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1 Feedback linearization: an introduction

The aim of this preliminary chapter is to introduce the concept of feedback lin-
earization and a fundamental geometric tool of nonlinear control theory, which is
the Lie bracket. Feedback linearization is a procedure of transforming a nonlinear
system into the simplest possible form, that is, into a linear system. Necessary and
sufficient conditions for this to be possible will be expressed using the notion of Lie
bracket, which is omnipresent in very many nonlinear control problems.

The problem of feedback linearization is to transform the nonlinear control sys-
tem

T = f(z,u)

into a linear system of the form
i= A%+ B

via a diffeomorhism

(Z,a) = (2(), Uz, u)),

called feedback transformation. We will start with an introductory example.

Example 1.1 Consider a nonlinear pendulum (rigid one-link manipulator) consist-
ing of a mass m with control torque u.
The evolution of the pendulum is described by the Euler -Lagrange equation
with external force
mi?6 + mglsind = u .
We rewrite it as )
0 = w
w = —¥sinf+ .
Denote z; = 6 and 2, = w and consider the evolution of the pendulum on the
state space R?, that is z = (71,72)T € R?. We get the system &
o ‘,1.;1 = T2 R
By = —¥sinz;+ .
Replace the control u by

u = mi*i + mlgsinz,,
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which can be interpreted as a transformation in the control space U depending on
the state x € X. We get the linear control system

T = g

x'2=u.

Using a simple transformation in the control space we thus brought the system into
the simplest possible form: a linear one. Notice that the families of all trajectories of
both systems coincide although they are parametrized (with respect to the control
parameters u and i, respectively) in two different ways.

Now fix an angle 6;. The goal is to stabilize the system around z¢ = (x19, zo0)7,

where 19 = 0y and 99 = 0. Introduce new coordinates

Ty = T1— T
55‘2 = 9.

and apply the control

where k1, ko are real parameters to be chosen. We get a closed loop system described
by the system of linear differential equations

T = Iy
fo = kiF1 + koo
whose characteristic polynomial is given by
p(A) = A% — Mk = ;.
Let A1, Ay € C be any pair of conjugated complex numbers. Take

kl - /\1)\2
kz - /\1+/\2,

then the eigenvalues of the closed loop system are A; and ). In particular, by
choosing A; and A; in the left half plane we stabilize exponentially the pendulum
around an arbitrarily chosen angle 8y and a stabilizing control can be chosen as

u = kyml®(z, — T10 + koml%z, + uglsin z;.
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Now fix an initial point 7y = (x19,22)7 € R? and a terminal point zp =
(z17,zor)T € R? and consider the problem of finding a control u(t), 0 < t < T,
which generates a trajectory z(t) such that z(0) = zo and z(T) = zp. This is
the controllability problem, called also motion planning problem. Due to the above
described linearization we get the following simple solution of the problem. Choose
an arbitrary C2-function ¢(t), 0 <t < T, such that

(0) = =z
¢'(0) = =z
o(T) = zir
¢'(T) = zor.
and apply to the system the control
u(t) = ¢"(?)

or, equivalently,
u(t) = mi?¢" (t) + mlgsin z(t).

Clearly, the proposed control solves the motion planning problem producing a tra-
jectory that joins zy and x7p. O

Now consider a single-input linear control S};stem of the form
A &= Az + bu,
where z € R”, u € R and assume that A is controllable, that is
rank (b, Ab,..., A" 'b) =n.
Chose a linear function h = cx, where c is a row vector, such that
cb=cAb=---=cA" % =0

and
cA" b =d #£0,

whose existence follows immediately from the controllability assumption. Introduce
linear coordinates

T = ¢
Is = CcAz
T, = =cA" g



We have

i = ct = cAz +cbu ' = Iy
Ty = cAi = cA’r+ cAbu = i
Tpn1 = CcA" 2% = cA™lz+cA" 2%y = I,
fn = cA" '@ = cAz+cA™bu = Y1 adi +u.

By introducing a new control variable

n
u = E a;Z; + u,
i=1

which can be viewed at as a state depending transformation in the control space U,
we bring any single-input controllable linear system into the n-fold integrator

Ty = Tg, Ty = I3, crey Tno1 = Tn, Tn=1u.

We will consider the problem of whether and when such a transformation is
possible in the nonlinear case. Consider a single-input control affine system of the

form
5: = f(z)+ 9@,
where z € X, an open subset of R*, and f and g are C'°-smooth vector fields on

X.
Recall that L,¢ denotes the derivative of a function ¢ with respect to a vector

field v, that is

Lipls) = 3 SE2)ui).

i=1
Fix a point £y € X and assume that there exist a C'*°-smooth function ¢ on X such

that (compare the linear case)
Lyp=LyLip="---= Lgy}-%p =0

and
LoLy p(@) = d(z),



where d(z) is a smooth function such that d(z,) # 0. If around the point zg, the
functions ¢, Lso, ... ,L’f‘_lcp are independent (in the sense that their differentials
are linearly independent at z;), then in a neighborhood V of zy the map

ry = @
5)2 = Lffp
~ _ n—1
T, = Lo
defines a local diffeomorphism, or, in other words, a local coordinate system. In the
local coordinates (Z,...,%,)T we have
& = <dp,t > = Lyp+uLgyp = X9
Tooy = <dL"%f,i> = Ly'o+uLl e = &,
I, = <dL"’f,i> = Ljp+ul, L} e = Lo+ ud(z).

By introducing a new control variable
o= Ltp+ uLgL}‘_lgo,

which can be viewed at as a transformation in the control space U, depending
nonlinearly on the state x, we bring our single-input nonlinear system into the n-
fold integrator

Ty =&, To=1%3, ..., Tn-1 = Zn, Tn = .

The proposed method works under two assumptions. Firstly, we assumed the
existence of a function ¢ such that Ly = LyLip = --- = LgL}‘_2g0 = 0. Secondly,
we assumed that the functions ¢, Lo, ..., L}‘_lgo are independent in a neighbor-
hood of xy. The former is a system of n — 1 first order partial differential equations.
In order to see it, let us consider the two first equations Ly = 0 and LyLsp = 0,
which imply that

LiL,p— LyLyp =0.
Although the expression on the left hand side involves a priori partial derivatives

of order two, it depends on partial derivatives of ¢ of order one only and a direct
calculation shows that we can represent it as

LyLgp — LyLyp = Lis g,
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where the vector field [f, g] is given by

[/, 9](z) = Dg(x)f(z) — Df(z)g(x),

where Dg(z) (resp. Df(z)) stands for the derivative at z, i.e. the Jacobi matrix, of
the map g : X — R” (resp. f: X — R*). We will call [f, g] the Lie bracket of
the vector fields f and g. We would like to emphasize two important aspects of the
nature of Lie bracket. Firstly, it is a vector field, because if we change coordinates
then the Lie bracket is multiplied on the left by the Jacobi matrix of the derivative of
the coordinate change. This shows its vector, i.e., contravariant, nature. Secondly,
a Lie bracket [f,g] acts on a function ¢ by the formula L ¢, that is, acts as a
first order differential operator. Notice that, as we have already said, the expression
L¢Lyp — LyLsy involves, a priori, second order derivatives of ¢ but all of them are
mixed partials that mutually cancel due to Schwarz lemma.
Introduce the notation

adsg = [f,q] .
and inductively
ad}™g = [f, ad}g]

for any integer 7 > 1. Put ad?cg = g. It follows easily by an induction argument

that the existence of a function ¢ such that Lyp = LgLip =--- = LgL’f“2<p =0is
equivalent to the solvability of the following system of first order partial differential
equations
Lyp = 0
Loasgp = 0
Lad'f“2g(>0 = 0,

which in coordinates is expressed as
Za—?(ad}g)i =0, for0<j<n-—2,
iz O

where (adfcg)z- denotes the i-th component, in the coordinates (z1,...,z,)T, of the
vector field adz,g.



It can be shown that the requirement that the differentials dLjup, for0<j <
n—1, are linearly independent at x, is equivalent to the linear independence of ad} g
at xg, for 0 < j <n-—1.

We will show that a necessary condition for the above system of first order
PDE’s to admit a nontrivial solution is that for any 0 < i, 5 < n — 2 the Lie bracket
[ad’,g, adfcg] () belongs to the linear space generated by {ad}g(z), 0 < ¢ <n —2}.
In view of the linear independence of the ad‘}g’s this is equivalent to the existence
of smooth functions o/ such that

n—2
[ad’g, ad}g] = Z o adlg.
q=0

To prove it, assume that there exists a vector field v of the form v = [ad}g, ad”}g],
for some 0 < 4,7 < n — 2 and a point z € X, such that v(z) ¢ span {ad}g(x), 0<
g <n—2}. We have

Lo = Liggi g0, 0% = LadigLadi ¢# — LaagLadigp = 0.

