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0. INTRODUCTION

§0.1. Basic question of control theory

A departure point of control theory is the differential equation

v=fly,u), y(0)==z€R" (0.1)

with the right hand side depending on a parameter u from a set U/ C R™.
The set U is called the set of control parameters. Differential equations
depending on a parameter have been objects of the theory of differential
equations for a long time. In particular an important question of continuous
dependence of the solutions on parameters has been asked and answered
under appropriate conditions. Problems studied in mathematical control
theory are, however, of different nature, and a basic role in their formulation
1s played by the concept of control. One distinguishes controls of two types:
open and closed loop. An open loop control can be basically an arbitrary
function u(-): [0, +00) — U, for which the equation

y(0) = fy(1)),u(t)), >0, y(0) =z, (0.2)

has a well defined solution.
A closed loop control can be identified with a mapping k: R™ — U, which
may depend on ¢ > 0, such that the equation

y(t) = fy(0), k(y(1))), 20, y(0) ==, (0.3)

has a well defined solution. The mapping k(- ) is called feedback. Controls
are called also strategies or inputs, and the corresponding solutions of (0.2)
or (0.3) are outputs of the system.

One of the main aims of control theory 1s to find a strategy such that the
corresponding output has desired properties. Depending on the properties
involved one gets more specific questions.
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Controllability. One says that a state z € R" is reachable from z in time
T, if there exists an open loop control u( - ) such that, for the output y( - ),
¥(0) = &, y(T) = z. If an arbitrary state z is reachable from an arbitrary
state z in a time T, then the system (0.1} is said to be controllable. In several
situations one requires a weaker property of transfering an arbitrary state
into a given one, in particular into the origin. A formulation of effective
characterizations of controllable systems is an important task of control
theory only partially solved.

Stabilizability. An equally important issue is that of stabilizability. As-
sume that forsomez € R" and @ € U, f(z, %) = 0. A function k: R" — U,
such that k(Z) = 4, is called a stabilizing feedback if Z is a stable equilibrium
for the system

y(8) = Fy(0), k(y(1))), =0, y(0) == (0.4)

In the theory of differential equations there exist several methods to deter-
mine whether a given equilibrium state is a stable one. The question of
whether, in the class of all equations of the form (0.4), there exists one for
which Z is a stable equilibrium 1s of a new qualitative type.

Observability. In many situations of practical interest one observes not
the state y(t) but its function A(y(t)), ¢t > 0. It is therefore often necessary
to investigate the pair of equations

y= f(ya u), y(0) ==, (05)
= h(y). (0.6)

Relation (0.6) is called an observation equation. The system (0.5)- (0.6) is
said to be observable if, knowing a control u( - ) and an observation w( - ), on
a given interval [0, T, one can determine uniquely the initial condition z.

Stabilizability of partially observable systems. The constraint that
one can use only a partial observation w complicates considerably the sta-
bilizability problem. Stabilizing feedback should be a function of the obser-
vation only, and therefore it should be “factorized” by the function A(-).
This way one is led to a closed loop system of the form

vy = fly, k(h(y))), y(0)==z. (0.7)

There exists no satisfactory theory which allows one to determine when
there exists a function k(- ) such that a given # is a stable equilibrium for

(0.7).

Realization. In connection with the full systern (0.5) - (0.6) one poses the
problem of realization.
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For a given initial condition z € R", system (0.5)-(0.6) defines a map-
ping which transforms open loop controls u( - ) onto outputs given by (0.6):
w(t) = h(y(t)), t € [0,T]. Denote this transformation by R. What are
its properties? What conditions should a transformation R satisfy to be
given by a system of the type (0.5)-(0.6)7 How, among all the possible
“realizations” (0.5)-(0.6) of a transformation R, do we find the simplest
one? The transformation R is called an nput-output map of the system

(0.5)- (0.6).

Optimality. Besides the above problems of structural character, in control
theory, with at least the same intensity, one asks optimality questions. In
the so-called time-optimal problem one is looking for a control which not
only transfers a state x onto z but does it in the minimal time T'. In other
situations the time T > 0 is fixed and one is looking for a control u(-)
which minimizes the integral

T
/0 o(y(t), u(t)) dt + G(T)),

in which g and G are given functions.

Systems on manifolds. Difficulties of a different nature arise if the state
space 1s not R™ or an open subset of R” but a differential manifold. This is
particularly so if one is interested in the global properties of a control sys-
tem. The language and methods of differential geometry in control theory
are starting to play a role similar to the one they used to play in classical
mechanics.

Infinite dimensional systems. The problems mentioned above do not
lose their meanings if, instead of ordinary differential equations, one takes,
as a description of a model, a partial differential equation of parabolic or
hyperbolic type. The methods of solutions, however become, much more
complicated.

§0.2. Examples

The aim of the examples introduced in this paragraph is to show that the
models and problems discussed in control theory have an immediate real
meaning.

Example 1 Electrically heated oven. Let us consider a simple model of
an electrically heated oven, which consists of a jacket with a coil directly
heating the jacket and of an interior part. Let Ty denote the outside tem-
perature. We make a simplifying assumption, that at an arbitrary moment
t > 0, temperatures in the jacket and in the interior part are uniformly
distributed and equal to Ti(t), T5(t). We assume also that the flow of heat
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through a surface is proportional to the area of the surface and to the differ-
ence of temperature between the separated media. Let u(t) be the intensity
of the heat input produced by the coil at moment ¢ > 0. Let moreover ay, as
denote the area of exterior and interior surfaces of the jacket, ¢y, ca denote
heat capacities of the jacket and the interior of the oven and ry, 7, denote
radiation coefficients of the exterior and interior surfaces of the jacket. An
increase of heat in the jacket is equal to the amount of heat produced by the
coll reduced by the amount of heat which entered the interior and exterior
of the oven. Therefore, for the interval [t,t + At], we have the following
balance:

C] (Tl (t+At) -1 (t)) ~~ u(t)At— (Tl (f) —Tz(t))(lﬂ”] At — (Tl (t) —To)(LQTQAt.

Similarly, an increase of heat in the interior of the oven is equal to the
amount of heat radiated by the jacket:

C2(T2(t -+ At) - Tz(t)) = (Tl (t) — Tg(t))al’r’gAt.

Dividing the obtained identities by At and taking the limit, as At | 0, we
obtain

dT}

cld—tl =u—(Ty — Ty)ayr — (Th — To)azre,
dT:

CZ—Etz == (T1 - Tg)(hrl.

Let us remark that, according to the physical interpretation, u(t) > 0 for
t > 0. Introducing new variables 1 = 71 — Ty and z2 = Ty — Tj, we have

r1ay + roasn T ay

1
i = o (jl i + ‘e
dt | zo 1 _71(1,1 o 0
C2 C2

It is natural to limit the considerations to the case when #;(0) > 0 and
z2(0) > 0. It is physically obvious that if w(t) > 0 for £ > 0, then also
z1(t) > 0, z2(t) > 0, t > 0. One can prove this mathematically; see §1.4.2.
Let us assume that we want to obtain, in the interior part of the oven, a
temperature 7' and keep it at this level infinitely long. Is this possible?
Does the answer depend on initial temperatures Ty > Ty, Tp > Tp7

Example 2 Soft landing. Let us consider a spacecraft of total mass M
moving vertically with the gas thruster directed toward the landing surface.
Let h be the height of the spacecraft above the surface, u the thrust of
its engine produced by the expulsion of gas from the jet. The gas is a
product of the combustion of the fuel. The combustion decreases the total
mass of the spacecraft, and the thrust u is proportional to the speed with
which the mass decreases. Assuming that there is no atmosphere above the
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surface and that ¢ is gravitational acceleration, one arrives at the following
equations [26]:

Mh = —gM +u, (0.8)
M = —ku, (0.9)

with the initial conditions M(0) = My, h(0) = ho, h(0) = hy; k a positive
constant. One imposes additional constraints on the control parameter of
the type 0 < u < @ and M > m, where m is the mass of the spacecraft
without fuel. Let us fix T > 0. The soft landing problem consists of finding
a control u( -) such that for the solutions M(-), h(-) of equation (0.8)

M(t)>m, h(t)>0, te[0,T], and h(T)=h(T)=0.

The problem of the existence of such a control is equivalent to the control-
lability of the system (0.8)-(0.9).

A natural optimization question arises when the moment T is not fixed and
one is minimizing the landing time. The latter problem can be formulated
equivalently as the minimum fuel problem. In fact, let v = h denote the
velocity of the spacecraft, and let M (¢) > 0 for ¢t € [0,T]. Then

M) _
M(t)
Therefore, after integration,

M(T) — e—U(T)k——ng+U(O)kM(O)_

—ko(t) — gk, te€]0,T).

Thus a soft landing is taking place at a moment T > 0 (v(T) = 0) if and
only if

M(T) = e~ 9T vk p(0).
Consequently, the minimization of the landing time T' is equivalent to the
minimization of the amount of fuel M (0) — M(T) needed for landing.
Example 3 Optimal consumption. The capital y(t) > 0 of an economy at
any moment ¢ is divided into two parts: u(t)y(t) and (1 — w(t))y(t), where
u(t) is a number from the interval [0, 1]. The first part goes for investments
and contributes to the increase in capital according to the formula

y=uy, y(0)==z>0.

