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The alternative paradigm for magnetospheric physics

i, N. Parker

The Fantico Fermi Institute, University of Chicago, Chicago, Hlinois

Ahstinct. This paper emphasizes that the macradynamics of the terrestrial magnetosphere is
more cllectively treated tn terms of the primary variables B and v (the B, v paradigm). The
common peactice of relating the dynamics to E and § (the E, j paradipm) provides direct an-
swets In a varicty of symmetric cases. but breaks down in even so simple a stati¢ problem as
a flux bundie displaced (perhaps by recomnection with the magnelic ficld in the solar wind)
from its nonmal cquilibrium position in a static dipole ficld. The essential point is that a di-
rect derivation from the cquations of Maxwell and Newton leads to ficld equations written

in ferms of the continuum ficlds 13 and v, The cquations can be recast in terms of E and
1..of contse, but they are then unwicldy, being integrodifferential cquations, Hence the E, j
paradigm, when correctly apphied. is scrionsly limited in its effectiveness in dynamical prob-
lems. Circumventing the Himitations with the common declaration that E is the prime mover,
actively penctrating from the solar wind into the magnetosphere, provides dynamics that is
unfortunately at variance with the resitlts that follow directly from Maxwell and Newion, The
paper outlines the standard derivation of the basic ficld equations and then goes on 1o treat
2 varicty of circumstances to illusirate the cifectivencss of the deductive B, v paradigm in
the continvum dynamics of the magnetic ficld and plasma. There is no attempt to develop 2
comprehensive model of magnetospheric activity. However we suggest that the ultimate task

is more cllcctively attacked with the B, v paradigm.

1. Introduction

The theory of magnetospheric activity is commuonly expressed
in terms of the clectric field E(r.1) and the electric current density
_itl'.t). with the view that the electric licld drives both the electric
curtent and the bulk plasma motion tt = ¢ Ex 13/ B 2, whilc the cur-
rent canses the magnetic perturbations AT (v, 1). We refer to this
formulation as the E, j paradigm. The paradigm works from the
lLaxic principles of symmetry, charge conservation, the unperturbed
ficld tines of a static magnetic field {cf. Stern, 1992), and Ampere's
law. The electric ficld within the magnetospitere is regarded as the
active inward exiension of the clectric ficld B, = —v,x D,k
in the solar wind with velocity v, and mapnetic ficld 1V,. The
paradigm provides convenient relations, via the Biot - Savart in-
tegral form of Ampere's law, between the electric cutrents of en-
crpetic particles and the gssociated nragnetic ficld perturbations in
static confipurations, However the effective application is limited
by the fact that the principles of symmetry and equipotential field
lines do not apply o nonsymmetric and time.depemdent cirewm-
stances of mapnetospheric activity. Charpe concervation combined
with the unperturhed ficld is not always sufficient to provide the cs-
sential current paths far computing the ficld pedurbations. even for
arbitrarily small static perturbations of a known fick! configuration,
Furthenmore, the inward projection of the interplanetary electric
ficld along the magnetic ficld lines is not applicable undess the con-
vection of the ionosphere is keeping vp with the ficld line comvee-
tion al the magnctopause so that the ficld is stationary {3/ = 0),
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So the paradigm, however convenient in simple cases. becomes in-
efcctive for beating strong. nonsymmetric. or time dependent el-
fects. t

The purpose of the present paper is to exhibit some of the
limitations of the E, j paradigm with specific examples. and then
to claborate the aliemative B, v (or B, 1) paradigm. working
with the magnetic ficld B (r. ty and the ptasma velocity u{r, 1)
or v(r. ) in the dynamical equations [Parker. 1962, 1979. 1994;
Siscoe, 1981). The essential point is that the magnetospheric sys-
tem is driven by the intemal forces of trapped particles and plas-
mas and by external forces exerted by the solar wind, rather than
by applied macroscopic electric ficlds. Hence the magnetospheric
system is described by the dynamical equations relating momen-
tum and force, that is Newton's equations of motion containing the
appropriale Maxwell, Reynolds. and plasma pressure stresses, The
Mazwell and Reynolds stresses are expressible directly in terms of
I3 and v, so that the dynamical cquations are naturally formulated
in terms of B and v and provide a direct deductive approach to
mngnetospheric physics, As we shall sce, no physics is omitied in
failing to mention the electric current in weating the deformation of
B by particle Torces (or the reverse). The considerations on charge
conservation, playing an esseniial role in the E, j paradipm. are
nutomatically taken care of by Maxwell’s equations (which puar-
antee charge conscrvation) and by Newton's equations (which au-
tomatically provide lon and clectron motions consistenmt with the
electric current requisements of Ampere’s law) on which the B, v
parndipm is based.

To state this in other terms, the macroscopic behavior (on
scales large compared to the the cyclotron radit of the individuat
lons and clectrons) of the mapnectosphete is described by magneto-
hydrodynamics (MHD) which we refer to hete as the B,v
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paradigm. The cquations of MUD fenn a complete set of partiat
differential egiations, providing a deductive approzach to the theory
of mapnetespherte sctivity, The physical concepts accompanying
the MHD cquations are mechanical in natore, involving the puch
and pull af the Maxw el <iresses (the pressure and tension of the
magnetic lield) apainst the ftuidbmation, with the Aeld and Nuid tied
together fntooa cinele clastie conttinmem insofar as the fluld is snable
to support an electric ficld B inits nwn maving frame of reference.

It shonkd be neted that the MDY cquations permit surfaces of
discontinuity in the circomstances of the planetary magnetosphere,
deformed by a gquaci-static sebsr wind, Examples are the magne-
topanse and avrorat cheets. The location of these discontinuities is
uniquely defined by the T3 v (NEID) vepiations applied 1o the con-
timtous ficlds in the repions between. On the inicroscopic seales
tthe cyclotron cadiiy the surfaces of discontinuity have finite thick-
ness and intermal <teucivre that can be described only by the kinetie
ceprations of plasin physice. The macrtoscopic condition {s simply
the balanee of the tatal presnee aceoss the surface of disconting-
ity. The treatmoent is analopons (o the freatment of a shock transi-
tiom in a macroccopic hvdiodvnamic ftow, where the location of the
shock transition is determmed by the Yarpe.scale hydrodynamics,
wilh consersation of mass, momentim, and encrgy (the Rankine-
Hupgonirt relations) across the small thickpess of the shock. The
interntal structure of the shock can be tremed only with application
of the complete kinctic theory.

Naw the dynamical cquations of the B, v paradigm can, of
conrse. e expressed in teemrs ot S and 3, 1eplacing the bulk plasma

velocity by ¢ B x /117 and 13 by the Biot-Savart integral

U()— ["f’(‘)x(r—r)

fr -3

taken over atl space. However, the result is unwicldy, canverting
partial differential cquatinns Mo glohal integro-differential equa-
tions. So the E. j pacsdigm has no teactable master field cquations
to puide the theory Henee in the active convecting magnetosphere
the E, j paradipm is obliped 1o resort to the ad hoc introduction
of individual effects, Tn the hands of experts the ad hoc construc-
tion provides a surprisingly detailed gualitative imodel of the active
magnctospherelcl. Fejer, 1964, Varvlinras, 1970), such as the Rice
Convection Model [Wolf, 1971, 1983: Frickson et al,,1991; Wolf et
al, 1991; Yung ct al, 1991). Unfortunately, the physical explana-
tions become increasingly complicated and indirect In the language
of the E. j pauradigm. amd the qnantitstive erors are a stumbling
block for more eomplex siteations. A single example suffices to
iltustrate the problem.

The Birkcland currents j1 are often “explained” by noting
that they are associated with the nonvanishing divergence of the gra-
dient and curvatnre drilts of the jons and electrons of the magneto-
sphieric plasma. The mathematical relntions between the Birketand
current density _i" and the plasma presure gradient is then worked
ont, with the conclision that 1the Birkeland currents are cavsed by
the plasma distribution. In another direction, it is sometimes stated
that the region 2 Nirkeland currents play the important role of
shiclding the low- latitude magnctocphere from the effects of the
magnetic substrom. thereby explaining the observed absence of
substrom effects at low Iatimdes, but in fact these stalements are
tritisms, missing the fundamental point that the region 1 Birkeland
currents are induced by the magnetic shear between the polar fields
(carried by the solar wind into the antisolar direction) and the sue-
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rounding lower-latitude ficlds, not caughl up in the solar wind. That
is to say, the region ! currents fotlow from Ampere’s law in the
magnetic licld deformed by the tailward transport of flux from the
sunward magnctopause. The region 2 Birkeland currents arise in
the region of the return Mow that is forced by the accumulating
magnetic and plasma pressure on the nightside. 11 - return Raw
is hlocked from low tatitudes by the extreine adiabatic compression
of the particles and plasima that would arise in bundles convected
to low tatitude [Zhn, 1993]. The intensity of the region 2 current
at any given tatitude follows from Ampere’s law as proportional
to the gradient in the Maxwell stress necessary to drive the return
flow of the massive viscous lonosphere. So the Rirketand currents
are focated where the mechanics of the magnetospheric convection
places them, The curvature and gradient drifts are determined by
the mechanical deformation of the magnctosphere, rather than vice
versa, and are avtomatically in compliance with the requirements
of the mechanical defarmation of the magnetic ficld.

The advantage of the B, v paradigm is that it procceds deduc-
tively from the field equations of Newton and Maxwell, sutdmati-
cally steering the investigation along the central path and bypass-
ing the nonproblems and complicated indircct relations between the
secondary quantitics.

The basic simplicity of the principal variations of the mag-
nctosphere has been noted for sometime fcf. Sharma et 2l 1991],
and references therein) from the low dimensionality (~ 3} of the
obscrved variations. This consideration, together with a desire for
a more deductive, less ad hoc, theory for the observed magnelo-
spheric activity, again suggests the B,v paradigm with its sin-
ple mechanical concepts and convenient ficld equations. From the
point of view of B,v, gcomagnetic activity is the mechanical con-
sequence of the turbuleat mixing of the magnetopause with the so-
tar wind and magnetic reconncection across the magnetopause. This
grabs geomagnetic flux bundles and stretches them back into the
goctail at the same time that the pressurc of the solar wind com-
presses the magnetosphere, while the plasma and encrgetic particles
within inflate the magnetosphere. In short the dynamics of the mag-
netosphere is primarily a shoving match between particles and mag-
netic ficld, that is between the Reynolds stress and particle pressure
on the one hand and the Maxwell stress on the other. The essential
point is that these macroscopic stress fields transcend the intemal
microscopic details of the plasma and its electric currents. 1f there
is a special need to know the microscopic details, they are readily
worked out from the mactoscopic fields,

This fs not to say that electric currents and parallel electric
ficlds do not ptay & key role in special sitsations, for example creat-
ing the aurora and in the cxpnnslon phase of the magnctic substorm
(Zhu, 1995]. However those important phenomena are set up by
extreme conditions developing in I3, and the presence of Ey can
be established only by first working out the deformation of B by
the mechanicat forces exerted by the particles and plasma. Then if
j" proves to be so large as to require a strong Eq. the conscquences
of E“ {Coroniti and Kennel, 1973; Schindler et 81,1991} must be
introduced into the catculation of B. It Is not possible to pursae the
physice in the opposite order except where observation provides the
solution to the problem ahead of time. Further commentary on Ey
Is to be found in section 3.

4
The exposition beging with a briel review of some specific
limitations of the E, § paradigm, not always appreciated along side
the effective applications of the paradigm. Then the well known dy-
namical equations are worked out agsin from Maxwell’s equations
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t0 illustrate the nature of the I3, v paradigm. Several static magne-
tnspheric phenomensa nre treated with both paradipms in seetion 4,
from which the reader ean see the individual merits and mitations
ureder simple circumstances, Finally, the paper treats snme time de-
pendent cases in sections 7 and 10, easily handled with 1 ang v
but difficult with E and j. The pitfallc of declaring an cquivalent
clecttle cirenit for the B2, j paradipm arte neted in <cctions 10 and
. Scction R develops the BB, v paradigm in s partiatly ionized
gas appropriate for the ionosphere,

2. The E, j Paradigm

As alicady noted. the E, j paradigny considers the electric
ficld F within the magnetosphere to be a consequence of the ac-
tive inward penetzation of the clecttic fickl B, = —v,x 1N,
In the solar wind, following the ideas of Alfien 1019, 1950, 1951 ).
Prungex [195R, 1961), Qamti {1971). Heilkita 11974). Ranks 1979},
Lxsak £1990 and ref. therein). The conventional F, jparadipm is

staled conciscly by McPherron 1991, p. 61R] in a recent review of
subsiorms.