The n vector fields v and ad‘}g, for 0 < ¢ < n — 2, are linearly independent in a
neighborhood of x € X and therefore the only solutions of the system of n first
order PDE’s

Lyp 0
Lad{fggo =0, for0<j<n—-2,
are @ =constant.

It turns out that the two above necessary conditions are also sufficient for the
solvability of the problem. Indeed, we have the following result.

Theorem 1.2 There exist a local change of coordinates & = ¢(z) and a feedback
of the form u = a(z) + B(z)a, where the matriz B(x) is invertible, transforming,
locally around z¢ € X, the nonlinear system

L: 2= f(x) +ug(z)
into a linear controllable system of the form

A: =A%+ bi



if and only if the system 3 satisfies in a neighborhood of xq
(C1) g(z),adsg(z),...,ad} g(x) are linearly independent; )
(C2) for any 0 < 4,5 < n — 2, there exist smooth functions o) such that

[ad fg, ad;cg Z a”ad

The condition (C2), called involutivity, will be discussed in the general context
in the Section devoted to Frobenius theorem and in the context of feedback lin-
earization in Section 3. It has a clear geometric interpretation. If the above defined
system of PDE’s Ly = --- = Lad;H’ o¢ = 0 admits a nontrivial solution then for
any constant ¢ € R the equation ¢ = c¢ defines a hypersurface in X. The vec-
tors g(z), adsg(z), .. .,ad’}_Qg(:c) form at any = € {¢(z) = ¢} the tangent space to
that hypersurface. In general, such a hypersurface need not exist; the involutivity
condition (C2) guarantees its existence.

Especially simple is the planar case, that is, n = 2, in which the involutivity
follows automatically from the linear independence condition.

Corollary 1.3 A control affine planar system

i = f(z) + g(z)u,

where z € R?, is locally feedback linearizable at o if and only if g and adsg are
independent at .

Example 1.4 (Example 1.1 cont.) We have f = 2552 and g = > 8:1: . Thus the
vector fields g and adsg = —# azl are independent and hence, by Corollary 1.3,
we can conclude feedback linearization of the pendulum, a property which we have

established by a direct calculation in Example 1.1. (|

2 Equivalence of control systems

The question of feedback linearization discussed in Section 1 is a subproblem of a
more general problem of feedback equivalence. In this section we study equivalence
of control systems. We start with state space equivalence in Section 2.1 and then
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we define feedback equivalence in Section 2.2. Various aspects of the problem of
feedback linearization will be discussed in Section 3.

2.1 State space equivalence

Two systems are state-space equivalent if they are related by a diffeomorphism (and
then also their trajectories, corresponding to the same controls, are related by that
diffeomorphism). A question of particular interest is that of when a nonlinear system
is equivalent to a linear one. If this is the case the nonlinearities of the considered
system are not intrinsic, they appear because of a "wrong” choice of coordinates,
and the nonlinear system shares all properties of its linear equivalent.

Consider a smooth nonlinear control system of the form

X d=fzu),

where z € X, an open subset of R* (or an n-dimensional manifold) and u € U, an
open subset of R™ (or an m-dimensional manifold). The class of admissible controls
U is fixed and PC C U C M, where PC denotes the class of piece-wise constant
controls with values in U and M the class of measurable controls with values in U.

Consider another control system of the same form with the same control space
U and the same class of admissible controls U

S &= f(E,u),
where Z € X, an open subset of R* (or an n-dimensional manifold and u € U.

Analogously to the transformation ®,g of a vector field g(-) by a diffeomorphism &,
we define the transformation of f(-,u) by ®. Put

(2uf) (B, u) = DR(2™'5)) f(27 (D), w).

We say that control systems % and S are state space equivalent (respectively,
locally state space equivalent at points p and p) if there exists a diffeomorphism
® : X — X (respectively, a local diffeomorphism ® : Xy, — X, ®(p) = p, where X,
is a neighborhood of p) such that



Recall
F={fu|ueU} and ]:'z{fulueU},

where f, = f(-,u) and f, = f(-,u). (Local) state space equivalence of ¥ and %
means simply that

®,f, = f, for any u € U,

i.e., that ® establishes correspondence between vector fields defined by constant
controls.

Assume dim £(p) = dim £(5) = n , i.e. ¥ and £ are accessible from p and p,
respectively.

The following observation shows that (local) state space equivalence is very nat-
ural.

Proposition 2.1 © and ¥ are (locally) state space equivalent if and only if there ex-
ists a (local) diffeomorphism ® which (locally, in neighborhoods of p and p) preserves
trajectories corresponding to the same controls u(-) € U, i.e.

B(+¢(p)) = 7 ()

for any u(-) € U and any t for which both sides exist, where v¥(p) (resp. F*(P))
denotes the trajectory of ¥ (resp. ) ) corresponding to the control function u(-) € U
and passing by p (resp. by p) fort = 0.

Introduce the following notation for left iterated Lie brackets

f[uluz...uk] = [fuu [fuz> vy [fuk_la f'u,k] .. ]]

and analogous for the tilded family. In particular f,,) = fu,.
The following result was established by Krener [K2] (see also Sussmann [S2]).

Theorem 2.2 Assume that the systems & and ¥ are analytic and that dim L(p) =
n, dim £(p) = 7. '
(i) = and X are locally equivalent at p and p if and only if there exists a linear
isomorphism of the tangent spaces F' : T,X — TﬁX such that

Ff[ulu2---’uk](p) = f[u1uz...uk] (ﬁ)) (2.1)

for any k > 1 and any uy,...ux € U.
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(ii) Assume moreover that X and X are simply connected and that the Lie algebras
L and L of T and , respectively, consist of complete vector fields and satisfy
Lie rank condition everywhere. If there exist points p € X and p € X and a
linear isomorphism F . T,X — T;X satisfying (2.1) then T and 3 are state
space equivalent.

This theorem shows that all information concerning (local) behavior is contained
in the values at the initial condition of Lie brackets from L. In a sense (iterative)
Lie brackets form invariant (higher order) derivatives of the dynamics of the system
and in the analytic case they completely determine its local properties as (higher
order) derivatives do for analytic functions.

Put go = f. Using this theorem one obtains the following linearization result
(compare [R1], [S2]).

Proposition 2.3 Consider a control affine analytic system %.
(i) The system ¥ is locally state space equivalent at p € X to a linear controllable
system of the form

m
A 5c=Aa:+c+Bu=Ax+c+Zuib,~ , zeR*, ueR™
i=1
at xg € R™ if and only if
(BE1)  [9i1s[962s- - - 19561, 9] - - )(p) =0
forany k> 2 and any 0 < 1; <m,1 < j <k, provided that at least two ;s
are different from zero and
(E2) dim span{ad}g;(p) |1<i<m, 0<j<n—1}(p)=n.
(ii) The system X is locally state space equivalent at p € X to a linear controllable
system of the form

m
A x’=Ax+Bu=Ax+Zuibi ,, TeR*, ueR”
i=1
at 0 € R™ if and only if ¥ satisfies (E1), (E2) and f(p) = 0.
(iii) The system X is globally state space equivalent to a controllable linear system
A with the state space R™ if and only if it satisfies (E1), (E2), there exists
p € X such that f(p) =0, X is simply connected, and moreover
(E3) the vector fields f and g1, ..., gm are complete.
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Recall that a vector field f is complete if its flow v/ (p) is defined for any (t,p) €
R x X.

2.2 Feedback equivalence

The role of the concept of feedback in control can not be overestimated and is very
well understood, both in the linear and nonlinear cases. We would like to consider
it as a way to transform nonlinear systems in order to achieve desired properties.
When considering state-space equivalence the controls remain unchanged. The idea
of feedback equivalence is to enlarge state-space transformations by allowing to
transform controls as well and to transform them in a way which depends on the
state: thus feeding the state back to the system.

Consider two general control systems ¥ and % given respectively by & = flz,u),
e X,ueUandi=f(za),%eX,iecU. Assume that U (respectively U) is
an open subset of R™ (R™). We say that ¥ and 5 are feedback equivalent if there
exists a diffeomorphism x : X x U — X x U of the form

X(IE, u) = (‘I’(:L'), \I’(.’L‘, u))

which transforms the first system into the second, i.e.,
D®(z)f (z,u) = f(®(z), ¥(z, u)).

Observe that ® plays the role of a coordinate chahge in X and VU, called feedback
transformation, changes coordinates in the coht‘rolvspace in a way which is state
dependent. :

When studying dynamical control systems with parameters and their bifurca-
tions, the situation is opposite: coordinate changes in the parameters space are
state-independent, while coordinate changes in the state space may depend on the
parameters.