The remaining part is for consumption evaluated by the satisfaction
T
Irlau( )= [ (0= up) dr et @), 010
0
In definition (0.10), the number a is nonnegative and o € (0,1). In the

described situation one is trying to divide the capital to maximize the
satisfaction.
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1. Controllability

§1.1. Preliminaries

The basic object of classical control theory is a linear system described by
a differential equation

%:Ay(tHBu(t), y(0) = ¢ € R", (1.1)

and an observation relation

w(ty = Cy(t), t>0. (L.2)
Linear transformations A: R® — R*, B: R™ — R", ¢: R™ — R* in
(1.1) and (1.2) will be identified with representing matrices and elements of
R™ R™ R* with one column matrices. The set of all matrices with n rows
and m columns will be denoted by M(n, m) and the identity transformation
as well as the identity matrix by I. The scalar product {2, y) and the norm
|z|, of elements z,y € R™ with coordinates &1,...,&, and n,...,7,, are

defined by
1/2

n n
@)= &u, lzl=> ¢
j=1 Jj=1

The adjoint transformation of a linear transformation A as well as the
transpose matrix of A are denoted by A*. A matrix A € M(n, n) is called
symmetricif A = A*. The set of all symmetric matrices is partially ordered
by the relation Ay > Ay if (A1z,2) > (Asx, ) for arbitrary # € R™. If
A > 0 then one says that matrix A is nonnegative definite and if, in addition,
(Az,z) > 0 for  # 0 that A is positive definite. Treating z € R” as an
element of M(n,1) we have 2* € M(1,n). In particular we can write
(z,y) = 2z*y and |z|?> = 2*z. The inverse transformation of 4 and the
inverse matrix of A will be denoted by A~?.

If F(t) = [fi;(t); i=1,...,n, j=1,...,m] € M(n,m), t € [0,7], then,
by definition,

T T
/ F(t)dt = / fij(Q)dt, i=1,...)n; j=1,....n], (1.3)
0 0

under the condition that elements of F(-) are integrable.
Derivatives of the 1st and 2nd order of a function y(t), ¢t € R, are denoted

n}

2
by %%, (;—téi or by 1_], y and the nth order derivative, by ((flt(") .



8 1. Controllability

We will need some basic results on linear equations

% = A(t)q(t) + a(t), q(to) = g0 € R”, (1.4)

on a fixed interval [0,77]; to € [0,T], where A(t) € M(n,n), A(t) = [ai;(t);
i=1,...,n,5=1,...,m},a(t) e R" a(t) = (ailt);i=1,...,n),t € [0,T].

Theorem 1.1. Assume that elements of the function A(-) are locally
integrable. Then there exists exactly one function S(t), t € [0,T] with
values in M(n,n) and with absolutely continuous elements such that

—S(t) = A(€)S(t) for almost all t € [0,T7, (1.

[¥a)

—_

(s
~

Il

~
—_—

e —
[ [,
— —

In addition, a matriz S(t) is invertible for an arbitrary t € [0,T], and the
unique solution of the equation (1.4) is of the form

q(t):S(t)S“l(to)qo+/ S(t)s~(s)a(s)ds, te€0,T). (1.7)

Here is a sketch a proof of the theorem.

Proof. Equation (1.4) is equivalent to the integral equation

q(t):ao—}—/t A{s)q(s) ds+/ a(s)ds, t€]0,T].

to
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The formula

Ly(t) = ao +/t a(s) ds +/ A(s)y(s)ds, te[0,T],

to

defines a continuous transformation from the space of continuous functions
C[0,T; R"] into itself, such that for arbitrary y(-),§(-) € C[0,T; R"]

T
sup |Ly(t) — Ly(t)] < (/ |A(s)] dS) sup |y(t) — y(t)].
tefo,T] 0 tef0,T)

If foT |A(s)|ds < 1, then by Theorem A.l {the contraction mapping prin-
ciple} the equation ¢ = Lg has exactly one solution in C[0,7"; R™] which
is the solution of the integral equation. The case fOT |A(s)]ds > 1 can be
reduced to the previous one by considering the equation on appropriately
shorter intervals. In particular we obtain the existence and uniqueness of a
matrix valued function satifying (1.5) and (1.6).

To prove the second part of the theorem let us denote by ¥(t), t € [0,T],
the matrix solution of

%w(t) = —yP(t)A(t), ¢(0)=1,te[0,T).

Assume that, for some ¢t € [0,T], det S{¢) = 0. Let Ty = min{t € [0,77;
det S(t) = 0}. Then Ty > 0, and for ¢ € [0,T5)
ol ot ,_1 5 d .4
0=— (S(t)s~1(t)) (dt )b HZS (t).
Thus
—A() = 500 5570
N dt” '

and consequently
d
dt

so STL(t) = ¥(¢), t € [0, Tv).
Since the function det 4(t), ¢t € {0, T), is continuous and

—=STHY) = =STH YA, te(0,Th),

1

det ¥(t) = det S(t)”

t € [0,Ty),

therefore there exists a finite tl%r%l det ¥(t). This way det S(T5) = l%%n S(t) #
o 1T,

0, a contradiction. The validity of (1.6) follows now by elementary calcula-
tion. 0
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The function S(¢), ¢ € [0,T] will be called the fundamental solution of
equation (1.4). It follows from the proof that the fundamental solution of
the “adjoint” equation

A p), tep.T)
is (S*(0)"1, te[0,T).

Exercise 1.1. Show that for A € M(n, n) the series

is uniformly convergent, with all derivatives, on an arbitrary finite interval.

The sum of the series from Exercise 1.1 is often denoted by exp(tA) or e'4,

t € R. We check easily that

el ApsA — e(t+s)A7 tseR,

in particular

(E’,tA)_l — Ef—tA, teR.

Therefore the solution of (1.1) has the form

¢
y(t) = tA:r—i-/ (1=9)4 By (s) ds (1.8)
0
¢
S(t)x +/ S(t — s)Bu(s)ds, t€0,T],
0
where S(t) = exptA, t > 0.

The majority of the concepts and results discussed for systemns (1.1)-(1.2)
can be extended to time dependent matrices A(t) € M(n, 7z) B(t) €
M(n,n), C(t) € M(k,n), t € [0,T], and therefore for systems

dy
dt
w(t) = C(t)y(t), tel0,T)]. (1.10)

= A(t)y(t) + B(t)u(t), y(0) ==z € R, (1.9)
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§1.2. The controllability matrix

An arbitrary function u(-) defined on [0, +00) locally integrable and with
values in R™ will be called a control, strategy or input of the system (1.1} -
(1.2). The corresponding solution of equation (1.1) will be denoted by
y™*(-), to underline the dependence on the initial condition # and the
input u( -). Relationship (1.2) can be written in the following way:

w(t) = Cy™ (t), tel0,T].

The function w( - ) is the output of the controlled system.
We will assume now that ¢ = I or equivalently that w(t) = y™“(¢t), t > 0.
We say that a control u transfers a state a to a state b at the time 7 > 0 if

y* (T =0b. (1.11)

We then also say that the state a can be steered to b at time 7" or that the
state b 1s reachable or attainable from a at time 7.

The proposition below gives a formula for a control transferring @ to b. In
this formula the matrix Qp, called the controllability matriz or controlla-
bility Gramuan, appears:

T
Qr :f S(r)BB*S$*(r)dr, T > 0.
0

We check easily that Qp is symmetric and nonnegative definite.

Proposition 1.1. Assume that for some T > 0 the matriz Qr is nonsin-
gular. Then
(1) for arbitrary a,b € R™ the control

a(s) = =B*S™(T — 5)Q7' (S(T)a —b), s€0,T], (1.12)

transfers a to b at time T';
(i1) among all controls u( - ) steering a to b at time T the control & minimizes
the integral fOT lu(s)|? ds. Moreover,

T
/0 [a(s)|? ds = (Q7 " (S(T)a — b), S(T)a —b). (1.13)

Proof. It follows from (1.12) that the control % is smooth or even analytic.
From (1.8) and (1.12) we obtain that

T
y>(T) = S(T)a — </0 S(T — s)BB*S*(T — s) (ls) (Q7(S(T)a — b))

= S(T)a - Qr(Q7'(S(T)a — b)) = b.
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This shows (i). To prove (ii) let us remark that the formula (1.13) is a
consequence of the following simple calculations:

T T .
/m(s)l?ds:/_ |B*$*(T = $)Q3"(S(T)a — b)|* ds =
0

= / (T — ) BB (T — 5)(@7 (S(T)a — b)) ds, Q7 (S(T)a — b))

= (QrQ7'(S(T)a —b), Q7' (S(T)a = b))
=(Q7(S(T)a — b), S(T)a — b).

Now let u( -} be an arbitrary control transferring « to b at time 7". We can
assume that u(-) is square integrable on [0,T]. Then

T
/<u ds == [ (), B (T = Q7 (ST = ) ds

_—(/ T — s)Bu(s)ds, Q7" (S(T)a — b))
T)a —b, Q7 (S(T)a - b).

/ (u(s) (ls—/OT(ﬂ(s),d(s»dS.

From this we obtain that

/()Tlu(s)lzds:/OT |a(s)|2(1s+/ﬂT lu(s) — w(s)|” ds

and consequently the desired minimality property. O

Hence

Exercise 1.2. Write equation

d? d
d_tg':uw y(O) :gl» %(0)2527 |:§1:| GRZ

as a first order system. Prove that for the new system, the matrix Qr is

nonsingular, 7' > 0. Find the control u transferring the state [? ] to [0]
2

at time 7" > 0 and minimizing the functional fOT |u(s)|? ds. Determine the
minimal value m of the functional. Consider £, = I, £, = 0.

Answer. The required control is of the form

i(s) = — 75 (%T—Jr&g - QT,& - 51> se[0T),
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and the minimal value m of the fuctional 1s equal to
12 272
m= ((51)2 + 68T — 7(52)2) :

In particular, when & = 1, &3 = 0,

R 12 T 12
U(S) = 773(3 - —2_)? 5 € [O,T], m= ,]_1{

We say that a state b is attainable or reachable from a € R™ if it is attainable
or reachable at some time T > 0.

System (1.1) is called controllable if an arbitrary state b € R” is attain-
able from any state a € R™ at some time T > 0. Instead of saying that
system (1.1) is controllable we will frequently say that the pair (A, B} is
controllable.

If for arbitrary a,b € R™ the attainablity takes place at a given time T > 0,
we say that the system is controllable at time T. Proposition 1.1 gives a
sufficient condition for the system (1.1) to be controllable. It turns out that
this condition is also a necessary one.

The following result holds.