- Since fictd lines are generally cquipatentials, the electric ficld
of the solar wind it trancmitied into the magnelocphere and jiono-
sphere by the connected magnetic ficld tines. Thic clectric field scts
up a comvection system that mowes mapitctospheric plasma from
the il behind the Earth 1o the day side. The ionocpheric plasma
undergoes the same motion and in addition conducts electrical cur-
rents driven by the electric ficld...

On the other hand, both the E. jand 13, v paradigms are
sometimes indicated in the contemporary literature on magncto-
spheric activity, We note [Gonzale: el al., 1994 p. 5774] where
they siafe that

- The primary canses of geomagnetic stonne at Farth arc strong
dawn to-dusk chectric fields associated with the passage of south-
ward dirceted inferplanetary magnetic ficlde, The solar wind en.
crey transfer mechanism it magnetic reconncction hetween the
IME amd the Farth's mapnetic fichd. The basic encrpy tensfer pro-
cess in Fanth’s magoctosphere i tie comversion of ditected me-
chanical enerpy from the flow of the solar wind inte magtelic en-
erpy stored in the mapnetetail, Tollowed by its conversion inlp pri-
marily thermal mechanical enerpy in the plauma cheet, agroral pat-
tictes, ring: corrent, and Joule heating of the ionoephere Fxtraction
of encrgy from the solar wind requires a nel foree betw een the sa-
tar wind and Eanh, with force times solar wind speed piving the
encrey input mite...

Another point to be noted is that the basic 1ote ascribed o jin
the F, § paradipm, topethet with the notion of an applicd electric
ficld E,, has led to the idea 1Alfven, 19R1; Heilkila, 19741 that
magnetospheric activity can be represented comprehensively and
rreciscly by simple electric circuits. The notion is a corious one,
that a dynamical system with infinitely many degrees of freedom
can he represented by a fixed electric circuit with only a few loops
{a few deprees of freedom). In fact, it is often possible to pravide an
approximate circuit analog once the basic mechanics is worked oot
from the dynamical equations. However snlortmately, the circwit
analog can he established onty alier the fact, amd as noled in section
3, it ignores important aspects of the fuid mations, so it is of little
practical use in most cases.

Now the ficld lines [Siern, 1990) are cquipotemtials only in
precisely stationamy (61/éH = 0) conditions [Stern, 1977, The
toncept of eqripotential fietd tines enn e uppliced 10 magneto
sphetiec convection |Gold, $959; Dungey. 1961; Axford and Hines,
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1961; Kellogg, 1962; Walbridge, 1967; Coroniti and Kennel, 1973]
only in the special cnse that the jonospheric winds are kecping up
precisely with the tailward transport of the individual flux bundles
involved in the flux transfer events. However E, has no power to
maintain this stationary (3/dt = 0) condition. For instance, when
there is no reconnection of ficld lines between the magnetosphere
and the solar wind. the magnetopause is precisely an equipotentiat
surface so (ar as the cxternal E, is concerned. So there can be
no electrostatic stimulation of the interior, that is E, by itscif docs
nothing 1o create convection. What titile convection there may be
(~ 107m) is driven by the small-scale fluctustions in the mag-
nctopause tAyord, 1962; Parker, 1958, 1967a, b, 1969a; Lerche,
1966, 1967: Lerche dnd Parker, 1967; Eviatar and Wolfe, 1968;
Vasyliunas, 1970; Schieldge and Siscoe, 19713 Coroniti and Ken-
nel, 1973; Tsurutani et al., 1992],

That is to say, it is the Maxwell stress provided by a nonvan-
ishing perpendicular magnetic ficld I ; that transmits the momen-
tum of the solar wind across the magnetopause into the magneto-
sphere. The same I3 provides a potential dilference across the
magnetic field, but the stress transmitted by the electric ficld is small
O(v?/c?)} compared 10 the magnetic stress. Tsurutani and Gonza-
fe2, [1995] estimate that the shear stress exerted by the passing solar
wind via the small scale Nuctuations Is approximatety 1 — 3 x 10-2
of the force arising from outright reconnection of the geomagnelic
field lines with a southward interplanetary magnetic ficld at the sun-
ward mapnetopause. I is this substantial reconnection and the as-
sociated large Maxwell tangential force on the magnetosphere that
initiales the substorm, of course,

Imagine, then, that a static magnetosphere is disturbed by the
abrupt reconnection of & peomagnetic flux bundle into » southward
interplanetary sagnetic field B, at the sunward magnetopause.
The reconnected flux bundle is rapidly transported by the solar wind
into the’ geomagnetic tail. during which time the massive jono-
spheric footpoint of the reconnected flux bundle responds but little.
It follows that the electric field E = . v x B/c within the recon-
nected flux bundle dectines from E, at the magnelopause to zero at
the wnmoving fonosphere. So the electric field generally does not
map downward along the field lines in the active magnetosphere,
that is the electric field has no power of penetration to drive the
motion of the plasma, contrary to the common assertion. Rather,
it is the Maxwell stress exeried on the ionosphere by the tension
and pressure of the displaced reconnected magnetic flux bundlc that
drives the ionosphese. More simply. it is the accumulated displuce
ment, rather than the rate of displacement, of the flux bundle that
drives the ionosphere. The clectric field maps along the magnetic
ficld lines only if and witen the Maxwell stresses can bring the iono-
spheric convection into n steady state that keeps up with the Mux
transfer at the magnetopausc,

To consider the problem from s different point of view, E,
givenhy - v x D/c. cannot be the compelling physical effect, that
is the prime mover. because the dynamical equations must be co-
variant. That s to say, the equations mast be couched in terms of
physical concepts thal are applicable in every inertiat frame of ref-
crence, for example the frame of the solar wind and the frame of the
magnetosphere. So if E, were to be considered the prime mover
for exciting magnetospheric activity in the frame of reference of
Earth, how would we treat the excitation of the passing solar wind
by the noncopvecting magnetosphere? There Is no sipnificant elec-
tric field within the magnetosphere. Hence there would be no prime
mover and hence no excitation of the solar wind, On the other hand,
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if the ealealation were eartied ont in the Trame of the solar wind, in
which there is then no clectnie ficld, there s no hasis for activat-
g the magnetosphere. However, there wonld be an electric field
Fo = +r0x e inthe masnetosphere which activates the solar
wind, conttary 1o the conclusion reached in the frame of reference
of the imagnetosphere.

It shontd not go unnnticed deat, with the nonrelativivtic Lo-
tentz teamsformation B = B b v« 13 aneleetric field Ey par-
allel to the magnetic ficld. anicing frone intense field aligned current
Sy~ i aniquety detined i all trames of reference, Eh = Ej. just
as I3 is well defined and invariane, neglecting tenns second order
invfe,

To treat the other hali of the B j paracdirin cansider the often
stated concept et § 45 the carse of AB I the usual meaning of
the word “cause ™ this implics that thwe enerey that poes into the cre.-
ation of ALY, increasing the magnetic energy by I ADB/Ax per
unit volume. is supplicd hy j. However, this is not how A I comes
abont, The cnctgy sonree is primarily the kinetic enerpy of the so-
lar wind which impacts the magnetopanse, grabs bundles of flux,
and deforns the elastic tetresial magnetosphere. The Muctuating
soblar wind and the asseciated varying deformation provide a vary.
ing U B3 with which there is associated incidenially a varying
J. according 10 Ampere’s faw. The Maxwcell equation OE/dt =¢
U 13— el vs than any momentary deviation of A 7] from
e x IV quickly produces an B that compels through Newton's
cquations for the motion of the ckeetrons and ions lo become equal
o U x B/ Ax. The electric field is akeo described by Faraday's
induction cemation ¥ x B = —(1/e)d B/, of course. The
cnergy In create the necessary electric current comes from the de-
formation of the magnetic fickd, as is ea<ily shown from Poynting's
theorem (section 31 So A 1Y is the enerpy sonrce, driven by the
mechanical forces of the solur wind, that creates . That is to say,
in the magnetosphere the magnetic ficld is the cause of the corrent,

It shonld be recopnized that the situation is different in the
faboratory plasma, where the action is otien initiated by discharg-
ing a condenser bank through the plasma and/or through external
current coils. There is one unique reference frame. defined by the
labatatory bommdaries of the plasima. An cnonnous potential differ.
ence is applied to the bonndary of the plasma, in contrast with the
equipotential magnetopause, The enerpy is delivered to the systcm
by the applied and well defined B, cansing electric currents to fllow
and doing work a1 the rate j - E. The magnetic ficlds are caused
by §. threngh Amperes taw (i.c., the Biot. Savart integral), and E is
clearly the prinie mover.

Tt is interesting 1o note that the Fi. § paradigm is also an es-
sential part of the picture, Monpg with 13 and the dynamics of the
individual fons and clectrons, in the plasma stiucture of the ideal
stationary magnetopause over the cvelotron_ radius of the imping-
ing solar wind ions. The magneiolydrodynamic I3, v paradigm is
not applicable to such small scales, of course, and the problem s
nonloeal because the impinging solar wind jons play the rote of an
initial applied eml, driving currents along the field lines into the
ionosphere as an es<enlial part of the stationary cquilibrium of the
magnetopause, Detailed analysis [Parker, 19672, b; Lerche, 1967;
Lerche and Parker 1967] shows that the jonosphetic resistivity dis-
sipates the currents so that there can be no emduring equitibrium.
Eviatar and Wolf [196R8] suggest that the microstructure of the mag-
nctopause is dynamically unstahle so that the absence of stationary
equitibrium is not confronted in nature, leaving some Interesting
questions unanswered.,
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The unipolar inductor provided by the motion of To relative
to the rotating magnetosphere of Jupiter is snather example of the
proper wee of the B, § paradipm, with the precisely defined motion
of 1o providing the driving em{ {Goldreich and Lyndon-Bell, 1969).

On the other hand, it will become clear in the illusirative ex.
smples that the E. j paradigm Is often hampered by (1) the need 1o
know the perturbed fietd B 4+ .\ B in order to describe the paral-
let curremt j“ to a sufficient degree of precision and (2) the necd to
know the fluid motion v before E and j can be retated by an alge-
braic (tensor) Ohin's taw. Thus it is retatively casy to compute E
and j ance B and v are worked out from the dynamical eguations
{which generally do not depend on E and §). but it is difficutt to go
the other way. Unfortunately, these facts are sometimes ovetlooked
and the path of jy is based on the unperturbed B, while Ohm's law
is applicd to E in the reference frame of the coordinates rather than
to the ficld E' = E 4+ v x Bc in the local frante of the mov.
ing fuid. In fact. E/ cannot be computed uni after v and B have
been determined. Thus for instance. the comprchensive magneto-
spheric models of Vasyliunas {1970] and Wolf [1983] illusirate how
far the E, j paradigm can be carried to provide 2n &' Yac first or-
det representation of geomagnetic disturbance. However, they can
provide the correct ionospheric cutrent pattern only in the second
iteration with v deduced from the Lorentz force calcutated the first
time around. A skillful theoretician can accomplish these fterations,
but why use proxy variables and a tricky ad hoc approach when the
B, v paradigm provides the pastial differential fietd equatons for the
conmiprehensive deductive approach? Sections 6.2 and 9 provide il-
lustrations of the difficulties (1) and (2), respectively.

The samc general problem arises in the popular practice of
declaring an cquivalent electric circuit for a dynamical system, for-
getting that the current paths are generally not known until the dy-
namical problem is solved and I is known and forgetting that the
effective electromotive force depends upon Lhe motion of the cur-
rent path across the magnetic ficld, which is not known until v has
been determined. In Fact, the correct electric circuit is distributed
over v{r, t), and its proper description is precisely stated by the
dynamical equations for B and v, from which E and j are eas-
ily computed once B and v are determined. Section It provides &
simple illustrative example,

3. The B, v Paradigm

Application of the B, v paradigm to the active planetary
magnetosphere {Parker, 1962} is based on Newton's equations of
motion. including the Maxwell stress, and on Maxwell's cquations,
tlong the lincs indicated in the general development of the paradigm
by Lundquist {1952) and Elsassé? {1954]. The mutval consistency
of the equations becomes evident upon close inspection. For In-
stance, Maxwell's equations assert that electric charge Is conserved,
which is tantamount to asserting conservation of particles, and
hence mass. Then Newton's equations can be applied to the mo-
tions of the individual ions and electrons of a collisionless plasma
to compute the mcen electric current density. Substituting the re-
sulting expression for the current density into Maxwetl’s equation

JE

-§;=CV‘-’<B"4"’5 n

yields Newton's equation of motion for the macroscopic bulk mo-
tion of the plasma {Parker, 1957). Thus the particle dynamics is
such as to fulfill Ampere’s law automatically. This detailed result,
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which Is described in the next section, i< implicd by Poynting’s the-
orem, of course, showing that the concept of enceey and momentum
cartics over from mechanics into electromagnetism.