For control affine case, i.e., for systems of the form
m
Sapr: &= f@)+ ) wg@) = f(z) + g(2)u,
i=1

where g = (g1, ..., 9m) and u = (uy, . .., u,)7, in order to preserve the control affine
form of the system, we will restrict feedback transformations to control affine ones

i =¥(z,u) = &(z) + B(z)u,
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where $(z) is an invertible m x m matrix. Denote the inverse feedback transforma-
tion by u = a(x) + B(x)d. Then feedback equivalence means that

f=0(f+ga) and §=2.(¢h).

For control linear systems of the form & = g(x)u = >, g;(z)u;, (local) feedback
equivalence coincides with (local) equivalence of distributions G spanned by the
vector fields g;’s.

3 Feedback linearization

Since feedback transformations change dynamical behavior of a system they are
used to achieve a priori required properties of the system. In Sections 5.2 and 5.3
we will show how feedback transformations are used to synthesize controls with
decoupling properties. In this Section we will study the problem of when a non-
linear system can be transformed to a linear form via feedback. A particular case
of feedback linearization of single-input control affine systems has been discussed
in Section 1. The interest in feedback linearization is two-fold. Firstly, if one is
able to compensate nonlinearities by feedback then the modified system possesses
all control properties of its linear equivalent and linear control theory can be used
in order to study it and/or to achieve the desired control properties. This shows
possible engineering applications of feedback linearization, compare Example 1.1.
From mathematical (or system theory) viewpoint, if one would like to classify non-
linear systems under feedback transformations (which define a group action on the
space of all systems) then one of the most natural problems is to characterize those
nonlinear systems which are feedback equivalent to linear ones. In Section 3.1 we
will study feedback linearization of multi-input and general nonlinear systems. In
Section 3.2 we will consider linearization using feedback which changes the drift
vector field only. Finally, in Section 3.3 we will study the problem of finding the
largest possible linearizable subsystem of the given system.

14



3.1 Static feedback linearization

A general nonlinear control system ¥ is (locally) feedback linearizable if it is (locally)
feedback equivalent to a controllable linear system A, of the form

A.: ©=Az+c+ Bu.

Recall the notation
F={fu | ueR"}

For any v € U define the following distributions on X which will play the
fundamental role in solving the feedback linearization problem.

Ay(z,u) = im %(m, u)
Ag(x,u) = span [F,A](x,u) =span {[fy, 9] (z,u) | fu € F, g € A1}
and, inductively,

Aj(z,u) = span [F,A;_4] (z,u).
Remark 3.1 For linear system A, we have

Ay =imB A;=im (B,...,A7'B), j>0.

The feedback linearization problem was solved by Jakubczyk and Respondek [JR],
and independently by Hunt and Su [HS].

Theorem 3.2 ¥ is locally feedback linearizable at (xq,uq) if and only if it satisfies
in a neighborhood of (xg,uo) the following conditions

(A0) A, does not depend on u,

(A1) dim Aj(z,u) =const, j =1,...,n,

(A2) A; are involutive, j =1,...,n,

(A3) dim A, (z9,uo) = n.
Remark 3.3 One can show that if A; is involutive, of constant rank, and does not
depend on u then the successive distributions A, 7 > 2, do not depend on u either.

Thus we can check the involutivity condition (A2) for them for a single value u only
(for example for wy).
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In applications one is usually interested in points of equilibria. Denote by A a
linear system of the form
A . = Az + Bu,

i.e., the system A, with ¢ = 0.

Corollary 3.4 ¥ is locally feedback equivalent at xzq,uq to a controllable system
A at 0 if and only if it satisfies the conditions (A0),(A1),(A2),(A3) and moreover
f(wo,u0) € A1(0).

Consider feedback equivalence of linear controllable multi-input systems A of the
form £ = Az + Bu (in this case diffeomorphism ®(x) and feedback ¥(z, u) are taken
to be linear with respect to the state and control). As shown by Brunovsky [Br]
the only feedback invariants are the dimensions m; of Im M7 where the map M7
is defined as [B,AB,..., A" 'B]. Put ng =0 and n; = m; —mj_1, j = 1,...n.
Define |

k; = max{n; | n; > j}. (3.1)

Observe that x; > -+ > K, and 221 k; = n. The integers «;, called control-
lability (or Brunovsky) indices, form another set of complete invariants of feedback
equivalence of linear controllable systems. |

Every controllable system A with indices «;, for 1 < ¢ < m, is feedback equivalent
to the system (canonical form)

Tij = Tig+1, J=1,...,6—1, (3.2)
Tiw; = Ui,
which consists of m independent series of «; integrators.

Very often we deal with control-affine systems. To state a feedback linearization

result for them we define the following distributions

D'(z) = span{gi(z), 1 <i<m}

Di(z) = spanfadi'gi(z), 1<q<j, 1<i<m}
f
j=23....

If the dimensions d;(z) of D? are constant (see (A1)’ and (B1) below) we denote them
by d; and we define indices p; as follows. Define dy = 0 and put r; =d; —d;_1, j =
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1,...,n. Then (compare (3.1))

P = max{ri | T3 Z j} (33)

Distributions A; defined earlier in this Section are feedback invariant. If, more-
over, they are involutive, then in the control-affine case A; = DI, j > 1 and, in
particular, p;’s are feedback invariant. In this case the indices p; coincide with x;,
the controllability indices of the linear equivalent of 3.

The following result describes linearizable control-affine systems.

Theorem 3.5 The following conditions are equivalent.
(1) X is locally feedback linearizable at x5 € R™.
(ii) X satisfies in a neighborhood of gy

(A1)’ dim D?(z) =const, j =1, ...,n,
(A2)’ DI are involutive, j = 1,...,n,
(A3) dim D*(zo) = n.
(iii) ¥ satisfies in a neighborhood of o
(B1) dim D’(z) =const, j = 1,...,n,
(B2) D?~1 are involutive, j = 1,...,m,
(B3) dim D**(xq) = n, where py is the largest controllability indez.

In the single-input case m = 1, as a Corollary of Theorem 3.5, we rediscover
Theorem 1.2.

Corollary 3.6 A scalar input system X is féedback linearizable if and only if it
satisfies

(C1) g(zo), - ..,ad}‘—lg(:ro) are independent,
(C2) D! is involutive.
Example 3.7 Consider the following rigid two-link robot manipulator (double pen-
dulum); compare e.g. [Ca] or [NS].
it = 2?

2 = MY HC(2t, 2?) + k(2')) + M(aY)
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where z! = (04, 6s), 2% = (61,605), u = (uy,us), and the positive definite symmetric
matrix M (z!) is given by

mll% + mgl% + mzl% + nglllz (0] 92 mglg -+ mQleg COS 92
mgl% + mglllg COS 92 mgl% .

The term k() represents the gravitational force and the term C(6,8) reflects the
centripetal and Coriolis force.
We have that D' = span {2} = span {-Z-, -2} is involutive and dim D?(z!,1?) =

861 86,
4. Hence the double pendulum is feedback linearizable. A linearizing feedback is
given, e.g., by u = C(z!,2?) + k(z') + M(2')a. O

Example 3.8 Consider the following model of a permanent magnet stepper mo-
tor [ZC]

£, = —Kijz1 + Koxssin(Ksxy) + us

Ty = —Kizy + Koxscos(Kszy) + ug

23 = —Kzzisin(Kszs) + Kszacos(Kszy) — Kyxs + Kesin(4Kszy) — 71/ J
Ty = T3,

where z1, x5 denote currents, x3 denotes the rotor speed and z,4 its position, J is the
rotor inertia, and 77, is the load torque. We see that if 249 # 0 the distributions D! =
span{a—z—l, %} and D? = span{%, 6%2, (’;973} are involutive and that dim D3(z) = 4
and thus the system is feedback linearizable.

|

Example 3.9 The goal of this example is to show how to solve nonlinear problems
by transforming the system to an equivalent linear system and solving the linear
version of the problem for the linear system. Consider the following system

= ytzz
y = z
z = u-+sing,

where (z,y, 2) € R®. We want to stabilize it exponentially globally on R3. Firstly,
observe that the system is feedback linearizable. . We have g = (0,0,1)7, ad;g =
—(z,1,0)T, and [g,adsg] = 0. Thus the distributions D! = span{Z} and D? =
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span{zddz + 5%, %} are involutive. We seek for a function ¢ whose differential
anihilates D? which means to find a solution of the following system of 1-st order
partial differential equations (compare Section 1)

9 _

8z 0
9 4 3o _
xaz'l'ay = 0.