Proposition 1.2. If an arbitrary state b € R" is attainable from 0, then
the matriz Q7 ts nonsingular for an arbilrary T > 0.

Proof. Let, for a control v and T > 0,
T
Lru = / S{ryBu(T — r) dr. (1.14)
0

The formula (1.14) defines a linear operator from Ur = L'[0,7; R™] into
R™, Let us remark that
Lru=y"(T). (1.15)

Let Exr = Ly (Up), T > 0. It follows from (1.14) that the family of the

linear spaces Fr is nondecreasing in 7" > 0. Since ) Ep = R", taking
T>0

into account the dimensions of Er, we have that £~ = R" for some T. Let
us remark that, for arbitrary 7> 0, v € R"™ and u € Urp,

T
(Qrv,v) = ((/0 S(r)BB*S5*(r) d?’) v, v) (1.16)
T
:/ |B*5™ (r)v]* dr,
0

T
(Lru,v) :/0 (u(r), B>S™(T — r)v) dr. (1.17)
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From identities (1.16) and (1.17) we obtain @rv = 0 for some v € R" if
the space Ep is orthogonal to v or if the function B*S*(-)v is identically
equal to zero on [0, T]. It follows from the analiticity of this function that
it is equal to zero everywhere. Therefore if Qrv = 0 for some T' > 0 then
Qrv =0 for all T > 0 and in particular Qzv = 0. Since Ex = R™ we have
that v = 0, and the nonsingularity of @ follows. ]

A sufficient condition for controllability is that the rank of B is equal to n.
This follows from the next exercise.

Exercise 1.3. Assume rank B = n and let B* be a matrix such that
BB* = 1. Check that the control

u(s) = %B+R(S—T)A(b —eT4q), s€[0,T),

transfers a to b at time 7" > 0.

¢1.3. Rank condition

We now formulate an algebraic condition equivalent to controllability.
For matrices A € M(n,n), B € M(n,m) denote by [A|B] the matrix
[B,AB,...,A""'B] € M(n,nm) which consists of consecutively written
columns of matrices B, AB, ..., A" B,

Theorem 1.2. The following conditions are equivalent.

An arbitrary state b € R™ is attainable from 0.

System (1.1) is controllable.

System (1.1) is controllable at a given time T > 0.

Matriz Qr is nonsingular for some T > 0.

Matriz Qr is nonsingular for an arbitrary T > 0.

rank [A|B] = n.

Condition (vi) is called the Kalman rank condition, or the rank condition
for short.

The proof will use the Cayley—Hamilton theorem. Let us recall that a
characteristic polynomial p( ) of a matrix A € M(n, n} is defined by

p(A) =det(Al — A), AreC. (1.18)
Let
PN =X+ X"+ tan, AeC (1.19)

The Cayley-Hamilton theorem has the following formulation (see [3, 358 -

359)):

Theorem 1.3. For arbitrary A € M(n,n), with the characteristic polyno-
mial (1.19),
A"+ AV 4l =0,
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Symbolically, p(A) = 0.

Proof of Theorem 1.2. Equivalences (1) - (v) follow from the proofs of
Propositions 1.1 and 1.2 and the identity

y»*(T) = Lru+ S(T)a.

To show the equivalences to condition (vi) it is convenient to introduce a
linear mapping I, from the Cartesian product of n copies R™ into R™:

n-—1
In(uo, ..., un—1) = > AIBu;, uw; €R™, j=0,... n—1L
j=0
We prove first the following lemma.

Lemma 1.1. The transformation L, T > 0, has the same tmage as 1.
In particular Lp is onto if and only if 1, 1s onto.

Proof. For arbitrary v € R", v € L'[0,T; R™], u; e R™, j =0,...,n— L:

T
<£TU, ’U> = /0 <U(S)’ B*‘g* (T _ 5)1}> dg,
(In(uo, -, tno1),v) = (uo, B™0) + ..+ (un_y, B*(A7)""10).

Suppose that {({,(uo,...,un—1),v) = 0 for arbitrary ug,...,up—; € R™.
Then B*v =0,..., B*(4*)" v = 0. From Theorem 1.3, applied to matrix

A*, 1t follows that for some constants ¢o,...,cn_1
n—1
(A*)n — Z (’,k(A*)k.
k=0

Thus, by induction, for abitrary [ = 0,1, ... there exist constants ¢ o, . ...

¢ n—1 such that
n—1

(AT)H =D (A7)

k=0

Therefore B*(A*)*v = 0 for k = 0, 1,.... Taking into account that

+o0 k
* Ok * *\k t
B*S*(t)v = E B*(A )"vm, t >0,
k=0

we deduce that for arbitrary T > 0 and ¢ € [0, T]

B*S*(t)v = 0,
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so (Lru,v) = 0 for arbitrary v € L'[0,T; R™].
Assume, conversely, that for arbitrary v € L1[0,T; R™], (C7u, v) = 0. Then
B*S*(t)v = 0 for ¢ € [0, 7). Differentiating the identity

+o0 k

. L
ZB*(A*)%F =0, tel0,7],
k=0 :
0,1,...,(n — 1)-times and inserting each time ¢ = 0, we obtain that

B*(A*)fy =0 for k=10,1,...,n— 1. And therefore
(In(ug, -, un—1),v) =0 for arbitrary ug,...,up—1 € R™.

This implies the lemma. O

Assume that the system (1.1) is controllable. Then the transformation Lp
is onto R™ for arbitrary 7' > 0 and, by the above lemma, the matrix [A[B]
has rank n. Conversely, if the rank of [A|B] is n then the mapping ,, is
onto R" and also, therefore, the transformation Cr is onto R” and the
controllability of (1.1) follows. ]
If the rank condition is satisfied then the control @( - ) given by (1.12) trans-
fers a to b at time 7. We now give a different, more explicit, formula for
the transfer control involving the matrix [A|B] instead of the controllability
matrix Qr.

Note that if rank {A|B] = n then there exists a matrix K € M(mn,n)
such that [A|B]JK = I € M(n,n) or equivalently there exist matrices
Ky, Ko, ..., K, € M(m,n) such that

BK, + ABK,+ ...+ A" 'BK,, = I. (1.20)
Let, in addition, ¢ be a function of class ¢! from [0, T into R such that

o _ b

d?j —W( ):0, j:O,l,...,n—l, (121)

T
/ p(s)ds =1 (1.22)
]

Proposition 1.3. Assume that rank [A|B] = n and (1.20)-(1.22) hold.
Then the control .

. . . d !
a(s) = Kyp(s) + A’g—%}(s) + .+ IXHW_T(S), s €1[0,7]

where
P(s) = S(s = TH)b—S(TM)a)e(s), se€[0,T] (1.23)
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transfers a to b at time T > 0.

Proof. Taking into account (1.21) and integrating by parts (j — 1) times,

we have
T j—1 T j—1
. . & —ypp.
A ‘S (T - S)Bl\] dsTl‘/l/)(S) (lS :/0 f_’,A(T )B[\7 W_‘_—l’l/)(s) dﬁ
T .
:/ eAT=9) A1 B K9 (s) ds
0
T
:/ S(T — s)A’~'BK;(s) ds,
0
j=12 ... n.
Consequently

T T
/ S(T — s)Bu(s)ds = f S(t — s)[A|BIK(s)ds
0 0

T
:/ S(T — s)(s)ds.

0
By the definition of ¢ and by (1.22) we finally have

T

Y@ (T) = S(T)a + /0 S(T = 5)(S(s = T)(b— S(T)a))(s)ds

T
=S(Ta+ (b— S(T)a)/0 o(s)ds
=b.

O
Remark. Note that Proposition 1.3 is a generalization of Exercise 1.3.

Exercise 1.4. Assuming that I/ = R prove that the systern describing the
electrically heated oven from Example 0.1 is controllable.

Exercise 1.5. Let Ly be a linear subspace dense in L![0, T"; R™]. If system
(1.1) is controllable then for arbitrary a,b € R" there exists u(-)} € Lo
transferring a to b at time T.

Hint. Use the fact that the image of the closure of a set under a linear
continuous mapping is contained in the closure of the image of the set.

Exercise 1.6. If system (1.1) is controllable then for arbitrary 7" > 0 and
arbitrary a,b € R™ there exists a control u( -) of class ("*° transferring a to
b at time T and such that

dy AUy
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Exercise 1.7. Assuming that the pair (A, B) is controllable, show that
the system

§= Ay + Bu

v = u,
with the state space R™™ and the set of control parameters R™ is also
controllable. Deduce that for arbitrary a,b6 € R™, ug,uq; € R™ and T > 0

there exists a control u(-) of class (/™ transferring « to b at time 71" and
such that »(0) = ug, w(T) = uy.

Hint. Use Exercise 1.6 and the Kalman rank condition.

Exercise 1.8. Suppose that A € M(n,n), B € M(n,m). Prove that the

system

dzy 7 dy i

is controllable in R?™ if and only if the pair (A, B) is controllable.

Exercise 1.9. Consider system (1.9) on [0,7] with integrable matrix-
valued functions A(t), B(t), t € [0,7]. Let S(t), t € [0,T] be the funda-
mental solution of the equation ¢ = Ag. Asswme that the matrix

T
Qr= [ SISO BB ()57 ()5 (T) ds
0
1s positive definite. Show that the control
a(s) = B*(S71(s))*S*(T)Q7 (b — S(T)a), s€[0,T],

transfers a to b at time 7" minimizing the functional v — fOT lu(s)|? ds.

§1.4. A classification of control systems

Let y(t), t > 0, be a solution of the equation (1.1} corresponding to a
control u(t), t > 0, and let P € M(n,n) and .S € M(m, m) be nonsingular
matrices. Define

g(t) = Py(t), a(t) = Su(t), t>0.

