G

On the other hand the map

(t,x) ^ {-f(T-t,x,uk(T-t))}

being continuous, from Viability Theorem we deduce that problem
(4.18) has at least one solution

[0,T-t0] ^ * •-» {j{t),y{t),z(t))e£p{V)

Consequently,

V0 <t < T - t 0 , {T -t,xk(T -t),V(T,x(T))) e£p(V)

and therefore

V0 < * < T-t 0 , V(T,x(T)) >V{T -t,xk{T -t))

In particular, V(to,a:jfe(to)) < V(T,x(T)). Taking the limit when
k —> oo and using that V is lower semicontinuous, we deduce ii) for
t = T.

Conversely, assume that ii) is verified. Let (to,xo) £ Dom(V)
be such that to > 0. Fix v G F(io,#o)- Corollary 1.3.3 implies that
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for some h > 0 there exist yo G R n and y G Srt _jli i(yo) such that
y(to) = x0 and

r y(^o - h) - x0lim — —v
/

On the other hand, by u),

V/i G [0,ft],

Consequently I^V^to,xo)(—1, —v) < 0. Since v G F(io,^o) is a rbi-
trary i) follows.

4.2.3 Value Function & Contingent Solutions

We prove here equivalence of i) and m) of Theorem 4.1.5.
The Proposition below yields the implication i) = > in).

Proposition 4.2.5 Assume (4-7) and let V be defined by (4-8).
Then for all (£o,#o) € Dom(V),

t0 < T => in£veFit0iXo)DtV(t0,xo)(l,v) < 0
t0 > 0 => supveF{toXo) DtV{t0,x0)(-l,-v) < 0

Proof— Fix (£o,xo) as above. Then, there exists x G S[tOiT]ixo)
such that V(t,x(t)) = gf(aj(T)). Theorem 4.2.3 ends the proof of the
first statement. The second one follows from Theorem 4.2.4. •

The implication in) = > i) follows from

Theorem 4.2.6 Assume that (4-7) holds true. Then the function
V defined by (4-8) is the only lower semicontinuous function from
[0,T] x R n into R U {+00} satisfying

V(T, •) - g{-) and for all (t,x) G Dom(Vr),
0 < t < T = » i n f , G F ( M ) i ? t F ( t , x ) ( l ^ ) < 0 (4.19)
0 < t < T => snpveF{t^D^V(t,x){~l,-v) < 0

Proof — Proposition 4.2.5 implies that V verifies (4.19). Con-
versely, consider an extended lower semicontinuous W : [0, T] x R n H->
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RU {+00} satisfying (4.19). Fix (£o,#o) £ Dom(W) with t0 < T.
By Theorem 4.2.3, there exists x G S ^ T J ^ O ) such that

V(to,xo) < g(x(T)) = W(T,x(T))<W(to,xo)

Therefore W > V. To prove the opposite inequality, consider (to, XQ) G
Dom(y) and x G <S^oT](xo) such that V(to,xo) = g(x(T)). Thus, by
Theorem 4.2.4,

< W(T,x(T)) = g(x{T)) =

Hence VF < V and the proof is complete.

4.2.4 Regularity of Value Function at Boundary Points

We observe that i) yields iv). To prove that iv) yields i), by using
the equivalence proved in the preceeding section, it is enough to show
that iv) implies in).

Consider a set-valued map F : [0,T] x Rn ^> Rn.

Theorem 4.2.7 Assume (4-7). If an extended lower semicontinu-
ous function 7 : [ 0 , T ] x R n 4 R U {+°°} satisfies

G]0,T[xRn,V {puPx) G d-V{t,x),-pt + H(t,x,-Px) = 0
n , V{0,x) = ]i

then for all (t,x) G Dom(V),

f 0 < t < T => supveF{ttX)DtV{t,x)(-l,-v) <0
I 0 < t < T =» inf,GF(M)D tF(t,x)(l^) <0 [ ' }

Proof — From the proofs of Theorems 4.2.1 and 4.2.2 we de-
duce that for all (£, x) GDom(y) with 0 < t < T we have

inf D^V(t,x)(l,v) < 0, sup DtV(t,x){-l, -v) < 0
F(^x) ()

This and Theorems 4.2.3 and 4.2.4 yield that for all 0 < *i < t2 < T

Vx G S[tut2](Xl), V(tuXl) < V(t2,x(t2)) (4.21)
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and

V (t!,a:i), 3 x G < S M ( * i ) , ^(*i,xi) = F(£2,x(t2)) (4.22)

Fix x G Dom(F(T, •)) and let tt -> T—, â  -> x be such that

lim V(ti,Xi) = V(T,x)
i—»oo

Consider any xo G R n and x G 5[O,T](^O) satisfying x(T) = x. Then
we can find ŷ  and ŷ  G 5[O,T](I7Z) such that yz(t^) = X{ and ŷ  converge
to x uniformly on [0,T]. Then for all arbitrary, but fixed 0 < t < T
and all i large enough,

Since V is lower semicontinuous,

V(t,x(t)) < UminfV{t,yi(t)) < lim V(U,Xi) = V(T,x)
Z ^ O O 2>OO2->OO

This, (4.21) and Theorem 4.2.4 yield the first inequality in (4.20).
To prove the second one fix (0,x) G Dom(V) and consider t{ —>>

0+, X{ —> x such that

V(0,x) = lim V(tuxi)
i—>oo

Let yi G R n and x̂  G <S[o,T](yi) be such that Xi(U) — Xi and

\/ti<t<T-- we have V(U,Xi) = V(t,Xi(t))
i

Taking a subsequence and keeping the same notations, we may as-
sume that Xi converge uniformly to some x G <$[O,T](^)- Then for all
0 < t < T,

V(0,x) = lim V(t,Xi(t)) > V(t,x(t))
i—>oo

This, (4.22) and Theorem 4.2.3 imply the second inequality in (4.20).
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4.3 Viscosity Solutions

In this Section we prove that statements i) and v) of Theorem 4.1.5
are equivalent, whenever V is continuous.

Let F : [0, T] x R n ^ R n be a set-valued map with nonempty
compact images and H be defined by (4.10).

Consider the Hamilton-Jacobi-Bellman equation

(t) + H (t~ ,x) + H (t,x,~(t,x)) = 0 (4.23)

Clearly, any V satisfying ii) of Theorem 4.1.5 is a viscosity superso-
lution.

Theorem 4.3.1 Let 7 : [0,T] x R M R U {+00} be an extended
lower semicontinuous function. Assume that F is upper semicontin-
uous and has convex compact nonempty images.

Then the following two statements are equivalent:
i) V is a viscosity supersolution of (4-23)
ii) For all 0 < t < T and x e R n such that V(t,x) / +00, we

have
inf DtV{t,x){l,v) < 0 (4.24)
F(t)

Proof — This follows by the same arguments as in the proof of
Theorem 4.2.1. D

Notice next that

(Di<p(x0))

where Hyp denotes for the hypograph.

In particular, p E d+(p(xo) if and only if

Vu G Rn, Di(p(xo)(u)<(j),u) (4.25)

Thus

p e d+vM <=> (-P, +1) e N^ypM{x0^{x0)) (4.26)
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Theorem 4.3.2 Let V : [0,T] x R n —» R be continuous. Assume
that F satisfies (4-7).

Then the following two statements are equivalent

i) V is a viscosity subsolution of (4.23)

?;?;) For all 0 < t < T, x , supvGF(tja.) D^V(t, z ) ( - l , -v ) < 0

Proof— Assume that ii) holds true. Fix 0 < to < T. By Theorem
4.2.4, for every to < t\ < T and every # E <S[£0jtl](#o) the following
holds true:

VtG[t o ,* i ] ,

Fix v E F(to ,^o). By Corollary 1.3.3 there exist to < t\ < T and
x E <Sr̂ 0 ^i(x'o) such that x'{to) = v. The above inequality yields that
0 < D±V{tQ,xo)(l,v). Consequently,

V (puPx) G <9

Since i; E F(to,xo) is arbitrary, V is a viscosity subsolution.
Assume i). We claim that for all (t,x) such that 0 < t < T and

all z < V(t, x) we have

)(t,x,^), ft + H{t,x,qx) < 0 (4.27)

Indeed it is enough to consider the case z = V(t,x). Fix such
{(It-, (lx-> q)- Clearly q > 0. If q > 0 then

Hence, by (4.26) and z),

- + ff t, a;, — < 0
9 V q )

and therefore ft + H(t,x,qx) < 0. If g = 0, applying Lemma 1.1.16
to the extended lower semicontinuous function (s,y) •-> — ̂ («s,y), we
can find a sequence (U,Xi) —> (t,x) and a sequence
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such that ql > 0 and (g|, ql
x) converge to (<ft, gx). This and continuity

of H yield (4.27).
We next deduce from (4.27) and the separation theorem that for

all (£, x) such that 0 < t < T and all z < V(t, x)

) x { 0 } C

This, Theorem 1.1.3 and lower semicontinuity of F imply that
for all (i, x) satisfying 0 < t < T

{1} x F(t,x) x {0}

C Liminf ( t^ x,^ zl) ^ ( ^ ^̂  7 ( t > x ) ) co (rWyp {v) (t
f, x\ z'))

(t',x',z')enyp(V)
C Tnyp{v){t,x,V(t,x)) =

Thus for all (t, x) satisfying 0 < £ < T,

inf D\V{t,x)(l,v) > 0
F(tx)

Define W(t,x) = - F ( T - t,x). Then for all (t,x) such that
0 < t < T and for all v E F(T - t, x), we have

t,x){-l,v) = -DiV{T-t,x)(l,v) < 0

Applying Theorem 4.2.4 to W and the set-valued map

F(t,x) = -F(T -t,x)

we deduce that for every solution y to the inclusion

yf(t)£F(t,y(t)) a.e. in [to,*i]

where 0 < to < t\ < T we have

Vt G [to,«i],

Fix any v G F(to,xo) and consider a solution y(-) to the differential
inclusion

{ y'
y{T-t0) = xo, y'(T-t0) = -v
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Then for all small s > 0,

W(T - t0, x0) < W(T -to + s, y(T - t0 + s))

and therefore for a sequence vs —t v we have

V(to - 5, x0 - svs) <

This yields that D^V(to,xo){-l,-v) < 0. Since v G F(to,^o) is
arbitrary, ii) follows. •

Let V : [0,T] x Rn i-> R be a continuous viscosity solution to
(4.23). Then, by Theorems 4.3.1, 4.3.2 and Proposition 1.1.15, V
verifies iv) of Theorem 4.1.5.