We conclude that ¢ can be an arbitrary function of ze~¥ and we choose ¢ = re™¥.
Therefore we put, see Section 1, £ = ze ¥, § = y, Z = z and, finally, u = % — sin z.
This yields the following linear system

51

ISTRIS wg

ISIT -4
=g

I

which we stabilize on R? globally and exponentiaﬂy via a linear feedback of the form
4 = kZ + lyj + mZ, where the matrix

> O O

1 0
0 1
I m
is Hurwitz. Therefore the nonlinear feedback
u=kzre ¥ +ly+mz—sinx

stabilizes globally and asymptotically on R® the original system. O

Example 3.10 Consider the following model of the rigid body whose gas jets con-
trol the rotations around the two first principal axes.

(,Z)l = a1Wows3 + U
d)z = Qo3 -+ Uz
(,2)3 = QgwiWe.

We have f = (aiwaws, apwiws, agwiwe)’, g1 = (1,0,0)T and g2(0,1,0)T. We
calculate adsg; = —(0,0,a3w2)” and adsgo = —(0,0, azw;)”. We thus see that the
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0 9
Owy? dws

two everwhere while D? = span {1, g2, adsg1,adsg.} is of rank three if and only

distribution D! = span {g1, g2} = span{ } is always involutive and of rank

if a3 # 0 and either w; # 0 or wy # 0. In the first case we put @&; = aswiws,

(—a1a3wiws — Qaazw?ws + azwy iz), and uy = —aswiws + s and we get the

_ 1
ul - azw?2
linear system

(111211,1

d)g = ﬂg.
w3 = W

In the second case we we put w2 = aswiw, and define 4; and 4. in an anologous
way. O

Example 3.11 Consider the following model of unicycle

1 = ujcosf
ig = Uy sin 6
0 = Uz,

where (71, T2,0) € R? x S1. We have
g1 = (cosd,sinf,0)", g, = (0,0,1)"

thus [g1, g2) = (sin 6, — cos#,0)T and hence D! is not involutive: the unicycle is not
static feedback linearizable. o O

3.2 Restricted feedback linearization

Consider a control-affine system X and a feedback transformation u = a(z) + 8(z)a
which can be interpreted as an (affine) change of coordinates, depending on the
state, in the input space. The term S allows to choose generators of the distribution
D! =span{gi, ..., gm} whereas the term o changes the drift f. Restricted feedback
allows to transform the drift f only and keeps the g;’s unchanged. More precisely,
two control affine systems X and S are restricted feedback equivalent if there exist a
diffeomorphism ® between their state spaces and a restricted feedback of the form
u = a(z) + @ such that

f=®.(f+ga) and §=.g,i=1,...,m. (3.4)
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We will be interested in equivalence to liner systems under such feedback and
we will call it restricted feedback linearization.

The three main reasons to discuss restricted feedback linearization are as follows.
Firstly, it was Brockett’s restricted feedback linearization result [B] which begun an
increasing interest in various kinds of feedback linearization problems for nonlinear
systems. Secondly, there is a nice stochastic interpretation of the restricted feedback
linearization [B]. Thirdly, it is relatively easy, as we will show it, to proceed from
local results to global ones.

Consider scalar input systems of the form

Y: g=fx)+g9@u,zeX, uek
and study their equivalence with linear scalar input systems of the form
Ae : T=AZ+c+bi, 2€R* aeR
We have the following result [B]. o
Theorem 3.12 X is locally restricted feedback linearizable at xy if and only if it
satisfies in a neighborhood of xo the following conditions

(RC1) g(=y), - ..,ad’}_lg(mo) are independent.
(RC1) [ad%g,ad}g] C D*? for any 0 < ¢,r <n—1,

Remark 3.13 Like in the case of feedback linearization (compare Corollary 3.4),
¥ is restricted feedback equivalent at xy to A, with ¢ = 0, at 0 if and only if
f(xo) € Dl (.’L‘())

In the single-input case all linearizable systems are equivalent to the canonical
form (compare (3.2))

xl = x’i-l-l)i:l)"')n—]') (35)
Ty = U.

If ¥ is (locally) feedback linearizable, then there are many pairs (o, §) and many
(local) diffeomorphisms which transform ¥ into its canonical form. However, if we
allow for restricted feedback only, then « transforming ¥ into the canonical form is
unique and is given by

o= (1" Ly (3.6)
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where L stands for the Lie derivative along f and the smooth function 7, is uniquely
defined by f = >0, 'yiadifl g. This observation is crucial for establishing the fol-
lowing result on restricted feedback linearization [DBE], [R2].

Theorem 3.14 X is restricted feedback globally linearizable if and only if it satisfies
the conditions (RC1),(RC2) and, moreover,

(RC3) the vector fields f and g are complete, where f = f + ga and « is defined
by (3.6),

(RC4) the state space X is simply connected.

Example 3.15 (Continuation of Examples 1.1 and 1.4). We have f = wa% —
sin 6% and g = #%. Therefore [ad;g, g] = 0 and since g and adsg are indepen-
dent everywhere then the system is restricted feedback linearizable. Indeed, it is
immediate to see that the feedback u = mglsin# + % brings the system to a linear

form (no action of diffeomorphism is needed). d

The nonlinear pendulum defined on S* x R! is globally equivalent to a linear system
evolving on St x R!. If we enlarge the class of linear systems to include systems of
the form & = Ax + Bu, where every component x; of z is either a global coordinate
on R! or a global coordinate (angle) on S!, then Theorem 3.12 remains true if we
drop the assumption (RC4). This includes many mechanical control systems.

3.3 Partial linearization

The linearizability conditions are restrictive (except for the scalar input affine sys-
tems on the plane, compare Corollary 1.3). Given a nonlinearizable system it is
therefore natural to ask what is its largest linearizable subsystem. Consider a par-
tially linear system Ap,; of the form

1

8

= fat,2%) + L, 4l (2], 72),

with z', z? being possibly vectors. Recall the notion of the Lie ideal £y of the
system which is defined as Lo = Lie {ad‘}gi |1 <i<m, j>0} With the help of
Lo we define another Lie ideal by putting

Apart B

151}

L% = [Ly, Lo]-

22



Denote by £ the distribution spanned by £2. It is £2 which contains all intrinsic
nonlinearities not removable by action of diffeomorphisms [R2].

Theorem 3.16 Consider a control affine system 3.
(i) If¥ islocally state space equivalent at xo to partially linear Apers then dim £(z) <
n in a neighborhood of x,. ‘
(ii) Assume that & satisfies dim Lo(z) = n and that dim E(z) = e=const. in a
neighborhood of xq. Then X is locally state space equivalent to a partially linear
system Apgre, such that dim ' = n—e and the linear subsystem is controllable.

Corollary 3.17 Let an analytic system ¥ satisfies dim Lo(xo) = n. It is locally
state space equivalent at xo to a partially linear Apeyt of and only if

dim &(zp) < n.

Moreover, there exists Aport, with (n — €)-dimensional linear controllable subsystem,
which is state space equivalent to T.

Now we consider the problem of transforming a nonlinear system to a partially linear
one via feedback. This problem has been studied and solved in the scalar-input case
in [KIR] and in the multi-input case in [M] and [R3]. Recall that for a smooth
distribution D we denote by D its involutive closure it is the smallest distribution
containing D and closed under the Lie bracket.

Theorem 3.18 Consider a scalar input system 3.

(i) If ¥ is locally feedback equivalent at xo to a partially linear Ape with p-
dimensional linear controllable subsystem then Y. satisfies the following con-
ditions
(PC1) dim D*~}(z) < n in a neighborhood of y,

(PC2) g(xo), - ..,ad’f’_l(xg) are independent,
(PC3) adf'g(x) ¢ D~ (g).

(i) Assume that there exists p such that dim D?~1(z)=const. and that (PC1), (PC2), (PC3)
are satisfied. Then X is locally feedback equivalent to a partially linear system
Apart with p-dimensional linear controllable subsystem. Moreover, the largest p
satisfying the above conditions gives the largest dimension of linear subsystem
among all possible partial linearizations.
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Example 3.19 Consider a symmetric rigid body (two inertia momenta are equal)
with one pair of jets

Wi =  awaws + eju
We = —awiws + ext
053 = e3uU.

Compute g = (e1, e2,€3)7 , adsg = a(esws+esws, —e;ws—eswi, 0)T and [g, adsg] =
2aes(es, —e1,0) € D? = span{g, ad;g} if and only if e; = ey = 0, i.e., the symmetric
spacecraft is controlled in a symmetric way: the angular momentum of the jet is
parallel to the third principal axis. In all remaining cases the system is not lineariz-
able (D? is not involutive) but it contains a 2-dimensional linear subsystem for an
open and dense set of initial conditions. O

4 Observability

In this chapter we consider briefly the concept of nonlinear observability. We start
with geometric approach to the observability problem and in Section 4.1 we state
a sufficient condition, called observability rank condition, based on successive Lie
derivatives of the output along the dynamics. In Section 4.2 we discuss (local)
decompositions into observable and completely unobservable parts which generalize
the classical Kalman decomposition. Then in Section 4.3 we consider the problem
of uniform observability, which means that we can observe the system for any input.
In Section 4.4 we give a necessary and sufficient condition for local observability.
Finally, in Section 4.5 we discuss generic properties: we give normal forms for generic
systems and recall results concerning genericity of observability.