Then d p
— = P— - ]
G19(t) = Py(t) = PAy(t) + PBu(t)
= PAP™'§(t) + PBS™a(t)
= Aj(t) + Bu(t), t>0,
where

A=PAP™', B=PBs ! (1.24)
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The control systems described by (A4, B) and (A, B) are called equivalent
if there exist nonsingular matrices P € M(n,n), S € M(m,m), such that
(1.24) holds. Let us remark that P=! and S~! can be regarded as tran-
sition matrices from old to new bases in R™ and R™ respectively. The
introduced concept is an equivalence relation. It is clear that a pair (A, B)
is controliable if and only if (12(, §) is controllable.

We now give a complete description of equivalent classes of the introduced
relation in the case when m = 1.

Let us first consider a system

dm dn=1)

—ZzZ+a

R ~ — 9K
ey LD +... tapzr=mu, (1.25)

with initial conditions

dz dn=1,

H0) =&, —(0) =&, (0) = &,. (1.26)

dt(n=1) )

Let z(t), 22(¢),..., %(t), t > 0, be coordinates of a function y(t), t > 0,
and &y, ...,&, coordinates of a vector 2. Then

y=Ay+ Bu, y(0)=z€eR", (1.27)

where matrices A and B are of the form

0 1 0 0 0
0 0 0 0 ]
A= .1 |, B= (1.28)
0 0 ... 0 1 ?
—qpn —dp_i L. = —ay

We easily check that on the main diagonal of the matrix [A|B] there are
only ones and above the diagonal only zeros. Therefore rank [gl §] = n and,
by Theorem 1.2, the pair (Av, E) 1s controllable. Interpreting this result in
terms of the initial system (1.21)-(1.22) we can say that for two arbitrary
sequences of n numbers &;,...,&, and 71, ...,7, and for an arbitrary pos-
itive number T there exists an analytic function wu(t), ¢ € [0, T, such that
for the corresponding solution z(t), t € [0, T, of the equation (1.25)-(1.26)

dz dn=1)
2(T) =m, E(T) =2, W(T) = 1p-
Theorem 1.4 states that an arbitrary controllable systemn with the one di-

mensional space of control parameters is equivalent to a systemn of the form
(1.25)-(1.26).
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Theorem 1.4. If A € M(n,n), b € M(n, 1) and the system
Y= Ay +bu, y(0) =z e R" (1.29)

s controllable then it is equivalent to exactly one system of the form (1.28).
Moreover the numbers ay, ..., a, in the representation (1.24) are identical
to the coefficients -of the characteristic polynomial of the matriz A:

p(A) =detA\l — Al = A"+ A"+ 4 a,, AEC (1.30)

Proof. By the Cayley-Hamilton theorem, A™ + ;A" ™! + ...+ a,] = 0.
In particular

A" = —aq A" — .= and.
Since rank [A[b] = n, therefore vectors e; = A"~ b, ... e, = b are linearly
independent and form a basis in R™. Let &1 (t),..., &, () be coordinates of
the vector y(t) in this basis, ¢ > 0. Then
—ay, 0 1 0 0 0
d C ‘ ‘ ‘
—an-y 0 0 ... 0 1 0
—-a, 0 0 ... 0 0 1

Therefore an arbitrary controllable system (1.29) is equivalent to (1.31) and
the numbers a,, ..., a, are the coeflicients of the characteristic polynomial
of A. On the other hand, direct calculation of the determinant of [A] — A]
gives

det(M — A) =\ +a; A" '+ 4a, =p()), reC.

Therefore the pair (g, E~3) 1s equivalent to the system (1.31) and conse-
quently also to the pair (A4, b). O

Remark. The problem of an exact description of the equivalence classes
in the case of arbitrary m is much more cormplicated; see [39] and [67].

1.5. Kalman decomposition

Theorem 1.2 gives several characterizations of controllable systems. Here
we deal with uncontrollable ones.

Theorem 1.5. Assume that
rank [A|B] = < n.

There exists a nonsingular matriz P € M(n,n) such that

N A Ayo B
-1 |4n 12 | P
PAP _[0 A22]’ PB_[O],
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where Ayy € M(,1), Az e M(n—1,n—1), By € M(l,m). In addition the
pair

(All) Bl)
s controllable.

The theorem states that there exists a basis in R™ such that system (1.1)
written with respect to that basis has a representation

£ = Ané + Ass + B, £6,(0) e RY
Eo = Agoés, 52(0) € [Rn-[’

in which (Ay1, B1) is a controllable pair. The first equation describes the
so-called controllable part and the second the completely uncontrollable part
of the system.

Proof. It follows from Lemma 1.1 that the subspace Ey = L7 (L'[0,T; R™])
is identical with the image of the transformation {,,. Therefore it consists of
all elements of the form Bu, + ABuy+...+ A" 1 Buy,, uy, ..., u, € R™ and
is of dimension [. In addition it contains the image of B and by the Cayley—
Hamilton theorem, it is invariant with respect to the transformation A. Let
E1 be any linear subspace of R"™ complementing Ey and let ey, ..., ¢ and
€l+1,.--,€n be bases in Ey and E) and P the transition matrix from the
new to the old basis. Let A = PAP~!, B = PB,

& _ | A&l + Ao ~ | Biu
A [fz] - [A2151 +A22€2] » B= [Bzu] ’

& € IRI, & € ]R"_l, u € R™. Since the space Ey 1s invariant with respect

to A, therefore
& _ [An& y
A [ 0 ] = [ 0 , GLeR.

Taking into account that B(R™) C FEo,
Bou=0 dlauveR™.

Jonsequently the elements of the matrices Asy and Bs are zero. This
finishes the proof of the first part of the theorem. To prove the final part,
let us remark that for the nonsingular matrix P

rank[A|B] = rank (P[A|B]) = rank [A|B].

Since .
TIB1 B1 AllBj ATI— Bl
[415] = 0 0 0 ’
so

| = rank[A|B] = rank [A4,1|B1].
Taking into account that A;; € M([,1), one gets the required property. 0O
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Remark. Note that the subspace Fy consists of all points attainable from
0. It follows from the proof of Theorem 1.5 that Ey is the smallest subspace
of R"™ invariant with respect to A and containing the image of B, and it is
identical to the image of the transformation represented by [A|B].

Exercise 1.10. Give a complete classification of controllable systems when
m = 1 and the dimension of Ey i1s [ < n.

Bibliographical notes

Basic concepts of the chapter are due to R. Kalman [33]. He is also the
author of Theorems 1.2, 1.5 . Exercise 1.3 as well as Proposition 1.3 are
due to R. Triggiani [56]. A generalisation of Theorem 1.4 to arbitrary m
leads to the so-called controllability indices discussed in [59] and [61].



2. Stability and stabilizability

§2.1. Stable linear systems

In this chapter stable linear systems are characterized in terms of associ-
ated characteristic polynomials. A formulation of the Routh theorem on
stable polynomials is given as well as a complete description of completely
stabilizable systems.

Let A € M(n,n) and consider linear systems
z=Az, z2(0)==z€R". (2.1)

Solutions of equation (2.1) will be denoted by z”(t), t > 0. In accordance
with earlier notations we have that

. 2°(t) = S{t)e = (exptA)z, t>0.
The system (2.1) is called stable if for arbitrary = € R"
2Z°(t) — 0, astf +4oo.

Instead of saying that (2.1) is stable we will often say that the matrix A is
stable. Let us remark that the concept of stability does not depend on the
choice of the basis in R™. Therefore if P is a nonsingular matrix and A is
a stable one, then matrix PAP~! is stable.

In what follows we will need the Jordan theorem [4] on canonical repre-
sentation of matrices. Denote by M(n, m; C) the set of all matrices with
n rows and m columns and with complex elements. Let us recall that a
number X € C is called an eigenvalue of a matrix A € M(n, n; C) if there
exists a vector a € C", a # 0, such that Aa = Aa. The set of all eigenvalues
of a matrix A will be denoted by o(A). Since A € o(A) if and only if the
matrix Al — A is singular, therefore A € o(A) if and only if p(A) = 0, where
p is a characteristic polynomial of A: p(A\) = det[A\] — A], A € C. The set
o(A) consists of at most n elements and is nonempty.
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Theorem 2.1. For an arbitrary matriz A € M(n,n; C) there exists a
nonsingular matriz P € M(n, n; C) such that

0 ... 0 0
0 Js 0 0
PAP™' = : = A, (2.2)

0 0O Sy O

0 o0 0 J,

where Jy,Jo,. .., Jr are the so-called Jordan blocks
/\k Yk 0 0
0 A ... 0 0

Je = s e EO0or Jp =[], k=1,...,r.

0 0 ... X %
0 0 ... 0 X

In the representation (2.2) at least one Jordan block corresponds to an eigen-
value Mg € o(A). Selecting matriz P properly one can obtain a representa-
tion with numbers v, # 0 given in advance.

For matrices with real elements the representation theorem has the follow-
ing form:

Theorem 2.2. For an arbitrary matric A € M(n,n) there exists a non-
singular matriz P € M(n,n) such that (2.2) holds with “real” blocks Ij.

Blocks It,, k = 1,...,r, corresponding to real eigenvalues A\, = . € R are
of the form
ar v ... 0 0
0 (677 NN 0 0
[ax] or : oo Sl o #0, e ER,
0 0 B 473 Yk
0 0 ... 0 o

and corresponding to complex eingenvalues Ay = ap +1i6k, B £ 0, ag, B €
R,

Ky Ly ... 0 0
0 K ... 0 0
Lo where Kk:{ak ﬁk],Lk:[% 01
: : . ‘ —Br oy 0
0 0 ... Ky L
0 0 P 0 Ky

compare [4].
We now prove the following theorem.
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Theorem 2.3. Assume that A € M(n,n). The following conditions are
equivalent:

2%(t) — 0 as t T 400, for arbitrary x € R™.
z%(t) — 0 exponentially as t T +oo, for arbitrary » € R™.
w(A) =sup{ReX; A €a(A)} < 0.
f0+oo [2%(t)]? dt < +oo for arbitrary x € R™.
For the proof we will need the following lemma.
Lemma 2.1. Let w > w(A). For arbitrary norm || - || on R™ there exist
constants M such that

12" (8)]] < Me**||z|| for t >0 and x € R™.
Proof. Let us consider equation (2.1} with the matrix A in the Jordan
form (2.2)

&= Aw, w(0)==zeC".

