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A study of two novel self-exciting single-disk
homopolar dynamos: theory

BY RayMonD HIDE', ANNE C. SKELDON?T AND DAVID J. ACHESONS

' Department of Physics (Atmospheric, Oceanic and Planetary Physics).
Ozford University, Clarendon Laboratory, Parks Road. Ozford OX1 IPU, UK
?Department of Theoretical Mechanics. Untversity of Nottingham,
Unwversity Park, Nottingham NG7 2RD, UK
% Jesus College, Ozford OX1 3DW, UK

We investigate the novel set of nonlinear ordinary differential equations
T=xz(y—-1)-PBz, yg=a(l-z?)—ky and 2= r—Az, where & =dz/dr, etc.

They govern the behaviour of two (mathematically equivalent) self-exciting homopo-
lar dynamo systems, each comprising a Faraday disk and coil arrangement, the first
with a capacitor and the second with a motor connected in series with the coil,
where in each case the applied couple G that drives the disk (of moment of inertia
A) into rotation with angular speed §2(t) is assumed steady. The independent vari-
able T denotes time ¢ measured in units of L/Rs, where L is the self-inductance
of the system and R the total series resistance. The dependent variable =(7) is the
electric current I(t) generated in the system measured in units of (G/M)Y/? A, where
2w M is the mutual inductance between the disk and coil, and y(7) corresponds to
{2(t) measured in units /M rad s~!. In the case of the series capacitor {of capac-
itance C), the third independent variable z(7) is the charge () on the capacitor
measured in units (G/M)Y2(L/R) C; in the case of the series motor, z(7) is the
angular speed w(t) with which the armature of the motor is driven into rotation
by the torque HI(t) due to the current I(¢) passing through it, measured in units
(L/R)(M/G)'*(H/B) rad s™!, where B is the moment of inertia of the armature.
Common to both systems are the dimensionless parameters o = GLM/R?A and
& = KL/RA, where K is the coefficient of (linear) mechanical friction in the disk.
In the case of the capacitor, 3 = L/CR? and \ = L/RrC where r is the leakage
resistance of the capacitor; in the case of the motor, 3 = H2L/R?>B and A\ = DL /RB
where D is the coefficient of (linear) mechanical friction in the motor.

The behaviour of the system, including its sensitivity to initial conditions, depends
on the four parameters (o, 3, &, A), the least interesting case being when the system
fails to function as a self-exciting dynamo capable of amplifying a small adventitious
electric current because a/x is not large enough for motional induction to overcome
ohmic dissipation. Otherwise, i.e. where a/k exceeds a critical value dependent on 3
and A, dynamo action occurs in which the detailed time dependence of the current
z(7) and of the other variables y(r) and z(7) depends critically on the exact values of
(a, B, K, A), and in some cases also on the initial conditions. In the simplest cases, z(T)
tends to solutions which (apart from the sign of z(7), which depends of the sign of the
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initial disturbance) are either independent of 7 or vary harmonically with 7. At other
vatues of (o 3. k. A). multiple solutions are found. some of which are periodic (but
non-hannonic), including square r(r) and saw-tooth y(7) and z(r) waveforms. and
others chaotic. A full elucidation of this behaviour will require extensive numerical
studics over wide ranges of all these parameters, but bifurcation theory applied to
the stability or otherwise of the equilibrium solutions (z, 39, zg) = (0,0/k,0) and
(E[L = (8/@)(1 + B/N)]/2, 1+ B/A,20/)) provides theoretical guidance. It shows in
particular the usefulness of a regime diagram in parameter space of the first quadrant
of the (J, a/x) plane where there is one line a/x = 1+ 3/ where symmetry breaking
hiturcations occur and parts of two lines a/k = 1 + A and

afk = [(28 — kA = X)/2(k — B/)\) +38/2) + 1]

upon which Hopf bifurcations occur, all meeting at the point (3, a/k) = (A2,1 + A)
of the Takens-Bogdanov ‘double-zero eigenvalue’ type, with reflectional symmetry.
The equations governing self-exciting homopolar dynamos can be used as the ba-
sis of nonlinear low-dimensional analogues in the study of the temporal behaviour of
certain phenomena of interest in geophysical fluid dynamics. These include the main
geomagnetic field produced by self-exciting magnetohydrodynamic (MHD) dynamo
action in the Earth’s liquid metallic core and the ‘El Nifio-Southern Oscillation’ of
the Earth’s atmosphere—ocean system (considerations of which prompted the present
study), which has certain characteristics resembling those found in nonlinear relax-
ation oscillators and is produced by complex global-scale interactions between the
atmosphere and oceans. Geophysical implications of the findings of the present study
of simple (but not over-simplified) physically realistic dynamos will be discussed else-
where, in the context of the further computational investigations needed to elucidate
more fully the rich and complex behaviour indicated by the results obtained to date.

1. Introduction

Geophysicists accept that the main magnetic fields of the Earth and other planets
are generated by the self-exciting magnetohydrodynamic (MHD) dynamo mechanism
in the electrically conducting fluid regions of their interiors, as first proposed by
Larmor (for references see, for example, Moffatt 1978; Melchior 1986; Jacobs 1987
91). However, the task of investigating such dynamos in detail by solving the highly
nonlinear MHD equations under appropriate boundary conditions is not yet feasible.
Current theoretical research comprises mathematical studies of systems of varying
degrees of complexity, all of them very much simpler than the prototype.

The most striking property of the geomagnetic field, as revealed by the study of
fossilized field directions in igneous and sedimentary rocks, is that the geomagnetic
dipole has reversed its polarity many times over geological history (for references
see Jacobs 1994). The duration of a reversal event is no more than about 10* years,
which is much shorter than the average interval between reversals, about 10° years.
However, the time series of reversals is highly irregular and exhibits some intervals as
long as 30 x 10° years with no reversals. This irreguiarity may reflect the effects on the
core motions that are produced by changing boundary conditions at the core—mantle
boundary associated inter alia with very slow convection in the mantle (Hide 1967),
but it is possible that it also includes manifestations in core motions of ‘deterministic
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chaos’, now known to be typical of many nonlinear systems operating under fired
boundary conditions (see, for example, Lorenz 1993: Thompson & Stewart 1986).

The investigation of such issues is well beyond the present capability of models
based on the partial differential equations of MHD. so it is necessary to proceed by
studying suitable ‘low-dimensional’ analogues governed by ordinary, albeit nonlin-
ear, differential equations. The first such analogue was proposed by Bullard (1955),
who analysed the behaviour of the simplest imaginable system consisting of a sin-
gle Faraday disk and coil arrangement driven by a constant applied couple G. In
the Bullard dynamo (where mechanical friction is neglected), the direction of the
electric current I(t) generated by the dynamo remains unidirectional and the Sys-
tem exhibits periodic relaxation oscillations with properties that depend critically
on the starting conditions (see equation (B2)). The magnetic field is related to the
current by Ampeére’s law, so the Bullard system gives periodic relaxation oscillations
of the magnetic field, but no reversals of its direction. In subsequent work, it was
shown that by coupling two such Bullard dynamo systems together (Rikitake 1958,
1966; see also Moffatt 1978; Moreau 1990; Turcotte 1993; Jacobs 1994; Marzocchi et
al. 1995; cf. Hide 1993), or by introducing a resistive shunt (Malkus 1972; Robbins
1977; see also Ghil & Childress 1987), it is possible to produce chaotic reversals in the
direction of the current /(¢} generated by the dynamo. These and related electrome-
chanical systems have been studied by mathematicians interested in their nonlinear
behaviour and also by theoretical geophysicists concerned with the interpretation
of the observed time series of geomagnetic polarity reversals (Jacobs 1994; Turcotte
1993).

The present study was started by one of us (R.H.) for reasons in the first instance
unconnected with the geodynamo problem. It was prompted by a remark made by Dr
David L. T. Anderson of Oxford University, when during a seminar he emphasized
that nonlinear systems capable of chaotic multiperiod relaxation oscillations were of
interest to theoretical oceanographers and meteorologists concerned with modelling
the so-called ‘El Nifio-Southern Oscillation’ (ENSO), on interannual time scales, of
the atmosphere—ocean system (see, for example, Philander 1990; Neelin et al. 1994;
Willebrandt & Anderson 1993). Heat storage in the oceans is considered to be im-
portant in the dynamical processes underlying the ENSO, so it was decided out of
curiosity to study the effect on the behaviour of a single-disk dynamo of introducing
a suitable storage element, namely a series capacitor. Multiple oscillations were in-
deed found in this new system (see §4), and when these results were mentioned to Dr
F. J. Lowes of the University of Newcastle-upon-Tyne, he drew attention to a paper
by Paynter (1982) in which it is pointed out that a capacitor can be equivalent to a
motor as a circuit element. So, fortuitously, the investigation turns out to be more
relevant to the geodynamo problem than was originally anticipated, for an electric
motor can be seen as the rough analogue of hydrodynamical eddies driven largely by
Lorentz forces in the core.

2. Two single-disk systems

Figures 1 and 2 illustrate two single-disk dynamo systems and their circuit di-
agrams, one with a capacitor and the other with a motor in series with the coil.
In each system there is an electrically conducting Farada; disk driven into rotation
with angular speed £2(t) (where t denotes time) by a steady couple G. The disk is
surrounded by a stationary coil of inductance L which is connected by brushes (slid-
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Figure 1. (a) Single disk dynamo with a capacitor in series with the coil, and (b) equivalent
circuit diagram (see equations (2.3) and (2.15).

Ing contacts) to the axle and to the rim of the disk. If a magnetic field is present.
then a radial electromotive force (e.m.{.) is produced in the rotating disk, sending an
electric current I(¢) through the stationary elements (coil and capacitor or motor)
vta the brushes.

If @ is the charge on the capacitor then

Q=1-Q/rC, (2.1)

where the dot denotes differentiation with respect to time ¢t and C and r the capac-
itance and leakage resistance of the cagacitor, respectively (see figure 1). If w is the
speed of rotation of the motor, B is the moment of inertia of the armature, HI the
torque on the armature produced by the current I and Dw is the decelerating torque
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Figure 2. (a) Single disk dynamo with a motor in series with the coil, and (b) equivalent circuit
diagram (see equations (2.4) and (2.15).

due to mechanical friction in the motor, then
Bo=HI - Duw. (2.2)

Denote by 2rM the mutual inductance between the coil and the rim of the disk.
Assume that the coil is wound in the sense shown in figure 1, that {2 is positive when
in the same sense as that of the applied couple, and that the magnetic field acting
on the disk is produced by the current I in the system, so that the e.m.f. generated
by the motion of the disk is M 112 (but see MuFatt 1979). This e.m.f is balanced by
the sum of the voltage drops RI, LI, and either Q/C in the case of the capacitor or
Hw in the case of the motor, where R is the total electrical resistance in the system.

Proc. R. Soc. Lond. A (1996)
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Thus,

LI+RI+Q/C = MIS, (2.3)
or

LI +RI+Hw= MIf. (2.4)

A third equation is needed to complete the set governing the three dependent vari-
ables, I(t), £2(t} and either Q(¢) or w(t). This comes from mechanical considerations
of torque balance in the disk (cf. equation (2.2)). If A is the moment of inertia of the
disk and K the coefficient of linear mechanical friction, then )

AR =G - MI* - K. (2.5)

It is instructive to consider the energetics of the two systems. By equation (2.5),
the rate of change of kinetic energy of the disk 3 A82? satisfies

%(%AQZ) =GR - MNRI? - K02, (2.6)

By equations (2.3) and (2.4) the rate of change of the magnetic energy of the coil
5 L1? satisfies

%(%Lli’) =MQI* - RI* - % (2.7)
or
d%-(;-u?) = MRQI* — RI* - H]w. (2.8)

By equation (2.1), the rate of change of the electrostatic energy of the capacitor
3QC satisfies

d [1*\ QI @2
a ( > ?) =T "o
By equation (2.2), the rate of change of the kinetic energy of the armature of the
motor 1 Buw? satisfies

(2.9)

%(%Buﬁ) = Hlw — Dw*. (2.10)

The interactions expressed by equations (2.6)—(2.10) are illustrated in figures 3
and 4, from which it is readily seen that the rate of change of the total energy,
3(LI* + AR + Q2/C) or 3(LI® + AN? 4 Buw?), satisfies

Q

or
.;.d% (LI + A2+ Bw?) =GR ~ RIZ - K0? — Duw?, (2.12)

which do not involve the coupling terms M 212 and QI /C or HIw. These show that
the rate of change of total energy is equal to the rate at which energy is supplied to
the system by the action of the driving couple G, less the rate at which energy is
degraded into heat by ohmic heating and mechanical friction.

Self-exciting dynamo action involves *he amplification through motional induction
of a tiny adventitious electric current in the system until a new state is attained in
which (1, 2, Q or w) are either steady with non-zero values given by equation (3.2) or
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Figure 3. Illustrating energetics of single-disk dynamo with a capacitor in series with the coil
(see equations (2.6), (2.7), (2.9), (2.11) and (2.19)-(2.22)).

fluctuate with time. In that state the rate G2 at which work is done on the system
by the applied couple is instantaneously (in the steady case), or on average over
a suitable interval (in the fluctuating case), balanced by dissipation due to ohmic
heating and mechanical friction (RI?+K 22 plus Q*/rC? or Dw?, see equations (2.11)
and (2.12) and figures 3 and 4). Dynamo action is impossible, however, unless {2
is large enough, notably greater than R/M, for motional induction to overcome
ohmic dissipation. Otherwise, i.e when 2 < R/M, the system settles down to a
steady and stable equilibrium state (I, 2, @ or w) = (0, G/K,0) (see equation (3.1))
characterized by an energy balance between G2 and K £22.

In certain circumstances the dynamo equilibrates in a steady state given by equa-
tion (3.2), where the sign of I and of Q or w depends on the sign of the initial
disturbance, but (I, £2,Q or w) are otherwise independent of the properties of the
initial disturbances. But for a large range of parameter values, that state is itself un-
stable to small disturbances, which are amplificd into fluctuations in (I, £2,Q or w)
of varying degrees of complexity, ranging in character from purely sinusoidal through
non-harmonic but periodic behaviour to highly chaotic. Bifurcation theory (see later)
provides some guidance in the elucidation of the various regimes of dynamo acticn

Proc. R. Soc. Lond. A (1996)
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Figure 4. Tllustrating energetics of single-disk dynamo with a motor in series with the coil (see
equations (2.6), (2.8), (2.10), (2.12) and (2.19)-(2.22)).

in the systems, but the rich behaviour of the systems will only be fully revealed by
extensive computational studies, which lie beyond the scope of the present paper.

It is convenient at this stage to replace the dimensional dependent variables
(I(t), 2(t), Q(t)) or (1(t), 22(t),w(t)) and independent variable # by dimensionless
variables (z(7), y(r), z2(7)) and 7. Thus, we choose

R M\YV? M
= — = | —- = — (. 1
T Lt, T (G) I, y 7 (2 (2.13)
(cf. equations (2.3) and (2.4)) and
R (M\'"* RB (M\'?
= a M =0 (M _ 14
‘ L(G) @ or LH(G) “ (2.14)

In their dimensionless forms, the set of equations (2.1), (2.3) and (2.5) or of equations
(2.2), (2.4) and (2.5) give
z=z(y—1) - Bz,
¥ =a(l—z?) — ky, (2.15)
Z=I— Az,
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where the dot now denotes differentiation with respect to 7. Here

o = GLAS KL 5 16
= LK== 2.
RZA RA (2.16)
ancd
L H*L
g = Rz or 3= 6 (2.17)
L DL
A= = __, o3
e O RE (2.18)
The corresponding energy equations (2.6)-(2.12) give
1d ,
St = ¢ (y —1) — Bzz, (2.19)
1d, o K o
= (1 — -2 )
sadry —v(l—1) =~y (2.20)
d
2522 = Brz — \32%. (2.21)
and
1 d 1
——<2t P+ B =y — 2%~ Ey2 Y (2.22)
2dr « «

The quantity o can be regarded as a dimensionless measure of the magnitude of
the applied couple (G) and x as a measure of the mechanical friction (coefficient
K) in the disk. In the case of the series capacitor #~! and A measure, respectively,
the capacitance (C') and the leakage resistance (r), in suitable units, whereas in the
case of a series motor, 57! and A measure the moment of inertia B of the armature
and the mechanical friction (coefficient D) in the motor. But from this point we can
treat the problem on its mathematical merits, remembering however that although
cases when x and/or A = 0 might be mathematically interesting and even useful,
only those cases with « # 0 and A # 0 are physically realistic (see Appendix B).