4.1 Nonlinear observability

Consider the class of nonlinear systems with outputs (measurements) of the form

. T = f(a:,u),
o y = h(z),

wherez € X,u e U,y €Y. Here X, U, and Y are open subsets of R*, R™, and R?,
respectively (or differentiable manifolds of dimensions n, m, and p, respectively).
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The map h : X — Y represents the vector of p measurements (observations), where
h; € C®(X), for 1 <4 <p, and h = (hy,..., h,)*. Throughout this section, ¥ will
denote the above described nonlinear system with output.

The class of admissible controls I/ is fixed and PC C U C M, where PC de-
notes the class of piece-wise constant controls with values in U and M the class of
measurable controls with values in U.

For the system X we define the response map, called also input-output map,

Ry : X xU—),

which to any initial condition ¢ € X and any admissible control u(+) € U attaches
the output of the system

yq,u(t) = y(ta q, u()) = h(l’(t, q, U())),

where z(t, g, u) denotes the solution of & = f(z,u), for u(-) € U passing through ¢,
that is z(0,q,u) = ¢. The control u(-) being defined on an interval I, C R, such
that 0 € I, we consider the output y(-) on the maximal interval I, C I, C R on
which it exists. o

Roughly speaking, the problem of observability is that of the injectivity, with
respect to the initial condition, of the response map.

We say that two states g1, g, € X are indistinguishable, and we write g;1qs, if

Yar,u(t) = Ygo(2)

for any u(-) € U and any ¢ for which both sides exist.

Definition 4.1 We call the system ¥ observable if for any two states ¢;,q, € X we
have

gl = qa=q¢

that is, if there exists an admissible control u(-) € U and a time ¢ > 0 such that

Yau ,u(t) 76 yQ2,U(t) .

meaning that the states q; and ¢, are distinguishable.

Definition 4.2 ¥ is called locally observable at-q € X if there is a neighborhood V'
of ¢ such that for any ¢ € V, the states ¢ and ¢ are distinguishable.
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Given a system ¥ and an open set V C X, by the restriction ¥;r we will mean
a control system with the state space V, defined by the restrictions of f and A to
V x U and V, respectively.

Definition 4.3 ¥ is called strongly locally observable at a point ¢ € X if there
exists a neighborhood V' of g such that the restricted system Xy is observable.

We would like to emphasize some features of the introduced concepts of observ-
ability. Strong local observability is a local concept in two aspects. Firstly, strong
local observability means that, in general, we are able to distinguish neighboring
points only. Secondly, we are able to do so considering trajectories which stay close
to the initial condition. Of course, observability implies strong local observability
at any point (we can take V = X)), which, in turn, implies local observability at any
point (for each point we take the neighborhood V" existing due to the strong local
observability). In general, the reversed implications do not hold, see Examples 4.6
and 4.7 below. o

Example 4.4 Consider a mechanical system evolving according to Newton’s law

il"—‘.’lﬁz

Ii?gzu,

where z; denotes the position, x5 the velocity, and u is the control force. We observe
the position

Yy =1x.

This system is clearly observable. Indeed, let y,,(t) and §;,(t) be the outputs of
the system initialized, respectively, at ¢ = (xl_o,x’zo)T and at § = (%1,%2)7 and
governed by a control u(-). Assume that y,,(t) = §;.(t) for any ¢. Then comparing
at t = 0 both sides of the above equality as well as derivatives at ¢t = 0 of both sides,
we get 219 = T19 and x99 = T99, Which proves the observability.

Now assume that, for the same control system, we observe the velocity

Y = Ta.

The system is not observable. Indeed, the initial conditions ¢ = (z1q,%2)7 and

qg = (ilo,iQO)T, such that x19 # %19 but x99 = Z9p, produce the same output

26



y(t) = fot u(s)ds+ze. Mechanically, this is obvious: we cannot estimate the position
if we observe the velocity only. O

Example 4.5 Consider the linear oscillator (linear pendulum) given by

j?lzil;'g

Ty = —Iy,

where z; denotes the position and z, the velocity. Assume that we observe the
position

Yy =x.

Then the system is observable and, given the output function y(-), we can deduce
the initial condition (19, Z2)7 by taking the output and its first derivative with
respect to time at ¢t = 0.

Now assume that we observe the velocity

Y = Ta.

This system is also observable and once again we can deduce the initial condition
by looking at the values at ¢ = 0 of the output and its first time derivative. The
reason for which observing the velocity renders the system observable is that the
evolution of the velocity x2 depends on the position x,, which is not the case of the
system of Example 4.4. O

Example 4.6 Consider the unicycle

1 = wujcosé, o= I
Ty = wuysind, Yo = o
0 =  Ug,

where (z1,72)7 € Rx R is the position of the center of the mass of the unicycle and
9 € S! is the angle between the horizontal and the axis of the unicycle. We observe
the position of the center of the mass.

The unicycle is observable. To see it, consider the outputs y,.,(t) and . (¢)
of the system controlled by u(t) = (uyi(t),us(t))T, such that u;(t) = 1, passing
for t = 0 by ¢ = (210, Z20,0)T and § = (F10, F20,00)7, respectively. Assume that
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Ygu(t) = Y5u(t). Thus z19 = T10, Too = F20, and moreover sin f(f) = sin f(t) and
cos0(t) = cos 6(t). Hence we conclude that 6, = 6y, where 6y, 6, € S*.

Now consider the unicycle, with the same observations y1 = 11 and yo = 29,
~ evolving on R3, that is, we consider # € R. We will show that the system is not
observable. In fact, we will show that the outputs y,,(t) and §;,(t) of the system
coincide for ¢ = (z19, T2, 60)T and § = (%10, 20, 0~0)T such that 6y = 6y + 2kw. We
have 8(t) = [; us(s)ds + 0 and 8(t) = [ us(s)ds + 0 and hence 6(t) = 6(t) + 2k
Thus sin §(t) = sin §(t) and cos 6(t) = cos 6(t) implying that y, ., (t) = 4. (t), for any
control u(-) € U and the initial conditions as above. In other words, the points ¢ =
(210, T20,00)T and § = (&19, F20, 00)7 such that fy = 6 + 2k7 are indistinguishable.
Of course, the system is strongly locally observable at any ¢ € R?. O

Example 4.7 Consider the system

where z € R and y € R . The system is not observable because the initial condi-
tions 2o and —xg give the same output trajectories.  This system is strongly locally
observable at any zo # 0. Notice that it is locally observable at any point, in par-
ticular at 0 € R?, although in any neighborhood of 0 there are indistinguishable
states. This shows that local observability is indeed a weaker property than strong
local observability. O

We will give now a sufficient condition for strong local observability. To this end,
we will introduce the following concepts.

Definition 4.8 The observation space of ¥ is defined as
H =spang{Ly, -~ L, b | 1<i<p, k>0, u,...,ux € U},

where f,, () = f(-,u;) and Ly stands for the Lie derivative of a smooth function ¢
with respect to a smooth vector field g, i.e.,

Lyp(x) = do(z) - g(x).
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Observe that H is the smallest linear subspace of C*°(X) containing the obser-
vations h,, ..., h, and closed with respect to Lie differentiation by all elements of
F ={f(,u),u € U}, i.e., all vector fields corresponding to constant controls. Using
functions from H we define the following codistribution

H =span {dp : ¢ € H}

Notice that, in general, H is not of constant rank.
In the case of control affine systems of the form

F(o,) + S0, gi()us,

Yaff o
¢ h(z),

we have
# = span {dngk~-~LgJ.1h,~ L 1<i<p, ogjlgm},

where go = f.
The following result of Hermann and Krener [HK] gives a fundamental criterion
for nonlinear observability.

Theorem 4.9 Assume that the system ¥ satisfies
dim H(q) = n. (4.1)
Then ¥ is strongly locally observable at q.

The condition (4.1) will be called observability rank condition. It can be consid-
ered as a counterpart of the accessibility and strong accessibility rank conditions,
although the duality is not perfect, as we will see in the sequel.