For a = a1 + iaz, where aj,az € R" set |la]| = [lay|] + |laz]|. Let us
decompose vector w(t), t > 0 and the initial state 2 into sequences of vectors

wi(t), ..., w(t),t > 0and z1,...,, according to the decormposition (2.2).
Then

W = Jgwg, wr(0)=ap, k=1,....7
Let ji,...,Jr denote the dimensions of the matrices Jy,...,J,, j1 + J2 +
et g = 0.
If jx = 1 then
we(t) = e)‘kt;vk, t>0.

So flwk (]| = e® [z ], ¢ > 0.
If jx > 1, then

0 v 0 0
Jr—-1 0 0 0 O 1‘[
SETD o) EER Y
=0 10 0 ... 0 = '
0 0 0 0
So
’ ( ) Jr—1 lld
Re Mg )t g
llwk ($)]] < el nxku;(Mk) T2,

where M), is the norm of the transformation represented by

0 Ye oo 0 0
0 0 ... 0 0
0 0 0 v

<
(o]
<
<
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Setting wo = w(A) we get

™ T
SRk (@)l < efq(t) S llzell, >0,
k=1 k=1

where ¢ is a polynomial of order at most max(jx — 1)}, £ = 1,...,r. If
w > wg and

My = sup {q(t)e(‘””“")t, t> 0}}

then My < 400 and
T T
ST el < Mot S lagll, ¢ 0.
k=1 k=1

Therefore for a new constant M,
lw®)|l < Mye|lz]|, ¢ >0.

Finally

122 (Ol = 1Pw(t) P7H] < Mye | PPl ¢ >0,

and this is enough to define M = M,||P||||[P~"|]. O

Proof of the theorem. Assume wy > 0. There exist A = o + i3, Re A =
a > 0 and a vector a # 0, a = ay + iag, a1, @z € R" such that

Alay + iaz) = (o + iB) (a1 + iasq).
The function
2(t) = 21 (t) + izg(t) = 0T Pq £ >0,
as well as 1ts real and imaginary parts, is a solution of (2.1). Since a # 0,

either ay # 0 or as # 0. Let us assume, for instance, that a; 7 0 and 5 # 0.
Then

z1(t) = e*(cos Bt)a; — (sin Bt)as, ¢ > 0.
Inserting ¢ = 27k /3, we have
|21(t)] = €| |

and, taking k 1 +oco, we obtain z;(t) 4 0.
Now let wg < 0 and a € (0, ~wp). Then by the lemma
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|2°(t)] < Me™**|z| fort >0 and z € R™.

This implies (ii) and therefore also (i).

It remains to consider (iv). It is clear that it follows from (11} and thus
also from (iii). Let us assume that condition (iv) holds and wg > 0. Then
|z1(8)| = e**lay|, £ > 0, and therefore

+o00
/ |21(1)]? dt = +o0,
0

a contradiction. The proof is complete. O

Exercise 2.1. The matrix

0 1
A= [—2 —2}

corresponds to the equation 7+2z+2z = 0. Calculate w(A). For w > w(A)
find the smallest constant M = M (w) such that

IS()| < Me¥t, 2> 0.
Hint. Prove that |S(t)| = ¢(t)e™", where

, . N\ 1/2
p(t) = % (2 + 5sin® ¢ + (20sin” ¢ + 255111415)1”) , t>0

§2.2. Stable polynomials

Theorem 2.3 reduces the problem of determining whether a matrix A is
stable to the question of finding out whether all roots of the characteristic
polynomial of A have negative real parts. Polynomials with this property
will be called stable. Because of its importance, several efforts have been
made to find necessary and sufficient conditions for the stability of an ar-
bitrary polynomial

pPA) = A"+ A"+ 4a,, AEC, (2.3)

with real coefficients, in term of the coeflicients aq,...,a,. Since there is
no general formula for roots of polynomials of order greater than 4, the
existence of such conditions is not obvious. Therefore their formulation
in the nineteenth century by Routh was a kind of a sensation. Before
formulating and proving a version of the Routh theorem we will characterize
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stable polynomials of degree smaller than or equal to 4 using only the fun-
damental theorem' of algebra. We deduce also a useful necessary condition
for stability.

Theorem 2.4. (1) Polynomials with real coefficients:
A+ a,

A2+ ad 4+ b,

A+ ad?+bh+c,

A4 aX®+ b2+ el +d

are stable if and only if, respectively

a>0,

a>0, b>0,

a>0,b6>0, ¢c>0andab>c,

a>0,6>0 ¢>0, d>0 and abe > ¢ + d*d.

(2) If polynomial (2.3) is stable then all its coefficients aq, ..., a, are posi-
tive.

Proof. (1) Equivalence (i)<=(i)* is obvious.

To prove (i1)<=>(ii)* assume that the roots of the polynomial are of the
form Ay = —a + 18, Ay = —a — i3, 8 # 0. Then p(A\) = A% + 2a) + 32,
A € C and therefore the stability conditions are ¢ > 0 and b > 0. If the
roots A1, Ag of the polynomial p are real then ¢ = —(A1 + Az), b = A Aq.
Therefore they are negative if only if @ > 0, b > 0.

To show that (iil) <=(iii)* let us remark that the fundamental theorem
of algebra implies the following decomposition of the polynomial, with real
coefficients «, 3, v:

pA) =X +aX+bA+e=(A+a)( N +BA+7y), reC.

It therefore follows from (i) and (ii) that the polynomial p is stable if only
ifa>0,8>0andvy>0. Comparing the coefficients gives

a=a+p8 b=vy+aB, c¢=ay,

and therefore ab — ¢ = B(a? + v + aff) = B(a? + b).

Assume that @ > 0, b > 0, ¢ > 0 and ab — ¢ > 0. It follows from b > 0
and ab— ¢ > 0 that # > 0. Since ¢ = v, a and v are either positive or
negative. They cannot, however, be negative because then b = v+ af < 0.
Thus o > 0 and ¥ > 0 and consequently o > 0, 3 > 0, ¥ > 0. 1t is clear
from the above formulae that the positivity of «, 3, v implies inequalities
(ii))*. To prove (iv)<=(iv)* we again apply the fundamental theorem of
algebra to obtain the representation

MEa3 4007+ ed+d= (N 4+ar+B8)(A° + 2+ 4)

and the stability condition a > 0, 3> 0,y > 0,4 > 0.
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From the decomposition
a=a+y, bzoay+p5+6 c=ad+ By, d=p4,
we check directly that
abe — ¢? — a’d = oy (B — 8)* + ac) .

It is therefore clear that & > 0, 8 > 0, v > 0 and ¢ > 0, and then (iv)~
holds. Assume now that the inequalities (iv)* are true. Then «y > 0,
and, since a = o + v > 0, therefore o > 0 and § > 0. Since, in addition,
d=p6>0andc=ad+ 0y > 0,50 3>0,d >0. Finally a« > 0, 8 > 0,
¥ > 0, > 0, and the polynomial p is stable.

(2) By the fundamental theorem of algebra, the polynomial p is a product
of polynomials of degrees at most 2 which, by (1), have positive coetfficients.
This implies the result. O

Exercise 2.2. Find necessary and sufficient conditions for the polynomial

Mtar+b
with complex coefficients ¢ and b to have both roots with negative real
parts.

Hint. Consider the polynomial (A2 4+aA+b)(A\?4aA+b) and apply Theoremn
2.4.

Exercise 2.3. Equation
L*C3+ RLC:?+2L:+ Rz=0, R>0, L>0, (>0,

describes the action of the electrical filter from Example 0.4. Check that
the associated characteristic polynomial is stable.

§2.3. The Routh theorem

We now formulate a theorem which allows us to check, in a finite number
of steps, that a given polynomial p(A) = A\* + a; A" ' 4+ ... +a,, A € C,
with real coefficients is stable. As we already know, a stable polynomial
has all coeflicients positive, but this condition is not sufficient for stability
if n > 3. Let U and V be polynomials with real coefficients given by

U(e)+1V(z) = p(iz), ze€R.

Let us remark that deglU = n, degV = n — 1 if n is an even number and
deglU = n—1,degV =n, if nis an odd number. Denote f; = U, fo = V if
deglU =n,degV=n—land fi =V, fo=UifdegV =n,deglU =n—1.
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Let f3, fa, ..., fm be polynomials obtained from fi, f> by an application of
the Euclid algorithm. Thus deg fr41 < deg fi, Kk =2,...,m — | and there
exist polynomials «1, ..., K, such that

fk—l :’{kfk_fk-f—lw fm—1 :"Cmfm-

Moreover the polynomial f,,, is equal to the largest commmun divisor of f;, fo
multiplied by a constant.
The following theorem is due to F.J. Routh [51].

Theorem 2.5. A polynomial p is stable if and only if m = n + 1 and the
signs of the leading coefficients of the polynomials f1, ..., foy1 alternate.

Let us apply the above theorem to polynomials of degree 4,
pA) =AM+ a +b\ 2 Fer+d AECT.
In this case

Uz) =2* —ba* +d = fi (=),
V(z) = —az® +cx = fo(z), z€ER.

I

Performing appropriate divisions we obtain

The leading coeflicients of the polynomials fi, fo, ..., f5 are

1, —a, (6—2), - <c—ad (b—§>_l>, d.

We obtain therefore the following necessary and sufficient conditions for
the stability of the polynomial p:

a>0 b—S>0, c—ad<b—5)>o, d>0,
a a

equivalent to those stated in Theorem 2.4.