This completes the proof of Theorem 4.1.5.
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Chapter 5

Value Function of Bolza
Problem and Riccati
Equations

Introduction

This chapter is concerned with the characteristics of the Hamilton-
Jacobi equation

dV ( dV\
dt \ dx J

i.e. solutions to the Hamiltonian system

x'(t) = ^(t,x(t),p(t)), x(T) = xT

(5.2)

) , p(T)= -Vg(xT)

In Chapter 3 such system arises as "extremal equations" in optimal
control, since the Pontryagin maximum principle states that if x :
[tQ,T] H> Rn is optimal for the Mayer problem and Vg(x(T)) ^ 0,
then there exists p : [£o,T] •-> Rn such that (x,p) solves (5.2) with
xT — x(T). This is not however a sufficient condition for optimality
because it may happen that to a given XQ £ Rn correspond two

111
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distinct solutions (a^,pi), i — 1,2 of (5.2) satisfying

Xi(t0) =x0 (5.3)

and with one of X{ being not optimal. If the solution of (5.2) is unique
for every XT G R n , then

Pi(to) 7̂  P2{to) (5.4)

Whenever (5.3) and (5.4) hold true for some solutions (xi,pi), i =
1,2 of (5.2), we say that the system (5.2) has a shock at time to-

It was already observed in Chapter 3 that for the Mayer problem
the Hamiltonian if (t, x, •) is not differentiate at zero. For this reason
the system (5.2) is not well defined. In this chapter we study the
Bolza problem:

minimize / L(t,x(t),u(t))dt -f g(x(T))
Jt0

over solution-control pairs (x,u) of the control system

T'(f\ — f(f T(f\ o,(f\\ ».(f\ CL TJ

(to) = x0

The Hamiltonian for this problem is given by

H(t, x,p) = sup((p, /(t, x, u)) - L(t, x, u))
ueu

For a class of nonlinear control problems if (t, •, •) is everywhere dif-
ferentiable. We provide in Section 1 an example of such situation.

If shocks never occur on the time interval [0, T], then the solution
of (5.1) can be constructed by simply setting

V(to,x{to)) = g{x{T)) + / L(t,x{t),u{t))dt

where x solves (5.2) for some p(-) and the control u(t) G U is so
that x'(i) = f(t,x(t),u(t)) almost everywhere in [£Q,T]. Then V
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is the value function of the above Bolza optimal control problem.
Furthermore in this case V is continuously differentiate and

dV dV
— (t,x(t)) = -p{t) & — (t,x(t)) = H(t,x(t),p(t))
ox ot

It is well known that shocks do happen. This is the very rea-
son why the value function is not smooth and why one should not
expect smooth solutions to the Hamilton-Jacobi-Bellman equation
(5.1). Also it was shown in Chapter 4 that for the Mayer problem
the value function is not smooth at some point (to,^o), where the
co-state is nondegenerate, if and only if the optimal trajectory is not
unique. We shall show under what circumstances a similar statement
holds true everywhere for the Bolza problem.

If we could guarantee that on some time interval [to, T] there is no
shocks, then the value function would be continuously differentiate
on [to,T] x Rn solution of (5.1). In the same time we have the
uniqueness of optimal trajectories and obtain the optimal feedback
low G : [to,T] x TV1 ^ U by setting

J dV dV
t ox ox

Then the closed loop control system

x1 — /(t,x,n(t,x)), u(t,x) G G(t,x), x(to) = x$

has exactly one solution and it is optimal for the Bolza problem.
Actually, when the data is smooth, the shocks would not occure

till time to if for every (x,p) solving (5.2) on [to, T] the matrix Riccati
equation

+ p(t,x(t

I P(T) = -g"(x(T))

has a solution on [to,T].

= o
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In Section 1 we show that the existence of global solutions to
Riccati equations (5.5) implies the absence of shocks. Section 2 is
devoted to comparison theorems for solutions of (5.5). In Section
3 we relate the nonexistence of shocks to smoothness of the value
function and uniqueness of optimal solutions and then apply the
above results to problems with concave-convex Hamiltonians.

5.1 Matrix Riccati Equations and Shocks

In this section we relate the absence of shocks of the Hamilton-Jacobi-
Bellman equation (5.1) with the existence of solutions to matrix Ric-
cati equations (5.2).

Consider H : [0,T] x R n x R n h-» R and i/> : R n >-> R n . We
assume that H(t, •, •) is differentiate and associate to this data the
Hamiltonian system

BH
op

(5.6)

-p'it) = — {t,x{t

Definition 5.1.1 The system (5.6) has a shock at time to if there
exist two solutions (#i,Pi)(-)> i — 1,2 of (5.6) such that

xi(t0) = x2{to) & Pi{to) + P2(to)

Definition 5.1.2 The Hamiltonian system (5.6) is called complete
if for every XT, the solution of (5.6) is defined on [0,T] and depends
continuously on the "initial" state in the following sense:

Let (xi,pi) be solutions of (5.6) satisfying Xi(U) —)• xo, Pi(U) —>
Po for some t{ —> to, XQ G R n , po G R n . Then (x{,pi) converge
uniformly to the solution (x,p) of (5.6) such that x(to) = XQ and
P(to) =Po-

Remark —

a) If the Hamiltonian system (5.6) is complete, then for all to G
[0,T], xo G Rn , po G R n it has at most one solution (x,p) satisfying
x(t0) = xo, p(t0) =po-
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b) The Hamiltonian system (5.6) is complete for instance if for all
r > 0 there exists kr G L1(0,T) such that the mapping d?^ x (t, •, •)
is fcr(£)-Lipschitz on Br(0) and has a linear growth: for some 7 G
LX(0,T)

V x, p G R n ,
d(x,p)

(t,x,p)

Example — Consider

: [0,T]xRn h->Rn, g: [0,T]xRn ^ L([/ ,Rn) , I : [0,T]xRn H-> R

where U is a finite dimensional space and let R(t) G L(U, U) be
self-adjoint and positive for every t G [0,T]. Define

ff (t, x,p) = (p, / ( t , a;)) + sup ((p, 6(t, x)n) - - (R{t)u, u) ) - /(£, x)

Then it is not difficult to check that

t, x,p) = (p, / ( t , x)>

Thus an appropriate smoothness of /(£, •), 6(t, •) and /(t, •) implies
differentiability of H (£, •, •) and completeness of the associated Hamil-
tonian system. •

Theorem 5.1.3 Assume that -0 is locally Lipschitz, that H(t: •, •) is
twice continuously differentiate and that for every r > 0; there exists
kr G LX(O,T) satisfying

BJ-f
— -(t, •,•) is A:r(t) — Lipschitz on Br(0)

Further assume the Hamiltonian system (5.6) is complete and define
for every t G [0,T] Âe 5ê

Mt = {{x(t),p(t)) I (x,p) solves (5.6) for some xT G R n }

Then the following two statements are equivalent:

i) V t G [0,T], M^ is the graph of a locally Lipschitz function
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from an open set V(t) into Rn

ii) V (x,p) solving (5.6) on [0,T] and PT G d*ip(x(T)), the
m,atrix Riccati equation

o2 TT o2 rr

82H 82H (^ 7\
(tx(t)p(t))P + (tx(t)PW) = 0 [ '1 dx*v' v

I P(T) = Pr

has a solution on [0,T],

Furthermore, if i) (or equivalently ii)) holds true, then

i/; is differentiate =4> Mt is the graph of a differentiate function

if) G C1 = » Mt is the graph of a C1 — function

Corollary 5.1.4 Under all assumptions of Theorem 5.1.3, suppose
that for every (x,p) solving (5.6) on [0,T] and PT G d~krtj:(x(T)),
the matrix Riccati equation (5.7) has a solution on [0,T]. Then the
Hamiltonian system (5.6) has no shocks on [0,T].

To prove the above theorem the following lemma is needed.

Lemma 5.1.5 Assume that the Hamiltonian system (5.6) is com-
plete and for every r > 0, there exists kr G L1(0,T) such that

is kr(t) — Lipschitz on Br(0)
d(x,p)y'

Let K C Rn be a compact set. Consider a locally Lipschitz function
ip : Rn H> Rn and the subsets Mt(K), t G [0,T] defined by

Mt(K) - {(x(t),p(t)) | (x,p) solves (5.6), xT G K}

Then there exists 5 > 0 such that for all t G [T - 5,T], Mt(K) is the
graph of a Lipschitz function.