Example 4.10 The converse of Theorem 4.9 does not hold (even in the analytic
case) as the following simple example shows. Consider

=0, y=1z°,

where z € R, y € R Of course, the system is strongly locally observable at any
z € R (even observable on R) but it does not satisfy the rank condition at 0 € R,
since we have H = span { z2dx }. This shows also that the rank of # need not be
constant. This is to be compared with the accessibility rank condition, which, in
the analytic case, is necessary and sufficient for the accessibility. O
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Example 4.11 Consider a linear control system with outputs of the form

¥ = Ax+ Bu,
y = C=z,

A

where £ € R*, u € R™, y € RP. We have f = Ax, g = b;, for 1 < k < m, and
h; = Ciz, for 1 < i < p, where C; denotes the i-the row of the matrix C. We
calculate

Lih = CiAz and Ly, Lk = CiA%b.

Thus dim #(gq) = rank O, where O is the Kalman observability matrix

C
CA
0=
cA™1
Therefore a linear system satisfies the observability rank condition if and only if it
satisfies Kalman observability condition rank O = n. In this case, as it follows from
Theorem 4.9, the system is strongly locally observable. Moreover, we know from

the linear control theory, see e.g. [Ka], that the system is observable. Indeed, the
response map R, is given by

t
y(t) = Cxz(t) = Cet'xg +/ Ce*=*) Bu(s)ds,
0

associating to an initial condition xy the output trajectory, is affine with respect to
the initial condition zy and thus local injectivity implies global injectivity. Notice
that observability properties of a linear system do not depend on the chosen control;
indeed, they depend only on the injectivity of the map

zo — Cetz,.

In the next Example 4.12 we will show that this no longer true in the nonlinear
case. o 0

Example 4.12 The aim of this example is to show that, contrary to the linear
case, controls play an important role in the nonlinear observability. In general, there
may exist controls which do not distinguish points nevertheless the system can be
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observable if other controls distinguish. To illustrate that phenomenon, consider the
bilinear system

1 = Te—Tu, Y=1I)
Siig = 0,

where (z1, z,)T € R2. This system is observable, because if we put u(t) = 0 we get
an observable linear system. Notice, however, that the control u(t) = 1 does not
distinguish zy and zy such that z19 = 219 and x99 # Z29. Of course, we can deduce
strong local observability at any point from the rank condition. Indeed, we have
h=x, f= xga%l, and Lsh = 5. Hence H = span {dx, dxs}. O
Example 4.13 Consider the unicycle, see Example, 4.6, for which we observe y; =
z1 and Y2 = x3. We have hy = x1, hy = 22, g1 = cos&a%1 + sinﬁéz—z, and g, = %.
Hence Lg hy = cosf and L, hy = sinf. Thus H = span {dz;, dz,,dsin 6, d cos 0}
implying that dim #(q) = 3, for any ¢ € R? x S!. Therefore the unicycle satisfies

the observability rank condition at any point of its configuration space. O

4.2 Local decompositions

Let us start with linear systems of the form

= Az + Bu,
y = Cz,

A

where z € R*, u € R™, y € R?. Denote by W, the kernel of the linear map defined
by the Kalman observability matrix O (see Example 4.11). If A is not observable
then we can find new coordinates (x!,z?), with 2! and z? being possibly vectors
and dim z! = k, where dim W = n — k, such that z € W if and only if z = (0, z?).

Then A reads

= Alz'+ + Blu, y=Clat,
i = A%l 4 A%22 4+ By,

where the pair (C!, A!) is observable.
As a consequence, any two initial states whose difference is not in W are dis-
tinguishable from each other, in particular, by means of the output produced by
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the zero input. Contrary, if their difference is in W then they indistinguishable.
The factor system Ay, where I is the indistinguishability equivalence relation, is
observable and is given by

A' ¢ it = A's! + Blu, y = C'2l.

Geometrically, A! is obtained by factoring the system through the subspace W and
the factor system is well defined since W is invariant under A. A natural question
is whether we can proceed similarly for the nonlinear system X7

Theorem 4.14 Consider the nonlinear system ¥. Assume that the distribution H
s of constant rank equal to k locally around q. Then we have.
(i) The codistribution H is integrable and there exist local coordinates (xt,z*)T
defined in a neighborhood V of q, with z*, z* posszbly being vectors, such that
H = span {dzi,...,zi}.
(i) In the local coordinates (z',z2)T, the system T takes the form

it o= fla'u), y = h'(z"),
2 = fi(a!, 2% u).

(iii) Two pints q,q € V are indistinguishable for Xy if and only if § € S,;. where S,
is the integral leaf, passing through q, of the codistribution H restricted to V.
(iv) In 'V, factoring the systemthroygh the foliation of the integrable codistribution
H produces the strongly observable system X' which, in (', )T - coordinates,
s given by
ot = fYat,u), y=hl(al).

This result says that locally and under the constant rank assumption, the leaves
of the foliation of the integrable codistribution # consist of indistinguishable points
and that, on the other hand, we can distinguish the leaves.

From Theorem 4.14 we immediately get the two following corollaries.

Corollary 4.15 If H is of constant rank in a neighborhood of q then the following
conditions are equivalent.

(i) X s locally observable at q.

(ii) X is strongly locally observable at q.
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(iii) dim H(q) = n.

Corollary 4.16 If X is locally observable at any point of X then dim H(q) = n for
g € X', an open and dense subset of X.

An important case when the observability rank is constant is given by the following.

Proposition 4.17 Assume that tan analytic control system ¥ satisfies the acces-
sthility Lie rank condition everywhere on X. Then H is of constant rank on X.
In particular, the system is locally observable at q (or, equivalently, strongly locally
observable at q) if and only if dim H(q) = n.

To illustrate results of this section we consider the following example.

Example 4.18 Consider the unicycle, see Example 4.6, for which we measure the
angle 0 only, that is h = 6. We have Ly, h = Ly,h = 0. Thus H = span {df} defines
the foliation

{6 = const.}

whose leaves consist of indistinguishable points. Indeed, if 6y = 0, then the points
q = (210, Z20,00)T and § = (%10, Ta0, 0p)T are indistinguishable. The obvious reason
for that is that the evolution of the observed variable y(t) = 6(¢) is independent of
that of x;(¢) and z2(¢). O

4.3 Uniform observability

In Example 4.12 we pointed out that for observable nonlinear systems there may
exist controls that render the system unobservable. In this section we describe a
class of systems, for which all controls distinguish points.

Definition 4.19 The system ¥ is called wuniformly observable, with respect to the
inputs, if for any two states ¢1,¢2 € X, such that ¢; # ¢», and any control u(-) € U

Yar,u(t) Z Ygou(t)-

Y is uniformly locally observable at qq, if there exists a neighborhood V' of ¢q, such
that ¥ restricted to V is uniformly observable.
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Example 4.20 Example 4.12 illustrates the existence of nonlinear systems that are
not uniformly observable. Another example is the unicycle, see Example 4.6, for
which we observe y; = 2 and y, = 5. The system is observable, nevertheless, for
the control u;(t) = 0, any two points ¢ = (19, 20, 00)T and § = (%10, #20, 60)T, such
that 19 = 19 and x99 = 9 are indistinguishable. O

Of course, linear observable systems are uniformly observable. We will describe
now a class of nonlinear uniformly observable systems. Consider a single-input
single-output control affine system of the form

by : B
aff - h(.’I;),
where z € X, u € R, y € R and f, g are smooth vector fields on X.
The following result is due to Gauthier and Bornard [GB|.

Theorem 4.21 For the system X,55 we have:
(i) If Zaps is uniformly locally observable at any q € X, then around any point
of on an open and dense submanifold X' of X there exist local coordinates

(z1,...,%n)T in which the system admits the following normal form
T, = T + ug(z1), Y=
Te = x3 + ugs(x1,72)
(UO)
Tpnel = Xp + ugn-1(x1,. .., Tn_1)
Tn = falz,...,z0) + ugn(z1,..., %)

(i) If Lafs admits, locally at g, the form (UO) then it is uniformly locally observ-
able at q.

(iii) A necessary and sufficient condition for E.5s to admit locally at q the normal
form (UO) is that dim span {dh, ... ,dL’}_lh}(q) = n and that in a neighbor-
hood of q

[Dj,9] € Dj ,

for any 1 < j <n, where D; = ker {dh, ... ,dLi}“lh,},
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4.4 Local observability: a necessary and sufficient condition

Recall that the Hermann-Krener observability rank condition gives only a sufficient
condition for (strong) local observability (compare Example 4.10). Following Bar-
tosiewicz [B] we will provide in this section a necessary and sufficient condition for
local observability.

Consider a nonlinear system X~ and assume that it is analytic, that is, X is an
analytic manifold, the vector fields f, are analytic and h is an analytic map.

We start with the following simple observation.

Proposition 4.22 The points g1 and qo are indistinguishable if and only if for any
@ € H we have ¢(q1) = ¢(qa).

Introduce now the observation algebra of ¥. It is the smallest subalgebra over R
of C¥(X), the algebra of analytic functions on X, which contains A; and is closed
under Lie derivatives with respect to f,, u € U. We denote it by H4. Observe that
H 4 consists of all elements of H and of all constant functions.