Also worthy of note is that the choice we have made for the units in which the
independent variable 7 and dependent variables (z,y, z)}, though physically reason-
able and mathematically convenient, is not unique. The expression of o, 3,k and A
in terms of the intrinsic ‘time constants’ of the system (see Appendix A) provides
insight into the nature of these dimensionless parameters.

‘3. Stability of equilibrium states
Equations (2.15) have a reflection symmetry: they are unchanged if
r— -z, Y—Yy, z— —z.

The full MHD equations have a similar symmetry, since for every solution
(B(r,t),u(u,t)) of the dynamo equations {where B denotes the magnetic field at a
general point P with position r at time ¢ and w is the Eulerian flow velocity at P},
(—B(r,t),u(r,t)) is also a solution (but (—B(r,t), —u(r,t)) is not!). In the simple
dynamo system the current, z(7) i» the non-dimensionalized coordinates, is anal-
ogous to the magnetic field B, and y, the non-dimensionalized angular velocity, is
analogous to u.

Proc. R. Soc. Lond. A (1996)
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Steady solutions to equations (2.15) occur when z = ¥ = z = 0. That is, when
either

r=48, y=a/k z=0, (3.1)

= +4/1 5 1+£ —1+/j z*l:c 3.2
T @ X YT T EERT (3.2)

In the first solution, there is no current flowing in the system (x = 0), and, in
consequence, the motor is stationary or there is no charge on the capacitor (z =
0): the disk rotates at a speed, Y, such that the mechanical friction produces a
decelerating torque sufficient to balance the applied couple.

It is instructive to consider the stability of this solution. A small perturbation to
solution (3.1) is considered, that is z = ex’, y = a/k + ey’ and z = ez’ Substituting
these values of x,y and z into equations (2.15) and neglecting all terms which are
second or higher order in e results in the linear equations

or

T x
v l=Alv |, (3.3)
z' z'
where
(a/k)—1 0 -3
A= 0 - 0
1 0 -A

These equations have a unique solution (see, for example, Perko 1991, p. 17). Fur-
thermore, whether the perturbation (2,9, 2") grows or decays is governed by the
eigenvalues of A, namely

- &, %{%—1—Aiv%%—1+xf-4ﬁ} (3.4)

If all three eigenvalues have negative real part, then the perturbations decay and
the solution is stable. Changes in stability occur when the real part of at least one
of the eigenvalues changes sign. This can occur either by one or more eigenvalues
passing through zero, or by a complex conjugate pair of eigenvalues crossing the
imaginary axis. In the former case a steady bifurcation occurs, while in the latter
there is a Hopf bifurcation. The planes of bifurcation points divide the a, 8, k, A-
parameter space into different regions of behaviour and, for that reason, they can be
particularly useful in classifying the solutions of the set of equations.

For a/k sufficiently small, all the eigenvalues are negative and solution (3.1) is
stable. There is a zero eigenvalue along the curve

B

=241 (3.5)

This is a curve of symmetry-breaking bifurcation points: at this point the pair of
steady solutions (3.2) branch from solution (3.1). The curve of bifurcation points
is shown in figure 5, and is labelled as 5. As A — 0, the slope of this curve in the
(B,a/k) plane becomes greater and greater until, in the limit A = 0, this line is
coincident with the axis, where 8 = 0.

Proc. R. Soc. Lond. A (1996)
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Figure 5. Bifurcation set in the 8 — a/k plane. s is a line of symmetry-breaking bifurcations (see
equation (3.5)). h1 and h are lines of Hopf bifurcation points (see equations (3.6) and (3.9)).
P is a double zero eigenvalue point (a Takens—Bogdanov point with symmetry).

When
af/k=1+2X, and XN <pg (3.6)

there is an imaginary pair of eigenvalues and a line of Hopf bifurcations occurs. This
line is drawn in figure 5 and labelled h;. Along the line of Hopf bifurcations the
solution to the perturbation equations (3.3) is

,_ AZo— Pzg RV RY:

' = Wsm\/(ﬁ AT + g cos /(B — AT,

Y =yoe ™,

2= o= A% sin /(8 = A7 + 2z cos /(8 — M), (3.7)

V(B =A%)

where at 7 = 0, (z',y'2") = (20, yo, 20)- Note that 3’ decays with time while 2’ and
z' oscillate harmonically: local to the Hopf bifurcation line and after a sufficiently
long time the dynamics will be constrained to the y ~ a /% plane and z and z will
execute harmonic oscillations with frequency /(8 — A?). Hence, periodic solutions of
arbitrarily long period can be produced by changing (8 — A?): the smaller (3 — AZ%)
the longer the period.

The Hopf bifurcation line stops where it meets the steady bifurcation curve at
(B,a/k) = (A%,1+ A). Labelled P in figure 5, this point is a double zero-eigenvalue
point. Hence, solution (3.1), corresponding to no dynamo action, is stable for pa-
rameter values within region I of figure 5. If the torque is increased (increasing o)
then this state becomes unstable. If the characteristics of the capacitor or motor are
such that 3 < A2, then this becomes unstable to a steady solution corresponding
to constant current flow given by (3.2). Note that this solution only exists if the

Proc. R. Soc. Lond. A (1996)
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exists if the capacitor has a finite leakage resistance or if the motor has some me-
chanical friction (A # 0). If 3 > A%, then the zero-current solution loses stability to a
solution in which the current oscillates. but the mean current flow is still zero. When
A is small. these oscillations have angular frequency of approximately (LC)~1/? and
HB™/2 for the capacitor and motor cases, respectively. At onset, these oscillations
are driven by the rotation of the disk. but only weakly feedback to affect the motion
of the disk, i.e. close to onset the oscillations in y are much smaller in amplitude
than the oscillations in z and z. i

A stability analysis for solution (3.2) shows that the eigenvalues, o, indicating the
stability or otherwise satisfy the cubic equation

03+(f{+/\—§)02+(2((1ﬁ!-£)+h'/\*§—f—ﬁ)a+2(a/\—-f€)\—ﬁ!{)—70. (3.8)

Consistent with the analysis for solution (3.1) there is a single zero eigenvalue if
a/k =1+ /X and two zero eigenvalues at the point P.

At a Hopf bifurcation of solutions (3.2), the three eigenvalues must be of the form,
d1,iw, —iw. Rather than solve the cubic equation (3.8) explicitly, it is simpler to
derive necessary and sufficient conditions that must be satisfied for this to hold. If
the cubic equation is written as

03+aaz+ba+cz{},
then the eigenvalues are of the required form if, and only if,
ab=c and b>0.

Substituting for a,b and ¢ from equation (3.8) gives

a 2B8—-kA—A 33 . 38 a 1
k2@ Taath Flrg<stgh (39)
when & # 3/A, and
A=+/@ for a/k>1+8 (3.10)

when & = 3/

Along the Hopf bifurcation line (3.9) each of the two solution branches given by
(3.2) lose their stability; two different periodic solutions are produced simultaneously
in different parts of the phase space. These correspond to solutions in which the cur-
rent oscillates about a non-zero mean, but as discussed later, both of these solutions
are unstable and not physically realizable. The Hopf bifurcation line is drawn in
figure 5 as curve h,. Note that this line of Hopf bifurcations also ends at the point
P. Furthermore, although the curves s and h, are only dependent on the ratio a/«,
this is not true for /1,. The frequency of the Hopf bifurcations, ws, is given by

wh = 2(a — K) + kA — 38K/, (3.11)

which tends to zero as the point P is approached. The line ho asymptotes to the line
B = KA. Since B = A? at P, h, lies to the right or left of P, according as k > X or
K < A: figure 5 shows the latter case.

The three lines s, h; and h, all meet at the double zero-eigenvalue point P. This
type of zero-eigenvalue point is a Takens-Bogdanov point with reflection symmetry:
it has been well studied (for example, see § 7.3 of Guckenheimer & Holmes 1986). It is
straightforward to show, using centre manifold reduction and normal form analysis,
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1 : It : v ) 1

Figure 6. Bifurcation diagram showing a representation of the solution as a clockwise path
around P in the parameter plane is traversed, starting in region I. The two points at which the
symmetry-breaking line is crossed are marked s (see equation (3.5)). Similarly, the points where
the two Hopf bifurcation lines are crossed are marked k and h2 (see equations (3.6) and (3.9)).

that local to P, the behaviour may be described by equation 7.3.22 (p. 371) in
Guckenheimer & Holmes (1986) for a3 = —1 and with b3 = —1 if A < 1.5« and
by = +1 if A > 1.5. The analysis culminating in figure 7.3.9 on p. 376 is relevant. In
both cases, in addition to the bifurcation lines shown in figure 5, there is a line of
homoclinic connections which emerges from P. In order to explain how this occurs,
a schematic bifurcation diagram is shown in figure 6. In this diagram we imagine
taking a path clockwise around P and plot a measure of the solution against the
distance travelled around P. The convention that stable solutions are shown with
solid lines and unstable solutions with dashed lines, is used.

The left of figure 6 starts at a point in region I where the steady solution (3.1)
is stable. Travelling clockwise around P, the line s is traversed. At this point, so-
lution (3.1) becomes unstable and two stable solutions (3.2) bifurcate. Continuing
further, h is reached, and the steady solutions (3.2) are themselves destabilized at
Hopf bifurcations. Two periodic solutions are produced, related to each other by the
reflection symmetry of the original equations. These bifurcate subcritically so the pe-
riodic solutions produced are unstable. Since there are now no stable solutions local
to solution (3.2), as region IV is entered there will be a jump to a large stable periodic
solution. On continuing around P this large stable periodic solution shrinks until it
disappears in the Hopf bifurcation at h;. We have now returned to region I where
solution (3.1) is stable. There is hysteresis in the point at which the stable solution
jumps from the steady-state solution to the large periodic solution at h, and so we
now consider circling P in an anti-clockwise direction, again starting from region L
As we cross from region I into region II, the steady solution (3.1) loses stability and
is replaced by a stable periodic solution. Stepping back across regions II and IV this
solution grows until at some point in region III it coalesces with a large unstable
periodic orbit and disappears. The system will jump down to one of the two stable
steady solutions (3.2) present in region III. To understand how this large stable pe-
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riodic solution is destroved we need to return to the two unstable periodic solutions
produced at h;. On travelling anti-clockwise away from hy, these two solutions grow
until they hit the unstable steady solution (3.1). This is the homoclinic connection
mentioned earlier. It is a global solution: it takes an infinite time to traverse the
resulting orbit and it is structurally unstable. but its presence can have a profound
effect on the dynamical behaviour of the equations, a point we shall return to later.
Continuing further, the homoclinic connection destroys the periodic cycles produced
on solutions (3.2) and leaves one large unstable periodic solution in their place. It
is this solution which grows until it coalesces with the large stable periodic solution
and both are removed from the solution set.

For chaos to occur, the solution has to be stretched and folded in phase space in a
particular way. This process is often associated with the presence of global solutions,
with the tendency for the orbit to approach a steady solution playing a key role.

systems, with global bifurcations often acting as organizing centres. The homoclinic
connection that emerges from P is suggestive of the presence of chaos.

At the point P in parameter space, two of the eigenvalues are zero and one is
equal to —«. This means that in a small neighbourhood of P, the dynamics are
essentially planar: the negative eigenvalue contracts the dynamics down on to the
centre manifold. It is well known that there can be no chaos in two-dimensional
phase space, and for this reason, no chaos is expected local to P. However, this
restriction is lifted for parameter values away from P. One region where chaos is
likely to occur in this problem is close to the line A, but away from the point P.
A similar scenario, where a Takens-Bogdanov point provides a mechanism for the
occurrence of a homoclinic bifurcation, which in turn provides a mechanism for chaos
away from the Takens-Bogdanov point, has been observed before in an electronic
oscillator by Healey et al. (1991). In the limit of A = 0, the region where this occurs
is squashed to nothing and no chaos can be produced by this mechanism.

4. Numerical integrations

The foregoing analysis, though revealing and instructive, gives only a hint of the
full behaviour of the system. Numerical integrations show vastly more complicated

be needed to elucidate the behaviour of the system more fully.

The case when A = 0 is physically unrealistic (for it corresponds to a capacitor
with no leakage resistance or a motor with no mechanical friction), see §2. but its
treatment is instructive as a starting point. As ) is decreased the slope of the line
s in figure 5 increases, squashing regions IIT and IV, until in the limit A = 0 the
Symmetry-breaking bifurcation line s is coincident with the abscissa and regions IIT
and IV do not exist. The equations were integrated using a fourth-order Runge-Kutta

region I, the numerical integrations always converged to the steady solution given by
(3.1). For a just greater than 0.1 and x = 0.1, a periodic solution was found. This is
suown in figure 7a for o = 0.15. As predicted by the analysis, close to the bifurcation
point, this periodic orbit lies approximately in the y = a/x = 1 plane. Figure 7a
shows six representations of this solution: all the following numerical solutions are
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presented in the sane format. Figure 7a(i) shows the phase space, plotting z against
y against z. In order to aid the interpretation of this picture. we have plotted in
7a(ii) the projection of this phase space solution on the &r—z-plane and in 7a(iii) the
projection on the x—y-plane. The remaining three figures. 7Ta(iv)—(vi) show the time
series of the x,y and = coordinates. respectively. The almost planar nature of this
particular example is seen in both the projection on the r—y-plane and the time series
for the y coordinate. In terms of the physical system. the current oscillates about
zero with corresponding oscillations of the charge on the capacitor or in the speed
of the motor, while the speed of rotation of the disk remains at an almost constant
level.

As o is increased this periodic orbit grows in size and bends out of the y = 1
plane. Further periodic solutions arise at saddle-node bifurcations so that multiple
solutions states are possible: which solution is found depends on the initial conditions.
One example is shown in figure 7b: this can be characterized as having two distinct
‘humps’ in the z time series (the current). Whereas the solution 7a appears to wind
once round the line z = 1,y = 1 and once round the line £ = -1,y = 1, the solution
7b winds around each line twice. In this example, the disk periodically switches from
rotating in one direction to rotating in the opposite direction (7b(v)).

As o is increased, more and more periodic solutions are found for the same param-
eter values. As an example, figures 8a—d show four different periodic solutions, all of
which exist for a = 50, 8 == 1, Kk = 0.1, A = 0. Each of these solutions has a different
number of ‘humps’ in the x time series corresponding to a different number of wind-
ings. The examples 8a-d have 6, 9 and 14 windings, respectively. Solutions for all
the intermediate integers have also been found. All exist in the same region of phase
space: they are nested such that the solutions with most humps are on the inside. The
innermost solution is almost a square wave with sharp spikes at the switching point.
Each of the solutions has a slightly different period. For the innermost solution the
current remains almost constant for most of the time (figure 8d(iv)), while the speed
of rotation of the disk and either the charge on the capacitor or the speed of the
motor gradually increase (figure 8e(iv)). At a critical level the speed of rotation of
the disk drops rapidly (in an oscillatory manner) and the sign of the current reverses.

These results facilitate the discussion of the physically realistic case of A # 0. Then,
similar nested solutions are found again in region II and also to the right of region IV.
However, chaotic solutions are also found as a result of the homoclinic bifurcation
discussed in § 3. These solutions take the form of flipping between the two unstable
periodic cycles which appear simultaneously along the line h,. Two examples are
shown. In the first, shown in figure 9a, the orbit passes only a few times around the
unstable periodic orbit before flipping to the other orientation. The second, shown
in figure 9b, is for parameter values very close to the Hopf bifurcation line A, in the
(8, a/k) plane. In the second case, the current spends a long time oscillating about a
positive non-zero mean before rapidly flipping and oscillating about a negative non-
zero mean. We have only observed this second type of chaotic behaviour in a small
region of parameter space. It bears some resemblance to the observed time series
for geomagnetic dipole reverses in two senses, firstly that the timescale in which the
solution flips from one unstable periodic orbit to the other is much shorter than
the time for which the solution remains in either orientation. Secondly, the time for
which the z-coordinate remains positive (or negative) varies——in the example piece
of time series shown here, the time between flips varies by a factor of six.