We leave as an exercise the proof that the Routh theorem leads to an
explicit stability algorithm. To formulate it we have to define the so-called
Routh array.
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For arbitrary sequences (o), (8k), the Routh sequence (i) is defined by

1 oy ak+l] .
= ——det k=1,2,...
e B ¢ [51 By ]’

If ai,...,a, are coeflicients of a polynomial p, we set additionaly ap = 0
for k > n = degp. The Routh arrayis a matrix with infinite rows obtained
from the first two rows:

1, as, aq, ag, ...,
a1, g, a5, A7, ...,

by consequtive calculations of the Routh sequences from the two preceding
rows. The calculations stop if 0 appears in the first column. The Routh
algorithm can be now stated as the theorem

Theorem 2.6. A polynomial p of degree n is stable if and only if the n+ 1
first elements of the first columns of the Routh array are positive.

Exercise 2.4. Show that, for an arbitrary polynomial p(A\) = A\ +a; A"~ 14
..+ ay, A €C, with complex coefficients ay, ..., ay, the polynomial (A" +
ar A" 4@y ) (A + @ AT + L+ G, ) has real coefficients. Formulate
necessary and sufficient conditions for the polynomial p to have all roots
with negative real parts.

§2.5. Stabilizability and controllability
We say that the systemn
y=Ay+ Bu, y(0)=zeR", (2.12)
is stabilizable or that the pair (A, B) is stabilizable if there exists a matrix
K € M(m,n) such that the matrix A + BK is stable. So if the pair (A, B)
is stabilizable and a control u{ -) is given in the feedback form
al(t) = Ky(t), >0,

then all solutions of the equation

y(t) = Ay(t) + BKy(t) = (A+ BK)y(t), y(0)==z, t >0, (2.13)

tend to zero as t 1 +o0.

We say that system (2.12) is completely stabilizable if and only if for arbi-
trary w > 0 there exist a matrix K and a constant M > 0 such that for an
arbitrary solution y”(¢), £ > 0, of (2.13)

" ()] < Me™“|z|, t>0. (2.14)
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(ii)
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By px we will denote the characteristic polynomial of the matrix A+ BK.
One of the most important results in the linear control theory is given by

Theorem 2.7. The following conditions are equivalent:

System (2.12) is completely stabilizable.

System (2.12) is controllable.

For arbitrary polynomial p(A) = A" + a A"~ + ...+ ay,, A € C, with real
coefficients, there exists a matriz K such that

p(A) = pr(A) for e C.

Proof. We start with the implication (il})==-(iii) and prove it in three
steps.

Step 1. The dimension of the space of control parameters m = 1. It follows
from § 1.4 that we can limit our considerations to systerns of the form

dn) dn=1),
dt(n) (t) + Glm(t) + ...t ayz(t) = u(t), t>0.

In this case, however, (iii) is obvious: It is enough to define the control u
in the feedback form,

d(n—-l)z

U(t):(al——al)d—t(‘m(t)‘{—...-l—((ln—f.)ln)Z(t), tZO,
and use the result (see § 1.4) that the characteristic polynormal of the equa-

tion

d)z dn=1z
ain T g T ez =0
or, equivalently, of the matrix
0 1 0 0
0 0 0 0
0 0 0 1
—Qp —Qp_] ... —Qy —Q

1s exactly
pA)= A"+ A"+t AeC

Step 2. The following lemma allows us to reduce the general case to m = 1.
Note that in its formulation and proof its vectors from R™ are treated as
one-column matrices.
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Lemma 2.4. If a pair (A, B) is controllable then there exist a matric
L € M(m,n) and a vector v € R™ such that the pair (A + BL, Bv) is
controllable.

Proof of the lemma. It follows from the controllability of (A, B) that
there exists v € R™ such that Bv # (. We show first that there exist vectors
U1, ..., Up_1 in R™ such that the sequence ey, ..., e, defined inductively

e1 = Bu, e;y1 = Aey+ By forl=1,2,...,n-1 (2.15)

is a basis in R™. Assume that such a sequence does not exist. Then for
some k > 0 vectors eq, . .., e, corresponding to some u, ..., ug are linearly
independent, and for arbitrary u € R"" the vector Aex + Bu belongs to the
linear space Ey spanned by ey, ..., e;. Taking v = 0 we ohtain Ae, € Ey.
Thus Bu € Ep for arbitrary u € R™ and consequently Ae; € Fy for j =
1,..., k. This way we see that the space Ej is invariant for A and contains
the image of B. Controllability of (A4, B) implies now that Ey = R", and
compare the remark following Theorem 1.5. Consequently & = n and the
required sequences ey, ..., e, and uy, ..., u,—1 exist. Let u, be an arbitrary
vector from R™.

We define the linear transformation L setting Le; = wy, for I = 1,...,n.
We have from (2.15)

el = Ae; + BLe; = (A + BL)C[
=(A+ BL)e;
= (A+BL)IBU, 1=0,1,...,n— 1.

Since
[A+ BL|Bv] = [e1,e9,...,¢e5] .,

the pair (A + BL, Bv) is controllable. o

Step 3. Let a polynomial p be given and let L and v be the matrix and
vector constructed in the Step 2. The system

y=(A+ BL)y + (Bv)u,

in which u(-) is a scalar control function, is controllable. It follows from
Step 1 that there exists k € R™ such that the characteristic polynomial of
(A+ BL) + (Bv)k* = A+ B(L + vk*) is identical with p.
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The required feedback K can be defined as

K =L+vk".

We proceed to the proofs of the remaining implications. To show that (iii)
— (i1) assume that (A, B) is not controllable, that rank [A|B] =1 < n
and that K is a linear feedback. Let P € M(n,n) be a nonsingular matrix
from Theorem 1.5. Then

pr (A) = det[A] — (A + BK)]
=det[A\] — (PAP™' + PBKP™")]

(/\[ — (All + Bl 1\'1)) —A12
0 (AT — Aa2)

=det[A — (A11 + BiKy)]det[AT — Ay], A e,

= det

where K1 € M(m, n). Therefore for arbitrary K € M(m,n) the polynomial
pk has a nonconstant divisor, equal to the characteristic polynomial of Ass,
and therefore pg can not be arbitrary. This way the implication (1) =
(it) holds true.

Assume now that condition (i} holds but that the system is not controllable.
By the above argument we have for arbitrary K € M(m,n) that o(Az2) C
o(A+ BK). Soif for some M > 0, w > 0 condition (2.14) holds then

w < —sup{ReX; X € ca(As)},

which contradicts complete stabilizability. Hence (1) == (ii). Assume now
that (ii) and therefore (iii) hold. Let p(A) = A" + ) \" ™! + .. .+ an, A€ C
be a polynomial with all roots having real parts smaller than —w (e.g.,
p(A) = (A+w+e)", e > 0). We have from (iii) that there exists a matrix K
such that px(-) = p(-). Consequently all eigenvalues of A+ BK have real
parts smaller than —w. By Theorem 2.3, condition (i) holds. The proof of
Theorem 2.7 is complete. O
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Bibliographical notes

For the proof of the Routh theorem we recommend basically follow Gant-
macher [28]. There exist proofs which do not use analytic function theory.
In particular, in [43] the proof is based on a Liapunov function argument.
For numerous modifications of the Routh algorithm we refer to [61]. The
proof of Theorem 2.7 is due to M. Wonham [60].



3. Linear quadratic problem

§3.1. Introductory comments

This chapter starts from a derivation of the dynamic programming equa-
tions called Bellman’s equations. They are used to solve the linear regulator
problem on a finite time interval. A fundamental role is played here by the
Riccati-type matrix differential equations. The stabilization problem is re-
duced to an analysis of an algebraic Riccati equation.

Our considerations will be devoted mainly to control systems
y="Ffy.u), y(0) =z, (3.1)
and to criteria, ca.lled also cost functionals,
T
Jrta )= [ atult)ule)) di+ Gluir)), (32)

when T < +o00o. If the control interval is [0, +00], then the cost functional

+00
Jeu(-) = [ g, ue)d (3.3)
0
Our aim will be to find a control 4( ) such that for all admissible controls
u(-)
Jr(a,u( ) < Jrla,u( ) (3.4)

or

Jie,a(-) < Iz ul ). (3.5)

There are basically two methods for finding controls minimizing cost func-
tionals (3.2) or (3.3).
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One of them embeds a given minimization problem into a parametrized
family of similar problems. The embedding should be such that the minimal
value, as a function of the parameter, satisfies an analytic relation. If the
selected parameter is the initial state and the length of the control interval,
then the minimal value of the cost functional is called the value function
and the analytical relation, Bellman’s equation. Knowing the solutions to
the Bellman equation one can find the optimal strategy in the form of a
closed loop control.

The other method leads to necessary conditions on the optimal, open-loop,
strategy formulated in the form of the so-called maximum principle dis-
covered by L. Pontriagin and his collaborators. They can be obtained (in
the simplest case) by considering a parametrized family of controls and the
corresponding values of the cost functional (3.2) and by an application of
classical calculus.

§3.2. Bellman’s equation and the value function

Assume that the state space E of a control system is an open subset of R"
and let the set U of control parameters be included in R™. We assume that
the functions f, ¢ and (7 are continuous on E x U/ and E respectively and
that g is nonnegative.

Theorem 3.1. Assume that a real function W (-, ), defined and continuous
on [0,T] x E, is of class (' on (0,T) x E and satisfies the equation

%—I;V(t,az) = Jrelg(g(at,u) + (W (t,z), flz,u))), (t,2)€(0,T)x E, (3.6)

with the boundary condition
W(,z)=G(z), z€E. (3.7)

(1) If u(-) ts a control and y( -) the corresponding absolutely continuous,
E-valued, solution of (3.1) then

Jr(z,u(-}) > W(T, ). (3.8)
(i1) Assume that for a certain function v: [0,T)x E — U:

9, 8(t, 2)) + (Walt, 2), £z, (1, ))) (3.9)
<glz,u)+ (Wo(t o), flz,w), te€(0,T), € E, uel,
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and that y 1s an absolutely continuous, E-valued solution of the equation

<ot

y(0)

Fa@),o(T = t,9(t))), te[0.T], (3.10)

Then, for the control u{t) = v(T —t,y(t)), t€[0,T},

Jr(z,u(-)) = W(z,T).
Proof. (i) Let w(t) = W(T —t,y(t)), t € [0, T]. Then w(-) is an absolutely
continuous function on an arbitrary interval [a, 5] C (0,T) and

0y = )+ e - ), By @)

ow
for almost all t € [0, T]. Hence, from (3.6) and (3.7)

3
P dw

W(T = 5,5(8) = W(T = a,y(a)) = wlp) ~ wle) = [ oy

el ¢
= [ -G = ) + (07 = a0) 500wt

B8
> - / aly(t), u(t)) d.