In summnry, Newton's cquations at the microscnpic scale of
the Individoal fons and electrons antomatically prescribe motions
that prodnce the clectric currents required by Ampere’s law, Com-
bining this fact with Poynting's thcoren, it follows that the mean
macroscopic hulk fluid motion of the fons and electrons is nlso de-
cctibed by Newton's equations in tenns of the mean mactoscopic
Mazwell stress tensor. This should come as no surprise in view of
the geaeral compatibility of classical mechanics and electromag-
netic fields in which the cquivalent momentum of a particle with
chatge ¢ can he written p; 4 e A; /e, where A; is the vector po-
tentind in the Lorentz gauge. Note, then, that il Ampere’s law were
not antomaticatly satified in the large scale by the individual par-
ticke motions, it would nat be possible to wrile the Aaxwell stress
In terms of B and B slone. Some functionat of the plasma ve-
locity v and lis derivatives would appear In the Maxwell's stress.
I'hysics would then lose its covariance and we would live in a dif-
ferent world,

1t follows that the time dependemt macroscopic physics of
magnctospheric activity reduces (o the dynamics of the contending
particle pressure pig (thermal momentum flux), the Maxwell stress
tensor Mg,

B* BB
Mij = —bijg— + -ji*;"!-. (2)

and the Reynokds stress tensor fiy;,

RU = --pl!,-ﬂj. (3)

Thus for a plasma with density p and mactoscopic hulk motion v,
the dynamical equation has the basic Newtonian form

d Ipij

AR,
5" =" %5 A,

LY

Al

s, 4
. (4)
ta which may be added a gravitational force, viscnsily, etc. From
the fact that E = —u x B /e in a collisionless plasma it follows
from Faraday's law of induction tha

L Ay R (5)
il dr;
which decrees that [, is ransported bodily with .

There are pceasional and imponant exceptions, of cotrse, as
alieady noted. The most interesting adedition ta the induction equa-
tion tx a sipnificant electric field Ey paralic) to 1. aricing where
the plasina is too fenuous to carry the clectric current demanded
by Ampere’s law. A caxe in point ariscs in the region 1 Birkeland
currents in the extremely low density (S clectron/em’™) beyond
the plasmapause. The appearance of the fetm —cVUx Eyon the
right-hand side of (5) viotates the frozen in condition on the field
[Coroniti and Keancl, 1973, Schindler et al, 1911] I, on the other
fiand, the plasma, or an un-ionized pascous hackground, hecomes
so dense that there are many interparnticle collisions, as is the case
in the ionosphere, a resictive diffusion tensor 13,5 is included on the
riphi-hand side of (5), which also pets away from the ftozen in con-
dition.

With these points In mind a varlety of mngnetospherie phe-
nomena can be understood in simple terms from the disturbed con-
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ditions in interpianctary space (Tsurutani et al., 1990; Tsurutani and
Gonzalez, 1993]. For instance, the expansion phase of s substorm
appears to be the direct consequence of switching on the same Ey
that causes the auroral enhancement {Zhe, 1995). That is to say, the
region 1 Birkeland current sheet is a consequence of the tailward
displacement of magnetic flux, and when the current density be-
comes large enough 1o penerate plasma turbulence (anomalous re-
sistivity and electric double layers} the required Ey becomes targe.
Calcutations show that the EH releases the magnetic field in the
outer magnelosphere from its line tying to the ionosphere, thereby
facilitating the expansion of the geotail. The sudden release appears
to be the cause of the P}"2 pulsalions {Zhu, 1995).

The direct approach of the u, B paradigm to the driving
forces, pij. Riy. Afij, ete. simplifies many aspects of the the-
ory of magnetosphetic activity. The first point is that the current
J flows across I3 where, and only where, the piasma pushes against
the field. Where the plasia docs not push against the field, § is
necessarily paralle! to BB. So it is the plasma and particle pressure
distribution that determincs the electric current patiems, which can-
not otherwise be tonstructed. Hence the assertion of an‘equivalent
electric circuit generally cannot be made until the plasma pressure
and Maxwell strese have been established, That means a proper dy-
namical solution to the problem must be in hand. For instance, the
region 1 and 2 Birkeland currents fotlow as a direct consequence
of Ampere's law applied to the magnetic flux bundles displaced by
the solar wind from the sunward magnetopause into the pcomag-
netic tail and to the ensuing sunward retusn flow of ficld around the
periphery of the polar ionosphere (Zha, 1993].

Quantitatively, the till of the polar magnctic ficld B, (~ 0.6
G connecting into the geolail is observed above the lonosphere as
the change A B in the sunward horizonial component, 1ypically -
2 x 1073 G (200 nT). The Maxwell stress B, A B/4 in the an-
tisolar direction on the polar ionosphere is therefote of the order of
10-4 dyneslcm’. initiating ionospheric and magnetosphceric con-
vection in the antisolar dircction. Typical convective velocities v
in the F tayer are | km/s in the antisolar direction [Hepprer. 1977].
representing the magnctospheric convection above the polar iono-
sphere. The Maxwell stress docs work on the ionosphere at the rate
vB, ABf4x ~ 10 crps cm™2s =1, The tolal work over the polar
jonosphere (with a radius of 20° latitude or about 2 X 10%cm) is
then of the order of lomcrgsls = 10'! W §Zhu, 1994, b]. This
power input is vltimatcly consumed by viscous dissipation and re-
sistive dissipation, of course (see detniled description in section 1)
Zhu points oet that the return (sunward) magnctospheric convective
Mow s driven by the sunward tilted ficld A B ~ 8 x 10~ G (800
nT) observed around the periphery of the polar ionosphere. The
jonosphere around the periphery is driven sunward by the magne-
tospheric convection st speeds of the order of 1 km/s. so the power
input is of the order of 30 erps em~? 5=, over a characteristic
width of 10% cm, so that the work done is of the general order of
3 x 10"erpsis = 3 x 1011w,

Application of Ampere’s law to the boundary between the an-
tisolar (polar) magnetic tilt and the peripheral solar magnctic tilt
provides the region I intenze Birkeland current shect. while the
pradually declining solar 1ilt beyond the periphery provides o
mara diffuse reglon 2 Nirkeland eurrunt, alrasdy noted. Tho Birke.
tand currents are 8 shinple and direct consequence of Ampere’s law
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and the tailward irnsport of magnetic Mot bundles that have recon-
nected with a sonthwiud interplanctuy magnetic field at the sup.

ward magnetopause.

Finally. it shoulkd be noted that the variables E and § are eas-
ily computed. when needed, from v and I3, with the well known
reltions ) = —u x e and ) = «Tx D,

4. Newton’s and Maxwell's Eequations
1

Having asserted the compatibilitv of Newton's and Maxwell's
equations at both the microscopic particte level and at the macro-
scopic fluid fevel, it is important to understand the theoretical basis
for this salutary condiion, First of all. Matwell's equation (1) im-
plice charpe conservatinn. as alrcady noterl. The divergence of (1),
with the additionat relation ¥ - E = 41§, where § is the charge
density, yiclds

4

v =0

3
which is the strement of conservation of charge. Second, if the
electric current density is tnadequale 1o <atisfy Ampere's law j =
¥ x 13247 by some smalt amount A §, it follows from (13 that

1
at

The result is a rapid growth of T} in the direction of the inadequacy
Aj. The cirrent careying particles behave in 2 manner described by
Newton's equations, so they are accelerated by the incrément in E
in tiuch a way as to make up the shortfall in the electric cubrent, That
is 10 say. the existence of the displacenment current 3E /8t guar-
antees that the electrie current follows Ampere’s law very closely,
with JE/Qt generally small 1o second ordet in v/e compared to
eV x B and A=j. 1t is this small JE /O that produces the paral-
let etectric field oy responsible for the aurora. Thus, for instance,
in the ahsence of the current required by Ampere's faw s paraltel
eleetric field of 1077 volis/m, providing an accelerating potential
of 10! volts over 107km. would arisc in 108 sin amagnetic shear
whete the direction of 13 (1.6 GG) changes by 1073 radian in a dis-
tance of 2 km actoss I3(| T x B3}= 3 x 10-° G/em). So for all of
its usual diminutive size, 7B/ has profound effects, providing
the avrora and preserving Ampere’s law because the particles move
accotding lo Newton's equations.

The intimate  relation Newton's and Max-
well's equations can be shown in a vimiety of ways, For instance,
Newton's equations can be deduced from Maxwell's equation (1},
while the magnetic induction cgiration (51 follows from the motion
of the particles {in whase frame FY = 01, i.c., rom Newton's equa-
ttons, Briefly, Watson 11956) and Brueckner and Waelson
(1956} computed the fon amd elechion rajectorfes in a magnetic field
I3 with characteristic scale £ larpe compated to the cyclotron radii
of the individual pacticles. They uscd the guiding center approxima-
tion and went on to sofve the collisionless Boltzmann equation for
small perfurbations nsing the eompintee particle trajectories, which
constitate the characteristics of the Boltzimann equation. The result
is the equivatent equation nf motion for the electric drift velocity
w=cE x 13/1? of the particles in the form of (4). In particular
there is a contribution from py; arising from an anisotropic thermat
velacity distribution in the presence of the curvature K of the ficld
lincs. The curvature is

= 171 Aj

hetween

o

B,

(6)
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where the subscript 1 denotes the component perpendicular to B.
The plasma pressures p). and py (perpendicular and parallel to B,

tespectively) are not always equal in a collisionless plasma, in
which case there is a centrifugal foree term K (py — pr) asa
consequence of the motion of partictes along the curved field lines.
The result is the equation of motion

du _
Ti-t— =
B’ [(B-V)Bly PL — Py
-V — .

Plasma turhulence excited by the anisotropic thermal motions

tapidly reduces py — py in all but the most rarefied plasmas, so
that usually

dll_]_

B*_  [(B-v)D]
o o ®

o _
= -Vilpy + 8 4x

for slow butk motion u. At the same time the plasma particles relax
toward a uniform distribution along the field, with Ey << E 1 and

duy v 9
These equations are the statement of Newton’s faws of motion, writ-
ten in general terms in (4). They are accompanied by the induction
equation (5) which follows directly from Faraday's law of induc-
tion from the fact that E§ is given a8 —u x B/c in terms of the
electric drift velocity & = ¢Ey x B/ B? deduced from Newton's
equations.

Chew et 21.,[1956] provide another important derivation of
the macroscopic momentum
equation for 1 collisionless plasma, with the prescription

d B®py _

dps _ =0,

T — Y Y 3 (10)
dt pB dt p3
for the perpendicular and parallet pressure components based on the
transverse and longitudinal invariants of the particle motion.

Consider, then, the asscrtion in section 3 that the equation of
maotion (7) can be deduced from Maxwell’s equation (1) using the
guiding center approximation for the motion of the individual pard- .
cles to represent the electric current, We start with the well-known
result Watson [956] that the fnean motion v of the guiding center

ls
v=u+4 (-;-Mw}_c/qﬂ")l} x VB/[2 (11)

+(Mwgc/qBY)B x [(B - V)]

for a particle of mass M, charge ¢, and thermal velocity compo-
nents 1) and w) paraliel and perpendicular to the magnetic feld,
respectively. The motion paratiel to the fictd is described by

(dv/dty = ~(3us }/BYB(B-(B-VID)}  (12)

For a singly lopized gas consisting of N ions and N electrons per
unit volume, the current density s the difference of the sum of
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€¥{an " CVfeciran Pver all the particles in 8 unit volume, so that
with equation (11) for the tots! motion of each pasticle, the result is

jL= (/0"

x{Cps + [(pg = p )/ BJ(18 - VD + pdu/dt]  (13)

when aft of the geometrical factors are Laken dnto acconnt. The sum
of the factors -;- My 2 and Moy 2 qver all particles in a unit
volome provides the perpendicular pressure py and parallel pres-
sure py. respectively, irrespective of the thermal velocity distribu-
tion. Substituting this expression for j into Maxwell's equation
(1) yiclds

a—aEii = —(4nc/BHDB x (pdu/dt + T(pL + B78x)

=(1/4x + (py ~ py)/ P)(B - ¥)B)). (14)

Giventhat v = «E; x I/ it follows that the keft hand side of
this equations is small compared 1o the teem pfa/df on the right
hand side by the factor 132 /82 pe? or 1” /e?, <o it may be set equal
1o 7ero. The recnltis the momentum cquation (3.4) and (4.2) again
(Frarker, 1957].