An attractive feature of the systems we have investigated is that they are physi-
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Figure 7. Numerical integrations, x = 0.1, A = 0: (@) a = 0.15, 8 = 1.0;; () a == 5.0, 8 = 1.0.
In each case, (i) is a phase space plot, the axes are z,y and 2; (ii) is the projection of the
phase space in the z—z-plane: (iii) is the projection of the phase space in the z—y-plane; (iv}) is
the time-series of the z-coordinate and similarly (v) and (vi) are the time-series of the y and
z-coordinates, respectively (sce equations (2.15)).
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cally realistic and could in principle be constructed in the laboratory. But the range
of parameters attainable there would be limited by practical considerations, so math-
ematical and computational analysis provides the best approach.

The systems are rich in their behaviour, detailed studies of which in future work
should prove rewarding. The recognition of A as a key parameter in the production
of chaos in these nonlinear systems is one of the main findings of the present work,
but further studies including statistical calculations will be needed to elucidate the
underlying processes fully. As noted in §1, the addition of a shunt promotes chaotic
behaviour when [ = 0 and it should do likewise when 3 # 0; this is another matter
deserving future study. It is easy to extend the theory to include a shunt in the
systems studied in this paper. The dependence on 3 of oscillation periods and wave-
forms is also particularly noteworthy, and this also deserves further attention in
future work.

Appendix A. Dimensionless variables and parameters and intrinsic
time-constants

‘The electromechanical systems discussed in this paper are worthy of study because
they are physically realistic, but they would not be efficient engineering devices. Their
main interest stems from their potential use in providing insight and guidance in the
study of various phenomena in geophysical and astrophysical fluid dynamics (see, for
example, Hide 1994).

It is instructive to consider the four dimensionless parameters (o, 3, %, ) (see
equations (2.16)-(2.18)) in terms of intrinsic ‘time constants’ of the systems, namely

1/2 1/2
L M (—4) , é, {{—, rC  or E, and (LC)Y? or 5L :
G K G D H?

(A1)
in seconds. In §2 we choose the ‘ohmic decay time’ L/R as the unit in terms of
which 7 is measured, but any of the other quantities (or combinations thereof) given
in (A1) could be used. (The ohmic decay time for the Earth’s liquid metallic core,
where the main geomagnetic field is produced by self-exciting MHD dynamo action,
is tens of thousands of years!) In terms of these time constants, the dimensionless
parameters (a, 3, k, A\) can be expressed as follows:

R’ R’

1] (N
- [ElE
f= otz = [(LC)7) [%] (A9)

i
BT e
and A= % = [%} [rC]™, (A6)
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Figure 10. Phase plane for the Bullard system. The trajectories show typical solution paths for
a number of different starting conditions (see equations (B 1)).

R NCION

The theoretically significant parameter a/k (see, for example, figure 5) satisfies

a_GM _[MYTA] (AN ru) (K] (A8)
k RK |R]||K G RG]
Self-exciting homopolar dynamo action requires inter alia high values of G and M

and low values of R and K, conditions which would be hard to achieve in the labo-
ratory.

I

Appendix B. Structural instability of the Bullard system

In this case, namely x = 0 and 8 = A = 0 in our notation, equations (2.15) reduce

to
& =z(y—1),
g =a(l —z%). (B1)
Bullard showed that these equations have an analytic solution given by
(y—1)*— af2lnz — z°) = (yo — 1)* — a(2Inzy — 22), (B2)

where (z(0),4(0)) = (xo0, yo). Steady solutions (& = y = 0} arise when x¢ = %1, yo =
1. Otherwise the solutions vary periodically (but non-harmonically) with time, with a
period and trajectory dependent on the initial conditions. They may be represented in
the phase plane (i.e. a plot of y against ) by two sets of closed curves centred ony = 1
and xz = x1 (see figure 10). These closed curves are trajectories of possible solutions,
each characterized by the initial conditions. Since Bullard’s system of equations are
unchanged if z — —z, the phase space is symmetric about the y-axis. The y-axis
itself is invariant under the flow: if x is zero at 7 = 0 it will remain zero for all time.
When mechanical friction is added to the system, which is equivalent to the first
two of equations (2.15) with 3 set to zero, this modified Bullard system satisfies

t=z(y—1), ¥ =a(l-2°) - ky, (B3)
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for which there are three steady solutions: namely either

r=0, y=a/n (B4)
or
K
r=44/1—-—, y=1. (B 5)
o

If the mechanical friction is great enough, i.e. x > a, then only the first of these
solutions can exist. A linear stability analysis like that carried out in §3 shows that
this solution is linearly stable if k > «a. That is. a small perturbation to this so-
lution will decay in time. Furthermore, this solution must be globally stable, i.e.
any perturbation will ultimately decay: there can be no closed orbits representing
periodic oscillations as found by Bullard. This follows from the fact that in a pla-
nar dynamical system there can only be two types of solution bounded for all time,
either steady solutions represented by fixed points or periodic solutions represented
by closed curves. Any closed curve in the plane must surround a fixed point (see, for
example, Perko 1991, p. 231, theorems 3 and 4.) Since the only steady solution lies
on the y-axis, any trajectory surrounding this point would have to cross the y-axis.
This cannot occur since, as for Bullard’s system, the y-axis is invariant under the
flow.

There is a bifurcation of solution (B4) at & = &, where (B 4) becomes unstable and
the two solutions given by equation (B 5) bifurcate. A linear stability analysis shows
that these solutions are stable to small perturbations for all @ > & (x non-zero). We
have been unable to show that this solution is globally stable, i.e. that no periodic
solutions exist in this case. However, numerical integrations strongly suggest that
this is also true. |

These results show that the system introduced and analysed by Bullard (1955)
is structurally unstable and therefore physically unrealistic (as is the much studied
Rikitake dynamo system based on the Bullard system (see Hide 1995)). He evidently
considered that the most important finding of his analysis was his demonstration of
the possibility of self-maintained oscillations even in the presence of ohmic dissipa-
tion. The claim (see Rikitake 1966, p. 61) that this conclusion remains unchanged
even if mechanical friction is added to the disk dynamo is refuted by the foregoing
analysis.

A.C.S. thanks the EPSRC for support under grant (GR/K41311)
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SUMMARY

New general expressions are given which extend theorems governing the behaviour of
the potential vorticity (Ertel) pseudoscalar in continusm mechanics and the potential
magnetic field {Hide) in electrodynamics. The laws of thermodynamics (involving
entropy and potential temperature) are readily incorporated into the expressions, the
application of which should facilitate both prognostic and diagnostic studies of basic
magnetohydrodynamic processes, including those underlying the magnetic fields of
stars and planets and other phenomena encountered in astrophysics and geophysics.

Key words: geomagnetism, magnetohydrodynamics, potential magnetic field, potcnual

vorticity.

Consider a continuous medium in which the mass deasity is
p(x. t} and the Eulerian velocity relative to an inertial frame is
w(r, ¢) at a general point P with position vector r at time ¢

Conservation of mass requires that
Dp .
Dt +pV- u==0 (1)
(where D/Dt = 3/0t +u+ V), which reduces to V-u=0 when
the medium is incompressible.
If by &=V x u we denote the (absolute) vorticity, and by
pIE-VH* (2)

the so-called ‘potential vorticity’, where H* = H*(x,t) is any
continuous and differentiable function, then by a very slight
extension of Ertel’s theorem based on the laws of mechanics
(see Ertel 1942; also Pedlosky 1987, Gill 1982), we have

B_(C-VH‘) § _DH*

==-V
P Dt

LVH-W, (3)
where

=p*VpxVp+p 'V x(p jxB)+p 'V x(p~'F).
(4)

Here p=pir,i) denotes pressure and jx B the Lorentz
ponderomotive force if j(r, t) is the electric current density at
P and B(r, t) is the magnetic field, which satisfies

V-B=0. (5)

When, as in many cases of interest, the acceleration term
Du/Dt in the equation of motion is much smailer in magnitude
than the acceleration due to gravity, g, the term p~*Vp x Vp
in eq. (4) can be replaced by p ~2Vp x g without fear of serious

© 1996 RAS

error. The term F in eq. (4) represents the visco-elastic force
acting on an element of material of unit volume which at time
t is situated at P, reducing in the case of a fluid (o the usual
term representing the viscous force. Potential vorticity con-
siderations based on eq. (3} [with B=0, see eq.(4)] play a
central role in modern thecretical research in dynamical
meteorology and oceanography.

Analogous to the derivation of (3) from the equations of
mechanics is the derivation from the equations of electro-
dynamics of an expression governing the behaviour of the
‘potential magnetic field’, defined as

pIB-VG* (6)
{where G*, like H*, is any continuous and differentiable
function of r and t}, namely

D B-VG‘)_B v'DG‘ VGe-9 1
Dt fid T p Dt + M

(Hide 1983, 1986). Here ® comprises several terms, all of which
vanish when the medium is a perfect conductor of electricity
and thermoelectric effects are negligible. [Consistent with the
neglect of relativistic effects, no account is taken of Maxwell
displacement currents, and electrostatic forces can be ignored
in F, see eq. (4).]
Now make the successive substitutions H*=H and
= ¢'H in the potential vorticity equation {3), and combine
the resulting two equations to obtain

DIH, 1 (&Vg\DH H{, D o
m[p‘f V"]‘( ) )m* (”D)‘“H‘P Ve

(8)
Fi
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In the same way, substitute G* == G and then G* =gG in the
potential magnetic field equation (7), whence

DiG _(B-Vg\DG G )
Dr[ BV]—( P )Dr+ (BV )+G®Vq.
(9

(The functions H, G, q and ¢’ are also arbitrary.} These are
useful extensions of the genmeral results expressed by egs (3}
and (7) respectively (to which they reduce when H =G =1),
for each contains two arbitrary scalars, rather than just one.
For example, ¢q. (8) with H=u-Vqg leads directly to the
relationship between the helicity (u-&) and superhelicity
{€- ¥ x &) pseudoscalars. The electrodynamic counterpart relat-
ing magnetic belicity (A - B) (where V x A =B) and magnetic
superhelicity (B+V xB) follows directly from eq. (9) with
G=A-Vgq (Hide 1989).

As an application of (8) and {9), we set H=BVgq in the
former and G=¢-Vq in the latter and then subtract the
resulting equations, thereby obtaining a new gencral expression
satisfied by the combined equations of mechanics and electro-
dynamics needed in theoretical magnetohydrodynamics. Thus

B-Vgq _
[logc Vq’]-(B Vq) ’[B V—+p0 Vq]

*tC'Vi)"[f'V%+PT'V¢]o (10)

Eq (10) is particularly useful when g and 4 are simply
related to the coordinates of the general point P. Consider, for
example, the case when spherical polar coordinates {r, 8, #) are
used and g = ¢’ =r. Eq.(10) then reduces to

D B, 1
E[IOE(E)] = E(ﬁ'vl!,+ .} — Cl'[f' Vu, +p'¥,],

(1Y)

where the subscript r denotes the r-component of the
corresponding vector, and the operators are

B-V=B-V—Bdfor and &-V=¢&-V—¢3/ar. (12)

Comparable relationships can be found by setting ¢ and ¢’
equal to & and ¢.

In geophysical and astrophysical fluid dynamics we are often
interested in fluids for which thermoelectric effects are negli-
gible and the electrical conductivity is so high that Alfvén’s
ffromn magnetic flux’ theorem holds. Then the vector ® =0
1n eq. (7) [see also (9), (10) and (11)], which when G* =r and
the fluid is incompressible (so that Dp/Dt = 0, see eq. (1)] gives

D
DB =B Vu,. (13)
This equation has been put to good use by geophysicists in
work on the determination of the flow just below the Earth’s
core-mantle interface [rom obscrvations of the geomagnetic
secular variation [see Roberts & Scott 1965; Backus 1968; sec

, also Bloxham & Jackson 1991 and eq. (16) below].

Also of interest are studies of flows in rapidly rotating
systems, where it is convenient to work in a frame of reference
that rotates relative to an inertial frame with angular velocity

€ =(Qcos #, —{2sin 6, 0} about the polar axis. Egs (1) to (11}
hold in the new frame if we re-define £ as being equal to
V x u + 29, and add centripetal cffects to g and pr x d2/dt to
F [see (4)]. Such flows include those where to a first approxi-
mation gravity and the total pressure gradient act in the radial
direction, viscous forces arc negligible, and other forces and
torques acting on individual fluid clements are in magneto-
strophic balance which, when Lorentz forces are also negligible,
reduces to geostrophic balance. Magnetostiophic balance is
characterized here by setting

&,=20cos® and W,=p '[Vx(p~'jxB}],, (14)

with ', == 0 in the geostrophic case. When combined with (14),
eq. (11} gives

-21 (B, )_(ﬁ-ﬁ &-v
DB\ o050/ "\ B, ~ HMcos8)"
(15)

In the case of geostrophic flow over any spherical surface
where 7 is constant and upon which u, is pegligibly small in
magnitude in comparison with u, and u,, it follows itnmediately
from (15) that

[(Vx(p~'j xB)),
2Q cos & ’

D
B;(B,secﬂ)=0, (16)

- implying the conservation of the quantity B, sec & on moving

fluid elements. This result is a familiar one in work on the
determination of motions just below the Barth’s core-mantle
boundary from geomagnetic secular variation data {for refer-
ences see for example Backus & LeMoudl 1986 Bloxham &
Jackson 1991), where near-uniqueness can be secured by
combining the assumption of geostrophy with' Alfvén's frozen
magnetic flux theorem [see {13)]. The conditions under which
the result can be expected to apply are clearly exposed by its
povel derivation here from the powerful general theorems
governing the behaviour of potential vorticity and potential
magnetic ficld in magnetohydrodynamic flows, as expressed
by eqs (8) and (9).

The full equations of magnetohydrodynamics express not
only the laws of mechanics {the basis of (3) and (8)] and of
electrodynamics [ the basis of (7) and (9)] but aiso the laws of
thermodynamics governing, inter alia, the behaviour of specific
entropy © = 6(r, t}. This quantity satisfies

be _ 17
Dt =0, (17

where @ = Qfr, t) represents thermal conduction, radiation and
other diabatic effects, including ohmic heating We conclude
this short note by observing that eq. (10) with g =g’ = © shows
that isentropic flows, for which @ =0 by definition, satisfy

D {B-VO o \8
Dz( &-vVe ) N (18)
in regions where ¥ and @ are also negligibly small. According
to (18), within such flows the ratio of the components of B
and £ in the direction of VO, the gradient of specific entropy,
is {like © itself ) conserved on moving fluid elements. A further
result of geophysical and astrophysical interest is that eq. {(18)
reduces to eq.{16) in cases when approximate geostrophic
balance obtzins and the non-radial components of V& are
much weaker than its radial component.

© 1996 RAS, GJ{ 125, Fi-F3
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Astronomically-determined irregular fluctuations in
can be used lo estimate the fluctuating torque on the
magnctotiydrodynamic flow in the underiying liquid
testing the hypothesis that the torque is due primanly
irregular topographic features of the

core based on geomagnetic sccul
on the mantle flow models constrai
length anomalies of the Earth’s gravitational field and
to the present study,
irregular changes in th
tenized by the prescnce of imegular CMB topography
(about 6% of the cquatorial
the base of the mantle. The
also the case of polar motion
nents of the torque.