5.1 Matrix Riccati Equations and Shocks 117

Proof— From the completeness of (5.6) we deduce that the subsets
Mt(K) are compact and contained in the ball Br(0) for some r > 0.
Set k(t) = kr(t)

We proceed by a contradiction argument. Assume for a moment
that there exist U —> T— such that Mti (K) is not the graph of a
Lipschitz function. Then for every i we can find two distinct solutions
{xjiP))i J = 1,2 of the Hamiltonian system (5.6) such that

r (f. ) ~ —» 0 as i —> +oo

Since for every 5 G [U,T] we have

\x\(s)

ei\\p[(U) - - x\(r )\\ + \\p\(r) -p\{r)\\)dr

the Gronwall lemma implies that for some C > 0 independent from
i and for all s G [tj, T]

\x\(s) - xUs)\\ < C(ei\\p\(U) -pUU)\\ + fk{T)\\p\{r) -p\{r)\\dr)

Hence for some C\ > 0 and all i large enough and s G [U, T],

\\P\{S)-P\{s)\\<

\\p\{ti) -P\{ti)\\ +Jt
S
ik(r)(\\x\(T) - 4 ( r ) | | + |P1(T) -p^(r)||)dr

< d IpKii) -pUU)\\ + CX Jl k(r) \\P\(T)-PI(T)\\ dr

From the Gronwall lemma we deduce that for some L > 0 indepen-
dent from i and all s G [^,T],

This implies that

— xl
2(s)

:= sup
se\u,T

converge to zero (5.8)



118 5 ~ Riccati Equations

We next observe that for all s G

< \\P\(T) -P\{T)\\ + £ k(T)(\\x\(T) -x\{r)\\ + \\p\(r)-pl(r)\\)dr

\p[(T) k(r)(\\p\(T) -PI(T)\\ +ei\\p\(ti) -

Applying again the Gronwall lemma and taking i large enough we
get

-i

\\PiiU) -PUU) < Li |pi(T) — p|(T)|| + - p\(t

for some L\ independent from i. Hence for all large i

\\p\(ti)-pl(tl)\\<2L1\\p\(T)-pl(T)

and therefore, by (5.8),

x\{T)-x\(T)\\ _ | |ai(r)-4(r)| | ||pi(tj)-p^(*t)|

Thus

|| \\p\(T) -pi(T)\\

_ ||Pi(r)-f4(T)||
+oo

which contradicts the Lipschitz continuity of ̂  on if. •

Proof of Theorem 5.1.3 — Assume first that for all t G
[0,T], Mt is the graph of a locally Lipschitz function. Consider a
solution (x,p) of (5.6) and the linear system

U' =

-V' =

82H

dp2

TT

dx2 v ' v

{ U{T) = Id, V(T) = PT

dpdx
(t,x(t),p(t))V
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where [/, V : [0,T] \-> L (R n ,R n ) are matrix functions and PT G
d*i/)(x(T)). Let (rcn,Pn) be solutions of (5.6) such that

lim xn(T) = x(T) & lim ^'(xn{T)) = PT

By completeness of (5.6), {xn,pn) converge uniformly to (x,p).
The variational equation implies that for any (w(-),q(-)) solving

&XWPit))™ + {tX{t)p(t))q

, w{T) = wT, q(T)=if;f(xn(T))wT

we have (w(t),q(t)) G TMt{xn(t),pn(t)) (contingent cone to Mt at
(xn(t),pn(t))). Because Mt is the graph of a locally Lipschitz func-
tion, for some It independent from n, ||g(£)|| < k \\w(t)\\.

Taking the limit in (5.9) we deduce that every solution (w,q) of

02H , ,

satisfies ||^(t)|| < lt\\w{t)\\.
Thus, by uniqueness of solution to (5.10), if WT ^ 0, then w(-

never vanishes. Since

w(t) = U(t)wT & q(t) =

this implies that J7(t) is not singular for all t G [0,T]. Setting

we check that P satisfies (5.7).
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Conversely let (5.7) have a solution on [0,T] for all (x,p) solving
(5.6). For every r > 0, t G [0,T] consider the compact sets

Urt = {(x(t),p(t)) | (z,p) solves (5.6), rc(T) G S r(0)}

We first claim that for every r > 0 and to G [0,T], Urto is the
graph of a Lipschitz function. Indeed fix r, to as above and assume
for a moment that IIrt0 is not the graph of a Lipschitz function.

By Lemma 5.1.5 for all 5 near T, n r s is still the graph of a
Lipschitz function. Define

t = inf { V s G [t,T], II r s is the graph of a Lipschitz function}
te[to,T]

Then to < t < T and 11^ is not the graph of a Lipschitz function,
because otherwise, by Lemma 5.1.5, we could make t smaller which
would contradict its choice. Define the sets

Dr(s) = {x{s) | (x,p) solves (5.6), \\x(T)\\ < r}

Observe that for all r > 0 and s e]i,T], Dr(s) is open. Its
closure is equal to the set

Dr(s) - {x(s) | (x,p) solves (5.6), x(T) G Br(0)}

by completeness of (5.6).
Define next the Lipschitz function $ r s : Dr(s) i-> R n by

Graph($ r s) = Urs

The Rademacher theorem yields $ r 5 is differentiable almost every-
where on Dr(s).

Fix a sequence tn -^ t+ and observe that the family {&rtn}n>i
can not be equilipschitz, because otherwise, using that

we would deduce that IIr^ is the graph of a Lipschitz function. Thus
there exists a sequence xn G Dr{tn) such that <&'rtn(xn) —> oo. Hence

3 {un,vn) G R n x R n satisfying &tn(xn)un = vn, \\vn\\ = 1, | K | | -> 0
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Let (xn,pn) be a solution of (5.6) such that xn(tn) = xn &nd pn(tn) =
&rtn(%n)' Since <&rtn is differentiate at xn, using variational equa-
tion, we deduce that xp is differentiable at xn(T). Taking a subse-
quence and keeping the same notations, by completeness of (5.6), we
may assume that (xn,pn) converge uniformly to a solution (x,p) of
(5.6) and for some PT E <9*^(:r(T))

vn-*v, xP'(xn(T))->PT

Consider next the solutions (wn,qn) of

w' = 9 (t
dxdp

(f
dx2 (*'

,Xn{t

xn(t) ,Pn(t))w -\

d2H
1 dp2

d2H
dpdx

(*,

(*,

xn(t)

xn(t)

,Pn(t))q

,Pn(t))q

w(tn) = un, q{tn) = vn

The variational equation yields qn(T) = xpf(xn(T))wn(T).
Since limn_>oo(nn,/yn) = (0, t?), passing to the limit in the above

system, we deduce that (5.10) has a solution (w,q) satisfying

w(t) = 0, q(t) ^ 0, q(T) = PTw(T)

In particular w(T) ^ 0 and U(t)w(T) = 0. On the other hand, by the
previous arguments, P(t) = V(t)U(t)~l solves (5.7) on ]t, T]. If P is
well defined on [t,T], then F(t) = P(t)U{t) and g(t) = V(t)w(T) =
0, which leads to a contradiction and proves our claim.

Observe next that for every s E [0, T] the sequence of open subsets
{Dr(s)}r>o is nondecreasing. Define the open set

V(s) = [J Dk(s)
k>0

Then
V(s) = {a: | 3 p such that (x,p) E M5}

Since {n r s} r >o is a nondecreasing sequence of graphs of Lipschitz
functions, Ms — Ur>o ^rs is the graph of a function from V(s) into
R n .
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We next show that Ms is the graph of a locally Lipschitz function.
Indeed fix x G V(s), r > 0 such that Br{x) C V(s). Since Br(x) is
compact and the family of open sets Dr(s) is nondecreasing, for some
k > 0, 5 r(a) C Dk(s). But we already know that Ms n £>*($) x Rn

is the graph of a Lipschitz function.
The last two statements follow from the variational equation.

5.2 Matrix Riccati Equations

We investigate here matrix differential equations of the following type

P' + A{tfP + PA(t) + PE{t)P + D(t) = 0, P{T) = PT

5.2.1 Comparison Theorems

The aim of this section is to provide two comparison properties for
solutions of Riccati equations.

Theorem 5.2.1 Let A, Eu D{ : [0,T] \-> L(Rn ,Rn) , i = 1, 2 be in-
tegrable. We assume that E\(t) and D\(t) are self-adjoint for almost
every t G [0, T] and

Di(t) < D2{t), Ei(t) < E2{t) a.e. in [0,T] (5.11)

Consider self-adjoint operators PIT G L(Rn,Rn) such that

PIT < P2T

and solutions Pi(-) : [to,T] h-> L(Rn,Rn) ô t/ie matrix equations

Pf + A(t)*P + PA(t)+PEl(t)P + Dl(t)=O, Pz(T)=PlT (5.12)

Jor i = 1,2. //P2 ^ self-adjoint, then P\ < P2 on [£o,T].