The esscntial point of these calculatinns is that the motion of
the individual elecirons and jons is anlomatically such as to satisly
Ampere’s law relating j and ¥ x 13 (neplecting terms of the order
of u?fct or 17 /Rxpe? compared (o one) if we accept the fact that
the butk motion satisfies the usual momentum cquation.

There are special conditions. of conrse, lor example the ener-
petic particles in the owter magnetosphere and in the geotait, where
the puiding center approximation is not useful. In such circum-
stances a complete formal treatment of the relation between New-
ton's and Maxwell's equations falls back on the entirely general
considerations of Poynting's thcorem. taken up in the next section.

§. Electromagncetic Force, Momentum, and Enerpy

The intimate relation between Newton's and Maxwell’s equa-
tions deseribed in xection 3 and section 4 is implied by Poynting’s
classical theorem, establishing the equivalence of mechanical mo-
mentwm and encrpy and electromapnetic momentiim and encrpy.
We provide a briel review of the basic principles. Newton's equa-
tion for elcctrically charged particles in an electromapnetic ficld E,
I3 can be written

dv vx D3

— =HE
pdf B+ c

) (1)

where p(r, f) it the mass density and &(v ) is the charge den.
sity. The individual elementary particles are represented by mov-
ing tocatized maxima in p(r, ) and moving locatized extrema in
#(r, 1) ecoinciding with the mazimain p. Thus p{r. 1) and é(r, 1)
nre bounded continuous functions of space and time, with charac-
teristic seales of 10~ P em at the Tocation of the individual clectrons
and jons, and otherwise zero. The velocity v{r. 1} is defined only
at the location of the individual particles, with it< value in the inter-
stices of no physicat interest. We start with Mazxwell's equations

V-E=416C 0 =10, (16)
an 1 -
——— I - * H [ ; .

B ¢V x E, 4nj + +eV x 1 (17)

Note, then. Ilmlj = v# on the right hand side ol {15),
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Use (16) to eliminate § and (17) to efiminate j. Add the term
DBV - B/4x to the right-hand side of (15) to preserve symmetry,
with the fina{ result

dv _EV- E4DBV.-B+(VxE)xE4(VxB)xDB

Par = ix
8 ExD

=22 8

ot dxe '’ (1%)

which can be rewritien as

d 9P _ OMy
Pt aa T oy (19)

where the Maxwell stress tensor Mg is

E*y+ B? + E.'E,' + B.'B_L

My = —by P yp (20)
snd P; is the Poynting veclor
P = c(.'j.[-EjBil"t, (21)

where in €;;% Is the usual permutation tensor. It is convenient to
rewrite the left-hand side of (18) in terms of the particle momentum
flux pr; and the Reynolds stress tensor iy given by (3) so that

d Py aMy | Oy
3 (pm + ?2.) = Bz + Bz, " (22)

It is evident by inspection that P; /cz represents the momentum
density of the electromagnetic field, while AMfy; + Rij tepresents
the total stress or momentum flow field. [t must be appreciated that
(22) applies to every point in space, where p may or may not vanish,

The electromagnetic energy density and energy flux follow
similarly beginning with the Newlonian energy statement

0,1 o _
&(Epv)-—év-E
=j-E

c 1 9E
-(HV*B“HEE)'E
¢ 6 F

Since eV x E = —~JDB /0L, this can be rewritten as
a1 , E*+B°
E(i!’" +——8-;—-)+V'P-0' (23)

where again P is the Poynting vecior cE x B /4, piven by (21),
It is evident by inspection that the electromagnetic encrpy density is
(E? + B?)/87 and the electromagnetic encrpy flux is represented
by the Poynting vector. Thus Poynting cstablished the mechanical
cquivalence of clectromagnetic and particle stress and momentum
fictds, with the conscquences enumeraled in section 4.

Now when E = —u x B/c, It is c'2ar that the electrical
contribution to the momentum and encrgy Is small 10 second order
in v/¢ compared 1o the mngnetic contribution. Neglecting second-
order terms, (20) reduces to (2) which states that the magnetic field
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possesses an isotropic pressure H7 /Rx and a tension B /4x in
the sinple direction along the magnctic ficld. It is easy to show for-
mally trom the virial cquations that the net effect, averaged over alt
three dimensions, is dominated by the isatropic pressure [Parker,
1953, 1951, 1969h, 1979). That is 1o say, a magnetic field, if left
to itself. expands 1o G111l of the available space, thereby minimiz.
ing its enerpy. The solid Earth provides the forces that anchor the
geomagnetic fickd, of conrrse. amd the quict day ficld in the region
amoumd Earth acljusts iteclt into the minimem energy confipuration
consistent with that constraint and the conlining magnelopause.

Finallv. note that the Toregoing resalts apply at every point
in the electromagnetic fickd. and therefore they apply to any aver-
aging over many particles to previde a macroscopic fluid formula-
tion. The averagine over the nonlinear tenms, for example B, B;.
ete. omits the second ordter terms 813,41, where 6135 represents
the local deviation from the mean coused by the individual particle.
The standard derivation of Poynting’s (henrem in most textbooks
(cf. Panofeky and Phidlips 1055 Jackson 1975) is formu-
Lrteet i terms of the integral of the momentum and energy over an
arbitrary tixed votume U The matter is treated as continuous fluid
and p v §o Eoand 1Y are teated as smoath continuous func.
tions of space and tinne. Thea, since the shape, size, and location of
U is arbitrany, it is pointed out that the imtegrand, namely equations
(19 and (23). mus! be satislied at every point in space,

In the circumstance that B = —n x B /c, it follows that the
Poyuwting vector reduces to

P=0Dx{nxD)fIr
=uy s

(24)

The Poynting vector represents the transport of magnetic enthalpy
12 {47 with the electric drift velocity 1 in the direction perpendic-
ylar 1o the magnetic ficld. 1t illustrates again the bodily transport of
the fickd in the nioving fuid.

It is instructive to derive this same resolt directly from the
mechanicat work done by the Macwell stress carried in the moving
fluid. Fhe work done on an element of arca (LS; by the motion
in oppositon to the Maxwell stress is

3? M B
—wg MidSy = (""ia‘ _n EBJ)dSJ

T i

where the Maxwell stress tensor is piven by (2), or by (20) uponnot-
ing that the terms in E? are small 1o sccond order in u/e compared
1o the terms in B, The enthalpy flux is the st of the convective
transport of magnetic enerpy ty !13/8 7 and the rate at which work
is done by ty. so that the encrpy or enthalpy flow is (u,' p* -
e £33 WS, /47, To obtain the encipy flow across dS; from
(24). note that the velocity parallel to7 B; cah be written
ug I ”,-/”2. It follows that w); can be wrilten wuw;—
ug i U.-/Bz. o that (24} gives the same result. Thus the trans-
port of cnergy is in the direction perpendicnlac to the magnetic field
and includes the work done by the Maxwell stress in addition to the
conveclive transport of magnetic cnergy,

Application to a planc transverse Alven wave in an invis-
¢id infinitely eonducting incompressitle Nuid of uniform density p
shows how the energy is transported in that simple case, Consider a
plane Alfven wave with velocity 1( 2, 1) and magnetic fietd b(z, ¢)
In the y direction propagating along the uniform field By inthe 2

o ——— ke
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dircction. It is casy 1o show that the exact dynamical equations are

au_Buab ab _ 0Ou
i vy i Ty v 25)

Then [or the wave

u(z,1) = Usinfw(t — =/CY + ¢ (26)
where C = Bu/("ip); and i is an arbitrary constant, it follows
that

b(z. 1) = —u(z, t)(d7p) 3. (27)

The magnetic ficld has i and = components b and Dy, respectively,
so that the magnitude of the ficld is

B(:,1) = (B3 + 47pU (2. 1))} (28)
The encrpy transported by the wave can be computed in three ob-

vious ways. First of all. the group velocity is the same as the phase
velocity C. so the energy Mlux [ can be written

I=[%p<v"'>+<b’>/8n]0.

represenling the energy density of the wave propagating at the
Alfven specd. where angular brackets indicate the time average.
With (26) and 27) it follows that

I=p<ul>C,

_l 2

(29)
On the other hand, the rate at which the Maxwell stress does work
actoss any surface z = const is

!l = — < ub > B/4n, (30)

which comes out the same, of course.

Finally. the energy transport can be computed directly from
{24) noting that
Hy —u-—u- B/B

= eyu(l — 4 /B") —e,ub/B

= eyuB}/B? — e,ub/B. (31)

Thus

e
uy B}/4r = e,uB} [Adx — e,ubB /4. (32)

The time average of the i component is zero and the 2 component
gives the result already obtained, Thus (24) tells us that the mag-
netic encrgy B3 /An is carried in the tranverse oscillation in the y
direction, but represents no net transport. There is a net transpost in
the z direction because uy has a nonnegative forward pointing
component (even though u does not), given by

ub  U? L.
—— = ——sinflw(t — 2/C) + v}
5 = grinflut—2/C) +vl
So the energy follows a serpentine or sinusoldal path but always
progresses in the dircction of propagation of the wave.

(33)
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6. Application to Stationary States

The npplications of the E, j and I}, v paradipms to simple
cases of slationary curtents and magnetic ficlds show the relative ef-
ficiency of the E, j paradigm in treating certain symmetric cases,
as well as the timitations and errors arising in nonsymmetric con-
figorations. In fact, the cfficiency of the E, j paradipm arises pre-
ciscly hecause it avoids the bhasic dynamics, cancentrating on the
simple conservation laws applied to the peometry of a symmetric
unperturhed magnetic ficld. As we shall see, the scheme fails in
the absence of symmetry when we come to compute the perturbed
ficld configuration, because the ficld alipned currents are necessar-
ity aligned along the unperturbed ficld. The I, v paradipm avoids
the difficulty hecause it compales the ficld perturbatinns from stress
halance, finally deducing the currents from the perturbed field with
the aid of Ampere’s Iaw, We shall sce that the topatopy of the cur-
rents is differcnt fron: results obtained with the E, j paradigm.

. The applications begin in subscction 6.1 with the well known
axiafly symmetric problem of a circular band of trapped ions, that
15, n uniform ring cument. circling Earth. to illnstrate the methods
of the two paradigms, showing the efficiency of the E. j approach
telative to the BB, v paradigm in such simple circumstances. Then
subsectinn 6.2 goes on 1o the nonsymmetric probtem of a locatized
cqatorial cluster of irapped ions, inflating a sinple small Rux bun-
die in a dipole field. We cmploy both paradipms again, obtaining
resuits that are quile different when it comes to the path of the per-
turbed ficld Jines and the associated corrents. In view of the im-
poertance of this result the presentation treats the problem in some
detail.

Finally, scction 6.3 considers the problem of an elemental flux
bundle inflated with an isotropic particle distribution within a dipole
ficld. The displacement of the flux bundle is computed to show
the use of the optical analogy in the 13, v paradigm. The E, j§

raradigm is nat applicable for the reason illustrated in sub-scction
6.2..

6.1. Equatorial Band of Collisionless Particles

Consider a unifonn thin equatorial band of enerpetic jons cir-
eling at n radial distance @ = (7 + ")} = 4 around a three-
dimensional magnetic dipole located af the origin and pointing in
the nepative = direction so that the magnetic ficld 13(==) at the po-
sition of Ihe inns is in the positive = ditection. The mass of cach
irnis A and the charge is e. The jons all have the same velocity w
perpendicular ta the magnetic ficld (pitch anple L 7). There are n
ions per unit length around the band. for atotal of \" = 27an. An
equal number of cold electrons is present to preserve charge new-
trality. The total kinctic cnergy of the ions is

£ = A"%J\III'2

= A uB(a)

where 41 is the diamagnetic moment L Afw?/11(a) of the indi-
vidual ion and B(a) is the magnetic ficld at the radial distance
@ = a in the equatorial plane. Elscewhere in the equatorial plane
B{o) = Bla)a/=)*. Assume that £ is sulficiently small that
the mapnctic perturbation AI3(r) is everywhere small compared
lo the unperturhed Geld D (r).