1. INTRODUCTION

Electric currents generated in the Earth's liquid metallic core are
:sponsible for the main geomagnetic field and its secular changes
.ee Jacobs, 198Tab; Melchior, 1986; Moffasz, 1978a). The currents
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core-manile boundary and also on the
method exploits (a) geostrophicaily-constraincd models of fluid motions in the upper
ar variation data, and (b) pattems of the topography of the
ncd by data from seismic tomography,

the magnitude of the axial component o
e length of the day is compalible with mode|

bulge) and strong horizontal variations in the propertics of the
investigation is now being cxtended 1o cover a wider range of epochs and
on decadal time scales produced by {luctualions in the cquatorial compo-
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\he Eanth’s rotation vector on decadal time scales
lower surface of the Earth's mantle produced by
metailic core. A method has been proposed for

to fluctuating dynamic pressure forces acting on
cquatorial bulge. The
reaches of the
CMB based
determinations of long wave-
geophysical and geodetic data According
f the torque implicd by determinations of
Is of the Earth's deep interior charac-
of effective “height™ no more than about 0.5km
D" layer at

other

are produced by dynamo aclion involving irregular magneto-
hydrodynamic flow in the core. Concomitant dynamical stresses
acting on the overlying mantic are invoked in the interpretation of the
so-called "decadal” fluctuations in the rotation of the "solid Earth”
{mantle, crust and cryosphere). Studies of these rotational manifes-
1arions of core motions bear directly on investigations of the struc-
ture. composition and dynamics of the Earth's deep interior
(Aldridge. 1990; Anufriev and Braginsky, 1977, Benion, 1979;
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Eliayeb and Hassan, 1979; Hide, 1969; 1970; 1977; 1986; 1989;
Hide and Dickey, 1991; Hinderer et al., 1990, Jault and Le Mouél,
1989; 1990; Lambeck, 1980; 1988; Moffatt, 1977b; Morrison,
1979: Pauius and Stix, 1989; Roberis, 1972; Rochester, 1584,
Spieth et al., 1986; Voorhies, 1991a; Wahr, 1988].

Consider a set of body-fixed axes x, i = 1. 2. 3, aligned with the
principal axes of the solid Earth and rotating about the center of mass
of the whole Earth with angular velocity

@ =@ ()= (@, ©, @)= (m,m. 1+m) (1.1}

Here ¢ denotes time and £ the mean specd of rotation of the solid
Farth in recent times, 0,7292115 x 10 * radians per second
[Cazenave, 1986; Lambeck, 1980; Moritz and Mueller, 1987; Munk
and MacDonald, 1960; Rochester, 1984). Over time scales short
compared with those charactenistic of geological processes. the rota-
tion of the Earth departs only slightly from steady rotation about the
polar axis of figure, so that Ay, m,, and s, are all very much less
than unity and |[m, | << £2, where m, = dm, / di. Periodic varia-
lions in @, on time scales less than a few years are caused by peri-
odic funar and solar lidal torques and related changes in the moment
of inertia of the solid Earth. Lrregular variations on these time scales
are produced by atmospheric and oceanic lorques due Lo tangental
stresses in surface boundary layers and normal pressure forces acl-
ing on surface opography, and they are largely associated with sea-
sonal, intraseasonal and interannual fluctuations in the total angular
momentum of the atmosphere. When these rapid variations
(including the Chandlerian wobble of the figure axis relative to the
rotation axis) have been removed from the observational data, the
smoothed time series

o, = (my, My, 1 +1my) (1.2)

that remains reveals (within the emrors involved) the decadal
variations, the axial component of which is illustrated in Fig. 1.
Geophysicists have long argued that these decadal variations in m,
are largely manifestations of angular momentum exchange between
the core and mande [Jacobs, 1987ab; Jault and Le Mouél, 1991;
Stoyko, 1951, Vestine, 1952).

Expressions needed in the study of the variable rotation of the
non-rigid solid Earth duec to core-mantle coupling are readily
obtained by standard methods based on Euler's dynamical equations
(see . g.. Munk and MacDonald, [1960]). 6L (). i=1.2, 3,is
the fluctuating torque exerted by the core on the mantle then the axial
component L, satisfies (Hide, 1989]:

y = -Ad(AAYdL = Ly/Q2C +a, (1.3
where C is the principal moment of inertia of the solid Earth about
the polar axis, A, = 2/(2 is the average length of the day (LOD).
A{) = 2@y and AA = A1) - A The quantity a,, which can be cal-
culated explicily (Hide, 1989), represents secondary effects dueto a
variety of causes, such as fluctuations in the inertia tensor of the
solid Earth (including changes associated with stesses responsible
for L, and to comparatively weak torques applied at the Earih's sur-
face by the armosphere and oceans on the relevant time scales).

inAn Ll 920
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1n80 1920
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Fig. 1. Decadal variations in the length of day Ag. + AA(r) from 1855
to 1985 (upper curve) and corresponding variations in the axial
componem L3"(#) of the tarque L* acting upon the solid Earth (lower
diagram); sce cquation (1.3) and Dickey e al. [1989] or Hide and
Dickey {1991). More rapid variations (of tidal and atmospheric ori-
gin) were removed from the original time series by taking a ten-year
funning average.

2. THE TORGQUE EXERTED BY THE CORE ON THE MANTLE

The fluctuating torque L,7(s) exerted by the core on the overlying
mantle is largely a consequence of (a) tangential stresses at the CMB
associated with shearing motions in the thin (less than 1 m) viscous
boundary layer just below the CMB, (b) normal dynamical pressure
farces acting on the equalorial bulge and other (possibility) smaller
and more irregular departures from spherical of the shape of the
CMB, {(c) Lorentz forces due to the flow of electric currents in the
weakly-conducting lower mantle generated by the electromotive
forces associated with the geodynamo processes in the core and (d)
gravitational forces associated with horizontal density variations in
the core and mantle and especially at the CMB [scc Hide, 196%;
Jacobs, 1987ab: Jault and Le Mouél, 1991; Melchoir, 1986;
Rochester, 1984; Voorhies, 1991a). Denote by L;",,and L', the
respective contributions to L, from regions where tractions act in the
positive sense and from regions where tractions act in the negative
sense and inroduce the “canceling factor”

1=y LAL Y - Lo

By definition, each %" fluctuates aboul an average of zero and attains
magnitudes less than or equal to unity. The accuracy with which Ly’
can be determined obviously depends on the value of } 7, |, the
most favorable situation being when | 7, 1~ 1.

Rough dynamical arguments show that the pressure coupling
associated with CMB topography might predominate over other
effects [Hide, 196%]. The contribution made by viscous stresses is
negligible on all but the most extreme assumptions about the viscos-
ity of the core, but electromagnetic coupling, according to detailed
studies by a number of investigators, might be adequate if the
(unknown) electrical conductivity of the lower mantle were suffi-

(2.1



ntly high and the toroidal magnetic field in the core concentrated
a boundary layer just below the CMB [Bullard et al., 1950;
2lus and Stix, 1989; Roberts, 1972; Rochester, 1984). Soitisof
'rest Lo investigate the wpographic contribution L) (say) o L,(1)
ag available geophysical data, in order w establish the extent 1o
ich decadal variations in the Earth's rotation might reasonably be
1buted 10 topographic core-mantle coupling.

.f p, is the dynamical pressure associated with core motions
- &, in the free stream just below the viscous boundary layer at the
!B (u being the Euierian flow velocity relative to a reference
ne fixed to the solid Earth) and the CMB s the locus of points
:re the distance from the Earth's center of mass is r = ¢ + A(8, ¢),
seing the mean radius of the CMB and (8, ¢) the co-latitude and
gitude of a gencral point), then {see Hide, 1989; Voorhies,
‘la).

Ly=—c["[{rxp,Vh), sin0 8 dp @.2)
Rl <<cand (V,h) << 1. Hete V,=c4(® 3136, § cosecd aa¢).
nd ¢ are unit vectors in the directions of increasing @ and ¢
sectively, and r is the vector distance from the Earth's center of
5. Animportant step in the analysis is the recognition of the fact
the surface integral of r x V,(h p, ) over the whole CMB is equal
=10, which leads to a more useful expression for L(f) namely

L{)=c J':' [trxh9p,), sin0 do do 2.3)
rly everywhere within the core, owing 1o the presence there of
tric currents, Lorentz forces may be comparable in magnitude

the Coriolis forces due to the Earth's rotation acting on core
- Butin the upper reaches of the core, within tens of kilometers
2 CMB, Loreniz forces should be about 10-2 times the Coriolis
=5 of less, unless geodynamo action is confined to & thin bound-
ayer just below the CMB or metallic electrical conductivities are
ned at the base of the "solid” mante. In regions where Lorentz
:s are negligible, geostrophic balance between the horizontal
ponents of the pressure gradient and Coriolis forces should
in o sufficient accuracy [Backus and Le Mouél, 1986; 1987
ham and Jackson, 1991; Gire and Le Mouél, 1990; {ide, 1986:
% Hills, 1979; Le Mouél, 1984: Voorhies, 1991a]. Whence

2p,02 cosB (—w,, v,) = —-1(3p./99, cosecd dp/ad) (2.4)

re g,is the horizontally averaged value of the density pin the
t-reaches of the core. Here (v,, w,) are the (6, ¢} components
» which are typically much greater in magnitude than «,. the r-
ponent of u,. It follows from equations (2.3) and (2.4) that on
ime scales of interest here, over which u, may change signifi-
'y but k does not, that

(1) = ~25.0¢ j:' ['4(8.0) v,(8.0.1) sin’ 6 cos8db de (2.5)

basic theoretical relationships needed are given by equation
with &, = 0 and the working hypothesis that L," = L,. wogether
equations (2.2) to (2.5). The integral on the right-hand side of
tton (2.5) involves CMB topography (6, ¢). When dealing
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with the equatorial components of the torque and the polar motion
they produce. the dominant contribution to 4 is the equatorial ¢-
independent bulge of the CMB, which corresponds to a 9 km differ-
ence between the equatonial and polar radii of the core. [e.g..
Herring et al., 1991}, But the equatorial bulge makes no contribu-
tion 1o the axial component L,. which changes the LOD A(!) (see
equation (1.3)), so when dealing with such changes it is necessary
o look in detail at features of & that depend on ¢ as well as 8. Over
the past-twenty years various attempts have been made to infer A(8,
¢) from seismology and from the pattem of long-wavelength gravity
anomalies under various assumptions about the structure and rheol-
ogy of the solid Earth, with more recent studies making use of
results from seismic tomography; several hypothetical fields of (8,
¢} are now available, as discussed in Secuon 4 below.

The other quantity nesded in the evaluation of L{!) is either the
field of pressure p,(6,¢.1) or the field of horizontal flow (v,(8, ¢, 1),
w, (8, ¢. 1)). which is related 10 p, through equation (2.4).
Geomagnetic secular variation data have been used by various
waorkers o infer (v, w,) by & method that invokes the geostrophic
relationship (equation (2.4)) in corobination with the equations of
electrodynamics appropriate to the case when the mantle can be
treated as a perfect electrical insulator of uniform magnetic perme-
ability and the core as a perfect conductor, as we shall now discuss,

3. VELOCITY AND PRESSURE FIELDS IN THE CORE

Denote by B(r, 8, ¢, 1) the value of the main geomagnetic field at
a general point (7, 8, ¢) at time ¢, and by B = dB/& the so<alled ge-
omagnetc secular variaion. Determinations of B made at and near
the Earth’s surface at various epochs can be used 1o infer u,, the
Eulerian flow velocity just below the CMB [Backus and Le Mouél,
1986; 1987; Benton, 1981ab; Benton and Celaya, 1991; Bloxham,
1988; 1989; Bloxham and Jackson, 1991; Courtillot and Le Mouél,
1988; Gire et al., 1986; Gire and Le Mouél 1990; Gubbins, 1982;
Lioyd and Gubbins, 1990; Voorhies, 1986ab; 1987; 1991; 1997;
Voorhies and Backus, 1985; Whaler, 1986; 1990; 1991; Whaler and
Clarke, 1988]. From flows thal are constrained to be tangentially
geostrophic (see below), an estimate of the horizontal pressure gra-
dient just below the CMB can be deduced through equations (2.4).

The first of the three reasonable key assumptions that undeslie the
method used is that the electrical conductivity of the mantle and
magnelic permeability gradients there are negligibly small, so that B
can be wntten as the gradient of a potential V satisfying Laplace's
equation ¥V = 0. This facilitates the downward extrapolation of
the observed field at and near the Earth's surface in order 1o obtain B
and B at the CMB.

The second assumption is that the elecrical conductivity of the
core is 50 high that when dealing with fluctuations in B on time
scales very much less than that of the Ohmic decay of magnetic
fields in the core (which is several thousand years for global-scale
feawres), B satisfies Alfven's "frozen flux” theorem {Backus, 1968:

Roberts and Scott, 1965]. This is expressed by the equation
aB/dt =V x (u x B), a0

which may be shown to imply that the lines of magnetic force
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emerging from the core are advected by the horizonial flow (v, wy)
just below the CMB. Accordingly. if B = (8,. B, 8,), then 8, at
the CMB saushies

98  v.d8  _w ﬂzg,[ﬁ‘i] (3.2)
M ¢ d8 csin@ I ar 1.,

Now equation (3.1) alone does not permit the unique determination
of u, from knowledge of B and B at the CMB. Of the various
additional considerations that have been employed 1o secure unique-
ness, a physicaily plausible approach is to invoke the assumption we
have already made in Section 2, namely that the flow in the upper
reaches of the core is in geostrophic balance with the pressure fieid
there {Backus and Le Mousl, 1986; 1987, Hills, 1979; faull et al,
1988; Le Mouél, 1984). The corresponding radial vorucity batance
can be expressed by the equation

ws{%g]“‘ +-:fsin6=0, (3.3)

which is readily deduced by eliminating p, from equations (2.4) and
using the mass conlinuity equation V -u =0 for flow in an
effectively incompressible fluid.

Various groups of geomagnetic workers have produced maps of
(v, w,) and investigated the errors and uncertainties encountered in
practice [Bloxham and Jackson, 1991]. In this study. we use ten
flow models, two of which have been published elsewhere and eight
of which were produced for this study. Four of these models are
shown in Figure 2. Figure 2a shows model Ia of Bloxham {1989],
a geostrophic model determined ssuming steady flow and using a
smoothly varying model of the magnetic ficld at the CMB for the
interval 1975 - 1980. This model is expressed in terms of spherical
harmonics through degree and order 14. The model shown in
Figure 2b is model GVCI1ES6 of Voorhies'[l991a; 1992), derived,
assuming steady flow, using B and B from the "Definitive
Geomagnetic Reference Field” (DGRF) at epochs starting in 1980
and moving back to 1945 in 5-year intervals. This model incorpo-
rates spherical harmonic expansions up o degree and order 16 and
provides a weighted variance reduction of 98.074%. Voorhies
[1988) presented a series of models fit to the DGRF [lor shorter
intervals of time. Model G6070.1, shown in Figure 2c, is a rela-
tively smooth fit to the DGRF from 1960 - 1970. Modei G8070.1,
shown in Figure 2d, uses the same damping parameter to fit the
DGRF data from 1980 - 1970. Other models of the
G6070.mAG8070.m series (not shown here} for the same time inter-
vals were used, with increasing index m corresponding to increasing
roughness of the model flows.

These flow models, which were used 10 produce hypothetical
flow fields u, and comresponding pressure fields p,, are all similar in
appearance. Voorhies' [1988; 1991a; 1992] models CYCI1ES and
GB8070.1 we barely distinguishable in these plots, reflecting the fact
that the models were fit using a similar procedure starting with the
1980 DGRF as the initial condition. The most apparent differences
between these two models and the model of Bloxham [1989],
appropriate for approximately the same time span as G8070.1, are
beneath southern Africa and in the northwestern Pacific. The differ-
ences between Voorhies” {1988] models G8070.1 and G6070.1. fut

to different epochs of the DGRF using identical procedures, are alsc
small, being most easily seen beneath northemn Siberia, Alaska, anc
the southeastern Pacific. Although the calculation of the time-vary-
ing core surface flows needed o model vanations in p,, (hence L) i:
straightforward, the similarity among these models demonstrates the
care needed to estimate such variations reliably. In particular, therc
is as much variation between models fit to the same epoch by differ-
ent workers as there is between models by & single worker of the
flow for different epochs.

4. TOPOGRAPHY OF THE CORE-MANTLE BOUNDARY

The topography A(6, ¢) of the CMB (sce equation (2.3)) has beer
investigated using various techniques. The problem is complicatec
by the suspected presence of the D" layer at the base of the mantle
its variable mechanical and chemical properties make it difficult
separate the effects of D" and CMB wpography {Anderson, 1989
Bullen, 1963; Doornbos, 1980; Gubbins, 1989: Gudmundsson e
al., 1990; Gudmundsson and Clayton, 1991, 1992; Haddon, 1982:
Hager et al., 1985; Hager and Richards, 1989; Jacobs, 1987a;
Jeanloz, 1990; Knittle and Jeanloz, 1991; Loper, 1991; Moreili ana
Dziewonski, 1987]. Determinations of the amplitude and phase ot
the free-core nutation lead w an estimate of 0.5 km of excess ellip-
ticity st the CMB [Babcock and Wilkins, 1988; Gwinn et al., 1986;
Herring er al., 1985; 1986; 1991; Kinoskita and Suchay, 1990, Reia
and Moran, 1988; Wahr, 1988]). While this topographic component
does not affect L, (and hence the LOD, see equation (1.3)), it may
indicate the likely magnitude of the relief.