Letting o and @ tend to 0 and T respectively we obtain
T
GOT) = WT.2) > = [ aole) uie) dt.

0
This proves (i).

(i) In a similar way, taking into account (3.9), for the control @ and the
output g,

ow |

T
G - W(T.a) = [ [-GHr — ) + 00T - 50| @

T
:/0 g(y(t), u(t)) dt.
Therefore r
GO + [ atats), ) ds = WIT, o),

the required identity. ]
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Remark. Equation (3.6) is called Bellman’s equation. It follows from
Theorem 3.1 that, under appropriate conditions, W (T, z) is the minimal
value of the functional Jr(z,-). Hence W is the value function for the
problem of minimizing (3.2).

Let U(¢, z) be the set of all control parameters u € U for which the mfimum
on the right hand side of (3.6} is attained. The function o(-,-) from part
(i1) of the theorem is a selector of the multivalued function U{(-,-} in the
sense that

o(t,x) e U(t,z), (t,x)€[0,T]x E.

Therefore, for the conditions of the theorem to be fulfilled, such a selector
not only should exist, but the closed loop equation (3.10) should have a
well defined, absolutely continuous, solution.

Remark. A similar result holds for a more general cost functional
T -
() = [ glulo),u(o) de+ T Glu(T)). (3.12)
. 0

In this direction we propose to solve the following exercise.
Exercise 3.1. Taking into account a solution W (-, -) of the equation

?g(t,z) :ulglf[(g(.r u) —aW(t, x) + (W (t, ), f(z, u))),

W(0,2)=G(z), z€E, te€(0,T),

and a selector v of the multivalued function
Ult,z) = {u € U; gz, u) + (Wi (t,2), f(x,u))

= inf (g(z,u) + <Wx(t,$),f(x!u)>)}7

uel/

generalize Theorem 3.1 to the functional (3.12).

We will now describe an intuitive derivation of equation (3.6). Similar
reasoning often helps to guess the proper form of the Bellian equation in
situations different from the one covered by Theorem 3.1.

Let W{(t,z) be the minimal value of the functional J;(z,-). For arbitrary
h > 0 and arbitrary parameter v € U/ denote by u?(-) a control which is
constant and equal v on [0, h) and is identical with the optimal strategy for
the minimization problem on [k, t + h]. Let z%¥(¢), t > 0, be the solution
of the equation z = f(z,v), 2(0) = x. Then

h
Jt+h(a:,u"(~>>=/0 9(=7 (3), v) ds + W (1, =¥ (k)
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and, approximately,

h
W(t+h2) s inf Jepn(e,u'( ) ~ ig{,/ 9(z57 (s),v) ds + W (t, 25" (h)).
v vet! fo

Subtracting W (t, z) we obtain that

W (4 hyz) = W(t,2)

h
R 1}25 [-’1;/0 g(z"" (s),v) ds + l—ll(W(t, 27 (h)) — W(t, z))

Assuming that the function W is differentiable and taking the limits as
h | 0 we arrive at (3.6). m]

Exercise 3.2. Show that the solution of the Belliman equation correspond-
ing to the optimal consumption model of Example 3, with « € (0, 1), is of
the form

Wit z)=pt)z™, t>0, z>0,

where the function p(-) is the unique solution of the following differential
equation:

1, for p < 1,

ap+ (I - ) ( )a/(]_a)

"3 -

, forp>1,
p(0) = a.
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Find the optimal strategy.
Hint. First prove the following lemma.

Lemma 3.1. Let ¥,(u) = aup+ (1 —w)*, p >0, u € [0, 1]. The mazimal
value m(p) of the function 1, () is attained at

0, fp> 1
ulp) = (%)1/“_@ iFpel0 ]
Moreover
1, if p> 1,
"= apr-a) (3)77L ipepon

§3.3. The linear regulator problem
and the Riccati equation

We now consider a special case of Problems (3.1) and (3.4) when the system
equation is linear

y=Ay+ Bu, y(0)=z¢€R", (3.16)

A € M(n,n), B € M(n,m), the state space E = R" and the set of control
parameters I/ = R™. We assume that the cost functional is of the form

T
JT:/O ((Qu(s), y(s)) + (Ru(s), u(s))) ds + (Poy(T),y(T)),  (3.17)

where Q € M(n,n), R € M(m,m), P, € M{n,n) are symmetric, non-
negative matrices and the matrix R is positive definite. The problem of
minimizing (3.17) for a linear system (3.16) is called the linear regulator
problem or the linear-quadratic problem.

The form of an optimal solution to (3.16) and (3.17) is strongly connected
with the following matriz Riceati equation:

P=Q+PA+ A*P— PBR™'B*P, P(0)= Py, (3.18)

in which P(s), s € [0,77], is the unknown function with values in M(n, n).
The following theerem takes place.

Theorem 3.3. Equation (3.18) has a unique global solution P(s), s > 0.
For arbitrary s > 0 the matriz P(s) s symmetric and nonnegative definite.
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The minimal value of the functional (3.17) is equal to (P(T)x,z) and the
optimal control is of the form

u(t) = —R‘lB*P(T— Hyt), telo,T], {(3.19)
where

g(t) = (A— BR™'B*P(T - t))y(t), te[0,T], 9(0)==2  (3.20)

Proof. The proof will be given in several steps.

Step 1. For an arbitrary symmetric matrix Py equation (3.18) has exactly
one local solution and the values of the solution are symmetric matrices.
Equation (3.18) is equivalent to a systemn of n? differential equations for
elements pi;(-), i,7 =1,2,...,n of the matrix P(-). The right hand sides
of these equations are polynomials of order 2, and therefore the system has
a unique local solution being a smooth function of its argument. Let us
remark that the same equation is also satisfied by P*(-). This is because
matrices ), R and Py are symmetric. Since the solution is unique, P(-} =
P*(-), and the values of P(-) are symmetric matrices.

Step 2. Let P(s), s € [0,Tp), be a symmetric solution of (3.18) and let T <
To. The function W (s, z) = (P(s)z,z), s € [0,T], x € R", is a solution of
the Bellman equation (3.6) - (3.7) associated with the linear regular problem
(3.16)- (3.17).

The condition (3.7) follows directly from the definitions. Moreover, for
arbitrary z € R" and ¢ € [0, T

ilﬁn ({(Qz,z) + (Ru, u) + 2(P(t)z, Az + Bu)) (3.21)

ue

M

= (Qe, @) H{(A" PO+PW Aa, )+ inf ((Rusw)+ (25" P(1)2)).

We need now the following lemina, the proof of which 1s left as an exercise.

Lemma 3.2. If a matriz R € M(m,m) is positive definite and a € R™,
then for arbitrary u € R™

1
(Ru, u) + {a,u) > —Z(R"]a, a).
Moreover, the equality holds if and only if
1
u=—-R'a
2

It follows from the lemma that the expression (3.21) is equal to

(Q+ A™P(t) + P(t)A* — P()BR™'B*P(A)z, z)
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and that the infimum in formula (3.21) is attained at exactly one point
given by

—R7'B*P(t)x, te[0,T).
Since P(t), t € [0,Tp), satisfies the equation (3.18), the function W is a
solution to the problem (3.6)- (3.7).
Step 3. The control 4 given by (3.19) on [0,7], T < Ty, is optimal with
respect to the functional Jr(z, ).
This fact is a direct consequence of Theorem 3.1.

Step 4. For arbitrary t € [0,T], T' < Ty, the matrix P(t} is nonnegative
definite and

(Plt)e ) < [ QI (50,7 () ds (R (1), 1), (3.22)

where (- ) 1s the solution to the equation

-

= Ay, 9(0)==.

Applying Theorem 3.1 to the function J¢(x, ) we see that its minimal value
is equal to (P(t)x, ). For arbitrary control u{-), Ji(z, u) > 0, the matrix
P(t) is nonnegative definite. In addition, estimate (3.22) holds because its
right hand side is the value of the functional J;(z, -) for the control u(s) = 0,
s €0,t].

Step 5. For arbitrary t € [0,Tp) and 2 € R"

0<(P(t)e,z) < ((/O STP)QS(r) dr + 5™ (t) ’().S'(l‘,)) z,x),

where S(r) = 47, r > 0.
This result is an immediate consequence of the estimate (3.22).

Exercise 3.3. Show that if, for some syminetric matrices P = (p;;) €
M(n,n) and S = (s;;) € M(n,n),

0 <(Pz,z) <{(Se,z), 2e€R",

then

1 I .
—5(3“' -|-‘Sjj) < pij < 545+ E(S” + Sjj), 5,7=1,...,n.
It follows from Step 5 and Exercise 3.3 that solutions of (3.18} are bounded
in M(n,n} and therefore an arbitrary maximal solution P{-) in M(n,n)
exists for all ¢ > 0.

The proof of the theorem is complete. O
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Exercise 3.4. Solve the linear regulator problem with a more general cost
functional

T
/0 (Q(y(t) — a),y(t) — a) + (Ru(t), u(t))) dt + (FPoy(T), y(T)),

where a € R™ is a given vector.
Answer. Let P(t), q(¢), r(t), t > 0, be solutions of the following matrix,
vector and scalar equations respectively,

P=Q+ AP+ PA—PBR™'B*P, P(0)= P,
§=A"q— PBR™'¢—2Qa, ¢(0)=0,

b= 2R )+ (Qua) #(0)= 0.
The minimal value of the functional is equal
r(T) + (q(T), ) + (P(T)w, z),

and the optimal, feedback strategy is of the form

u(t) = —%R"lq(T —t)— RT'B*P(T - t)y(t), te€[0,T].