The easiest way to calculaie the magnetic perturbation Is o
use the £, } paradigm noting that the 1otal azimutha) current is

et | AR A
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nevp where vp is the jon gradient drift velocity given by (11) as

ep {dB
vp = ;—E-(;)- —d-; (34)
= 3cp/ea {35)

westward. The azimuthal drift current is

Ip = 3enp/a, (36)
around the ring of radius @, producing the perturbation field in the
neighborhood of the origin with £ component

ABp = ~-2xlp/ca

= —3uN/d>. (37)
There is an additiona! contribution A B,, from the diamag-
netic moment g of each fon in the amount pfa® per particle, or
AB, = +uNfad. (18)
in the neighborhood of the origin. The diamagnetic effect of the
cyclotron motion of the individual jon tends to exclude the mag-
netic Aeld from the region of the fons, thereby compressing the field
slightly elsewhere. So A B, represents a field in the positive z
direction. The total A B in the neighborhood of the origin is the
algebraic sum of ABp and A B,, yielding the reduction

AB, = =2uN[a® (39)

in the 2 component of the dipole field in the neighborhood of the
origin.

It AB, is a short-lived perturbation, it does not penetrate
deeply into Earth, which scts, then, as & diamagnetic sphere of ra-
dius R{<< a). The result is the perturbation magnetic field

2uN R3
AB,(r,0) = - ‘::3 (l - ;i)cosﬂ

3
AB,(r,8) 2“”(1 + gj) sin @ (40)

o
in spherical polar coordinates {r, 8, (o) in the vicinity of Earth(R <
r << a). Thereduction of the horizontal component of the field of
the equator (z = 0,6 = Lx) at the surface of Earth is 3N /a?.

The efficiency of the E, j paradigm is evident in its direct
path 1o the final result. However, i is not without Interest to obtain
some Idea of the forces that deform the dipole field to achieve the
expansion of the field in the vicinity of Earth. As a beginning, note
that (39) can be rewrilten as

AB, 28
B, = i (41)

where £ = %B}J R? is the magnetic energy in the external (r >
R) unperturbed dipole field with intensity B, at the equator at the
surface of Enrth, r = R, § = }'x [Dessler and Parker, 1959,
1968]. In the presence of the diamagnetic Earth, the fractional re-
duction of the horizantal component at the equator at the surface of

A Gl R Ik U b e e sl k. u  vie: itk iinalhinl w,

ool



10,596

Earth is precisely £/ 8. the fraction of the total magnetic energy
represented by the kinetic energy of the jons.

Comsider. then, the B, v paradigm. with its focus on Maxwell
stress and the geometric distortion af the magnetic fictd by the pres-
sure of the encreetic tons. The diteet approach is through formal
solution of the magnetostatic cguation, putting 1, = @ in equation
(3.4) 10 obiain

P
—{p; + M) =00
; J']“‘J ))

(12)

With  axial  sypuneny  this  reduces to the  quasi-linear
Grad-Shafranov equation, whose solutian is not elementary because
of the unknown, arbitrary, and eencrally nonlinear function of the
vector potential. So, as with the T § parndigm. we take advantage
of the fact that the system is only shiehtlyv perturbed. Then, applying

Ampere's law to the Diot-Savart intepral. the perturbation AD (r)

iz
L dNY I x ) x (r =)
AU(I)—T';‘[ |I'-—l"|3 .

The equation for magnelostatic cquilibrimn in the presence of the

force F per unit volume exerted by the particles and plasma on the
ficld 3 is
ArF + (U x ) x D=0

The vector product with I3 resulis in

(V x D)y = 1aF x B/B7 '

§
where the subscript indicates the component perpendicular to B,
Symmetry decrees that there is no torsion in the field (V x B)q =
{0, s0 the Biot-Savart integral for A B(r) becomes

AB(r) =

] e BEUER) (v~ o)) = F)B(e) - (r = )]
r My |r=o' P

(43)

Specification of the force T (1) cxerled on the ficlds gives
the deformation A3 (v) | Parker, 19621,

The similarity of the mathematics to the Biot-Savart integral
for AT {r) inthe E. j paradigm is obvious, of course. In that
paradigm we would write F = 1} x j/r. from which #t follows
that ji = cF x I3/1t*, Thus, for instance, a ring current T of
tadivs a produces a magnetic field 2x [ /ca atthe center of the ring.
In torms of the total ontward sacdiad force 7 = T B(a)/e per unit
lenpth around the ring, the lield at the origin is

2z F

AB() = ali(a)

(44)

The force F is a conscqquence of the diamagnetic expulsion of the
dipole moment gt of each ion, which is opposed by the Lorentz force
IB(a)/c. The force J; is excried on a magnetic dipole moment
Jti by the field I3; is ji3 31, /. Inthe present instance, with gt
pointing in the ¢ dircction. this is 13 /0 = JpB(a)/a per
ion, so that

F = Inpli(a)/a.

As a consequence of this force, the ion drifts in the azimuthal direc-
tion with a velocity vp such that qup B{a) = ¢F, yielding {35).
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In other words. the ring current [ arises in order that the inward
Lorentz force | B(a)/c balance the diamagnetic repulsion.

Now for an equatorial band of ions with pitch angle %w. the
pressure  tensor  has  the two  nonvanishing components
Pse = P=ze. each of which is equal to the kinetic encrgy den-
sity of the ions. With = representing radial distance (£? + y?)}
from the = axis. it follows that ¥ — ¢’ = —e. = for the origin
(r = 0). Then B(r) = ¢.B,(R/=)P and B - (r —1') = 0,
so that

L S A Y |
ADB(0) = e, . d: do=” )
Oy=egrr | . Ja 3w

Inteprating by parts. with p- - nonvanishing except in a small
ncighborhood of @ = a, yiclds

28 =
AD(0) = —e; BB (45)
where
+x L
£ = 21/ d:/ - doT pow {46)
-% Rl:

represents the total kinetic energy of the lons. This result is just (41)
again,

It is instructive to look more closely at the forces exerted by
the cquatoriaf band of fons at @ = g. Denoting the small radial
width of the band b;r h{<< a). the fons exert a total radial force
F ={n/h) -; Af 10? per unit length inward atthe inner edge (w =
@) of the band and outward at the outer edge (=@ = a+h, assuming
that the fons arc distributed uniformly across h). It follows from
{44) that

1 1 |
AB(O) = 2'}-[03(-“) - (a4 h)B(d + h)]
Az Fh

= m['*"(g)]

= 2uN/a® (47)
in which it = L Afw?/ B(a). which is the same result as (39), of
course. The point is that the net effect of the same force per unit
tength exericd in opposite directions at @ and a + A arises from the
longer circumlerence and Lthe weaker field ata + A.

It is also instructive to cxamine the forces exerted on the lons
in the small angular sector Ag of the band. At o = a theee is an
outward radial force aApF. At @ = a + h, the force Is inward
and of magnitude (@ + A)Ayp ¥, The compressive particle force
F h is exerted in the azimuthal direction aronnd the radius a of the
band, providing a net outward radial force {h/a)aA . Thus the
total radial force is zero, so that the fons in the band are in quasi-
static cquilibrium with the magnetic field B(r), with the Lorentz
force of the drift current nqup /c balancing the diamagnetic repul-
sion,

6.2. An Equatorial Clump of Particles

Conslder s small cluster of A energetic lons with mnss A,
charge e, and velocity w with pitch angle '}w and individual dia-
magnetic moment g at a radia! distance a in the equatorial plane
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of a two dimensional magnetic dipole ficld. An cqnat number of
cold electrons is nssumed as well ns a tenuons backpround of col-
lisionless thermal plasma.  The dipole, with moment 7, R per
unit length int the z dircction, extends uniformly along the r axis
(y = z = 0) nnd points in the positive  dircction, producing the
magnetle ficld

w\? i\’
Bo = +Bo( — ) sing. BBy = =Ba| ) cose {48}
in eylindrical polar coordinates © = (" + :3)5 and ¢ (incasured

around the £ nxis from the ¥ axis). In Cartesian coordinates,

21 R7y: B =)

T r L O

It is convenient 1o think of 3, as the polar ficld at the smface of &
two-dimensional Easth, © = /. The magnitede of the ficld is

D= B (Ri=) {50)
and the ficld lines are the circles
w = 2\ cosyp (51)

with radius A and the centers on the i axis at y = A so that they
arc tongentto the =z axis sty = z = 0.

Suppose. then, that the A" fons are spread uniformly over
unall rectangle tn the equatoriat plane (z = Q) ar =0, y = a.
The reetangle has side fi in the radial y direction and side { in the
r direction (h, 1 << a) with a surface number density ## <o that
A = wih. The magnetic ficld at tie pasition of the particles is
B3(a) = 13, 1R?/a’ and points in the nepative & direction.

The E, j paradipm begins by noting {Stern, 1992] that the
tons ave the gradient drilt

et | B’_(:Tu
cB(a)

vp = (52)

-
-

tp = - {53y
el
in the negative 7 direction. The surface curremt density within the

rectangle of jons is

J = verp (54)
2l ]
= ali(m) (55)

in the nepative r dircction where I7 is the paticle Kinctic energy
per unit area,

U= %m\lu'!

= vphia) (56)
The total particte energy £ s then U

Assuming that there are enough  backpronnd  thermal
etectrong, the clectrostatic forcet mintain loeal chige neutrafity.
If fullowe from conservation of charge that the drift cuerent J bifur-
cates into two field-aligned currents. each of surface density Jy =

PR
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}J fowing awny along the ficldlines from the back end (toward
negative ) of the rectangle. It also follows that two field aligned
currents Jy converge from each side to flow into the front end of
the rectangte, sketched in Figure 1. The closure of the current sys-
tem across the fonosphere in the neighborhood of the dipole at the
origin is assumed to be nondissipative, so that U is conserved for
a steady stote. (In fact, the terrestrinl jonosphere is dissipative and
the encrgy £ is slowly degraded [ Parker. 1966]). In the present
idealized {dissipationless) state, it follows that

Jy = cU/aB(a). (57)

Stern [1992] suggests that the region 1 Birkeland cutrents may
be preciscly this Jy produced by encrgelic particles trapped in the

geomagnelic tail.

The next question is the nature of the geomagnetic perturba-
tion produced by J1 and J|}. The current Jy flows along the field
lines on the surface x = 0, | between the two clrcles

@ = acosy, @ = (a + h)cosyp. (58)

With J“ flowing along the ficld, it follows (see Figure 1) that the
tibbon of current Jy has a width h() such that h(=)B(y)

const, while conservation of current requires h(w)J/y(w)
const, Thus

i

Jy(®) = Jyta)(a/=)? (59)
For h,1 << a the ficld around Jy is the ficld produced by two
antiparatlel ribbons of electric current of width h(=) separated by
8 fixed distance I, with dh/do = 2h/wo << L.

The magnetic ficld of iwo antiparallel ribbons of surface cur-
rent density J g with width 2b and scparation 2d is readily expressed
in terms of the tocal Cariesian coordinates (£, 17, (). sketched in
Figure 1, where { represents distance paralie] to the ribbons. 7 is
distance measured from the midplane between the two and £ is dis-
1ance mensured across the width 2b of the ribbon from the line up
the middie of each ribbon. The result is the scalar magnetic poten-

tia
(b= +(n-d
(b-€P*+(n+d)?
(-
e+ O G Y HTF (03 0
b-¢ 1 b+E
n_d+tan —q—d
ab-£ ab+€
_ 1 1=
2(n+d)[iau "+d+ian n¥d }

_
¢= -E'{(”—E)f"

+2(n —d) [can-'

describing the field at position (€, i) for £ n? << a?, At greater
distance from the ribhon the curvature and the slow variation of the
widih h with ¢ {along the ficld lines) must be taken into account.
The two ribhons of Jy lic locally in the planes 1 = Fd ({ = 2d)
and the edges of the ribbons are st € = £b(h( =) = 2b). The ficld
component By through the space between the ribbons is —0¢/0¢,

J
Be = —:-x
I b4 E G b=E b4 ¢
1 3 1 -l “
[mn p n+tau w—d_"+lan d+q+'°" -——--d_n .

(60)
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N

Figure 1.