The most direct method (in principle) of estimating CMB topog-
raphy is to examine variations in travel times of seismic waves that
interact with the CMB. Core reflected phases such as PcP and
phases that propagate through the core such as PKP and PKIKP are
affected similarly by the presence of velocity anomalies in the man-
tle, which, for rays traversing the same path, affect the travel-times
of both phases comparably. However, deformations of the CMB
affect the two phases in opposite senses; in regions where & < 0,
PcP avel times are increased owing w0 increased path length, but
PKP and PKIKP travel times are reduced because a greater portion
of the path is through the "faster” mantle material. Potentially, a
joint investigation of data from both types of phase could lead to 2
unique determination of scismic properties of the CMB [Morelli and
Dziewonski, 1987]. Unfortunately, the quality of the observations
of PcP, PKP, and PKIKP travel times given in the Intemnational
Seismic Centre (ISC) catalogue tends to be poor, both in terms of
travel-time measurements and geographic distribution.

Morelli and Dziewonski {1987] boldly carried out inversions for
CMB topography using PcP and PKPef phases. The models for
these two phases showed a reasonable correlation, which they took
as evidence that the inversions were successful, despite the potential
pitfalls. They inverted both data sets together to determine a model
of CMB 1opography through degree and order 4, with peak-to-peak
amplitudes in excess of 10 km.

Gudmundsson and Clayton [1992) carried out a number of
inversions of the ISC data for these phases, as well as the additional
phases PKPab, PKPbc: and PKPde. They also investigated the
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effects of including a horizontally-variable D" layer in their models.
The CMB 1opography cbtained for the different phases differs sub-
stantially. In addition. they found that by varying the "tradeoff”
between the effects due to D™ variations and CMB topography
respectively, the amplitude of the ¢-dependent part of A ranged from
1 km to 6 km. Their models were parameterized in terms of spheri-
cal harmonic expansions through degree and order 10, although they
employed & "stochastic inverse,” choosing the trade-off parameter w0
retain only 25 parameters (as measured by the trace of the resolution
matrix) in their solution. The topography for one particular choice
that includes the effects of variable velocity in the D" layer in the
model parameterization (Figure 9 in Gudmundsson and Clayion
(1992]). expanded through degree and order 4 for comparison with
the model of Morelli and Dziewonski [1987), is illusrated in the top
panel of Figure 3.

Another approach 1o modeling CMB wpography is to use density
variations inferred from lateral variations in seismic-wave velocities
in the mantle or other geophysical inference w drive models of man-
tle flow. These models, which predict dynamically-maintained
topography at the Earth's surface and at the CMB, are constrained
by long-wavelength feawrres of the geoid. This approach assumes
that the seismic-velocity variations are caused by density variations
(via temperature), to which they are linearly related. The mantle vis-
cosity must also be specified, along with major chemical boundaries
in the mantle, including the problematic D" layer. In a spherical
harmonic expansion of A(68, ¢) up to degree and order 9, models
with no D" layer give amplitudes of the ¢-dependent part of A up to
2.5 km (e.g.. model WO of Hager and Clayton [1989]). nearly 25%
of the equaiorial bulge. On the other hand, models with a low vis-
cosity and/or chemically distinct D™ layer give much lower ampli-
tudes. For example, the CMB wpography for model WL of Hager
and Rickards [1989], a model which has 8 D™ layer which has a low
viscosity, but is not compositionally distinct frem the overlying
mantle, is shown in the bottom panel of Figure 3. It has an excess
ellipticity compatible with the inferences from nutation studies. The
model is dominated by long-wavelength variations, with a peak-to-
peak amplitude of the topography of < 2 km.

Clearly, models of CMB topography differ more than do models
of core flow. Thus, the comparison of the implied LOD variations
with observed values on the basis of the method outlined in Section
1 has the potential to distinguish among classes of models such as
those presented here.

5. PREDICTED TORQUES AND LENGTH-OF-DAY VARIATIONS

Estimates of the topographic torque exerted by the core on the
mantle were produced from models of the flow {ields in the outer
core and the CMB topography via numerical integration of equation
(2.5). and compared with values implied by the LOD determinations
,presented in Figure 1. Predicted LOD values obiained on the basis
'of equations (1.3) and (2.5) {with ;=0 and L,"= L;) for 50 com-
binations of 10 different models of the flow field, {v,, w,), and 5
models of CMB topography, k, are given in Table 1. Four of the
:ore flow models are those shown in Figure 2; the others represent
Wditional models presented by Voorhies {1988] for the DGRF in the

HIDE ET AL. 113

cpochs 1980-1970 and 1960-1970. The models differ in the
damping parameter used 1o control the roughness of the flow. For
example, G6070.1 is the smoothest model for 1960 - 1970, while
G6070.4 is the roughest. In addition o the two CMB topography
models shown in Figure 3, we also used the model of Morelli and
Dziewonski [1987], model WO of Hager and Clayton [1989], and
the model of Gudmundsson and Clayton [1992] shown in Figure 3,
but expanded through degree and order 10.

Core flow Model [Ia of Bloxham [1989] assumes steady flow
during the epoch 1975-1980, during which time the average value of
Ly* was ~ 0.1 x 108 Nm; the corresponding change in LOD is about
—035 msec/decade. Models G8070.m of Voorhies [1988] assume
steady flow starting in 1980, going back to 1970. During this
interval, AA first increased, then decteased, with negligible net
torque averaged over the decade. Models G6070.m of Voorhies
[1988] assume steady flow between 1960 and 1970, corresponding
to L,* of ~—0.2 x 1013 Nm and a change in LOD of about +1
msec/decade. Model GVCIES of Voorhies [1991a] assumes steady
flow starting in 1980, going back to 1945, with the fit 1o the data
being betier at later than at earlier times in this interval. An average
torque of ~ -0.1 x 1018 geerms appropriate for the interval over
which this model best fits the geomagnetic data; this would corre-
spond to a change in LOD of 0.5 msec/decade.

By chance, all combinations of flow models and topography
moxels presented here give positive predictions for changes in LOD.
(Other models we have used, not shown, give negative predictions.)
The combinations using the seismological models of A, with irregu-
lar ¢g-dependent amplitudes of several kilometers, "predict” LOD
changes much larger, some by over a factor of 100, than the
observed changes. Much closer agreements with the magnimde of
observed LOD changes were found in the case of combinations for
model WL, which has irregular CMB topography < 1 km in ampii-
tude, although the predicted changes are still a factor of 4 - 8 10
large. For the wpography models used here, Bloxham's {1989]
flow model predicts the wrong sign of LOD variation during 1975 -
1980. Voorhies' [1988] models predict the cormrect sign for the
decade represented by models G6070.m. The models for the epoch
represented by models G8070.m predict too large changes in LOD;
the observed value for this decade is about zero. But, as discussed
next, we are more confident of the order of magnitude of the torques
than their sign, so the differences for these different flow models
may not be diagnostic.

There is of course concern about the effect of inadequacies in the
flow and topography fields on "predicted” values of the LOD vana-
tions. The preblem is illustrated in Figure 4, which presents maps
of the spatial distribution of contributions to the L, torque,
2p£L), ¢ sin 8 cos 8, for the two flow models shown in Figures 3¢
and 3d, interacting with the wopography shown in the bottom panel
of Figure 2. As expected, a high degree of canceling is exhibited
(see equation (2.1)). The net axial torque (and hence the LOD esti-
mate)} is the sum of these individual paris, which means it ends up
being the smajl difference between two large numbers. For exam-
ple, the total 1orque for the model in the top panel of Figure 4 is —1 x
10!8 N-m {comparable to the that inferred for ~ 1900, as can be seen
from Figure 1). A constant torque per unit area of -3 x 103 N/m
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TABLE 1. Predicicd values of LOD vanations for combinations of CMB topography models
and geostrophic flow models discussed in the text.

AA (msec/decade)
CMB Bloxham Voorhies Voorhies Voorhies Voorhies Voorhies Voorhies Voorhies Voorhies Voorhies
Topography \ Ia GVCIES G6070.1 G8070.1 G6070.2 G8070.2 G6070.3 G8070.3 G&070.4 G3070.4
Flow (1989] _ (1992] [1988) ([1988] [1988] {1988] (1988}  [1988) [1988] [1988]
Morelli &
Dziewonski 143 115 110 133 115 131 97 120 58 112
1987
Gudmundsson
Clayton [1992] 85 71 66 75 59 81 47 80 33 78
degree 14
Gudmundsson
Claywon {1992) 88 70 64 73 57 77 46 75 34 78
degree 1-10
Hager &
Clayton WO 4.2 7.6 3a 3.4 11 4.7 24 5.7 31 6.8
{1989]
Hager &
Richards WL 2.2 35 4.8 6.7 5.1 5.5 8.1 4.2 8.4 2.1
(1989]

acting over the arez of the CMB would result in a torque of this
magnitude. The maximum amplimudes of the contributions to the
equivalent torque integral plotted in Figure 4 are more than a factor
of 100 gresier than this average value.

The contributions to the torque integral for the two {low models at
different epochs are similar, but there are discemable differences.
For example, beneath southern Africa, the largest negative lorque
integral contribution for 1960 - 1970 has decreased in magninude by
1980 - 1970, but the magnitude of the negative contribution south of
[ndia has increased. During the same interval, the contribution
beneath Alaska changes sign, while the maximum over Manchuria
splits into separated highs. Although these two flow models, and
the patiemns of torque contributions computed from them, are sirmi-
lar, the integrated effect of their small differences leads 1o caleulated
changes of LOD that differ by almost 2 msec/decade, comparable 1o
the total predictions at the two epochs. Interestingly, the difference
in LOD change predicted for these two models is comparable to the
difference in LOD change observed for these two decades. But dif-
ferent flow models for the same epochs produce changes in pre-
dicted LOD comparable in magnitude, but opposite in sign. For this
reason, we cannot assign very high significance 1o detailed LOD
predictions. Indeed. it would probably be possible to construct an
acceptable core flow model that exerts no net torque on the mantle
[Bloxkham, 1991; Voorhies, 1991b}. However, the order of magni-
tude supports the hypothesis that decadal fluctuations in LOD are
largely effected by the topographic torque, even though the time-
averaged torque is, of course, equal to zevo. [Hide, 1969).

The effect of spherical harmonic degree tnmeation in the topogra-
phy ficlds can be investigated by comparing the contributions in the
lorque integral and changes in length of day for two representations

of the CMB wpography model of Cudmundsson and Clayion
[1992]. The first representation, shown in Figure 2, is expanded
through degree and order 4. The second carries the expansion
through degree and order 10. (Because only 25 parameters were
used in their inversion, the amplirvdes of the coefficients fall off
fairly rapidly with harmonic degree.) As can be seen from Table 1.
increasing the maximum degree and order from 4 1o 10 has a very
small effect on calculated LOD variations. Inspection of maps of the
contributions to the torque integral calculated using Voorhies' flow
model and these two topographic models (Figure 5) indicates that
most of the features are well-zcpresented by the smoother CMB
models. The relative amplitudes of the contributions from different
geographic regions vary, but the totai torque remains almost con-
stant. We take the stability of these estimates to indicate that contri-
butions from higher harmonics (and their associated errors) are
probably insignificant, owing to a high degree of cancellation at
these scales (see equation (2.4)).

6. DiSCUSSION AND CONCLUSIONS

The determination of the cfficacy of topographic coupling is
clearly fraught with practical difficulties, But the results of this
paper demonstrate the usefulness of the method employed by pro-
viding independent evidence in favor of the hypothesis that topo-
graphic coupling can account for the observed decadal changes in
LODif &, the rms. value of the ¢-dependent portion of A, the lopo-
graphic relief, is typically about 1 km in amplitude or possibly
slightly less.

We emphasize that this value of & depends on the Suppositions
underlying the method. In particular, the velocity fields as deter-
mined from geomagnetic secular variation data {see Section 3)refer
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Fig. 4. The contribulions 10 the L3 component of lorque, in units of 103 N/m, calculated from Lhe flow models
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give a torque of 0.3 % 1018 Nm and a variation in LOD of -1.4 msec/decade.
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related Lo the integral of these contributions over the area of the CMB,
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10 the free stream at the op of the electrically-conducting liquid core.
In calculating from these velocity ficlds the pressure fields acting
upon lopographic relief of the CMB, it has been assumed that the
clectrically-conducting core is in contact with the mante over the
whale of the CMB. This is probably a reasonable supposition, but it
is interesting to speculate on the possibility thal between the highly
conducting core and the weakly conducting lower mante there might
exist a thin continuous layer or "pools” of weakly-conducting of
insulating liquid which have escaped deteclion by seismic methods.
The acwal pressure field at the CMB might then differ from that
given by equation (2.4) {Hager and Richards, 1989). It would have
1o be determined from considerations of the dynamics of the hypo-
thetical intermediate layer or pools, and the relationship betwezn the
two pressure fields might not be simple. [f typical pressure gradi-
ants at the CMB were weaker than those ai the 1op of the electrically-
conducting core, then the value of & needed to produce the neces-
sary torques on the mantle would have (o be larger. However, the
idea of an intermediate layer is not supported by 2 parallel study to
the present one [R. Hide. and A. Jackson, in preparation}, in which
decadal polar motion induced by opographic core-mantie coupling is
investgated.

As we have seen in Section 4, inferences COnceming h can be
drawn from direct scismic measurements and also from antempis to
interpret the horizontal variations of the Earth's gravitational field in
termns of density variations in the mantle maintained by slow con-
vection there, In both cases, the implied value of h depends criti-
cally on the assumptions made conceming the properties of the
Jower mantle. Seismic measurements give values greater than 1 km
unless there are substantial (- 1%) lateral variations in seismic
velocitics in the zone just above the CMB. The most likely candidate
is the D" layer of 100 - 300 km thickness. Consistent with this
“scenario” are the mantle convection studies, which give  of about
1 km where a chemically-distinct or low viscosity layer in the D"-
region is included, but a significanily greater value otherwise.

So far as future work on topographic core-mantle coupling is
concemned, as better geophysical and geodetic data and models
become available it will be necessary Lo repeak, refine, and extend the
calculations and comparisons made in the present paper along the
obvious lines aiready indicated. The results will have imponant
implications not only for the nature of the suresses responsible for
torques at the CMB and the structure of the lower mantle and CMB
topography, but aiso. indirectly, for the magnewhydrodynamics of
the core and the nature of the geodynamo. Dynamo “models” can be
classified in terms of two characteristic features, namely (a) the
average strength of the wroidal magnetic field in the core {which for
“swong field” dynamos is typically much greater than that of the
poloidal field, whereas for “weak field” dynamos the two field types
are comparabie in strength). and (b) whether or not dynamo action
extends throughout mast of the volume of the core or is confined
the upper reaches. Should more refined calculations either weaken
the case for significant lopographic coupling. or consistendy indicate
an excessive topographic couple, this would constitute evidence in
favor of electromagnetic torques at the CMB produced by dynamo
action concenirated just below the CMB.
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TRANSITION FIELDS IN GEOMAGNETIC POLARITY
REVERSALS: STORM TRACKS IN THE CORE!

By Raymond Hide
Oxford University

It is now widely accepted! on both quantitative and qualitative grounds that
(#) the main magnetic fields of the Earth and other planets are due to ordinary
electric currents circulating in the electrically conducting parts of their interi-
ors, and (if) these electric currents are produced and maintained against ohmic
dissipation by the self-exciting magnetohydrodynamic (MHD) dynamo process
first proposed by Larmor and subsequently elaborated by many others. The
task of investigating such dynamos in detail, by solving the highly nonlinear
equations of MHD under appropriate boundary conditions and comparing the
results with manifold observations of planetary magnetic fields, is not yet feasi-
ble, for most theoretical research is of necessity concerned with mathematical
analyses of systems very much simpler than the prototypes. But quite general
considerations of the governing partial differential equations and of the bound-

* ary conditions under which they have to be solved can be used to expose the

limitations of working hypotheses employed in the interpretation of observa-
tions and to guide future observational and theoretical research.