Proof— From uniqueness of solution to (5.12), using that E\(t)
and D\(t) are self-adjoint, it is not difficult to deduce that Pi is
self-adjoint. For all t G [£o,T], set

Z = P 2 - P i , i
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Then

A(t)*Z(t) + Z{t)A(t) =

= A(t)*Z(t) + Z(t)A(t) - P^E^P^t) + P2(t)El(t)P2(t)

Therefore Z solves the Riccati equation

Z' + A(t)*Z + ZA{t)+P2(t)(E2(t)-E1(t))P2(t)+D2{t)-D1(t)=0

Denote by X(-,t) the solution to

Xf = -A(s)*X, X[t,t) =Id

A direct verification yields

Z(t) = X(t,T)(P2T - P1T)X{t,T)* +

+ P2(s)(E2(s)-E1(s))P2{s))X(t,s)*ds

This and assumptions (5.11) imply Z > 0 on [to,T]. •

Theorem 5.2.2 Let A,E{,D% : [0,T] H-> L(Rn ,Rn), i = 1,2 be
integrable. We assume that £i(t), D\(t) are self-adjoint for almost
all t e [0, T) and

Di(t) <D2(t), 0 < Ei(t) < E2(t) a.e. in [0,T]

Consider self-adjoint operators PIT E L(Rn,Rn)
P2T <̂ <̂̂  solutions Pi(-) : [£i,T] -̂> L(Rn,Rn) ô the matrix equations

P1 + A(t)*P + PA(t) + PEi(t)P + Di{t) = 0, PZ(T) = PlT

where i = 1,2. //P2 is self-adjoint, then the solution P\ is defined
at least on [t2,T] and P\ < P2.

Proof— Consider the square root B(t) of Ei(t), i.e. for almost
every t E [0,T], £?i(t) = B(t)B(t)* and set

t0 = inf {Pi is defined on [i,T]}
«G[0,T]
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Thus either the solution P\ exists on [0, T] or ||Pi(t)|| —» oo when
£ —» to+. It is enough to show that if t2 < to, then P\ is bounded on
]to,T]. So let us assume that £2 < to. By Theorem 5.2.1 for every
to < t <T we have Pi(t) < P2(t). Pick any x E R n of norm one.
Since Pi = P* we get

(B(t)*P1(t)x,B(t)*P1(t)x) =

- (P[{t)x,x) - (A(t)*Pi(t)x,x) - {Pi{t)A{t)x,x) - (Dx{t)x,x)

Therefore for every x £ R n of norm one and all to < t < T

| L i ( , ) T )<-$J < P{(s)x,x > +2/ t
T POOH ||Pi(5)|| ds + ||2?

< \\P2(t)\\ + 2/4
T \\A(s)\\ HPxWII ds + \\P1T\

for some c independent from t, because P2 is bounded on [t2,T].
On the other hand for any y E R n of norm one

-(P[(t)x,y) = (

+ (P1(t)A(t)x,y) + (D1(t)x,y)

Integrating on [t, T] and using the latter inequality and the Holder
inequality, we obtain

(Pi(t)x,y) < \\PIT\\ + ||S*(0A(0«llL2(tlT) \\B*(-)Pi(-)y\\mt,T) +
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for some c\ independent from t. Since this holds true for all x and
y G Rn of norm one,

V * o < * < T , | |Pi(t) | | < c + d+A fT \\A{s)\\\\Pi(s)\\d3
Jt

Applying the Gronwall lemma we deduce that ||Pi(£)|| is bounded on
]£o,T] by a constant independent from t.

5.2.2 Existence of Solutions

We deduce from the previous section sufficient conditions for exis-
tence of solutions to the matrix Riccati equations.

Theorem 5.2.3 LetA,E,D : [0,T] \-> L(Rn ,Rn) be integmble. We
assume that E(t), D(t) are self-adjoint and E(t) > 0 for almost
every t G [0,T]. Consider a self-adjoint operator PT G L(Rn ,Rn)
and assume that there exists an absolutely continuous P : [£o,T] >->
L(Rn ,Rn) such that for every t G [to,T], P(t) is self-adjoint and

P'(t) + A(t)*P(t)+P{t)A(t) + P{t)E{t)P(t) + D(t) <0a.e . in[to,T]

and PT < P(T). Then the solution P to the equation

P' + A{t)*P + PA(t) + PE{t)P + D(t) - 0, P(T) = PT (5.13)

is defined at least on [£o,T] and P < P on [£o,T].

Proof — Set

T(t) = P'(t) + A(t)*P(t) + P(t)A(t) + P{t)E{t)P(t) + D(t)

Then T(t) < 0 and is self-adjoint and P solves the Riccati equation

P' + A(t)*P + PA(t) + PE(t)P + D{t) - T(t) = 0

where D(t) - T(t) > D(t). By Theorem 5.2.2, P is defined at least
on [to,T] and P < P. •

Corollary 5.2.4 Under all assumptions on A, E, D of Theorem
5.2.3 consider a self-adjoint nonpositive PT G L(R n ,R n) . If for
almost all t G [0,T], D(t) < 0, then the solution P to the matrix
Riccati equation (5.13) is well defined on [0,T] and P < 0.

Proof — We apply Theorem 5.2.3 with P(-) = 0. •
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5.3 Value Function of Bolza Problem

(P) minimize/ L(t,x(t),u(t))dt + g(x{T))
Jtn

Consider the minimization problem

fT

I to

over solution-control pairs (x,u) of the control system

x'{t) = f(t,x(t),u(t)), u(t)eU
(5.14)

x(t0) = XQ

where to E [0,T], xo E Rn, U is a complete separable metric space,

g : Rn ^ R, L : [0,T] x R n x [ / h ) R , / : [0,T] x R n x [ / ^ R n

The Hamiltonian H : [0, T] x Rn x Rn i-> R is defined by

H(t,x,p) =

We denote by U the set of all measurable controls u : [0, T] i—)• U
and by x(-; to,xo,ii) the solution of (5.14) starting at time to from
the initial condition XQ and corresponding to the control u(-) E IA.
Of course not to every u £14 corresponds a solution #(•; to, £o,tO °f
(5.14).

For all {to,xo,u) E [0,T] x R n x M set

if this expression is well defined and <fr(to,xo,u) = +oc otherwise.
The value function associated to the Bolza problem (P) is defined

by

when (to,rro) range over [0,T] x Rn .

Propos i t i on 5.3.1 Assume that i f ( t , •,•) is differentiable. Then

3TJ
( t )— (t,x,p) = {f{t,x,u) I (pj{t,x,u)) -L{t,x,u) =
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and

— (t,z,p) = I — (t,x,u)*p- —-(t,x,u) |
ox {ox ox

(p,f(t,x,u)) - L(t,x,u) = H(t,x,p)}

Proof— By Proposition 3.3.3 applied to the Hamiltonian

U(t, x, (p, q)) = sup ((/(i, x, u), L(t, x, u)), (p, q))
ueu

at (p,g) = (p, -1) we get

— (t,x,p) =—(t ,a ; , (p , - l ) ) =

= {/(t,x,iA) | {pj(t,x,u)) - L(t,x,u) = H{t,x,p)}

and

a
Consider the Hamiltonian system

(5.15)
Q TT

(t(t

Throughout the whole section we impose the following hypothe-
sis:

Hi) / , L are continuous and V r > 0, 3 kr e Ll(Q,T) such that

\/ueU, (f(t,-,u),L(t,',u)) is kr(t) -Lipschitz on Br(0)

H2) / ( t , -,IA), L(t, -,u) are differentiable and g G C1

H3) fl" and ^ are continuous on [0,T] x R n x Kn

H4) The Hamiltonian system (5.15) is complete
H5) For all (t,x) G [0,T] x Rn , the set

{(/(t, x, u),L(t, x, n) + r) | ix G C/, r > 0} is closed and convex
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5.3.1 Maximum Principle

As in Chapter 3 to study differentiability of the value function we
shall use the maximum principle:

Theorem 5.3.2 Assume ifi), #2) Q>nd let (x,u) be an optimal solu-
tion-control pair of (P) for some (to,xo) G [0,T] x R n . If H(t, •,•)
25 differentiate, then there exists p : [to,T] i-> R n suc/z
solves the Hamiltonian system

fiff
xf(t) = —(t,x(t),p(t)), x{to)=xo

-Pf(t) = ^ ( t , x ( t ) j P ( t ) ) , p(T) = -

k p{to) G -d+Vx(to,xo)

where d-\.Vx(to,xo) denotes the super differential ofV(to,-) at XQ.
Consequently for almost all t G [£Q,T],

Proof — Fix v G Rn and let /i^ -> 0+, Vk -± v be such that

DiVx(to,xo){v) := hmsup
/i->0+, u'-^

For all A; large enough consider the solution x^(-) of the system

x'(t) = f(t

x(to) = Xo

The variational equation implies that the sequence (xk —x)/hk con-
verges to the solution w(-) of the linear system

w\t) = -^( t ,x( t ) ,^( t ) )^( t ) , w(t0) = v
ox
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Let X(-) denote the fundamental solution of

Xr(t) = -^-(t,x(t),u(t))X(t), X(t0) = Id
ox

Then w{t) = X(t)v for all t E [to,T]. Thus

) <

It (L(t,xk(t)Mt)) ~ L(tMt)Mt)))dt + g(xk(T)) - g((x(T))
k->oo hk

lim sup —

f()^(,()M)) X(TrVg(x(T)),v
t0 ox

Consider the solution p(-) to the adjoint system

p(T) = -Vg(x(T))

Then

p(t) = - X ^ 1 (x(T)*Vg((x(T))

Consequently, for all v E R n ,

<(-p(to),v)

and so p(to) E — 9+V^(to,xo). By the maximum principle for a.e.
t e [ t o , T ] ,

(p(t),/(t,x(t)5U(t)))-L(t,x(*),7Z(t)) = H(t,x(t),p(t))

Since iJ(t, •, •) is differentiate, we deduce from Proposition 5.3.1 that
(x,p) solves the Hamiltonian system (5.16).
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5.3.2 Differentiability of Value Function and Unique-
ness of Optimal Solutions

We shall need the following consequence of the maximum principle.