§3.4. The linear regulator and stabilization

The obtained solution of the linear regulator problem suggests an important
way to stabilize linear systems. It is related to the algebraic Riccati equation

Q+PA+A*P-PBR™'B*P=0, P>, (3.23)

in which the unknown is a nonnegative definite matrix P. If P is a solution
to (3.23) and P < P for all the other solutions P, then P is called a
minimal solution of (3.23). For arbitrary control u( ) defined on [0, +00)
we introduce the notation

+00
J(z,u) = / (Quls), y(3) + (Ru(s), u(s))) ds.  (3.24)

Theorem 3.4. If there exists a nonnegative solution P of equation (3.23)

then there also exists a unique minimal solution P of (3.23), and the control
U given in the feedback form

@(t) = —=R™'B*Py(t), t>0,
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minimizes functional (3.24). Moreover the minimal value of the cost func-
tional 1s equal to

(Px,z).

Proof. Let us first remark that if Py(t), P2(t), t > 0, are solutions of (3.18)
and P;(0) < Py(0) then Pi(t) < Po(t) for all t > 0. This is becanse the

minimal value of the functional

Ji(zu) = / (Quls). u(5)) + (Ruls), u(s))) ds + (Py(0)y(t). y(1))

is not greater than the minimal value of the functional

Jf(ﬂf,U):/o ((Qu(5), y(s)) + (Ruls), u(s))) ds + (P2(0)y(t), y(1)),

and by Theorem 3.3 the minimal values are (P (t)z,#) and (Pa(t)z,z)
respectively.
If, in particular, P;(0) = 0 and P»(0) = P then P,(t) = P and therefore
Pi(t) < P for all t > 0. It also follows from Theorem 3.3 that the function
P1(-) is nondecreasing with respect to the natural order existing in the
space of syminetric matrices. This easily implies that for arbitrary 7,5 =
1,2,..., n there exist finite limits p;; = 41_{20 7 (t), where (p;;(t)) = Pi(t),
t > 0. Taking into account equation (3.18) we see that there exist finite
limits

i _€l_~ut_ .. ;=1

chfrzo dtp”( )= =l
These limits have to be equal to zero, for if v;; > 0 or v ; < 0 then

lim p;;(¢) = +oo. But lim p;;(t) = —oo, a contradiction. Hence the
tT+o0 tt+o0

matrix P = (f;;) satisfies equation (3.23). It is clear that P < P.
Now let (-} be the output corresponding to the inpus (). By Theorem
3.3, for arbitrary 7' > 0 and z € R",

~ T ~
(Pa,a) = / (QU(1), §(1)) + (Ri(t), @(1))) dt + (PH(T). §(T)), (3.25)

and
T
| 1@ate) ) + (Rato), ) e < (P

Letting 7" tend to +o0o we obtain

J(z,4) < (Px,z).
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On the other hand, for arbitrary T > 0 and z € R™,
T
(PuT)a2) < [ (@00} + (Ra(), o) dt < I,
0

consequently, <ﬁx, z) < J(z,u) and finally
J(z, u) = (f’x,;z:)
The proof is complete. ]

Exercise 3.5. For the control systemn
Y= u,

find the strategy which minimizes the functional

+m s 03
/ (v + u?) dt
0

and the minimal value of this functional.
Answer. The solution of equation (3.23) in which A = [0 1] , B = [0} ,

0 0 1
10 o oL [v2 o R
Q= [0 O]’ R = [1], is matrix P = [ ] \/ZJ The optimal strategy

1s of the form u = —y — \/2(1/) and the minimal value of the functional is
V2(y(0))* + 25(0)5(0) + v2(y(0))*.

For stabilizability the following result is essential. We need a new concept
of detectability. A pair of matrices (A, (") is detectable if there exists a
matrix L of proper dimension such that the matrix A + L, 1s stable.

Theorem 3.5. (i) If the pair (A, B} is stabilizable then equation (3.23) has
at least one solution.

(i1) If @ = C*C and the pair (A, () is detectable then equation (3.23) has at
most one solution, and if P is the solution then the matriz A— BR™'B*P
1s stable.

Proof. (i) Let K be a matrix such that the matrix A + BK is stable.
Consider a feedback control u(t) = Ky(t), t > 0. It follows from the
stability of A+ BK that y(t) — 0, and therefore u(t) — 0 exponentially
as t T 4+oco. Thus for arbitrary z € R”,

400
Jea()= [T (Quithu(t) + (Raule) u(t) de < oo

Since
(Pr(T)a,x) < J{z,u{-)) < 400, T >0,
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for the solution P;(t), t > 0, of (3.18) with the initial condition P;(0) = 0,
there exists TlTl-Ir-n Py (T) = P which satisfies (3.23). (Compare the proof of
o0

the previous theorem.)
(ii) We prove first the following lernma.

Lemma 3.3. (1) Assume that for some matrices M > 0 and K of appro-
priate dimensions,

M(A— BEK)+ (A—BEK)"M + ("C + K*RK = 0. (3.26)

If the pair (A, C) is detectable, then the matriz A — BI is stable.
(1) If, in addition, P is a solution to (3.23), then P < M.

Proof. (i) Let Si(t) = e(A=BK)t (1) = oA=L where L is a matrix
such that A — LC' is stable and let y(¢) = S;(t)x, t > 0. Since

A—BK =(A-L()+ (LC - BR),
therefore
t
y(t) = Sa2(t)z +/ Sa{t — s)(LC — BK)y(s) ds. (3.27)
0
We show now that
+oo roo )
/ |Cy(s)|*ds < 400 and / |Ky(s)|* ds < +oc. {3.28)
0 0
Let us remark that, for t > 0,
. . d . .
y(t) = (A= BE)y(t) and —(My(t).y(t)) = 2AMy(t), y(t)).
It therefore follows from (3.26) that
d . \ . .
7 My(t), y(1)) + (Cy(t), Cy(t)) + (REy(1), Ky(t)) = 0.

Hence, for t > 0,

t

Cy(s)|? (ls+/0 (REy(s), Ky(s))ds = (M=z,z). (3.29)

<Mmmmm+ﬁ

Since the matrix R is positive definite, (3.29) follows from (3.28). By (3.29),

MMSWWnHNALwnwmwmm+MMMMa
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where N = max(|L|, |B|), t > 0. We need now the following classical result
on convolutions of functions due to Young.

Assume that p,q, 7, are positive numbers such that 1/p+1/¢=14+1/r . If
functions [, g, belong respectively to LP and L9, then the convolution f g

belongs to L” and

15 * gllr < 11 f1lpllglly -
By Young’s Theorem and by (3.28),

/Om o ds < | 12091 ds ( |7 G+ iewion? as) 7

0

g ( / s z) <40

It follows from Theorem 2.3(iv) that y(t) — 0 as t — oco. This proves the
required result. Let us also remark that

+ 00
M = / SE(s)(CC 4+ K*RK) Sy (s) ds. (3.30)
0

(ii) Define Ko = R™'B* P then RKq = —B*P, PB= —K;R.
Consequently,
P(A- BK)})+ (A—BEK)P+ K"RK = -C"C + (K = Ko)*R(K — K,)
and
M(A-BK)+ (A-BR)*M + K"RK = -C*(C.
Hence if V = M — P then
V(A—BEK)+ (A— BK)'V + (K — Ko)"R(K — K¢) =0.

Since the matrix A — BK is stable the above equation has only one solution
given by the formula,

+00
V= / S7(s)(K = Ko)*R(K — K¢)Sy(s) ds > 0,
0

and therefore M > P. The proof of the lemma is complete. O
To prove part (ii) of Theorem 3.5 assume that matrices P > 0, P; > 0 are
solutions of (3.23). Define K = R™!B*P. Then
P(A—-BK)+ (A-BK)*"P+ C*C+ K*RK (3.31)
=PA+A"P+C*C'-=PBR™'B*P=0.
Therefore, by Lemma 3.3(i1), P; < P. In the same way P > P. Hence

Py = P. Identity (3.31) and Lemma 3.3(i) imply the stability of A — BK.
0
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As a corollary from Theorem 3.5 we obtain

Theorem 3.6. If the pair (A, B) is controllable, Q = C*C and the pair
(A, C) is observable, then equation (3.23) has exactly one solution, and if
P is this unique solution, then the matriz A— BR™'B*P is stable.

Theorem 3.6 indicates an effective way of stabilizing linear system (3.16).
Controllability and observability tests in the form of the corresponding rank
conditions are effective, and equation (3.23) can be solved numerically using
methods similar to those for solving polynomial equations. The uniqueness
of the solution of (3.23) is essential for numerical algorithms.

The following examples show that equation (3.23) does not always have a
solution and that in some cases it may have many solutions.

Example 3.1. If, in (3.23), B = 0, then we arrive at the Liapunov equation
PA+A"P=Q, P>0. (3.32)

If Q) is positive definite, then equation (3.32) has at most one solution, and
if, in addition, matrix A is not stable, then it does not have any solutions;
see §1.2.4.

Exercise 3.6. If Q is a singular matrix then equation (3.23) may have
many solutions. For if P is a solution to (3.23) and

~ 0 0 ~ 0 0 -
A:[O A:I,Q:[O Q}’ AGM(k,k),k>7l,

then, for an arbitrary nonnegative matrix R € M(k —n, k — n), matrix

5 [R 0
it

satisfies the equation

PA+ AP =0Q.

Bibliographical notes

Dynamic programming ideas are presented in the monograph by R. Bell-
mann [5].

The results of the linear regulator problem are classic. Theorem 3.5 is due
to W.M. Wonham [61]. In the proof of Lemma 3.3(i) we follow [65].
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