A schemalic drawing of the unperturbed feld lines &0 = @ cosy and = (a 4+ h) cosp arz =0, 1 for

the two-dimensional dipote at the origin. The rectangle b x loflonsata < y < a 4 h, £ = 0 provides the surface
current .7, which divides fmn the field-afigned currents y Rowing away In both directlons from the back and into the front
ends of the cluster of jons. The indicated tocal coordinste system (£, 17, € ) is used in (60) and (61) for treating the magnetic

fields produced by Jy. '
|

On the midplane (n = 0) between the current sheets

Bf =
2J - b
= (e R S _}i) (61)
with Fy == 0 from symmetry considerations. In the simple case
that << h(ie. d << b). wehave f3, =0 and
De(w) = Andy(w)/e (62)

throughout the interior of the thin region between the two para]lel
ribbons of 4 Jyy. Close 1o the edges of the ribbon the field declines,
of course, The ficld is negligible in the exterior space, excepl near
the edges, and declines as 13¢(£) ~ (U“/r)bd/f’ for £2 >>
52, 1t follows that the magnetic ficld exiending lengthwise along
the ribbons of Jy (@) is detlected by the smalt angle ¥{ @}, where

Be (=)
B(w)

Hw) =

LA (63)

at the radial distance @ along the uvnperturbed feld line
@ = acosyp. The deflection is constant along the field line be-

S L L TR v e s

cause J(@) ~ B(w), sothat #(w) == J(a) = V. Note, then,
that the field is deflected abruptly by the surface current density J
in the amount 20 where it passes through the rectangle of energetic
ions in the equatorial plane.

The next question is the path of the perturbed field lines, par-
ticularly those on which the cluster of equalorial particles is trapped.
Itis here that E, j paradigm, that has served so well up to this point,
runs into difficulty. The field lines in the midplane 1 = 0 in the in-
terior of the region are represented by the family of solutions of the
differential equation

d&_ﬂ :
d B
__41rJ!
~ ¢B
=9

for & >> d(h >> €). It follows that in a distance of the order
of /12, the fictd line leaves the reglon between the ribbons, that s,
| € |> 5. With sufficiently small h(= 2b) this distance Is small
compared to the length O(a) of the field line, For £ >> b,

d¢ §
In order of magnitude, The dcflcctlon falls rapidly below 9 in€ >
b. The total ransverse £ /b displacement increases asymptotically
a3 (3U¢ /) t. The perturbed field lines have the form sketched in
Flgure 2 where they pass through between the two ribbons of cur-

rent. This result Is Incorrect, (1) because the perturbed feld lines
{ail 1o intersect the equatorial cluster of particles that are supposed

O R Lo -
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Fipure 1. A schematic drawing of the unperturbed ficld lines @ =
acospd @ = (a+ h)ycospnz =0, [ for the 1wo-dimensional
dipote at the origin. Therecungle b x Infionsata < y < a+ h,z=0
provides the surface current J. which divides into the fickd-alipned currents
1y Rowlng sway in both directions from the back and into the front ends of
the cluster of ions. The indicated local coordinate eysiem {&.n, () fs used
in (50) and (61) for treating the magnetic fields produced by Jy.

to he the cause of their deftection, and (2) hecause ficld lines in static
equilibrium are defected in the manner shown only upon crossing
a region of enhanced pressure, that is. enhanced B So.Jy mustbe
ticd to Ihe perturbed field, tather than the unperiurbed field, That
is 1o tay. in the correct solution the current Jp pantially fotlows the
perturbed field lines. providing the uniform deflection piven by (63)
everywhete along the perturbed field. The cror i< qualitative be-
cause of the arbitrarity small width of the perturbed flux bundle,

To conpute the consequences to first order in the perturbation
note that arc fength ds along the circle =T = AcHsye is piven by
ds = ady. The separation 1 {¢) of he perturbed ficld line from
the nnperturhed saticfies the condition d /I = el s 1M the field tine
ix fixed in the ripid conducting Earth at = = It = acospp,p=
v it follows that 2 (¢ ) = O and for 0<y <y,

H(¢) = ad(yn - ¥) (64)

by
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The outward displacement of the fons at the equalor (v = 0) s,
thercfore,

H(0) = a¥¢n, (69)
= 4xUypr/Bla)’,
4rU¢na’
= Bai R (66)

Note that the width of each ribbon of Jy dectines as w? or sin?
(Ln ~ ) as @ increases toward x/2, so that the idealization
that the width I{) of the ribbons is large compated to their fixed
scparation £ requires that ¢ p not be so ncar to -'2-1' as to violate
cos? pp >> h(0)/E. 1t is evident that this calculation is not
celf-consistent, because the angular deflection ¥ indicates that the
ficld lines are displaced a lotal distance of the order of a¥ from
their unperturbed positions, carrying them into regions where the
ficld differs by A ~ 9 B. However, this error is as large as the
perterbation described by (62), 50 we cannot expect the result to be
quantitatively correct.

So consider the B, v paradigm, which avoids these prob-
lems by computing the perturbed field directly from the cquations
of stress balance. using the optical analogy. The electric currents
then follow from Ampere’s law, and we shall find them 1o be sub-
stantially different from those computed using the B, j pwadigm
and sketched in Figure 1.

To pursue the I3, v paradigm. we begin by noting that the
effect of the wapped particles is a slight inflation of the elemental
Nux bundie at the equatorial plane. Hence the elemental flux bundie
is expelled more strongly at the equator by the pressure gradient in
the surrounding mapnetic fleld, that is. by the diamagnetic repul-
sion. The normal equilibrium halance between the outward force
—V B?/8x on each elemental flux bundle and the inward tension
force (B - V)B/Ax = TK is upset, where T is the magnetic
tension B2/Ar and K is the curvature of the field lines. The in-
fiated flux bundte is displaced outward atong its entire length so that
{he sharp corvature across the equalorial apex of the bundle (where
the particles are trapped) affords an equilibrium halance of tension
against expulsion, sketched in Figure 3. The easiest way to compute
the force with which the ambient pressure gradient tends to expel
the jons i (o note that the diamagnetic moment per bnit arca bt is
repelied by the ambient dipole ficld by a force F perunit area given

= 2U/a. (67)

This force of expulsion is opposed by the magnetic tension in the
displaced flux bundle on each side of the cluster of jons in the cqua-
vorial plana. The ficld 1s deflected by an angle ¥ fromt the & Jinu.
tion on each side, sketched in Figure 4. So the tension B(a)*/Ax
provides s total inward force 1 3(a )? /27 from both sides of the
cquatorial planc. Equating this to F yiclds (63) st = a. On this
poinl the two paradipms agree.

Now consider the path of the flux bundle from its displaced
apcx at the equatorial ptane inward to the dipole st the origin. In
the D, v paradigm the path is calculated from the optical analogy
{Parker, 198124 b, 1989, 1991, 1994). The method is not restricted
in any way to small deflections and displacements, although we
shall cnrry through the computation in the limit of small defliection
to compare directly with the results of the E, j paradigm. So the
B,v paradigm, employing the exact method of the optical analogy,

™ SV I TR
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Fignre L. A sketch of the ambicnt ficld isotid lines) 28 a backdrop for the flux bundle (arrows) displaced by the presence
of encrpetic ions trappeal at the equatorial plane.

avoids questions of Jy along perturbed or unperturbed field lines.  described by Fermat's principle
with J computed only alter the fickl is Mlly determined.

The essential point is that the path of any elemental flux bun-
dle. however it may be displaced in the ambient field. is the same as
an opticat ray path (geodesicd in an index of refraction proporiional
to the magnitude 13 ~ (/)7 of the ambicnt field. In the present
case. pressure balance grarantees that 3 within the elemental flux K = 8InB/ds; , (68)
tundle it the same as the ambient ficld ontside, except at the loca-
tion of the jons in the cquatotial planc. So the path of the bundle is  where /U s corvature of the ficld and 33 denotes distance per-

6]d:B=0.

Euler ‘s equation reduces lo

— ——

a+H, (o] S

Figure 4. A drawing of the disptace flux bundle ADEB (etven by (71)) against the asmbient field line {dashed curve) through
the point E. The center of the field line ADA of radius o ties at F while the center of the displaced flux bundle les at F,
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pendicular to the ray path. This formal statement is nothing more
than the requirement already mentioned. that the transverse gra-
dient P/ 05| of the ambicnt pressere 17 is balanced by the op-
posing teansverse magnetic tension force 77/, In the present ease
T = BY/An and P = 132 /8, which yiclds (68). For the present
problem, T ~ 372 from which it follows that the ray paths ase
cithercircles ©@ = ronsf concentric nhout the origin, or radial lincs
w == cons{ emanatinp from the origin, or circles passing through
the oripin @ = Aeos(ip — \) (see Appendix A). Neither of the
first two is approprinte, so the pertutbed fickd lines extending be-
tween the surface of Earth (@ = /) and the ions at the equator
(t7 = a) most e arcs of circles that pass through the origin. The
unperturbed ficld lines are the circles

1\, 1,

of course, tangent to the z axis at the otipin. The perturbed ficld
tincs are not necessarily lanpent to the = axis.

MNow the finx bundle comaining the tons is disptaced outward
and it Is convenient to think of each paint (y, 2} on the unperiurbed
circular ficld line moving radially outward {Trom the center of the
citele) to the new position (y + Ay, = + Az). For such 3 radial

displacement,
Az z

Ay y—la 69)

The transverse radial displacement J{ of the flux bundle is

H = |(Ay)? +(a:)")}

la
k] -
=Ay 15 (70)
y—3a
The pertarbation introduced by the fons displaces the center of the
circle from y = %a, z = {) 1o some new position y = !—,(a +

An),z = Ahb. The radius of the.circle hecomes %(n ¥ Ac).
Neglecting terms second order in Aa, Ay, etc., the eqoation for
the displaced circle reduces to

1 !
Ay - En)Ay+ 2: Az =pyda + 2:Ab 4 Eﬂ(_\c' — Ae)
» the ipper {z > 0) half of the fictd line. Using (69) to climinate

Az, the result s

2

"‘ Ay = yAa+ 2:Ab+ La{Ac — Ja),
V- 3a

10 |t

(1

Three conditions mre imposed on the perturbed circle, The first is
that the circle pass throuph the origin, so that Ay = Az = 0
where ¥ = & = 0. requiring ¢ = Ja. The second condition
is that d(y + Ay)/dz = =1 as = declines to 7ero at the position
= = 0 of the trapped ions. Since o1fd: ~ = (vanishing as
z — 0). differentiation of (71) for Aw yickds Ab = ~Lad. The
third condition is that the field line is fived (Ay = Az = O)at the
solid Earth, represented by

w=R=acospep, ¢ = v u= /a2 =

R(1 - R /a")},
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requiring that

(72)

to the first order in O, given by (63). In the limit @ >> R, these

results reduce to
a
Aa = Ae X ad| —
a c™a (R)

a
= _2I_IA6'

n! R! i
Aa = d—-ﬁ(l - F)

Thus Aa and Ac are IaJ:;cr than Ab by the large factor 2a/ R,

The picture is clear in the limit of large a/ R, then. The circle,
sketched in Figure 4, is rolated away from tangency to the z axis
by the angle U and the diameter of the circle is increased by Aa, so
that to towest order in JT/a the cquatorial (i = 0} apex of the flux
bundle is displaced outward the distance H{0) = Aa. To lowest
order the center of the circle remains on the y axis, but is displaced
outward a distance %Aa. In Figure 4 the unperturbed field line is
a circle of diameter @ with ils center at the point I on the y axis.
The perturbed ficld line has a diameter a 4+ Aa with center at the
point F'. The line O F' is inclined at an angle 7 to the y axis. The
perturbed field line intersects the y axis at point B, at « distance
H({yp = 0) beyond point A, where it is inclined by the angle
1o the 2 direction. The two points I and D' represent the fixed
terrestrinl footpoints of the perturbed ficld line at @ = R.

Analytically, it follows from (71) that

-1
' Ay=££G¥QwAa+hAH
3
and [rom (70) that

Hiy,z) = -:;(y.-ﬁa + 2:Ab) (73)
on the upper half (z > 0) of the unperturbed field line (y =
w?/fa,: o(l — w?/a?)}) so that H(p = 0) = Aa st
the apex (&0 = y = a,z = = 0). That is lo say, the pressure
of the ions causes an outward displacement A a of the apex of the
ficldline fromy=aloy = a+ Aa = a + H(p = 0) where

R? }
(“?)

LY O AV

" B(a)*R a? J -
This result is to be compared with (66) giving H () at the apex
from the E, j paradigm. The factor ¢ p in (65) is replaced by the
factor (a/ lt){1 - R?/a?)}. In the limit of large a/R,¢n poes

lo '511. which is replaced by the large number a/ R in the B, v
poaradigm. The dilference is qualitative in the limit of large a/ R.

a?