Theorem 5.3.3 Assume Hi) — H§)7 that V is locally Lipschitz and
for every (to,xo) G [0, T] x R n the problem (P) has an optimal solu-
tion. Then for every

—(<i,a;

there exists a solution (x,p) of (5.15) satisfying

and x is optimal for problem (P).
In particular if (P) has a unique optimal trajectory z{-), then the

set d*V(to,xo) is a singleton. Consequently, V(to,-) is differentiable
at XQ.

Remark — Various sufficient conditions for local Lipschitz conti-
nuity of the value function and for the existence of optimal controls
for (P) may be found in many books. They can also be deduced
from results of chapter 1. We shall not dwell on this question in this
chapter. •

Proof— Let p G d*V(t$,xo) and (£&,#&) —>- (to,xo) be such
that

dV
lim — (t/o^/c) = p

k-^oo OX

Consider optimal solution-control pairs (zk,Uk) of (P) with (£o,#o)
replaced by (£fc,Xfc). From Theorem 5.3.2 it follows that there exist
absolutely continuous functions pk such that for all A;, (zk,Pk) solves
the following problem

xf(t) = (t(t)(t)) (t) {t)

f)TT
= -Vg((zk(T))
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We extend (zk,pk)
 o n the time interval [0, £&] as the solution to the

Hamiltonian system

, x(tk)=xk

, p(tk)=pk(tk)

x'(t) = —(t,

—{t,

By completeness of (5.15), (zk,pk) converge uniformly to the unique
solution (z,p) of the Hamiltonian system

dH
x'(t) = -£— (t,x(t),p(t)), x(t0) = x0op

on-

-p'(t) = —(t,x(t),p(t)), p(to)=p

By Proposition 5.3.1 for all k > 1 and almost all t G [£/c,T],

and from H3) it follows that {z'k(-)} is bounded in L°°(0,T).
We extend L(-,^(-),iijt(-)) on [0, t^[ by zero function and de-

duce from the above equality and H$) that {|L(-,£&(•),n/c(-))|}/c>1 is
bounded in Z,°°(0,T).

Taking a subsequence and keeping the same notations we may
assume that

(4(-)> L(-,zk('),uk('))) converges weakly in Ll(0,T) to (y(.),a(-))

Since for every t G [^,T], ^ ( t ) — xk + / / 4 ( 5 ) ^ 5 ' taking the limit,

we obtain z(t) = XQ -\- Jt y(s)ds. Consequently z'{-) — y(-). On the
other hand,

V(tk,xk)=g{(zk(T))+ f L{s,zk(s),uk{s))d
Jtu

Hence, by continuity of V, passing to the limit, we obtain

rTrT

V(to,xo)=g(z{T))+ / a{s)ds
Jtn
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By Mazur's theorem and jffi), H§) for almost all t G [£o,T],

(y{t),a{t)) G {(f(t,z(t),u),L(t,z{t),u)+r) \ueU,r>0}

Hence, applying the measurable selection theorem, we can find u EU
and a mesurable r(-) : [to,T] \-> R + such that for almost all t,

y(t)=f(t,z(t)Mt)) & a(t)=L{t,z(t)Mt))+r(t)

This implies that z corresponds to the control u G hi. Finally, since
r(t) > 0,

> g(z(T)) /

and therefore (z,u) is optimal for (P).
To prove the last statement fix pi G d*V(to,xo), i — 1,2 and let

(zi,pi), i = 1,2 be solutions of (5.15) such that Pi(to) — ft. From
the uniqueness of optimal trajectory z and the first claim of our
theorem, we deduce that z1 = z2 = z. Consequently, (z,pi) solve
the Hamiltonian system (5.15) with XT = z(T) for i = 1,2. So, by
uniqueness, pi(to) = P2{h)-

5.3.3 Smoothness of the Value Function

Differentiablility of the value function is related to solutions of (5.15)
in the following way.

Theorem 5.3.4 Assume H\) — H^), that V is locally Lipschitz and
for every (£o,£o) ^ [0>^1 x -^n ^ e problem (P) has an optimal solu-
tion.

Then the following four statements are equivalent:

i) The value function V is continuously differentiable
ii) For every to G [0,T], V(to,-) is continuously differentiable
Hi) V (£o,£o) ^ [0>^1 x ^n the optimal trajectory of (P) is unique
iv) For the Hamiltonian system (5.15) the set

Mt := {(x(t),p(t)) | (x,p) solves (5.15) on [i,T]}

is the graph of a continuous function lit : R n i—> R n .
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Furthermore, iv) yields that TT (̂-) = — ̂ ~(£, •) and every solution
{x,p) of (5.15) restricted to [to,T] satisfies: x is optimal for (P) with
x0 =x(t0) andp(t) = -^r(t,x(t)) for all t £ [0,T].

Before proving the above theorem, we shall state few corollaries.

Corollary 5.3.5 Under all assumptions of Theorem 5.3.4, suppose
U is a finite dimensional space, that for some f : [0,T] x R n H->
R n , b : [0,T] x R n ^ L([/,Rn) we have

V (t, x) e [0, T] x R n , / ( t , x, n) = /(*, a;) + 6(t, x)u

and for every (t,x), |^-(t,x,-) «5 bijective. Then the (equivalent)
statements i) — iv) of Theorem 5.3.4 are equivalent to

v) For every (£o,#o) ^ lA-^i x R n tftere exists a unique optimal
control u(-) solving the problem (P). Furthermore, if z denotes the
corresponding optimal trajectory, then for all t G [to,T],

u(t) = ( TT~(^ z{t)->

The above corollary follows from in) of Theorem 5.3.4 and the fact
that u verifies

H{t,z{t),p(t)) = (p(t),zf{t)) - L(t,z(t)Mt)) a.e. in [io,T]

where p(-) is the co-state of the maximum principle (see Theorem
5.3.2).

Our next corollary links results of Section 1 and Theorem 5.3.4.

Corollary 5.3.6 Under all assumptions of Theorem 5.3.4, suppose
that Vg(-) is locally Lipschitz, H(t, •,•) is twice continuously differ-
entiable and

QTT

Vr > 0, 3kr G Ll(0,T), 777 r ( t , y ) is kr(t) -Lipschitz onB r(0)

o{x,p)

Then the following two statements are equivalent:

i) V t G [0,T], %(t, •) 25 /oca//?/ Lipschitz
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ii) V (x,p) solving (5.15) on [0,T] and every PT G d*{\7g){x(T)),
the matrix Riccati equation

d2H d2H
(t{t)(t))P + (t,x(t),p{t)) = 0dx2

{ P(T) = PT

has a solution on [0,T].

Furthermore, if i) (or equivalently ii)) holds true, then

dV
Vg is differentiable => Tr~(^') is differentiable

ox
and for every (x,p) solving (5.15), P(t) — —^r(t,x(t)). If moreover
g e C2, then V{t,-) E C 2 .

Proof — Let Mt be defined as in Theorem 5.3.4. If i) holds
true, then, by Theorem 5.3.4, Mt is the graph of a locally Lip-
schitz function ir-t. By the maximum principle (Theorem 5.3.2),
nt(') — — fjr (*?*)• Applying Theorem 5.1.3, we deduce ii). Con-
versely, assume that ii) is verified. Thus, by Theorem 5.1.3, Mt is
the graph of a locally Lipschitz function from an open set V(t) C R n

into Rn . By the maximum principle, Mt — Graph(—^(£, •)). Hence
i). The last statement follows from Theorem 5.1.3, because P(t)
describes the evolution of tangent space to Mt at (x(t),p(t)). •

To prove Theorem 5.3.4 we need the following lemma.

Lemma 5.3.7 Under all assumptions of Theorem 5.3.4 consider
(to,xo) G]0,T[xRn such that V is differentiable at (£o,#o)- Then

dV f dV \
dt \ dx ' /

i.e., V satisfies the Hamilton-Jacobi-Bellman equation almost every-
where in [0,T] x Rn.
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Proof — Fix any u E £/ and consider a solution x to

x'(t) = f(t,x,u)

a; (to) = XQ

Observe that for all small ft > 0 it is defined on [to, to + ft] and, by
the very definition of the value function,

rto+h
/ L{s,x(s),u)ds -V(to,xo) >0

Jtn'to

Dividing by ft > 0 and taking the limit we prove

dV I dV _ \
dt \ dx I ~

Consider next an optimal solution-control pair (z,u) of the Bolza
problem (P). Then

rto+h
V{t0 + /i, z(t0 + h))+ / L(s, z{s),u)ds - V(to,xo) = 0 (5.17)

Jtn

By Theorem 5.3.2, ^(-) solves the Hamiltonian system (5.15) with
xT = ^(T). Hence, by if3), 2;(-) E C1 (z(t0 + /i) - z(to))/h converge
to some v when h -> 0+. By (5.17), for some a E R,

rto+h
L(«s,z(5),:u(8))(i5 — cr

1 r
lim - /

/i-»0+ ft Jt0

By H5)