These equations comprise the usual equations of hydrodynamics and ther-
modynamics governing the Eulerian flow velocity w, pressure p, density p,
temperature T, etc., at a general point P, vector position r at time ¢, together
with the ‘pre-Maxwell’ equations of electrodynamics governing the magnetic
field B, electric current density j, ezc., in a moving medium, to be solved under
the mechanical, thermat, and electromagnetic conditions imposed on the liquid
core at its upper boundary by the overlying mantle and ar its lower boundary
by the solid inner core. It is readily shown, for example, that for every solu-
tion (u(r, 1), B (r, 1)) of the governing equations, there is a corresponding solu-
tod {u(r, r), — B (r, ) (if the boundary conditions are independent of the sign
of the magnetic field B). So, in some respects, it is not surprising, in retrospect
at least, that the most striking property of the main geomagnetic field (as revealed
by the study of fossilized field directions in igneous and sedimentary rocks) is
that the geomagnetic dipole has reversed its polarity many thousands of times
over geological history and that there is no significant bias towards one polar-
ity or the other?. Reversals are sudden events, geologically speaking, lasting no
more than tens of thousands of years, which is much less than typical intervals
between reversals, which are highly variable in duraton.

Owing to Coriolis forces associated with the Earth’s rotation, core motions
will be particularly sensitive not only to the presence of the solid inner core’,
but also to boundary conditions imposed at the core-mantle interface, such as
horizontal temperature gradients and undulations in the shape of that interface
associated with slow but time-dependent convective motions in the lower
mantlet. Mantle flow is characterized by very much longer time scales —
millions of years — than those associated with the general westward drift of
features of the geomagnetic field and other direct manifestations of core motions.
In particular, temporal and spatial characteristics of the geomagnetic field, such
as the highly variable frequency of polarity reversals and detailed behaviour of
transition fields, including the apparent tendency for virtual geomagnetic poles
to follow certain tracks on the Earth’s surface, would be expected to exhibit
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properties that correlate well with geological processes, which in turn are
reflected in geographical features, not the reverse.

These ideas bear on the use by palzomagnetic workers, starting in the 1950s,
of the so-called ‘geocenuric axial dipole’ (GAD) hypothesis, that when averaged
over a few thousand years, owing to the westward drift, the geomagnetic field
at the Earth’s surface should be symmetric about the rotation axis and close in
form to that of a hypothetical dipole placed at the centre of the Earth2. With
the aid of the GAD hypothesis they were able from determinations of the
fossilized inclination of the magnetic field in a wide variety of rocks 1o acquire
important evidence for long-term continental drift and polar motion. Internal
consistency of observations support the view that the hypothesis can be trusted
as a rough first approximation, but it is stll not widely appreciated that the
basis of the hypothesis is largely empirical. Claims that the hypothesis has a
secure basis in theory implicitly neglect the possibility of significant longitudi-
nal variations in the boundary conditions imposed on motions in the liquid core
by the regions with which it is in contact*.

Notwithstanding the early success of the GAD hypothesis, the foregoing argu-
ments indicate that when dealing with the interpretation of the detailed
behaviour of transition fields during polarity reversals (and other aspects of the
spatio-temporal behaviour of the geomagnetic field), the possibility that the
observations reflect intrinsic behaviour of core motions under the influence of
boundary conditions imposed by the mantle and the inner core should be taken
seriously, as indeed some workers have done5. A different view is preferred by
those who accept the suggestion that the electrical conductivityof the D" layer
at the bottom of the mantle can take very high values¢ (even comparable with
that of the metallic core over the Pacific hemisphere) and attribute the observed
properties of transition fields to electromagnetic screening in the D” layer,
implicitly assuming the GAD hypothesis holds with high precision. This view
has been defended by one of its chief proponents as follows: “It is less casy to
accept {the] idea {that] the core produces fields of different characteristics in
different longitudes for times of the order of mantie convection”, arguing that
“the fundamental starting point in the discussion of core-mantle interactions is
the explanation of irregular changes in the length of the day {on decadal time
scales] by the interchange of angular momentum, between the core and the
mantle. The rotation of the core relative to the mantle, seen clearly in the west-
ward drift of the non-axial parts of the field in historical times, seems incom-
patible with the idea that the dynamo produces fields with characteristics [that]
remain stationary with respect to the mantle for times long when compared to
the lifetime of secular variation foci’’".

It is instructive to apply this argument to another fluid system, namely Earth’s
atmosphere, which (like the core) exchanges angular momentum with the solid
Earth, as evinced by pronounced irregular changes in the length of the day on
sub-decadal time scales. The argument leads to the incorrect conclusion that
longitudinal variations of aumospheric variables such as surface pressure,
temperature, and wind velocity would average out to zero on timescales much
longer than those characteristic of transient disturbances in the atmosphere
(days to weeks). Maps of the mean state of the atunosphere over years and
decades (see, e.g., ref. 8) most certainly do not possess this property; indeed
they show strong correlations with geographical features as do meteorological
‘storm tracks’! Because the argument gives incorrect predictions for the atmo-
sphere, it does not follow immediately that it must necessarily fail when applied
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to the core, but it is clear that implicit in the argument are assumptions that
would need to be justified. The main assumption, in my view, is the implicit
neglect of the possibility that the core can support large-scale wave motions
with phase speeds comparable with the speed of material motion in the corel.
In such a system, stationary or quasi-stationary disturbances locked to
‘geographical’ features are readily produced.

As we have already seen, MHD flow in the core is influenced by electro-
magnetic as well as by thermal and mechanical boundary conditions imposed
by the overlying mantle and the underlying solid inner core. So it follows that
if certain regions (e.g., the Pacific hemisphere of the D" layer at the bottom of
the mantle} consist of material of high electrical conductivity, then the magnetic
field seen near the surface of the Earth would be affected not only by the screen-
ing effect of the conducting regions but also by their direct influence on the
field produced in the core. However, the existence of such material may not be
consistent with determinations of the ‘magnetic’ radius of the core from geomag-
netic secular-variation data. The method? assumes that, 10 a first approxima-
tion, mantde conductivity can be neglected, and it gives for the magnetic radius
of the core a value within no more than two per cent of the seismologically-
determined value!9.11. This near-agreement provides a constraint on models of
the distribution of electrical conductivity in the mantle which might usefully
be applied in future work on the interpretation of polarity reversals and tran-
sition fields.

This note summarizes the author’s contribution to a Discussion Mecting on
‘Geomagnetic Reversals: the Transition Fields and their Interpretation’ held
on 1994 January 14 at Savile Row, London. It is impossible to do justice to all
the important observational material and theoretical ideas presented at the meet-
ing (the proceedings of which have not been published), but extensive lists of
relevant references can be found in two papers (refs. 12, 13) which have recently
appeared.

References

(1) R. T. Mermill & M. W. McElhinny, The Earth's Magnetic Field (Academic Press, New York),
1983; J. A. Jacobs (cd.), Geomagnetism (4 volumes) (Academic Press, New York), 1987-91.
(2) 1. A. Jacobs, Reversals of the Earth's Magnetic Field (Cambridge University Press), 1994.
(3) R. Hide, Phil. Trans. R. Soc. London, Az259, 615, 1966.
(4) R. Hide, Science, 157, 55, 1967.
(5} C. Laj et al,, Nature, 351, 447, 1988.
(6) E. Knitde & R. Jeanloz, Science, 251, 1438, 1986,
(7) $. K. Runcomn, in D. B. Stone & S. K. Runcom (eds.}, Flow and Creep in the Solar System:
Observations, Modelling and Theory (Kluwer, Dordrecht), 1993, p. 67.
(8) J. P. Peixoto & A. H. Oort, Physics of Climate (American Lnstitute of Physics, New York), 1992.
(9) R. Hide, Nature, 271, 640, 1978.
(r0) R. Hide & S. R. C. Malin, Proc, R. Soc. London, A374, 15, 1981,
(11) C. V. Voorhies & E. R. Benton, Geophys. Res. Lett., 9, 258, 1982.
(12) D. E. Loper & T. Lay, J. Geophys. Res., 100, 6397, 1995.
(13) G- A. Glawzmaier & P. H. Roberts, Nature, 377, 203, 1995.






=

Geophys. J_ Int. (1996) 125, 599-607

‘Topographic core-mantle coupling and polar motion on decadal

time-scaies

R. Hide,"? D. H. Boggs,! J. O. Dickey,! D. Dong,! R. S. Gross! and A. Jackson®

! Space Geodetic Science and Applications Group, Jet Propulsion Lnborat!)rn California institute of Technology, Pasadena, CA 91109-8099, USA

2 Department of Physics ( Atmaospheric, Oceanic and Planetary Physics ). University of Oxford, Clarendon Laboratory, Parks Road Oxford OX1 3PU
3 School of Earth Sciences, University of Leeds, Leeds 1.59 NJT '

Accepted 1996 January 10. Received 1996 January 9; in original form 1995 June 21

€2 1996 UIS Government

SUMMARY

Associated with non-steady magnetohydrodynamic (MHD) flow in the liquid metallic
core of the Earth, with typical relative speeds of a fraction of a millimetre per second,
are fluctuations in dynamic pressure of about 10° N'm~2 Acting on the non-spherical
core-mantie boundary (CMB), these pressure fluctuations give rise to a fluctuating net
topographic torque Lt} (i=1, 2, 3)}—where ¢ denotes time—on the overlying solid
mantle. Geophysicists now accept the proposal by one of us (RH) that L(r) makes a
significant and possibly dominant contribution to the total torque L¥(t) on the mantie
produced directly or indirectly by core motions. Other contributions are the ‘gravi-
tational’ torque associated with fluctuating density gradients in the core, the ‘electromag-
Betic’ torque associated with Lorentz forces in the weakly clectrically conducting lower
mantle, and the “viscous’ torque associated with shearing motions in the boundary
layer just below the CMB. The axial component .L¥(t) of L¥(t) contributes to the
observed fluctuations in the length of the day [LOD, an inverse measure of the angular
speed of rotation of the solid Earth (mantie, crust and aryosphere)], and the equatorial
components (L}(z), L1(z)) =L *(z) contribute to the observed polar motion, as deter-
mined from measurements of changes in the Earth’s rotation axis relative to its
figare axis.

. In carlier phases of a continuing programme of research based on a method for
determining L(t) from geophysical data (proposed independently about ten years ago
by Hide and Le Mouél), it was shown that longitude-dependent irregular CMB
topography no higher than about 0.5 km could give rise to values of L.(r) sufficient to
account for the observed magnitude of LOD fluctuations on decadal time-scales. Here,
we report an investigation of the equatorial components (L,(r), L,(¢)) =L (r) of L,(r)
taking into account just one topographic feature of the CMB—albeit possibly the most
pronounced—spamely the axisymmetric equatorial bulge, with an equatorial radius
exceeding the polar radius by 95+ 0.1km (the mean radius of the core being
3485+ 2 km, 0.547 times that of the whole Earth). A measure of the local horizontal
gradient of the fluctuating pressure field near the CMB can be obtained from the local
Eulenian flow velocity in the free stream’ below the CMB by supposing that nearly
everywhere in the outer reaches of the core—the “polosphere’ (Hide 1995)—geostrophic
balance obtains between the pressure gradient and Coriolis forces. The polospheric
velocity fields used were those determined by Jackson (1989) from geomagnetic secular
variations (GSV} data on the basis of the geostrophic approximation combined with
the assumption that, on the time-scales of the GSV, the core behaves like a perfect
electnical conductor and the mantle as a perfect insulator.

In genera] agreement with independent calculations by Hulot, Le Huy & Le Mouél
(1996) and Greff-Lefltz & Legros (1995), we found that in magnitude 1. (r) for epochs
from 1840 to 1990 typically exceeds [L,(z)| by a factor of about 10, roughly egual 1o
the ratio of the height of the equatorial bulge to that strongly implied for irregular
topography by determinations of L,(1) (see Hide er al. 1993). But L (¢) still apparent]y
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falls short in magnitude by a factor of up to aboul 5 in 115 alulity o account for the
amplitude of the observed time-series of polar motion on decadal time-scales (DPM},
and it is poorly correlated with that time-series. So we conclude that unless uncertainties
in the determination of the DPM time-series from observations—which we also
discuss—have been seriously underestimated, the action of normal pressure forces
associated with core motions on the equatorial bulge of the core-mantle boundary
makes a significant but not dominant contribution to the ercitation of decadal polar
motion. Other geophysical processes such as the movement of groundwater and
changes in sea-level must also be involved.

Key words: core-mantle boundary, dynamics, Earth’s core, Earth’s interior, Earth’s
rotation, gv::camagnetisxh1 planctary oblateness, topography.

INTRODUCTION

Electric currents generated in the Earth’s liquid metallic
core are responsible for the main geomagnetic field and its
secular changes (see ¢.g. Merrill & McElhinny 1983; Jacobs
1987-1991). The currents are produced by dynamo action
involving irregular MHD flow in the core. Concomitant
dynamical stresses acting on the overlying mantle have been
invoked by geophysicists as the main source of excitation of
the so-called “decadal’ fluctuations in the speed of rotation of
the ‘solid Earth’ (mantle, crust and cryosphere). It is possible
that core motions make a detectable contribution to polar
motiop (i.e. the movement of the rotation axis of the solid
Earth relative to the figure axis) on these time-scales. Studies
of rotational manifestations of core motions have important
implications, for they bear directly on the improvement of
models of the structure, composition and dynamics of the
Earth's deep interior, which have to reconcile a wide variety
of geophysical observations (for references sec Loper & Lay
1995).

Consider a sct of body-fixed axes x, (i=1, 2, 3) aligned with
the principal axes of the solid Earth and rotating about the
centre of mass of the whole Earth with angular velocity

@y = B(t) = (B, @3, G3) = Yy, 1y, 1 +75), 1

where ¢ denotes time and () the mean speed of rotation of the
solid Earth in recent times (0.7292115 x 10 “rad s !) (sec e.g.
Munk & MacDonald 1960; Lambeck 1980; Rochester 1984;
Moritz & Mueller 1987, Walr 1988). Over time-scales that arc
short compared with those characteristic of geological pro-
cesses, the rotation of the Earth departs only slightly from
steady rotation about the polar axis of figure, so that #t, , #1,, i,
are all very much less than unity and im,|<«€Q, where
iy = driy, /dt. Periodic variations in o; on time-scales less than
a few years are forced by periodic lunar and solar tidal torques
and related changes in the moment of inertia of the solid
Earth. Irregular subdecadal variations are evidently produced
largely by atmospheric and oceanic torques due to tangential
stresses in boundary layers and normal (pressure) stresses
acting on surface topography. These fluctuating stresses are
associated with seasonal, intraseasopal and interannual fluctu-
ations in the total angular momentum of the atmosphere (for
references see Hide 1986; Hide & Dickey 1991; Eubanks 1993,
Rosen 1993). When these rapid variations have been removed
from the observational data, the smoothed time-senies,

w (1) =Qfm,(t}, my(t}, 1 + m3(1)), (2)

that remains (see Figs 1 and 2) represents the coatributions of
decadal variations to &(t). Errors and uncertainties in these
determinations of m; (t) and m,(z) are discussed in Appendix A.

It is convenient at this stage to introduce the vector L (1),
defined as the hypothetical torque acting on the solid Earth
that would account for observed Earth-rotation fluctuations
on decadal tume-scales in the absence of other processes, such
as changes in the inertia tensor of the solid Earth associated
with the stresses responsible for L (1) and also with the
movement of groundwater, melting of ice, ¢tc. Using standard
methods (sce e.g. Munk & Macdonald 1960; Lambeck 1980)
it is readily shown that, to sufficient accuracy here {f. Hide
1989),

L) =[L (1), L7 ()] = QHC™ — A™)my(1), —my(1)],
(3}

where C™ — A®™ =263 x 10* kg m?, C*™ and A™ being the
principal moments of inertia of the solid Earth (about polar
and equatorial axes through the Earth’s ccotre of mass
respectively). C*™ is 0.895 times the polar moment of inertia
of the whole Earth, including the metallic core. Time-series of
L (t) and L] (¢) ar¢ given in Fig 2.