For z € X, by O, we denote the algebra over R of germs of analytic functions
at z. Denote by m, the unique maximal ideal of O,. It consists of all germs that
vanish at z. For x € X we define I, to be the ideal in O, generated by germs of
those functions from H,4 which vanish at z. Of course, I, C m,. The real radical of
an ideal [ in a commutative ring R is

Vi={aeR|a® +b*+ .0} € Iforsomem >0, k>0, by,...,b € R}.
Clearly, the real radical is an ideal.
Theorem 4.23 The system X is locally observable at x if and only if

VI =mg.

Example 4.24 We can easily see that for the system # = 0 , y = z*® (compare
Example 4.10), which is clearly locally observable at any x € R, we have ¥/T, = m,
for any z € R, in particular, for x = 0. O
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4.5 Generic observability properties

In this section we discuss the problem of what observability properties are shared by
generic control systems. We consider Whitney topology for smooth systems (in the
case of compact state space it is just the topology of uniform convergence together
with derivatives). We start by presenting results of Jakubczyk and Tchon [JT] who
classified uncontrolled observed dynamics of the form

¥y = ),

where £ € X and y € R, f is a smooth vector field and h is a smooth R-valued
function. Let = denote the family of all systems ¥ of the above form equipped with
the Whitney topology.

Theorem 4.25 There exists an open and dense subset =g C = such that any X € Ey
18 locally equivalent at any ¢ € X to one of the following normal forms.
(i) If f(q) # 0 then ¥ is equivalent to

h(z) = x{“ + 1323771‘_1 + ot 2w+ (. »Tn ) (4.2)
0
flx)y = filzy,...,z0)

oz’
where 0 < r < n, and fi; and n are C*®-functions of the indicated arguments

such that f1(0) > 0.
(i1) If f(q) = 0 then X is locally equivalent to

+fn(x1,...,xn)a7, (4.5)

0
a51"71,—1
where ¢ s a constant and f, is a C*®-function such that f,(0) = 0.

In the item (i) above, if 7 = 1 we can always take h = z% + 7 while for r = 0 we
take h=1z; +¢
Observe that in the case (i), for the “time-rescaled” system §% = 55 f (), where
dr = fi1(z(t))dt, we have z;(7)=constant, for 2 < ¢ < n, and thus in the new time
scale
y(7) = h(z(1)) =7+ 2pr" M+ -z +
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where o = ¢, ..., %, = ¢, and c are constants. It follows that, firstly, responses are
polynomial with respect to the new time 7, with at most r different local extreme
points. Secondly, there are always initial conditions, close to ¢, producing y(7) with
r different local extrema.

For systems which are not generic but satisfy the observability rank condition,
an analogous normal form can be established.

Theorem 4.26 If ¥ satisfies the observability rank condition at q then it is locally
equivalent either to the form (4.4)-(4.5) if f(q) = 0 or, otherwise, to one of the
following normal forms

hz) = =it + ¢z 4+ iz + do + o, (4.6)
f@) = fi(@1,...,7) 0 (4.7)

oz’
where v > 0, and ¢;, are C*®-functions of x,,. .:.,xn, for 0 < i < r—1, satisfying
#:(0) =0, and f, is a C™-function such that f; > 0.

If r = 1 we can always take h = z2 + ¢, while for r = 0 we take h = z; + c.

We end up this chapter by stating some results of Gauthier and Kupka devoted
to the genericity of uniform observability. Consider an observed smooth control
system of the form

9 . T = f(.’L',U)
' = u

where z € X, ue U,andy €Y.
Recall that for the system ¥ we define the response map, called also input-output
map
Ry : X xU-— ),

which to any initial condition zo € X and any admissible control u(-) € cU attaches
the output of the system

y(t, 20, () = Ala(t, 0, ()

The control u(-) being defined on an interval 0 € I, C R, we consider the output
y(-) on the maximal interval I, C I, C R on which it exists.
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Throughout this section, we will assume that the state space X is a compact
manifold and U = J™, where J is some compact interval of R. We denote by =
the class of such systems equipped with the topology of C* uniform convergence
on X x I™.

For any C*-function w(t) of time we will denote @w*(¢) = (w(t), w'(t),...,w®(t)).
For the system ¥, for any integer k and for a C*-differentiable input u(t), we define
the k-prolongation of the response map as

R (w0, @(1)) = (y(®), ¥’ (1), - ... y® (1) = 7°(0),

that is, as the vector formed by the output and its k first derivatives with respect
to time .

For an open subset W of R? (or a differential manifold), and for a C*-differentiable
function w of I C R into W, such that 0 € I, we denote by j*w the k-jet at 0 € R
of w. We will denote by J*W the space of k-jets at 0 € R of maps from I into W.
Now we consider the k-jet

¥Ry : X x J*U — JFY

of the map Ry defined by
ijE("EO,jku) = jky)
where j*¥y = *(0) and §*(t) = RE(zo,%"*(t)) and u is any C*-control such j*u =
a*(0).
The following fundamental result has been proved by Gauthier and Kupka [GK1],
[GK2].

Theorem 4.27 Assume p > m, that is, the number of outputs is greater than that
of inputs. Fiz a sufficiently large positive integer k.
(i) The set of systems ¥ such that *Rg (-, j*u) is an immersion of X into RP(:+1)
for all j*u € J*U, contains an open dense subset of =.
(ii) The set of systems ¥ such that j*Rs(-, 7*u) is an embedding of X into RP(:+1)
for all j*u € J*U, is a residual subset of =.
(iii) For any compact subset C of J*U, the set of systems such that j*RE(-, j*u) is
an embedding, for all j*u € C, is open dense in Z.
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The above result implies that, in the case p > m, the set of systems that are
observable for all C* inputs is residual, that is, it is a countable intersection of open
dense sets. If a bound on the derivatives of the controls is given a-priori, that is
| u®(t) |< M, for some constant M and any 0 < i < k, then this set is open dense.
If the number of outputs is not greater than that of controls all statements of the
above theorem are false.

5 Decoupling

In this Section we show how static feedback allows to transform the dynamics of a
nonlinear system in order to achieve desired decoupling properties. In Section 5.1 we
will introduce a crucial concept of invariant distributions. In Section 5.2 we consider
disturbance decoupling while in Section 5.3 we deal with input-output decoupling.

5.1 Invariant distributions

Consider a smooth nonlinear control system of the form

S & o= gole) + 27, wigi(®) = go(x) + g(z)u,

where € X, u € R™, g = (g1,...,9m) and u = (uy, ..., un)¥. Notice that for
simplicity we denote the drift of the system by f = go
A distribution D is called invariant for ¥ if

[gz,D]CD, ’L=O,,m

If a distribution is not invariant for ¥ it may become invariant under a suitable
feedback modification. A distribution D is called controlled invariant if there exists
an invertible feedback of the form

u = a(z) + f(z)d, p(-) — invertible,

such that D is invariant under the feedback modified dynamics & = go(z)+ e, @ Gi(x),
ie., " D

G, D)]CcD, i=0,...,m,
where

Go = 9o + g0, g=gB.
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Example 5.1 In the case of a linear system of the form
A: ©=Axr+ Bz, zeR', ueR"

a subspace V' C R” is said to be invariant for A if AV C V. We say that V
is controlled invariant (or (A, B)-invariant) if there exists a linear feedback of the
form v = F'z 4+ G4 such that

(A+BF)YV CV.

Observe that in the linear case (A, B)-invariance does not depend on G so one can
take G = Id or G-noninvertible.
One can check by a direct calculation that (A, B)-invariance is equivalent to

AV CV +ImB. (5.1)

We refer to [W] for an extensive treatment of the concept of invariance in the linear
case.

Put G = span{gi,...,gm}. In the nonlinear case, controlled invariance of a
distribution D implies the following property of local controlled invariance (com-
pare (5.1))

95D CD+G, i=0,...,m.

For involutive distributions the converse holds locally under regularity assumptions
(see [H], [[KGM], [N]).

Proposition 5.2 Assume that the distributions D, G, and DN G are of constant
rank. If D is involutive and locally controlled invariant then it is controlled invariant,
locally at any point x € X.

5.2 Disturbance decoupling

In this Section we apply the concept of controlled invariant distributions to solve the
nonlinear disturbance decoupling problem. Consider the following nonlinear system
with output affected by disturbances d = (dy,...,d;)T (which are assumed to be
bounded measurable R¥-valued functions of time)
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= go(@) + L, wigi(e) + X0z, didi(@) = go(2) + g(@)u + g(x)d

Eisl
dist hx),

where z € X, u € R™, y € RP, and d € R*. All data are smooth, i.e., f,g1,...,9m €
Ve(X), h; € C®(X) , where h = (hy,...,hy)T, and qi1,...,q € V®(X). We
denote ¢ = (q1, ..., qx) and call them disturbance vector fields.