Thus for some u$ G U and TQ > 0

Dividing (5.17) by ft and taking the limit yields

dV IdV \
-Qjr(to,xo) + ( —(to,a;o),/(to,a;o,^o) ) +L( t o , ^ o , u o ) + r0 = 0
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So we proved the existence of uo G U such that

dV IdV
— (to,xo) + ( -7— (to,xo),f{to,xo,u

The two inequalities derived above imply the result. •

Proof of Theorem 5.3.4 — Clearly i) = > ii). Assume next
that ii) holds true. Fix 0 < to < T, XQ £ Rn and let x be an optimal
solution to problem (P). Then, by Theorem 5.3.2, there exists p(-)
such that (x:p) solves the system

r)Tf
x'(t) = —(

Since the solution to such system is unique, we deduce Hi).
Conversely assume that Hi) holds true. Fix (£o,#o) £ [O?̂ 1] x Rn-

Then, by Lemma 5.3.3, d*V(to,xo) is a singleton. We claim that the
set

is a singleton.
Indeed let (puPx) ^ d*V(to,xo) and {t^xi) —> (to,xo) be such

that W(ti)Xi) —> (ptiPx)- Then {px} = d*V(to,xo) and, by Lemma
5.3.7, V satisfies at (U,Xi) the Hamilton-Jacobi-Bellman equation

dV ( dV \
{t)+H\t ( t ) \ - 0{tl,Xi)+H\ti,Xi, (tl,x

Taking the limit we get

pt = H(t,x,-px)

So pt is uniquely defined and, thus, d*V(£o, ̂ o) is a singleton implying
that V is differentiable at (to,xo). Since (to,xo) G [0,T] x Rn is
arbitrary, we deduce that V is continuously differentiable on [0, T] x
Rn . Hence we proved Hi) => i).
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Assume next that iv) holds true. Fix to G [0,T] and xo G Rn .
By Lemma 5.3.3,

(x0, d*V(to,xo)) C Graph(7rto)

Thus d^V(to^xo) is a singleton. In particular

Limsupx_^0 < -—(to,x) > is a singleton
t ox )

and therefore, ii) is verified.
It remains to show that ii) yields iv). For this aim fix £Q £ [0,?1]

and define the continuous mapping \I/ : Rn i—>* Rn in the following
way:

For all xo G Rn consider the solution (x,p) to the system

dp

dH
dx

p(t)), x(to) —

dV
~~dx

and set *(xo) = x(T). By the maximum principle (Theorem 5.3.2)
we know that p(T) = -Vg(x(T)). Thus (x(T),p(T)) G Graph(-V^).
In particular this yields * is one-one. By the Invariance of Domain
Theorem, *(R n ) is open. Thus the set

) , - V # ( * 0 o ) ) ) I ^o £ R n } is open and closed inGraph(-V#)

So it coincides with Graph(—Vg). Hence, by uniqueness of solution
to the Hamiltonian system (5.15), Mt — Graph( —^( to , •))• The
proof is complete.

5.3.4 Problems with Concave-Convex Hamiltonians

Observe that in general one has

d2H
dp2 (t,x(t),p(t)) > 0
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for every solution (x,p) of the Hamiltonian system

BT-f
x'(t) = —(t,x(t),p(t)), x(T)=xT

(5.18)
3H

-p'(t) = _(t ,x(t),p(t)), p(T) = -Vg(xT)

and that whenever in addition if(£, -,p(£)) is concave for all t G [0, T],
then

0

If g is convex, then every matrix from the generalized Jacobian
d*g(x(T)) is nonnegative. From Corollary 5.2.4 we deduce that for
every PT G d*(Vg)(x(T)), the solution P(-) of the matrix Riccati
equation

p <^L(t,x(t),p(t))P + ^§(t,x(t),P(t)) = o

[ P(T) = -PT

exists on [0,T]. By Theorem 5.1.3, no shocks of (5.18) can occur
backward in time. Hence we deduce from Theorem 5.3.4 and Corol-
lary 5.3.6 the following results.

Theorem 5.3.8 Assume Hi) — H$), that V is locally Lipschitz and
for every (£o,#o) G [0,T] x R n the problem (P) has an optimal solu-
tion.

Further assume that Vg(-) is locally Lipschitz, H(t, •,•) is twice
continuously differentiate and

3H
Vr > 0, 3kr E Ll(0,T), — r (Vr) isfcr(*) -Lipschitz onBr(0)

d(x,p)

If for every solution (x,p) of (5.18), H(t,-,p(t)) is concave and
g is convex, then V E Cl and f^r(V) ^ locally Lipschitz.
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Moreover, every solution (x,p) of (5.18) is an optimal trajectory-
co-state pair. If in addition g E C2, then V(£, •) E C2 and, in this
case, P(t) = —^z-(t,x(t)) solves the matrix Riccati equation (5.19)
with PT = -g"(x(T)).
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Chapter 6

Hamilton-Jacobi-Bellman
Equation for Problems
under State-Constraints

Introduction
Consider the optimal control problem

(P)

Minimize g(x(l))
over x e W1*1^ l];Rn) satisfying
x'{t) eF{t,x(t)) a.e. te [0,1],
x(t) eK v t e [0,1],
x(0) = xo,

the data for which comprise: a function g : Rn —> R U {+oo}, a set-
valued map F : [0,1] x Rn ̂  Rn, a closed set K cRn and a vector
XQ £ Rn. Solutions of the above differential inclusion satisfying the
constraints of (P), are called feasible arcs (for (P)).

Note that, since g is extended valued, (P) incorporates the end-
point constraint:

where C := domg.
Denote by V : [0,1] x K -> RU {+00} the value function for (P):

for each (£,#) G [0,1] x K, V(t,x) is defined to be the infimum cost

141
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for the problem

Minimize g(y(l))
over y G Wl^l([t, l];Rn) satisfying
y'{s) eF(s,y(s)) a.e. s G [*,1],

I y(<) = *.
Thus

(If (Pt,jr) has no feasible arcs, we set V(t,x) = +00.)
In this chapter we explore the relationship between the value

function and the Hamilton-Jacobi Equation:

(HTF)i -^T + H ^ x ^ - ^ = Ofo r ( t , aOG(0 , l )x in t i r
1 } \ V(l,x) = g{x) for x e K.

To get uniqueness of solutions to the above PDE in the con-
strained case we are lead to impose some kind of constraint quali-
fication on the dynamic constraint at boundary points of the state
constraint set.

In [9], Capuzzo-Dolcetta and Lions showed that the value func-
tion is continuous and is the unique viscosity solution to (HJE) under
hypotheses which include the "inward-pointing" constraint qualifica-
tion:

min nx • v < 0 VxE bdy K
veF(t,x)

where nx denotes the unit outward normal vector at the point x E
bdy if. Hypotheses of this nature were introduced by Soner [40] to
ensure continuity of the value function and to provide a character-
ization of the value function in terms of viscosity solutions of the
relevant Hamilton-Jacobi equation, for an infinite horizon problem.

When the "inward pointing" constraint qualification fails, or when
the terminal cost function g is chosen to take account of an endpoint
constraint, we can expect that the value function will be discontinu-
ous.

We restrict attention to a special class of state constraints sets,
namely a finite intersection of smooth manifolds. (Nonetheless, this
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is a framework which allows state constraints sets with nonsmooth
boundaries, and covers state constraints encountered in most engi-
neering applications.) A key element is an extension of Filippov's
theorem to the constrained case.

6.1 Constrained Hamilton-Jacobi-Bellman Equa-
tion

The following theorem provides two characterizations of the value
function for optimal control problems with endpoint and state con-
straints, in terms of lower semicontinuous solutions of the Hamilton-
Jacobi equation and one in terms of epiderivative solutions.

It is assumed that the state constraint set K is expressible as

K = nr
j=1{x :hj(x) <0}

for a finite family of C1'1 functions {hj : Rn -> R } ^ . (C1'1 denotes
the class of C1 functions with locally Lipschitz continuous gradients.)
The "active set" of index values /(#), at a point x G bdy if, is

Recall the notations a V b = max{a, b} and a f\b — min{a, b} for all
real numbers a, b. We write

h+(x) := [ max hj(x)) V 0.

W1'1([a, 6];Rn) denotes the space of absolutely continuous n-vector
valued functions on [a, 6], with norm

rb
llrlL/i i — HrrMII 4- / \\rf(t)\\dt

Ja

Theorem 6.1.1 Take a function V : [0,1] x if -* R U {+oo}. As-
sume that the following hypotheses are satisfied:

(HI) F is a continuous set-valued map, which takes values in the
space of non-empty, closed, convex sets,
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(H2) There exists c > 0 such that

F{t,x) C c ( l + ||a;||)B V(*,a;) G [0,1] x R n ,

(H3) There exists k G L1 such that

F(t,x) C F{t,xi))+k(t)\\x-xi\\B Vi G [0,1], x,xx G R n x R n ,

(H4) g is lower semicontinuous.

Assume furthermore that

(CQ) For all x G K and t G [0,1] there exists v G F(t,x) such that

Vj G J(z), V/ij(x) -v > 0.

Then assertions (a)-(c) below are equivalent:

(a) V is the value function for (P).

(b) V is lower semicontinuous and

(i)V(t,x) G ([0,l[xif)

inf D+V(t,x)(l,v) < 0

nj V (t, x) G]0,1] x int if) H dom V

sup DtT/(t,x)(-l,-^) < 0

v£F(t,x)

(in) V x G K

liminf ^(t7 ,^) = ^(l ,x) =g{x)
{ ( t / / ) ( l ) t / < l / G i t K }

1/ Z5 lower semicontinuous and

(i)V(t,x) G (]0,l[xintK)ndomF, {puPx) ed-V{t,x)
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(it) V(t,a;) € (]0,l[xbdy.JOndomF, {pt,px) ed-V(t,x)

-pt + H(t,x,-px) > 0

(Hi) V xEK,

#liminf ( F(t',x') = V(O,a;)

liminf V(t',x') = V(l,x)=9(x).