In this paper we investigate, as part of a continuing pro-
gramme of research on Earth-rotation fluctuations, the extent
to which the observed DPM can be accounted for by the
fluctuating topographic torque L (t)={L,{t), Ly()] associ-
ated with normal pressure forecasting on the equatorial bulge
of the CMB. Qur findings (see below) are in general agreement
with those of independent and parallel studies by Hulot, Le
Huy & Le Mougl (1996) and Grefl-Lefftz & Legros (1995)
extending earlier work by Hinderer et al (1987), in which
effects of irregular latitude-dependent topography as well as
electromagnetic coupling and induced changes in the inertia
tensor of the imperfectly rigid mantle are also investigated.

THE TOPOGRAPHIC TORQUE EXERTED
BY THE CORE ON THE MANTLE

The fluctuating torque L¥(t) exerted by the core on the
overlying mantle is produced by:

(a) tangential stresses at the CMB associated with shearing
maotions in the thin (probably less than 1 m) viscous boundary
layer just below the CMB;

{b} normal dynamic pressurc forces acting on the equatorial

&3 1996 US Government. GJ} 1235, 599-607
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bulge and other (possibly) smaller and more irregular
departures from sphericity of the shape of the CMB;

() Lorentz forces due to the flow of electric currents in the
weakly conducting lower mantle generated by the clectro-
motive forces assodated with the geodynamo processes in the
core; and

(d} gravitational forces associated with horizontal density
variations in the core and mantle and especially with CMB
topography (Jault & Le Mou&l 1993; Eubanks 1993).

Dynamical arguments show that the pressure coupling associ-
ated with quite modest CMB topography could predominate
over other effects (Hide 1969, 1986, 1989). While the contri-
bution made by viscous stresses is negligible if, as is likely, the
effective coefficient of kinematic viscosity of the core is less
than about 10*m?s™!, electromagnetic coupling might be
quantatively significant if the (unknown) electrical conductivity
of the lower mantle were sufficiently high. Gravitational coup-
ling may tum out to be significant as well {see Jauli & Le
Mougl 1993; Hulot er al. 1996).

€ 1996 US Government, (J] 125, 599-607

The axial component La(t) of the topographic torque and
its manifestation in decadal LOD variations have been con-
sidered in previous studies {e.g. Jault & Le Mool 1990; Hide
et al. 1993). Here we discuss the equatorial componeats L, (r)
and Ly(1) and their contribution to the decadal poiar motion
my(t) and m,(t), a problem which, as noted above, has also
been studied independently by Hinderer et ai. (1987), Hulot
et al. (1996} and Greff-Lefftz & Legros (1995), see also Hide
(1989), with findings in general agreement with thase of the
present study. If p, is the dynamic pressure associated with
core motions u =u, = (u,, v,, w,) in the free stream just below
the viscous boundary layer at the CMB (u being the Eulerian
flow velocity relative to a reference frame fixed to the solid
Earth), and the CMBR is the locus of points where the distance
from the Earth’s centre of mass is r = ¢ + k(f, ¢} (c being the
mean radius of the CMB and (4,¢) the co-latitude and
longitude of a general point P), then

2 pa
Linye —¢? ( [ {r = p,V,h), sin @ d0 dé t4)
e <
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Figure 2. Time-sctics of the componcats (L' (1), L7 (t), L3 (1)) of the equivalent torques implied by decadal components of (A, (), m{t), 1 + iy (1))
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to all time series.

if ll«c and |V,h|« 1. Here V,=c~1(83/00, $ cosec §3/34),
where 8 and ¢ are unit vectors in the direction of increasing 0
and ¢ respectively, and r is the vector distance from the Earth’s
ceatre of mass. Because r x V,(hp,} is a toroidal vector, with
no radial compouents, its integral over the whole CMB is
cqual to zero (Hide 1989). This leads to a more useful
expression for L,(z) in the present context (see below), namely

iz fx
L{t)=c J' J‘ (r x hV,p,), sin 8 d6 d¢ (5a)
o Jo

with components

il " ap,
L,=— i indé—- 4
2 cz'[) L h(smﬂsmq&ae +cos€cos¢a¢)d9d¢,

(5b)
Ix 'z F;) ap
L=8jjh('e P _cosfsi —5)d8d,
2 . s sin COS¢36 cos sm¢ra¢ )
(5¢)
2= -
L3=&L h(sinegi’)ded¢. (5d)

Given h(6, ¢) and determinations of p,(6, ¢, t) on the CMB,
L(t) could be calculated directly using either eq. (4) or eq. (5}
However, as in the case of the Earth’s core and in other
situations where p, is not known from direct measurements
but other information is available, such as u 0, é,10), it is
still possible to estimate L(z) by using the equations of
fluid dynamics to relate the borizontal pressure gradient to
‘observable” quantities. Owing to the Earth’s rotation, Coriolis
forces exert a strong influence on core flow (Elsasser 1939;
Frenkel 1945; Inglis 1955). They should be in close ‘geostrophic’
balance with horizontal pressure gradients nearly everywhere
within those regions of the core where Lorentz forces, which
produce the strongest ‘ageostrophic’ effects (Hide 1956), are
comparatively weak, and in “magnetostrophic’ balance in any
regions where Lorentz forces are comparable in magnitude
with Coriolis forces. Now the magnetic field in the core can
be decomposed into “toroidal’ and ‘poloidal’ parts [Elsasser
1947, ¢f. eq.(12) below], where the former has no radial
component and may exceed the latter in magnitude by as
much as a factor of about 10 and give rise to magnetostrophic
flow throughout most of the liquid core—the ‘torosphere’ (see
Hide 1995}—but not in the outer reaches of the core—the
‘polosphere’—where by definition the toroidal magnetic field

© 1996 US Government. GJ1 125, 599-607



is 0o stronger than the poloidal field (see Le Mouél 1984; Hide
1995). With a fractional emror of no more than about 1072,
polospheric flow can be assumed geostrophic nearly every-
where, satisfying the equation

25,82 cos 6[ —~w,, 0,] = —c™*[3p, /06, cosec 6 5p, /34 ], (6)

wherc g, is the average density over the spberical surface where
u = u,. Here (5,, w,), the (6, ¢) components of u,, are typically
much greater in magnitude than y,, the r-component of u,. It
follows from eqs (5) and (6) that on the time-scales of interest
here, over which u may change significantly but & does not,

1= fx
[Ly (e}, La(0)] = 25,Q¢ j I h(6, )L 1116, 4,1). 1206, 4, 1)]
0 0

x sin 6 cos 0 dé d¢, (7a)
where
[f1. f21={v,cos@cos ¢ —w,sin ¢, o, cos fsing + w, cos ¢]
(7b)

(Hide 1989, 1995; Jault & Le Mouél 1989; Voorhies 1991).

The basic theoretical relationships needed here are given by
eqs (3~7). The integral on the nght-hand side of eq.(7a)
mvolves the CMB topography k(8, §). The ¢-independent mean
equaterial bulge hy(0) (say) of the CMB corresponds to a
9.5+ 0.1 km difference between the equatorial and polar radii
of the CMB (sce Denis & Ibrahim 1981; Gwinn, Herring &
Shapiro 1986; Herring et al. 1991; . Moritz & Mueller 1987).
If this is substantiafly larger than the typical vertical amplitude
of immegular topographic features of the CMB [and there is
evidence that this might be so from the study of decadal
variations in the length of day, involving the evaluation of
L,(¢t); scc Jank & Le Moo (1990); Hide et ol (1993)], then
to a good first approximation we can replace b0, 4) in cq. (7)
by he(6) [#cc eqs (17) and (18) below]. The other quantity
neocded in the evaluation of L(t) is either the field of dynamical
pressure p,(6, 4, t) [sec eqs (4) and (5) and Appendix B] or the
field of horizontal flow (o,(4, 4, 1), w.(6, 4, 1)), which is related
to p, through eq. (6). Geomagnetic secular variation data have
been tised by various workers to mfer (,, w,) by a method
that invokes geostrophic balance in combination ‘with the
equations of electrodynamics appropriate to the case when the
mantle can be treated as a perfect electrical insulator of uniform
magnetic permeability and the core as a perfect conductor, as
we shall now discuss.

VELOCITY AND PRESSURE FIELDS IN
THE CORE

Denote the value of the main geomagnpetic field at a general
peint (r, 8, ¢} at time t by B(r, §,4,t), and the geomagnetic
secular variation (GSV) by B =dB/ét. Determinations of B
made at and near the Earth’s surface at various epochs can be
used to infer u,, the Eulerian flow velocity just beiow the CMB
(for references see Bloxham & Jackson 1991; Hulot. Le Mou#)
& Wahr 1992). In turm, estimates of the associated horizontal
pressure gradient ¢ *(3p, /86, cosec @ 8p,/o¢) there can be
deduced by usisg €q. (6). The first of the three reasonable key
assumptions that underlie the method used is that the electrical
conductivity of the maatle and maguetic permeability gradients
there are negligible, so that B can be wnitten as the gradien
of a potental V satisfving Laplace’s equation Vi1 =0 This
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facilitates the downward extrapotation of the observed field at
and pear the Earth'’s surface in order to obtain B and B at the
CMB (scc eg Jacobs 1987-1991). The sccond assumption
concerns the time-scales of the GSV and the electrical conduc-
tivity of the core. Dynamo theory requires high but not perfect
clectrical conductivity, for it is impossible to change the
magnetic flux linkage of a perfect conductor (Bondi & Gold
1950}, in accordance with Alfvén's frozen flux’ theorem When
decaling with fluctuations in B on time-scales very much less
than that of the ohmic decay of magnetic fields in the core
(which is several thousand years for global-scale features),
however, Alfvén's ‘frozen flux’ theorem, in our notation

IB/dt =V x (u x B}, (&)

should provide a good leading approximation, implying that
the lines of magnetic force emerging from the core are advected
by the horizontal fiow (z,, w,) just below the CMB (Roberts
& Scout 1965; Backus 1968). Accordingly if B =(B,, B,, B,),
then B, at the CMB satisfies

%_‘_&@ hid] aB'.._B .@
o Y cae tesmo o | ©)

The last equation alonc does not permit the unique deter-
mination of u, from knowledge of B and B at the CMB, so a
third physically plausible assumption s needed. Effective
uniqueness can be secured by making use of the assumption
expressed by cq. (6) above, namely that, to 2 first approx-
mation, polospheric flow is in geostrophic balance (Hills 1979:
Le Moutl 1984; Le MouZl, Gire & Madden 1985; Backus &
Le Moua! 1986; Gire & Le Mouél 199(0; see also Bloxham &
Jackson 1991; Hulot er al. 1992). This gives the additional
equation

ou sin §
0080[5]’-¢+.TD.=0, (1%

which is obtained by climinating p, from eq. (6) and using the
mass continuity <quation

V-u=0 (11}

for fiow of an effectively incompressible fluid

Various groups of geomagnetic workers hzve produced
maps of (o,, w,) based on this {(and other) assumptions, and
have investigated the errors and uncertamties encountered i
practice (Bloxham & Jackson 1991; Hulot & al. 1992). Fields
of B, and B, at r =c¢ deduced by Jackson {1989) for epochs
going back to the year 1840 AD provided the basic B and B
input data for the present study. These were used (o produce
hypothetical ‘geostrophic’ flow fields u,, constructed using
spherical harmonic expansions (see eqs 16-20) up to degree
and order 14, which account for more than 90 per cent of the
observed GSV (Jackson 1989).

TORQUE ON THE EQUATORIAL BULGE

For an eflectiveiy incompressible fluid, the Eulenan flow feld
u is solenoidal, by virtue of eq.(11), and can therefore =
decomposed into a toroidal part (with neo radial componez:!
and a poloidal part as foliows:

u=up+u,=Vx{(T*T)+ V xVx ().

where 715 a unit vector i the direction of increany ref o0 -
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If (x, o, w) are the (r. 8, ) components of u, then

-1 1 i 3 3?‘-’: 1 &p "

P sn0ae\™ %% ) sinte 2 |’ (133)

1 ar* 14s* b

-rsin06¢+r60' (13b)
1oT* 1 as*

W= —— (13¢)

r 90 ‘rsing a¢ "
where $*=0P*%/dr. Il u=w, =(u,, 0, w,) in the free stream
just below the CMB, where, for the purpose of this part of the
calculation {but seec Hide 1995, eq. 4.5), u, can be set equal 1o
zero and r equal (o ¢, the mean radius of the CMB (¢f. eq. 4),
and T* = T and 5* = § on r = ¢, thea we have

1 48T 1905
S cEmod T3 (14a)
18T 1 as
R R (140)
By the geostrophic relationship eq. (6),
. T cos03S
“-(mmﬂwc-(m’(—mos‘?-}-mg)'
(15a)
%-—(Wcosdsinﬂ)u,
aT . .38
-(m(-moz—mOuoa). (15b)
from which it follows that T and § satisfy
. 2T ., 35 . PS cos0FS
Iﬂ‘-&-—(mzo—ﬂn 0)354-0080&1!9301—4-56-6?.
(15c)

The scalar quantities T(6, 4, t) and S(9,4.1) and the topo-
graphy M6,4) can be cxpressed as spherical harmonic
expansions:

qw_i_'io_g(q‘ucos mé + g sin mh)P. _(c0s 8), (16)
where '

(€hme @hn) = (Em ) When g =T, (17)
(45ms @hn) = (. 2.) when g =S, (18)
(€5 e Goum) = (Ko, BE,) When g = b (19)

Here P, (cos 6) are the associated Legendre polynomials of
degree n and order m with the Schmidt semi-normalization

J’ Py m{cos 8)P, (cos 6) sin 0 d6 = 2(2 — 5, 0)3, . A2n + 1),

0
(20}

where 6, =1 when n=n, and §,, =0 when n=n". (See
Appendix B for a discussion of the spherical harmonic expan-
sion of the pressure field p, in terms of the coefficients of the
expansions of T and §.)

Ino the case when the equatorial bulge is the sole topographic
feature of the CMB to be considered, we have h{f, ¢) = hy(0),

where

o

o 1
ho(0) = b5 o P; olcos 6) - "3.0[5(3 cos” — l)] -

This gives —3h§ o/2 for the difference between the equatorial-
and polar radii (9.5 + 0.1 km, see above), so that

o= —(631401)%x10°m. (22)

The general expressions for (L,, L,) obtained when eqs (7)
are combined with eqs (12-16) are quite complicated and
will not be written down here (but see Appendix B). When
h(8, é) = ho(8) given by eq. (21), the expressions simplify to the
following

Ly, Ly) = — 22015 o

B ¢2))

7243 3210
x[T-‘S/_(s;,,,si.H 2{_ (‘:.1-5:.1)]- (23)

The polar motion due to the action of geostrophic pressure
forces acting on the equatorial bulge of the CMB in the case
when the mantle is perfectly rigid could be derived by com-
bining this equation with the equation obtained by setting
(Ly. Ly)=(Ly, L) in eq.(3). Alternatively, we can compare
the time-series of (L,(t), L(t)) as given by eq. (23) with those
of (Ly(¢), Ly (1)) implied by the observed polar motion
through eq. (3). The results are shown in Figs 2 and 3, where
in evaluating m,(t) and m,(r) we have taken

7=099x10'kgm™3, 0Q=729x10"3rads™!,
c=348x10°m, C*™ — A" =263 x10* kgm?

(see e Stacey 1992; Eubanks 1993), 50 that

2xFOCHE o= —348 x 10 kg s~!

and

[QC*™ ~ A™)] " = 8.12 x 10" B kgt m~2 52

are the numerical values of these factors in eqgs (23) and (3)
respectively.

DISCUSSION AND CONCLUDING
REMARKS

The axial component L,(¢) of the net torque L{t) on the
mantle duc to the action on topographic features A(6, ¢) of
the CMB of normal (pressure) stresses associated with’ core
motions could, as shown in previous work, make a significant
and possibly dominant contribution to observed decadal LOD
fluctuations, even with longitudinal variations in k that are no
bigger than 1km in vertical amplitude and possibly even
slightly less (Hide 1969; Jault & Le Mouél 1990; Hide et al.
1993). The equatorial bulge of about 10 km is likely to be the
main topographic feature involved in producing the equatorial
component L (¢) of L,(¢t), and it is not surprising therefore, as
the calculations presented in this paper show (see Fig 2 and
Hide et al. 1993), that |L {¢)] typically exceeds {L ()| by a
large factor. However, it is clear from Fig. 2 that L{t) is about
five times smaller in magnitude than the equatonal torque
L*(t} inferred from the observed polar motion Further
analysis reveals that the series are uncorrelated as well.