Hip=0) =97

(74)

It is essentinl to understand precisely where the difference
arises. Both methods provide the same Inclinstion ¢, glven by (63)

at the fixed footpoint of the ficld line and at the apex. The E, j
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puadigm pives umiform o evervachiere alomp the unperturbed field
line. T is casy to show that the <ame caleulation in the present case
gives quite a ditferent result, with

AT e
He)= ——-20- = — - r .
Vi) ds a e
Noting that it =t eon™ sand = = 0 s = cos » along the unper-

mrbed field line, #t follows Trotn (73) that

t
V(p}= -[dasin?y — 23beos 27
T

or. with = = a cos,".

TN I =\ b 2
I)(:):T’(rr][?(l—- TIT) ﬁ(l—-ﬂ_{) +2-&—._,—“—1]

with 1H{a) represeming the inclination at the apev, given by (63).
It is evidemt that $H Iy = J{a}, <ot has the saune value at both
ends, already noted, The difterence lics in the factor (2/ R)(1 —
7:2/112)5 in the brackets on the right-hand side, increasing to the
large value (2 !’/fl)ar/h’ at its maximom at =/fa = 1/3} =
DLATT, before fulling to zere at == = a. The question arises as
to how &} cant become so barge between the end points. The answer
is. of course, that it s the inclination of the Hux bundle relative 1o
the ambient unpenurbed ficld along the perturbed path that matters.
The dashed curve in Figiree 1 represents a ficld line & = a cosy
of the unperturbed fick!. passing by the perturbed flux bundle at the

Fipure 5. A skemauc drawing of the Rantened and displaced flux bundle
passing between the fictd lines of the ambient fickt on cither sfde, The closed
path of the surface current J, flowing around the flux bundle ls Indlcated
by the heavy tines. The direction of J, on each side of the Alux bundle Iy
halfway between the perturbed and unperturbed magnetic field.
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Figure 6. A drawing of the ambient and displaced fields in the neighbor-

hood of the equatorial plane, again showing the current J, to point haliway
between the two fields,

position E. It is obvious by inspection that the angle of intersection
is of the order of ¥(a). The formal calculation is carvied through
in Appendix B showing that the inclination of the perturbed field
fines relative to the local unperturbed ambient fietd has the uniform
value ¥{a). given by {63), along the entire length of the perturbed
field line. The error in computing the displacement of the field line
through the E, j paradigm arises in placing Jy along the vnper-
turbed field lines.

In fact, the current pattern s quslitatively different from that
employed in the E, j paradigm. We need only compute V x B
to sec how the current Nlows. The essential point is that the sui face
current J, associated with the displaced flux bundle flows in the
direction hallway between the external ambient field and the field
of the displaced flux. Hence the curtents close locally. as indicated
in Figure 5.

To run quickly through the form of the currents, consider Fig-
ure 6 which is an idealized sketch of the dispfaced flux bundte in-
clined relative to the ambient field by the angte ¥ where it crosses
the cquatorial plane shown Against the background ambient field
3. The aurfacs current J, ls inclined 1o tha ambient fetd by .
The force F per unit area in the equatorisl ptane responsible for
relocating the fux bundle involves the Lotentz force T 17, fe (op-
posing the diamagnelic repulsion) in the equatorial plane. That is
to say, the diamagnetic repulsion Is opposed by the Maxwell stress
By 13, /A in the flux bundle on each side of the equatorial plane.
Hence

JB‘ — B'Bl
c';'_z ir (75)

from which it follows that the surface current J{= ¢ 3 /2r) flows
In the equatorial plane across the field and out of the ptane of the
page in Figure 6. Now the surface current density J, arising in the
shear plane between two magnetic fields whose directions differ by
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the angle J Tollows from Ampere's law as

J, = :—sin,— iy
"
with the component '
J,coslﬂ = E—’sini?
2 Ax
_chy
Ty
_ by (16)
2

peipendicutar tn the cquatorial planc fiowing away in bath dirce-
tiong fiom the shect of fons at = = 0, Henee current is conserved.
However, It must be emphasized again that conservation of current
computed from Ampere’s taw is nothing more than a check on the
arithmelic of the computation. The fickds are determined by stsess
kalance, and Ampere's law guarantees conservalion of carrent for
any ficld deformation, So in place of Stemt’s suppestion that the re.
gion 1 Birkland currents arc primarily a consequence of Jy fromen-
crpetic particles trapped in the gcomagnetic tail, the 13, v paradipm
stales that repion 1 currents arice simply from Ampere’s law in the
magnetic sheat between the ficld of the peotait and the closed ficld
tincs at low magnetic latitedes. The magnetic field of the geotail is
maintained in its extended postvte by s comections inte the solar
wind, by intrusion of the solar wind into the nagactopause, and by
the inflation of an internat population of enerpetic particles. cach
in variable and penceatly unknown propottions. Al any moment in
time the distritution of the shear amd af the region t currents over
Iatitude is determined by detailed combination of these several dy-
namical effects distributed along the geotail.

An cssential result of the I3, v paradipin is the attening of
the displaced flux bundte by the pressure of the ambient ficld on
each side [ Parker. 19814, b). shown schematically in Figure 5.
The fictd outside the displaced Mix bundle I hardly perturbed at
atl. whereas within the flux bimdle the ficld all devintes by the an-
gle 1 from the ambient fickd dircction. This extends down to the
dissipationless ionosphere emplaved in the calcutation. The result
ie n decrease of the horizontal compoanent 1. eas o in the amount
of ¥ J¥.sin, at the lootpoints of the dicplace flux bundle, and
7ero elsewhere. The flattening of the displaced bundle provides a
foot point in the forin of a narrow north-sowth stip.

The Nattening of the flut bundle implies tha the cluster of
ions at the apex in the equatorial plane is al<o flatienced to some de-
gree. The dynamics of the Rattening of the cluster prosents an inter-
esting problem, particufarly when combined with the ficld-aligned
currents and the associated jonospheric dissipation.

6.1, [Isotropic Particle Distribution

Consider briefly the problem of computing the deformation
of a dipale fictd by various particle distritaitions, S Lopke |1966)
provides a general result for o aciaty svmmetric cquilibrivm shell
of encrpctic jons with arhitrary pitch anple distribution. Here we
take up the example of 2 single clementat flux bundte in a2 two di-
mensinnal mapnetic dipole inflated by plasn with isotropic ther-
mat velocity, for which the plasma pressure pis uniform along the
fint bundle, We neglect the small oss cone that arises in the pres-
cnce of asolid Earth at = = fT. causing the plasma pressure to fafl
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1o zer as o nears fi. The purpose of the example is to illustrate
the ulility of the optical analogy in the B, v paradigm.

Fort the two-dimensional dipole the ambient field is again pro-
vided by {50). The magnetic ficld b(to) within the inflated flux
bundle follows from the condition of pressure equilibrium scross
the bundle, yiclding

b(@) = Bo(R'/=* - f)} (17

where § = 8xp/ 3] represents the plasma § at the surface & =
R. The ficld strenpth b( £2) within the inflated flux bundle provides

the effective index of rgfraction for that ficld. The field lincs are the
geodesics defincd by

6/dw£(w.¢, w)=0

where now

L(2,¢) = (1 + D2 (R /! — gy}

with ¢’ = dg/dw. Then since L/ 8 = 0. Euler's equation

.f_(i’E o,
dw \ dyp’ 8p

can be integrated to give

— = 1/x

Oy’

where & is 2 constan with dimensions of inverse length, This can
be written as

k' (R - do*)} = (1 4+ w2}, (78)
or

d L]
ﬁ*;‘?[(&? - E2)&3 +£’)] = %t (79)

whete £ = Ko and

2 t
€= 5|0+ am¥ 71), (50)
n=pgel/R. (81)
Equation (79) reduces to the quadrature
£ de
e -o) = 82
(=) -/( G-egrey &

where the intcgration constant ¢ is chosen such that the apex £ =
&) of the path occurs al ¢2 = 21. The clliptic integral is a standard
forn, from which it follows that

(1 + 4n)l(p = 1) = F(eos™ '€/, k),
= en~1(£/6y, k),

(83)
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where the modules b is

1 1 t

=n} [I - f—;n + Egn? - »Iuh-;'-n"‘ +O(n")].

Then

t
E=&enl(1 4+ 40} =) k]
Placing the apexobthe tieldline ot = = L owhered = fdg =
0, it follows from (7R) tha

= 1L/ - )t

LYY 1 Nete thatif y > L, the plasma
pressure at the apet excecd < the ambient pressure and theee s no
eyuitibtium solution. except for radial tines (dys /ol = 0.

TUis sulficient fur present parposes 1o treat the case of weak
inflation. \ << 1. for which it is vomvenient to note the exact
relations Fx? LT = /(1 -x). &7 = \/(|+\) & =B/~
Vo E =8/ - e =0 -0 0+ amt = (04
)/t =y ). Foraficld tine withapex ot the cquatct p=wpr =0,
the ficld line intersects = = 1T at the ltitnde g given by (83} as

(85)

where y =

I sk
e = AT /L)

(1 +4mt (86

o R i
Ecos"l—?—'—i\[ih'nt_';*+ 7 _%ﬂ]

+0(e)

The ficld line with the same apexradins [ in the absence of inflation
reaches = = I at the Iatitnde ros =V 1/ L. from which it is clear
that the foat points of the inflated field lines have a latitude that is
lower by the amount

f I Ry
o2 oy teos™ '+ 21 - 2=
App = 4,\[%.‘05 7 + T (l L"') ]

than the ambicut field tines. That is to say, the inflated field lines are
distended, as we wonld gxpeet, Tlds ix beat Hlusteated by compuling
the change in the radial distance to the apex as a consequenceof a
small inflation /3 or Y while 2 i remitins fixed. Then to lowest order
n 2k . Use (RTY 1o compute ¢ I./x. with the result that L
changes by the small amount /1, piven by

no_ L _meN, o r R :
L~ AR A RN A A R £ B R

< o(B) (-4 [ i e (- 5) ]

to first order in x.

(88)

et A R g 4% v e
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In otder to compare this result with (74) (L = n) note that
the thermal energy density of a monatomic gas is .,p withp =
BB2/8x = J(B(L)/Sx) LY/ R, The arca between the field
lines separaled by unit distance a1 the equator can be computed to
fiest order in \ from the unperturbed field. for which the scparation
H (52} of the lines is proportional to ¥/ L, wherey = L cos’cp
along the ficld line. Then with arc length ds = Ldsp. it is readily
shown thatthe areais L{pp+singpcospn) ~ Llcos ™ Rf L+
(R{LY - R"'/L"')&]. It follows that the thermal energy U in

the flux bundle with unit cross sectional area in the equatorial plane
(p =0} is

] R R I
U= splicos™ = + (1 - 753,
2]’),{(‘05 L L(l L'_u) ]

Using this relation to cxpress p or @ in terms of U/, it follows that

g= 16xU/
3LBZ[cos~'R/L 4 (R/L)(1 = R}/ L)}

H _ 4xL'Ufcos™"R/L + J(R/L)(1 - R*/L)Y]
T~ BIRcos-'R/L +(R/L)(1 - R7 /L)Y

where B, is the field intensity B{R) at @ == R. In terms of the
field B(L).

H =

AU L [cos"R/L + 4(R/L)1 - R2/LN)Y
B(LYR| cos='R/L +(R/LY(1 - R*/1L?)} |

tn the limit of smalt R/ L.,
hw

™~ .
8% 575

47U L
B(L* R
This is the same as (74). That is to say, inflation of a flux bundle
with an isotropic plasma of energy U/ causes the apex of the inflated

fux bundle to move outward by about the same distance as the same
encrgy in particles with pitch angle %r at the equatorial plane.

w

H =

1t should be noted again. that the displaced Mlux bundle tends
to flatien from the pressure of the ambient field across which it ex-
tends, The foot point is again a narrow noith-south strip.

7. Flux Transfer

7.1. Individual Flux Bundles

The transfer of geomagnetic flux bundles into the geomag-
netic tail, following reconnection with the interpianctary magnetic
ficld at the sunward magnelopause, Is an integral | art of magneto-
spheric convection at times of geomagneltic substorms and storms.
Relatively little atiention has been paid to the dynamics of the indi-
vidual flux bundles in the process of transfer. This section treats the
subject bricfly to show how the B, v paradigm handles the prob-
lem. As we shall sce, the basic concepts are clear enough whereas
the details of the phenomenon are sufficiently chaotic as to be quan-
titatively intractable.