Example Consider

Minimize g(x(l))
x'{t) E F(t,x(t))
x(t) E K
x(0) = XQ,

in which n — 1, g(x) = x, F(t,x) = {1}, K = {x : x < 0}, xo = 0.
By inspection

f +oo ifx>-(l-t)

The hypotheses for application of Thm. 6.1.1 are satisfied, includ-
ing the outward-pointing constraint qualification (CQ). Thm. 6.1.1
therefore tells us that V is the unique solution of (HJE) (in the sense
specified).

Notice that V(t,x) — +oo at some points in [0,1] x if, despite
the fact that g is everywhere finite valued (no endpoint constraints).

6.2 A Neighbouring Feasible Trajectories The-
orem

A key role in the proof of the Main Theorem is played by an es-
timate governing the distance of the set of trajectories satisfying
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a given state constraint from a given trajectory which violates the
constraint. This estimate is provided by the following Existence of
Feasible Neighbouring Trajectories (EFNT) Theorem, which can be
regarded as a kind of refined viability theorem, in which the informa-
tion that a 'viable' solution exists whenever viability condition holds
true is supplemented by information about where it is located, in
relation to a given solution when a 'strict' viability condition holds
true.

As before, we limit attention to state constraint sets K associated
with a family of functional inequalities:

in which the hj's are given C1}1 functions.

Theorem 6.2.1 Fix ro > 0. Assume that for some c > 0, a > 0
and k(-) G L1, the following hypotheses are satisfied:

(i) F takes values in the space of non-empty, closed sets and F(-, x)
is measurable for each x G R n .

(ii) F(t,x) C c(l + ||a;||)S V (t,x) G [0,1] x Rn.

(in) F(t,x) cF{t,xf)) + k(t)\\x-xf\\B V t e [0,1], x,xf

Assume furthermore that there exists some a > 0 such that

(CQ)f mmveF^x) max j G / ( x ) \7hj(x) • v < -a ,

, te [0,1].

Then there exists a constant d (which depends on ro, c, a and k G L1)
with the following property: given any to G [0,1] and any x G <S[to,i]
such that x (to) G B(O,ro)nK, an x G S[to^(x(to)) can be found such
that

x(t) eK V t G [t 0 ,1]

and

lk-£|lwM([ioi];Rn) <$ max
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The need to introduce into (CQ)' the positive parameter a a rised
because it is not hypothesized that F is a continuous multifunction.
In the case F is continuous, then (CQ) ' is implied by the condition

min max Vhj{x)-v < 0 M x e 5(0, ec(ro + c))nbdyif, te [0,1].
F(tx) jei(x)

Proof. Set R = ec(ro + c) and c$ = c(l + R). Let fc^ be a common
Lipschitz constant for the hj's on 5(0,R) and let K be a common
Lipschitz constant for the V/ij's on 5(0, i2).

Note that for any [*', £"] C [0,1] and any solution y : [*', t"] -> R n

to our differential inclusion such that y(tf) E 5(0, ro), we have y(t) E
5(0, R). This follows from Gronwall's lemma.

Let u : R+ —> R n be a modulus of continuity for t —> /Q k(s)ds,
i.e. CJ is monotone increasing, lima-|o

c^(cr) — 0, and

u(tf - t) > [ k(s)ds V [£,£'] C [0,1].
Jt

Define

Under the hypotheses, there exists /3 > 0 and a > 0 such that

V£ E Kf l 5(0, i?),£ E [0,1] min max Vhj{£)'V < -a.

Fix a ; E (0,a). Choose 77 E (0,1) such that iV := r]~~l is an integer
and the following conditions are satisfied:

r, < (a-a')(c2
0K)-1 (6.1)

^ ^ + l) (6.2)

(6.3)

and

a!
Set

2

^ ^ 7 7 + 6^Me w ( ? 7 ) - I)2co3/a; < 1. (6.4)
a'

:= max <—-exp( / k(s)ds), —— Co > . (6.5)
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Step 1: We show that, for every £ E K and r E (0,1 — 77] there
exists a solution 5 : [r, r + 7/] -> R n such that x(r) = £ and

M x ( * ) ) < - a ; ( t - T ) Vj, WE [T,T +77].

Fix £ E X and r E (0,1 — 77]. Consider a measurable function
v : [r, r + 77] -» R n such that v(t) E F(£, £) a.e. £ E [r, r + 77] and

j E //?(£) implies V/ij(£) • i>(£) < —a for a.e. £ E [r, r + 77].

Set ;?(£) = £ + jl v(s)ds. We have, for all j E //?(£) and t E [r, r + 7/],

V/ij(^(s)) • v(s)ds

ft
0+ / Vhj(z(s)) -v(s)ds

JT

(We have used (6.1).)
Fix j E //?(£). By Filippov's Theorem, applied to the reference

trajectory 2:, there exists a solution x : [r, r + 77] -» R n such that
x(r) = £ and, for all t E [r, r + 77],

\\x(t) - z{t)\\ < J dF{sAs))(z
f(s))exp^J k{cr)dajds

()da
ft /ft

— r) / fc(^)exp f / k(a)d

< co(t - r)(exp ( j k(s)ds)

(We have used (6.2). But then, for all t € [r, r + 77],

a-a' a



6.2. Neighbouring Feasible Trajectories Theorem 149

On the other hand, if hj(£) < —/?, then, for all t E [r, r + 77],

hj(x(t)) < -^ + {t-r)khCQ<-alr]<-al(t-T).

We see that, in this case too, the inequality is satisfied. Step 1 is
complete.

Step 2: Take any r E [0,1 — 77] and any solution x\ : [0,1] -» R n

such that #i(£) E K" for all t E [0, r]. We shall show that there exists
an solution #2 : [0,1] —> R n such that X2(t) = x\(t) for all t E [0, r] ,

( ) # Vt E [T,

and
max

Set
A = max h+(xi(t)).

Suppose that A > a'rj/3. By Step 1, there exists a solution x\ :
[0, T + 77] -^ R n such that x2(t) = xi(t) for all t E [0, r] and rr2(t) E K
for t E [0, r + 77]. We have

\\XI ~ S

by (6.5), as required. We can therefore assume that

A < c/77/3.

Set
7/ = 3A/a.

Notice that rjf < 77 and T + 7/ < 1. By the results of Step 1, there
exists a solution z : [0, r + 77'] —> R n such that ;?(£) = a;i(t) for all
t E [ 0 , r ] ,

z{t)eK VtE[O,r + 7/7]

and
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By Filippov's Theorem, there exists a solution y : [r + 7/, 1] —» R n

such that y ( r + 7/) = z ( r + r/) and, for all i G [ r + 77', 1],

O rt
fc(s)rf5 2c0r/, (6.6)

< k(t)exp(f k(s)ds) 2cor]f. (6.7)

Now concatenate z : [0, r + 77'] -> R n and y : [r + 77', 1] —> R n to form
the solution x2 : [0,1] -> Rn .

Since xi(0) =a;2(0),

f{k(s)dsj -

Or1
k(s)ds

T+r)'

= (6co/a>xp f f k(s)ds) A < T?;A.

(We have used (6.7).) It remains to show that

x2(t) e K for alH G [0,r + 77].

The condition is clearly satisfied for any t G [0, r + 77']. On the other
hand, for any t G [r + 77', r + 77] and j , we have from (6.6) and (6.7)

rt
hj{x2(t)) = hj(x2(r + rjf)) + /

Jr+r]'

f
- / i j (x 2 ( r + 77;))+ /

JT

r+r]'
t

T+T)'

) - Vh3{Xl{s))) • ^

l) • {xf
2(s) — x[(s))ds

r+ri1
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< - 3 A + 2A + (6c2
0^/af)r]eu^A + kh (e"W _ i ) 2co(3/a')A

< ( - 1 + (GclK/a')^) + fe^(ew(£/)-1)6co/a/) A < 0.

(We have used (6.4).) Step 2 is complete.

Take any solution x : [0,1] -» R n such that x(0) G 5(0 , r 0 ) . Recall
that N = r/"1 is an integer.

Set xo = x. Use the results of Step 2 recursively to generate a
finite sequence of solutions #o , . . . , ^N on [0,1] with the properties

xz{t)eK vtepM/iV]

and

lk2-^-i||\yi.i([oi];Rn) ^ ^ max

Now set x = XAT. Clearly

x ( t )G i f v t e [ o , i ] .

It is a routine exercise to show, using the results of Step 2 and the
triangle inequality, that

l|z-£||wi.i([to,i];Rn) ^ ^ max /i+(i(t)) , (6.8)

in which to = 0 and

t? := k^[(l + kh#')N-l]-

A special case of the theorem has been proved, in which to = 0.
Take any to G [0,1] . Suppose that x : [to, 1] -> R n is a solution

such that x(to) G K H J5(0,r0). Define

| x ) u { 0 } t<to.

and
w _ r x{t) t > t0

Now apply the earlier construction to F and y to obtain a solution
xo : [0,1] —)• R n to y; G F(t, y). It is a a simple matter to check that
the solution x obtained by restricting xo to [to, 1] satisfies a;(to) =
x(to), x(t) G if for all t G [to, 1] and also inequality (6.8) (with the
same constant $). The theorem is proved.
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6.3 Proof of the Main Theorem

We isolate in the following lemma the steps in the proof of Thm.
6.1.1 requiring the constraint qualification (CQ).