In our study, the equatorial bulge is taken (for simplicity)
to be the sole topographic CMB feature, and the resulting
expression for the equatonal torque involves only the second-
and fourth-degree spherical harmonic coefficients of the veloc-
ity field (see eq.23). The second-degree harmonic clearly
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48

v

b

-3
1

48
36 -
24 4
12 4
00 -
12
24 4
-3.6
48

L

N.m(x1019)

expansion of the pressure ficld (sco Appeadix B), oaly those

welocity fiedd make nos-2er0 contributions to (L (1), L{)), mamely (L,(%;

the diagram by dashed and dotted lincs respectively. A low-pass filter

dominates (Fig. 3), 50 it is unlikely that uncertainties in the
velocity fields used could account for the discrepancy. Qur
m:lﬁndingsconmningtbcim‘bquacyoftopogmphic
coupling in the excitation of decadal polar motions agree
qualitatively with those of the above-mentioned work by Hulot
et al. (1996) and Grefl-Leffiz & Legros (1995), where effects
due to irregular latitude-dependent topography, gravitational
torques associated with the pon-spherical shape of the CMB,
andchangesinthcincrﬁatcnsorofthcsoﬁd‘ﬁaﬂhprodueod
by fluctuating horizontal pressure variations in the upper
reaches of the core are also taken into account. The fluctuating
clectromagnetic torque on the mantle associated with core
motions (see above) could, of course, be stronger than the
topographic torque, but only under extreme assumptions con-
cerning the (unknown) distribution and magnitude of the electri-
cal conductivity of the lower mantle and of the toroidal part of
the geomagnetic field just below the core-mantle boundary.

It is an old suggestion that the movement of air and water
at and pear the Earth's surface on relevant time-scales is
involved in the excitation of DPM (see Wilson 1993}, but
quantitative studies are hard to make. The spectral character-
istics of water movement are similar to that of DPM—red.
and increasing sharply at decadal periods--whereas the air—
mass excitation spectrum is white, i.e. flat (Kuehne & Wilson

€ 1996 US Government, GJ/ 125, 599-607

tolumofdegreun-Zudl-4ildn¢poloidalpuldﬂnmchmd
n=2), Ly(t; n = 2)) and (L, (5; m =4), L,(c; n =4)); they arc indicated in
withaant—oﬂ'-paiodoflOymnhsbeenlppﬁndtoaﬂﬁme—uiu

1991). DPM observations imply an excitation showing linear
polarization along the direction that would result from a
uniform rise or fall of sea-evel, implying that forcing is due,
at Jeast in part, to the redistribution of water mass (Wilson
1993). It will be necessary in future work, as better data
become available, to re-investigate all possible excitation mech-
anisms, for it seems that the decadal polar motion is most
likely caused by a variety of geophysical processes, with the
topographic torque induced by the equatorial bulge producing
a significant but not a dominant contribution.
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APPENDIX A: OBSERVATIONS OF POLAR
MOTION

Studies of decadal variations in polar motion (sec Fig. 1} rely
beavily upon daily gbservations of the latitude of each of the
five stations of the International Latitude Service (ILS), which
are obta.inpd by the technique of optical astrometry (see ¢.g.
Yumi & Yokoyama 1980). Determinations of polar motion
(m(t), my(t)) (sec eq. 2) from monthly averages of these obser-
vations span the 80-year period 1899-1979. Analyses of this
ILS polar-motion time-series show clear evidence of varabiity
on decadal time scales (c.g. Wilson & Vicente 1980; Dickman
1981). The reality of this variability, however, has been called
into question out of a concern about the contaminating effects
of possible systematic errors occurring at individual stations
(scc e.g. Eubanks 1993). In particular, Zhao & Dong (1988)
noticed that, when observations from the Ukiah ILS station
are not used, the recovered DPM variations, although still
present with about the same amplitude, are pot as regular as
when the polar motion is determined from all available obser-
vations. From this, they conclude that the apparent regularity
of the decadal polar motion variations (ic, the so-called
30-year Markowitz wobble) is an artefact of Systematic errors
in the Ukiah observations. We emphasize bere that the study
of Zhao & Dong (1988), although widely cited as concluding
that the DPM vadationsuenotml,inhaonlquﬁons
the regularity of the observed variations, not their presence.

by simultancously solving for station-dependent systematic
ctrors, leaving the polar-motion parameters free of such effects.
The decadal variations evident in the polar-moetion series that
he obtained by this technique arc nearly identical to that
exhibited in the ILS series, leading him to conclude that these
vaﬁaﬁommrulmdnotanarldactofsystanaﬁcmomin
the observations.

Space-geodetic determinations of polar motion began with
the launch of the Lageos I satellite in 1976, May, and now
span nearly 20 years. The POLE93 polar motion serjes
analysed here is a Kalman filter-based combination of the ILS
polar-motion scries (spanning 1899-1979), the BIH (Bureau
International de I'Heure) optical astrometric series (spanning
1962-1982), and space-geodetic polar motion measurements
made by the techniques of SLR {satcliite laser ranging) (span-
ning 1976-1993), VLBI (very long bascline interferometry)
(spanning 1979-1993), and the GPS (global positioning system)
(spanning 1991-1993). Since 1982, the polar motion values in
POLE93 have therefore been based solely upon moderp space-
geodetic measurements. As seen in F igs I and 2, there is clear
cvidence ‘of decadal-scale variability in the POLES3 polar-
motion series since 1982. Furthermore, the post-1983 varability
is consistent with similar-scale vanability evident in this series
during earlier epochs, thereby giving credence to this earlier
variabitity.

The POLE9Y3 series 1s used here since it is the most complete
polar motion series currently available. The above discussion
and previously cited studies indicate that the influence of

© 1996 US Governmem, GJI 125, 599607

Core-mantle coupling on decadal lime-scales (07

systematic errors on the decadal vaniability evident in this
senies may affect the shape of the vanations, but not the
amplitude,

APPENDIX B: SPHERICAL HARMONIC
EXPANSION OF PRESSURE FIELD

By virtue of the equivalence of qs {4) and (5), which lead to
eq.(7) for L(t) in terms of h(6, ¢) and w,(0,4,1), it is possible
to determine L. (¢} without going through the stage of
cvaluating p,(6, , 1) directly (see Hide 1989). For the sake of
completeness and other reasons, however, it is useful to relate,
through eq.(6), the cocflicients in the spherical harmonic
expansions for u,(8, ¢, t) (see eqs 14, 17 and 18) to those of
the following expression for p {8, 1)

P66 = 3 3 (E(t) cos mb + pi_(r)sin m)

REQ =0

*x Py plcos §), (BI)

where the P, _(cos 8) are defined by Schmidt normalization
given by eq. (20}, Thecoefﬁdcntsp:,andpi,mnbcapmed
in terms of the spherical harmonic coefficients of u (@, é,t) as
follows {see eqs (17) and (18); of. Gire & Le Mougl (1990} 7:

Pom= —2pQCS5s s+ COSL 4+ CLU8 500, (B2)
p:'-=m(q;}$:_2_-+ctﬂs.“+c(uf-’s:+2.-}l (53)
when m > 0, and

n—1 n42
Pro=—2 E'n‘_—l‘lﬁ—l.o“‘m‘:ﬂ.O)- (B4)

the coefficients £, 5%, ., T . being equal to zero when
n<mand m>0, in eqs (B2) and (B3).

c=r = A= D= 2)[(n —m)m+m)n — 1 —m)in~ 1 + m) P2

m(2n—1)(2n _3) :
(B3)
O = nin+1) [(n+1—m)(n+l+m) (n—m)(n+m)]
~m (2n 4 1) (2n+3) -1 |
(B6)
and

9= (r+2) 43 (n+t —m)m+1 +min+2—mjin+2+m)]"
T m{2n+ 3)(2n 4 5)

{B7)

In terms of the coefficients of pressure field, the torque
acung on the main bulge at the CMB can be expressed as
follows:

(L, L;)=

4\ﬁr{
5

"th.o(_PB.]:P;.l) (Bg)

(see Hinderer et al. 1990). It is readily demonstrated. using eqs
{B2) and (B3), that eq. (B8) is consistent with the expression
for the torgue in terms of the velocity field given by eq (234
Yaking h, o as ~2ca /3, where . denotes the ellipticity a1
CMB. our eq. (B8} is identical 10 the formula {22b) of Hule:
er al (1996).
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the task of developing realistic numerical models. Systematic research with these
models will include investigations of effects due to departures from axial symmetry
in the boundary conditions, with a view in the first instance to interpreting certain
important details of the geomagnetic field. But it would be wise in the study of the
eccentric magnetic flelds of Uranus and Neptune to see what progress can be made by
examining “free” behaviour, without in the first instance invoking “forced” behaviour
caused by non-axisymmetric boundary conditions.

The most striking property of the geomagnetic field is that the dipole has reversed
its polarity many times over geological history. In certain respects this is not sur-
prising, because for every solution (B(r,t), u(r,t)) of the MHD dynamo equations,
(=B(r, 1), u(r,t)), is also a solution. At about 7 x 10° years, the average interval
between geomagnetic polarity reversals is very much longer, by a factor of about 100,
than the duration of a reversal event, when the polarity changes sign. But the time
series of reversals is highly irregular {see Jacobs 1994): there have been intervals as
long as 3 x 107 years when the polarity apparently remained unchanged! It is likely
that this general behaviour reflects to some extent changing boundary conditions at
the surface of the core produced inter alia by mantle convection. It is also possible
however that the time series of reversals includes manifestations of “deterministic
chaos” typical of the behaviour of nonlinear systems operating under fized boundary
conditions.

It will not be possible to resolve such questions satisfactorily until full dynamo
models have beea investigated by solving the highly nonlinear partial differential
equations of MHD under realistic boundary conditions (see Soward 1983). So far
as polarity reversals are concerned, relevant studies to date have been largely con-
cerned with the determination of the generic temporal behaviour of low-dimensional
analogues. These satisfy nonlinear ordinary differential equations, which are read-
ily integrated using quite modest computers. The first such analogue was proposed
by Bullard (1955), who analyzed the behaviour of the simplest imaginable system,
namely a Faraday disk dynamo consisting of a single disk and coil arrangement driven
by a steady applied couple G. He was able to show that the current I(t) in the sys-
tem remained unidirectional and oscillated periodically but non-harmonically with
amplitude and period which depend on the starting conditions. Maikus {1992} rec-
ognized that by introducing a resistive shunt between the disk and the coil into the
Bullard system (a modification adumbrated by Bullard (1955), see also Allan (1962))
it was possible to produce equations with a degree of complexity known from previous
work on nonlinear systems (e.g. Lorenz 1963, Moore and Spiegel 1966, see also Moon
1987, Thompson and Stewart 1986) to give rise to chaos, an expectation confirmed
by Robbins (1977).

Much earlier, Rikitake (1958) introduced a system which has attracted much
attention from mathematicians interested in the details of its chaotic behaviour, and
also from geophysicists concerned with the interpretation of the statistical properties
of the highly irregular time series of geomagnetic polarity reversals (for references see
Jacobs 1094, Melchior 1986, Moffatt 1978, Parker 1979, Rikitake 1966, Turcotte 1993).
Rikitake secured the same degree of complexity as in the shunted single disk dynamo

by coupling two identical Bullard-type dynamos together, Dissipation due to ohmic
heating is included in the Rikitake system, but as we shall see in what follows, an
implicit assumption in previous work with that system, namely that dissipation due
to mechanical friction may safely be neglected, appears to be unjustified. We conclude
our discussion by showing that mechanical friction renders the dynamical behaviour
of the Rikitake system “structurally unstable” {for definition see e.g. Thompson and
Stewart 1986) and incapable of chaotic behaviour (see below).

The equations governing the Rikitake system are as follows {see e.g. Ghil and
Childress 1987, Jacobs 1994, Moffatt 1978):

Ldl/dt + RI, = ML I, (5.2)
Ldly/dt + RE, = MO, 1y, (5.3)
Adihjdt = G- ML, {5.4)
and
AdQy/dt = G - ML . (5.5)

Here (I1(t), £2,(¢)) are the current and angular speed of rotation of the disk in the
first dynamo and ({,(¢), 0:(¢)) the corresponding quantities in the second dynamos;
L and R respectively are the self-inductance and resistance of each dynamo, 27 /M
is the mutual inductance of each coil and disk arrangement, and A is the moment
of inertia of each disk. By measuring time t in units (AL/GM)%, current in units
(G/M)} and angular speed of rotation in units {GL/AM)¥, and writing

L={(G/M)EX,, Q =(GLIAMY,, i=1,2, (5.6)

equations {5.2) to (5.5) become

X1+ 7K =YX, (5.7)
} Nu+4ku = 13X, (5.8)
and ) .
h=r=1-XX,, (5.9)
where the dot denotes differentiation with respect to dimensionless time and
v = (AR /GLM)Y . (5.190)
It follows from (5.9) that
Y -¥.= AY (5.11)

remains constant.
. Ito C.wmou reported one of the most extensive of several detailed published theoret-
ical studies (see Jacobs 1994, Moffatt 1978) based on these equations. The system has
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two equilibrium points a and g with coordinates (16, £67', ¥6?) in the (X,, X3, Y1)
phase space, where § satisfies

AY = (62 -§72) . (5.12)

To paraphrase a published summary of Ito’s main findings, both equilibrium points o
and 3 are unstable foci, and around them there is an attracting plane which traps all
orbits starting from any point except those on the Y, axis. An orbit circles around a
or 4 in this plane, irregularly travelling from an orbit around one point to one around
the other. This corresponds to a reversal of the magnetic field. A phase diagram in
the parameter space (7, §) shows various regions of periodic regime and a chaotic
regime, with the transition from the former to the latter characterized by a succession
of period-doubling bifurcations. Near the centre of the chaotic regime however there
is an area of parameter space where reversals seldom occur and the dynamics are
less disordered. The Markov entropy of the Lorenz map for the system has a sharp
minimum in this parameter region, which Ito termed the “minimum entropy regime”,
concluding that the smallness and non-uniformity of the frequency of reversals as
shown by the palacomagnetic data suggest that the geedynamo is in such a state of
minimum entropy.

This and related theoretical studies (see Jacobs 1994) cover wide ranges of 4 and
8. In-the work of Ito, for example, ¢ < v < 10 and 1 < § < 6. However the
inclusion of mechanical friction in the Rikitake system appears to place restrictions
on the possible values of § that can be achieved. This is readily seen by adding
the term ~kQ; to the right-hand side of (5.4) and —k{); to the right-hand side of
(5.5}, supposing for simplicity that & is constant, corresponding to linear mechanical
friction. By subtracting one of the resultant equations from the other we find

Ad(y — ) /dt = —k(2y — ) (5.13}
which has solutions
[Qa(t) = (t)] = [fa(t = 0) — i (t = 0) exp [—kt/A]. {5.14)

It follows that f3; — {2 is no longer constant unless £ = 0 or ¢ = oo. Mechanical
friction thus reduces 3 — Q, to zero, giving AY = 0; it damps out initial transients
until é takes the value unity (see (5.12}), at which chaotic behaviour cannot occur.
This result is one of several offshoots of an ongoing study, by the writer and
Dr. D.J. Acheson, of single Faraday disk dynamos with additional electrical and me-
chanical elements (another being the discovery of simple novel reversing systems for
which during the long interval of time between reversal events I({) remains virtually
constant but {}(t) does not). From this work, which was undertaken in the first in-
stance with another geophysical {i.e. not the geodynamo) problem in mind, it became
evident that, owing to structural instability the characteristic nonlinear relaxation os-
cillations of the Bullard dynamo give way under the influence of mechanical friction
to steady sclutions which (apart from the direction of the current) are independent
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of the starting conditions, with the current equal to £[(G — kR/M)/M]} or zero ac-
cording as G > kR/M or G < kR/M, the corresponding values of the angular speed
of rotation being R/M and G/K respectively. It should not be difficult in future re-
search to take a variety of structurally-stable disk dynamo systems capable of chaotic
behaviour and investigate the statistical and other properties of that behaviour in
detail, for comparison with observed time series of geomagnetic polarity reversals.
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