We say that the disturbance decoupling problem, shortly DDP, is solvable, if there
exists an invertible feedback of the form v = a(z) + S(z)@ such that the output
y(t) = h(z(t)) of the feedback modified system

m k

& = go(z) + Zﬂzgz(x) + Z diqi()

i=1

does not depend on the disturbances d(t). By the latter we mean that

y(t, ¢ u(), d(-) = y(t, g, u(-), d()),

for any initial condition ¢ € X, any control u(-) € U, and any disturbances d(-) and
d(-).

Put Q = span{q,...,q}. The following result has been proved by Isidori et
al [IKGM].

Theorem 5.3 If DDP is solvable then there exists an involutive controlled invariant
distribution V such that
Q CV Ckerdh.

This result suggests the following approach to DDP. Look for the maximal con-
trolled invariant distribution in ker dh and check whether it contains Q. However,
in general, such a maximal distribution may not exist. Moreover, even if it ex-
ists and contains disturbance vector fields it is not necessarily true that DDP is
solvable. On the other hand there always exists V*, the maximal locally controlled
invariant distribution in ker h, which leads to the following solution of DDP (see [H]
and [IKGM]). -
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Theorem 5.4 Assume that the distributions V*, V*NG, and G are of constant rank.
If
ocyy,

then DDP 1is solvable, locally, around any point of X.

The structure of the decoupled system can be described as follows. Let (a, 8) be
an invertible feedback which locally renders the distribution V* invariant (it always
exists under the regularity assumptions of Theorem 5.4, see Proposition 5.2 ). Let
z = (z',2?) be local coordinates, with z', 22 being possibly vectors, such that
V* = span{ ;2 }. Then the feedback modified system reads as

# = g+
Saist 2 = gzl 2% + @ (2, 2H)a + ¢?(zt, x%)d
ht(z') ,

where f = f+ga and § = gf. Now it is clear, compare Section 4.2, that the output
y(t) of the system does not depend on d(t) since the latter affects the z2-part of the
system only which, in turn, is not observed by the output y.

Example 5.5 Consider the linear system with disturbances

t = Az + Bz + Ed

Adist : - Oz
- ;

where z € R*, uw € R™, y € R?, d € R*, and d denotes the disturbances. DDP
is solvable if and only if im E C V*, where V* is the largest controlled invariant
subspace in ker C' (compare [W]). O

Example 5.6 Consider a particle of unit mass moving on the surface of a cylinder
according to a potential force given by the potential function V' (see [NS])

@i = N g2 = p2
po= —%(ql,q2)+u P2 = —%(Q1>Q2)+d,

where (q1, g3, p1,p2) € T(S! x R). Let the output be given as y = ;. We can see

that V* = span{aiqz, %} . Moreover, the disturbance vector field 52; € V* and

hence DDP is solvable by the feedback u = ngl(ql, ¢2) + 4. O

42



5.3 Input-output decoupling

Consider a smooth nonlinear control affine system with outputs of the form

g, &= fl@)+ 2L uigi(z)
y = h(z),

where z € X, u € R™, and y € RP.

We say that the input-output decoupling problem (called also the noninteracting
problem) is solvable for ¥ if there exists an invertible feedback of the form u =
o(z) + B(z)@ such that the feedback modified system & = f(z) + 21, @;§;(x) with
y = h(z), where f = f +ga, §= gp, satisfies

vy =a;, i=1,...,p (5.2)
for suitable nonnegative integers k;. Observe that we assume that the input-output
map of the modified system is linear. Therefore there is no loose of generality in
assuming the form (5.2) because if the transfer matrix of the input-output response
is diagonal (which is the usual definition of noninteracting) we can always achieve
(5.2) by applying suitable linear feedback.

Fix an initial condition z; € X. For each output channel we define its rela-
tive degree (characteristic number) p; to be the smallest integer such that for any
neighborhood V,, of z¢ .

Lo, L5 hi(z) # 0

for some 1 < 57 < m and for some z € V,,. By L’}h we will mean the vector of p
smooth functions whose i-entry is L' h;.
Define the (p x m) decoupling matrix D(z), denoted also by By L,L%h whose
(1, 7)-entry is
Lg, L5 hy(z).

Theorem 5.7 Consider a control affine system X.
(i) The system X is input-output decouplable at xy via an invertible feedback of
the form u = a(z) + B(z)d if and only if

rank D(xo) = p.

43



(ii) Moreover, for he square system, i.e., m = p, the feedback
u=—(LgL5 ' h) T Lo + (Lo L5 h) . (DF)
yields ygk") = U;, where k;=p; ,i=1,...,p.

Remark 5.8 Inverting the formula (DF) we get the following expression for the
new controls m
’&'i = L?hz + ZngLl}i_lhin.

j=1

Example 5.9 Consider the following rigid two-link robot manipulator double pen-
dulum (see [NS], compare also Example 3.7)

.'tl — IL'2

i = —-M(z")Y(C(z!, 2%) + k(zY) + M(z') ",

where 2! = 0 = (6,0,)T , 2® = 6 = (61,05)T , u = (uy,u3)T, The term k(6)
represents the gravitational force and the term C(8, 9) reflects the centripetal and
Coriolis forces, and the positive definite symmetric matrix M (z?!) is given by

mll% + mzl% + mﬂg + 2mglyly cos b, mgl% + mpolyls cos 0,
mal2 + malyly cos 6, mol32 '

As the outputs we take the cartesian coordinates of the endpoint

Yy = hl (01, 92) = ll sin 01 -+ lz sin(91 + 02)
Yo = ho(01,02) = Ilycost + lycos(fy + 02).

By a direct computation we get p; = p» = 2 and rank D(z) = 2 if and only if
l1lysin B3 # 0. Thus the system is input-output decouplable if 6, # k7 ( a physical
interpretation of the points which we have to exclude is clear). O

Example 5.10 Consider the unicycle (comparé Examples 3.11 and 4.6) and assume
that we observe the z,-cartesian coordinate and the angle ¢

i‘l = U cos @ Y1 = T1
Iy = wuysiné
0 = U9 Yo = 0.
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The control uy has a direct impact on the second component y, of the output
as well as, trough cosf, on the first component. Thus the system is not input-
output decoupled but it can be decoupled via a static feedback. We obviously have
p1 = p2 = 1 and the decoupling matrix is

D:(0089 0>‘
0 1

Therefore the system is input-output decouplable at all points such that 6 # 7+ k.
W]

Example 5.11 Consider the same dynamics of the unicycle and suppose that this
time we observe z; and x5

Ifl = U3 COS 0 m = 1
2?2 = wusin® oy, = Ty
0 = Ua.

Obviously, we have p; = ps = 1 but this time the decoupling matrix

D— c?s 6 0
sinf 0
is of rank one everywhere and thus the system is not I-O decouplable. O

If the system is I-O decouplable then it is straightforward to calculate V*, the
maximal locally controlled invariant distribution in ker dh (compare Section 5.2 and,
consequently, solve the DDP problem.

Theorem 5.12 Consider the system Sgs. Assume that the undisturbed system,
i.e., whend; =0, 1 =1,...,k, s input-output decouplable. Then
(i) V=P, where P = span{dL’}h,-, i=1,...,p, j=0,...,p — 1}
(ii) If, moreover, @ C P+ then the DDP problem is solvable and the feedback (DF)
stmultaneously decouples the disturbances and renders the system input-output
decoupled and input-output linear.

Example 5.13 To illustrate this result let us consider the following model of the
unicycle. We suppose that the dynamics is affected by a disturbing rotation (of un
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unknown varying strength d(¢)) and that we measure the angle and the square of
the distance from the origin:

T; = uycosf+zed Yy = T2+ T2
jIg = U sinf — ZEld
é = U9 Y2 = 6.

The decoupling matrix is

D— ( 2z cos O + 2z9sinl 0 )
B 0 1

and is of rank two at any point away from N = {(z1, %2, 8) | 21 cos§ + zysinf = 0}.
Notice that N consists of points where the direction of the unicycle is colinear
with the ray from the origin passing through the center of the unicycle. At points
of (R? x S') \ N, the system is input-output decouplable and, moreover, P =
span {dz; + dz,,df}. Obviously, ¢ = z25%- — 152 is annihilated by P and thus
the feedback u; = (2z; cos @ + 2z, sin #)~'4; and uy = @y decouples the disturbances
from the output yielding an I-O decoupled and I-O-linear system expressed, in

(%1, To, 8)-coordinates, where Z; = 2?2 + z3, by ©; = Uy and %5 = ay. O
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