Lemma 6.3.1 (i) Take any point x\ E K. Then there exists 5 E
]0,1[ and a solution y : [1 — 5,1] —> R n such that y(l) — x\ and

y{t)E'mtK VtE[l-<U[-

(ii) Take any to E [0,1[ and any solution x : [to, 1] —> K. Take
also a sequence of points {(T^,<^)} in [to, lfxint K such that
(rii£,i) ~* (1?^(1))- Then there exists a sequence of solutions
{xi : [to,Ti] —> R n } such that Xifa) = ̂

Xi{t) e'mtK Vte [ t o ,T i ] , i = 1 , 2 , . . .

and
\\xi - x\\Loo([t0iTi\.Kn) -> 0 as i -+ oo.

Proof. According to (CQ), there exists u E F( l , x i ) and a > 0
such that

V/ij(zi) -^ > a V j E / (xi) .

For some S E]0,1 — to], whose magnitude will be set presently, define

z{t) = zi - (1 - t)v for t E [1 - 5,1].

By Filippov's Theorem, there exists a solution x : [1 — 5,1] —> R n

such that #(1) = #i and

exp{ / k(t)dt} /

for all t E [1 — 5,1]. We deduce from the continuity of (t, re) ^ F(t, a:)
and the continuous differentiability of the /ij's that there exists a
function rj : R+ -^ R+ such that r/(#) | 0 as 6> I 0,

||x(l - 5) - (xi - 5v)|| < 77(5)5 for 5 E [0,(5]
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and

hj(x(l - s)) < hj(xi) + Vhj(xi) - (x(l - s) - xx) + r](s)s

for all s G [0,5] and j G I(xi). But then, since hj(x\) = 0 for all
j G / (#i) , there exists M (M does not depend on 5) such that

^(x-(l - s)) < -sVhj(xi) - v + Mr](s)s

for all j G / (^ i ) . Hence

It follows that, if we now choose S such that Mr](6) < a, then
hj(x(t)) < 0 for all j G /(>i). Since ^ ( x i ) < 0 for all j £ I{xx), we
can arrange, by a further reduction in the size of 5, that

max hj{x{t))<0 V t G [1 - £, l[.
{ l r }

(ii) Define the sequence of positive numbers

7, : = (- .max rhj(€i)j A (i~l) for z = 1 , 2 , . . .

Since {^} C intif and (CQ) holds true, it follows that 7̂  > 0 for all
i. Clearly 7̂  I 0. For each i define

Apply Filippov's Theorem to x' G F(t,x), taking as reference trajec-
tory x restricted to [to,7^]. This yields a solution m : [to,^] —> R n

satisfying y^(rz) = ^ and

\\yt - x||Lcx)([t0j7..];Rn) < exp{ / k(t)dt}\\x(ri) - ^ | | .
J u

Since (x(ri) — £) -> 0 as i —> 00, we can conclude that

| |yz-z| |L°°([*0 ,Ti])-*° as i ^ oc. (6.9)
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By the comments following the statement of Theorem 6.2.1, (CQ)
yields (CQ) '. So we deduce from Thm.6.2.1 applied to the set-
valued map — F that there exists d > 0 and a sequence of solutions
{x{ : [tojTj] —> Rn} such that Xifa) — ^ and

\\])i - max

hj{xi(t)) + 7z < 0 V t E [t0, n], j E I(xi(t)), z = 1,2,...

This means that

Xi{t) E hit if V i e [to,Ti], i = 1,2,...

Since hj(x(t)) < 0 for all t E [0,1], we deduce from (6.9) that

\\xi - x\\Loo^to^) -> 0 as i -> oo.

In the next lemma, reference is made to the 5-tube about x

Ts{x) :=

Lemma 6.3.2 Tafce [io>*i] C [0,1] such that to < t\, a solution
x : [to,t\] —>• Rn , 8 > 0 and a /ower semicontinuous function V :
[to,ti] x R " 4 RU{+oo} such that for all (t,x) G Ts(x) with t <t\,

V(pt,Px)ed-V{t,x), -pt + H(t,x,-px)<0 (6.10)

Then, for any to<t' < t" < t\,

Proof. We deduce in the same way as in Chapter 4, proofs of The-
orems 4.2.2 and 4.2.4 that
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The fact that t" < t\ (strict inequality) is important here, since no
regularity hypotheses have been imposed on t —> V(£, •) at t — t\.

Proof of Thm. 6.1.1

(a) => (b). The value function V is lower semicontinuous by the same
arguments as those used in Chapter 4.

Under the hypotheses, (t,x) £ domF implies that (Pt,x) has
a solution. It is a straightforward matter to show that, if y is a
minimizer for (P^x), then s —> V(s,y(s)) is constant on [£, 1]; b(i)
can be deduced from this property.

It can also be shown that, if y : [£, 1] —>• Rn is a solution satisfying
the constraints of (Pt,x), then s -> V(s,y(s)) is non-decreasing on
[£, 1]; b(ii) can be deduced from this latter property.

Since V is lower semicontinuous, it remains only to verify

liminf V(t',xf) < V(l,x) V x G K.
{{t''){l)t'<l'e&K}

Lemma 6.3.1 tells us that there exists 5 G]0,1[ and a solution y :
[1 — S, 1] -> Rn such that y(l) = x and

y(t) e'mtK \/te [1 — 5,1[.

But V(t,y(t)) < y(l,rr), a basic monotonicity property of the value
function. Since y is continuous,

liminf VU'.x) < limsupF(£,y(t)) < V(l,x).
l)t><l'etK} V J~ v ' ^ w / ~ v '

as required.

(b) =4> (c). This implication is a consequence duality relationships
between d-V and D^V.

(c) => (a). Assume that F satisfies (c). Take any XQ G K and

to G [0,1].

Step 1: We show that

,xo) > inf(Pt0,X0). (6.11)
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This inequality is automatically satisfied if V(to,xo) = +00. So
we assume that V(to,xo) < +00.

Notice that, since doml/ C if, conditions c(i) and c(ii) imply

V(t,z) G]0,l[xRn, (puPx) G d-V(t,x)

,-px) < 0

and

/liminf/ V(t',x') = V(O,x) V x G Rn,

(We here regard F a s a function on [0,1] x Rn which takes value
+00 at points (t,x) £ [0,1] x K.) But then we deduce by applying
the same arguments as in Chapter 4 the existence of a solution x :
[to, 1] -> Rn such that x(to) = XQ and

V i t o . x o ) > V ( t , x ( t ) ) V t G [ t o , l ] .

This inequality implies that V(t,x(t)) < +oc for all t G [to, 1]-
Since domF C if, we conclude that x(-) satisfies the state constraint.
It also implies that

> inf(P^).

This is the required inequality.

Step 2: We show that

^(to^o) < mf(Pto,xo)- (6.12)

This will complete the proof, since (6.12) combines with (6.11) to
give V(to,xo) = inf(PtOjXo).

(6.12) is automatically satisfied if inf(Pto,xo)
 = +°°- So we as-

sume that it is finite. In this case, inf(P^O5Xo) is the infimum o£g(x(l))
over all feasible arcs of (P^^o)- It therefore suffices to show that

V(to,xQ)<g(x{l)),

where x G Wrl}1([to, l];Rn) is an arbitrary feasible arc of (PtOixo)-
By hypothesis,

liminf V(T,£).
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There exists, therefore, a sequence {(TJ,£J)} in [to, 1) x intK such
that & -> x(l) and

(6.13)

Lemma 6.3.1 (ii) asserts the existence of a sequence of solutions X{ :
[t0, n] -> R n such that Xi(ji) = &,

and

\\xi - x||Loo([to?r.];Rn) -» 0 as i -+ oo. (6.14)

Filippov's Theorem tells us that x̂  can be extended to all of [to, 1] (we
write the extension also xi) as a solution to our differential inclusion.
Choose G{ E]TI, 1[ and ê  > 0 such that

Xi(t) + etB CintK Vt e [to,^].

Now apply Lemma 6.3.2 with O{ = ti and x = X{ to conclude
that

It follows from (6.13), (6.14) and the lower semicontinuity of V that

V{to,xo) = V{to,x(to)) < liminf
i
i

as required.

Exercises.
We impose all the assumptions of Theorem 6.2.1.
1. Assume that g is continuous on K. Show that the value

function of the problem

Minimize g(y(l))
over y E W l j l([t, l ] ;Rn) satisfying
y'{s) eF(s,y{s)) a.e. s£ [t,l],
y(s)eK V 5 G [ t , l ] ,

, y(t) = x.
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coincides with the value function of the relaxed problem

Minimize g(y(l))
over y G Wl'l([t, l];Rn) satisfying
y'(s) G coF(s, y(s)) a.e. s G [t, 1],
y(s)eK V s e [ t , l ] ,

> y(t) = x.

and that V is continuous on [0,1] x K.
2. Assuming that g is locally Lipschitz on if, show that in this

case V is locally Lipschitz on [0,1] x K.
3. Show that if g is continuous on if, then the value function V

satisfies the following properties

(i) V (t,x) G (]0, l[xmtK) HdomV, (pupx) e d+V{t,x)

(ii) V(t,x) G (]0,l[xif)ndomF, (pupx) ed-V(t,x)

t,x,-px) >0

4. Show that if W is continuous on [0,1] x if, satisfies the bound-
ary condition W(l, •) = g and the above properties (i), (ii), then W
is the value function.

5. State and prove a relaxation theorem under state constraints.
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