Consider a flux transfer event, involving the pick up of a mag-
nctospheric fux bundle from the sunward magnetopause from

A S g 5 A Ao MY 1 Mgt B 1 13
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where it I carried in the totar wind in the magnctosheath back imo
the peotail. A typical flux iransfer hundile is observed to have a di-
smeter of the order of 1 Ry and an infernal mapnelic ficld of the
order of 10™% G, from which one infers n total magnetic flux of
the order of 4x 10" Maxwells. The flux bundie connects into an
jonaspheric foot point with anarea of 7x 10" em 2 tlor 7 = 0.6
(i), equivalent to a synare 80 knt on a sidle. The outer end of the
Nox bundle at e mapnctopayse i transparted a dislance of the or-
derof 2% 10'% cm (0 It g from the sunward magnetopause into
the geotail in the 210 km/s solar wind in the magnetosheath in a
time of the order of 107 5. The great mass of the ionospheric foot
points of the flux bundle suggests that the foot points do not move
significantly in that time. On the other hand, the Alfven speed in the
ontct magnetocphicre is of the order of 107 kin/s, as a conscquence
of the Jow ambient plasia density (N < 1 atomfcm ?) beyond the
plasmapansc. The relativety slow transport velocity of 200 km/s at
the mapnetopause sngpests that the dispiaced fux bundle is not far
from qoasi-static equitibrivm within the outer magnetosphere dur-
ing the tran<port inta the peotail. Hence, except near the innosphere,
the instantancous path of a moving Nux bundle can be approximated
by the static equilibrium path between the outer end, moving with
the solar wind. and the fixed ionospheric foot point. In the simple
case of a two-dimensional model of the peomagnetic dipole, treated
in subsections 6.2 and 6.3, it follows from the optical analogy that
the flux bundle lies along a circle that intersects the origin, Denot-
tnp the jonospheric foot point by ¥ = a, 2 = & and the outer end
at the magnetopause by y = Y'(1), = == Z(t). it is rcadily shown
that the path of the bundle is given by the circle

(P +2°)bY —aZ) 4 yla®Z — 1Y+ b2(B ~ 2))

—:[pY ~ a2+ aY(a-Y) =0 {89)

at any instant in time.

The motion 1 of the displaced lux bundle at any point deter-
mines the local clectric field E = - t1 x /¢ within the flux bundle.
The surface current density around the displaced flux bundle is read-
ily computed from the inclination of the displaced bundle retative to
the ambient magnetic fickd. In particular, it follows from (89) that

R A R AR 2AbY —aZ)y
dy ~ Y —aZl+aV(a-V) - 2bY —aZ):

{90}

along the path of the displaced Aux bundle. For the ambicnt field
line withanapex aty = L, 2 = (0, we have

v -yl +:7 =0

d: _ L~y

dy — 2:
Hence. for the ambient field line theough the poim (17, =) it follows
that 2 2

v 4z
L=2T-
v
d: :"' - !J'", 01
dy = Qu: (91)

at that point. The angle between the displaced flux bundie and the
nmbient field is

d: ol
e} = =1 = —tan='f =2
v(y, 2} = tan (dy), tan (d!f)a

(92)
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where (d2 /dy)g4 is the slope of the displaced bundle given by (90)
end (dz /dy), Is the slope of the ambient ficld given by (91). The
electric current patiern around and along the displaced flux bundle is
described in subsection 6.2 and is illustrated in Figure 5. The inabil-
ity of the E,| j paradigm to nddress the problern of finding the path
of a widely displaced flux bundte is obvious. Note in particular that
the motion of the lower end of the flux bundle is determined largely
by the mechanical motion of the ifonosphere and has no direct con-
nection to the electric field in the rapidly moving outer end of the
tux bundle. As noted earlicr, the force excried on the ionosphere
by the displaced flux bundle is proportional to the displacement of
the outer end of the flux bundle rather than to the instantaneous rate
of displacement to which the electric field is refated, illustrated in
subsection 7.2.

It should be noted that the basic physical principles are the
same in a three-dimensionat dipole, bul the computation is much
mote complicated. First, the Euvler equation (or the equilibrium path
Is of the form of Abel’s equation and has no elementary solutions,
Second, the outer end of the displaced flux bundle st the magne-
topause is transported by the solar wind. In two dimensions this is
parallel to the meridional planes in which the field lines lie. How-
ever, in three dimensions the displacement generally has a nonva-
nishing componenl perpendicular to the local geomagnetic field at
the magnetopause. The flux bundle slides freely only in the direc-
tion paratlel to the gecomagnetic field, but not across the geomag-
netic field, so the motion perpendicular 1o the geomagnetic field
strongly deforms the geomagnetic field at the magnetopause, prob-
sbly resulting in local reconnection and generally creating a mes-,
theoretical problem. The esscntial point Is that the problem can be
staled easily in terms of the I3, v paradigm even if the dynamics
is too complicated to sllow a format solution,

\

7.2. lonospheric Motion

Now by the time a targe body of displaced magneltic flux ac-
cumulates in the geotail (as during the onset of a substorm), the
jonosphete begins 1o move and it is of interest to note the formula-
tion of this dynamical problem. The succeeding sections treat the
detailed problem. recognizing the partialty ionized state of the jono-
sphere. However, as preparation for the complications of the Hall
and Pedersen conductivities, il is useful to treat an idealized case to
enumerale the clementary stress balance and momentum transfer.
There is nothing particularly new here except the emphasis on the
dircct approach to the dynamics, describing the momentum in tenns
of the plasms velocity and the stress in lerms of the magnelic field.

Consider, then, the simple idealized plane polar jonosphere
and magnetosphere modcl neglecting all resistivity and viscosity.
Imagine an jonosphere of uniform density g confined between the
planes z = D and r = L. Consider the idcalized case in which
the nonconducting atmosphere below (2 < 0) has no viscosity so
the ionosphere slides freely about except for its own inertia. The
magnctosphere in the space L < & < A(A >> L) has nep-
ligible material density and essentially infinite Alfven speed. The
whole system is threaded by 2 uniform vertical magnetic field B
and the magnetopause at = = A is subject to arbitrary harizontal
displacement. as when the ficld is picked up by the solar wind and
transported a lnrge distance f1 along the magnetopausc In, say, the
y direction. The layout is sketched in Figure 7.
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Figure 7. A schematic diawing of the sheared ficld (0, Bb (z.£),B) associated with the displacement £(2,0) relative to the

footprint at the magnctopause = =
L]

\

Denote the Lagrangian displacement of an element of fluid In
the lonosphere by £(2.1). assuming that 3/dy = 0. The fiuid
velocity (€. ? in the ionnsphere is 3¢ /M, inmoducing the mag-
netic field 136 2,1} in the y dircction at the rate desctited by the
induction equation

b Je

TR
= - (93)

In the present idealized cxample of a vertieal field without local

compression the displacements are horizontal and vniform over the

hotizontal planc so that they prodnce no magnetic perturbation be-

low the jonosphere. The appropriale boundary condition for 8( =, )

it b{0,£) = 0 with & = 0 throughout the nonconducting stmo-

2’}‘3"’ ;‘6’ < 0. The conducting Earth plays = role only where
y .

The Maxwell stress M, . = I3h/ 47 reacts back on the Muid
for which the momentum equation is

B

T odx J:

Q¢
P (94)
The Alfven speed J3/(17p) bin the ionesphere is denoted by C.
The Alfven speed is essentially intinite in the tepuous magneto-
sphere (L < = < A). sothat if the field is held fixed at the mag-
netopause {2 = A). it is convenient to measure the displacement
£ from the position at which the ficld is vertical (b = 0}, Hence,

oL, 1) = —-%-{3%
1
¥ - e ) (95)

and b{z, ) = b( L, 1) thronghout L < 2 < A, Equation (93) can
be integrated once to give

b(z,¢t) = 8€/0z (96)

in the ionosphere, where the Integration constant is zero with the
choice £ = 0 for & = 0. Substituting into (94) gives

2 2
3_6__03?_5__0.

at? 822 ~ (97)

Consider the solution
wz
C

where [J is an arbitrary constant. 1t follows from (96) that

€ = Deos—coswt,

(98)

w o, wz
b= D—-sin—cosut.

C C
Substituting (983 and (99) into (95), the result is

wl wl L
fan— = -,

_E/C A

It is clear that in the limit of small L/A, the quantity wL/C is
either small compared to one, so that

(99)

(IOO).

c
v T (101)

or

L
wa‘d:nﬂ(l-lv-m'i““)

wheren = 1,2,3, ... We are concernied here only with the fun-
damental [requency, glven by (101).

Suppose, then, that the ime § = 0 finds the magnetopause
(¢ = A) displaced a distance H In the negative y - direction
and thereafter held fixed. The system Is without motion at the ime
t = 0, but the nonvanishing Maxwell stress accelerates the fono-

R e AR e < M Akt e b AR WAL
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ephere from rest. The initial value of £ is then /{ throughout the
jonosphere aud there is a kink in the ficld at 2 = L, with a deflec-
tion tan™ VI /A, The kink provides mn initial sharp teansient, of
no particular physical interest, that propagates back and forth be-
tween 2 = Oand z = A with partiat reflcction al each crossing of
z = L so that the initial pulse rapidly degrades into an increasing
number af pulses of diminishing anplitude. The principal motion
is the fundamental oscillation

4 e
)= Heos — —reos——-~
E(z,t) cos(l.A)E(m(f,A)E
= lHcos ct T
(LAY}
I - 't
bz,) = —— ] - £
A= =T I T AT
LA mt
In the fonosphere, neglecting terms O( 1./ A) compared to one. It
_ follows that cn ot
(f) = - Sin -
v(l) (LA)i(m(l,A)r

. The electric current and electric ficld are wniform across the iono-

sphere with the instantancous valucs

. ch b
)= =€
WO = —er 375
BH - Ct
LA (LA

i
c

= te,

E(f) = ~e;

BCH . i
(LR sin T
LAY (L))

> 4

in the ionesphere (0 < = < L). In the magnetosphere b is uniform
with the value b{ L, t) given above, while the velocity is

v(z,8) = e(t)A =)A= 1)
The electric field is accordingly
E{z,t) = E(t)(A - z)}/(A - L),

vaniching at the magnctopause = = A, from which it is clear that
he electric ficld at the mnpnelapanse hat nothing 1o do with the
notion within the magnetopanse and in the ionosphere. The initial,
elativety rapid displacement of the magnctopause by a dictance Jf
n the negative ¢ direction at time { = ) can be adequately de.
cribed by the velocity — I &(1) at 2 = A with

v(z )y = =HEUW: - DYI(N=1)

inughout the magnetosphere. The associited electric ficld is the
hort limense pulze

E(:, 1) = e, H&{t)z = LN~ 1)

hich vanishes before the loposphere has bepun i move. So ngain,
e cleclrie field at the magnctopause is not related to the jono-
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spheric motion and vice versa. The jonosphere moves in response
to the Maxwecll stresses.

It is casy 1o exiend the calculations to include viscosity in the
fonosphere and in the non-ionized atmosphere (z < 0) below the
fonosphere, as well as s conducting Earth st z — £ ete. However,
the fotegoing idcalized calcutation is adequate for purposes of il-
lustrating the basic principles. We turn next to a formulation of the
I3, v paradipm in the jonosphere, taking sccount of the massive
neutral atomic constituent.

8. Partially lonized Gases

Consider a plane skratified fonosphere composed of N neutral
atoms per cm>, and n electrons and lons per cm?®, the lons being
singly charged. The mean cffective collislon time for the individ-
uat fon with the ambient neutral atoms Is denoted by 1; and the
collision time for an eleciron with the neutral atoms is 7., The
{on-electron collisions provide an equivalent collision time 1. The
electron.clectron and ion-ion collision times are comparable to each
other but of no particular interest. The local mean velocity of the
jon gas is denoted by w and of the electron gas by 1, with the v
representing the local mean velocity of the nentral stoms. The cotli-
sions provide a mean drag force on each constituent, so that for cold
electrons and singly charged ions, the momentem equations are

dw
MW =
+c(E+w x B) _Mw—v) m(w- u)' (102)
[ 4 Ti T
M(—’-‘-E _ —c(E+u b B) _m(u-~v) + m(w — u}.
dt ¢ Te T
. (103)
The equation of motion for the neatral stoms is
NMd—v - -Up+ nAf(w —v) + nm{u — v) (104)
dt T Te

where ]2 Is the pressure, Viscouws and gravitational terms ean be sdded if desired.

Note that the electric current density j Is

j=ne(w —n) {1051
[
= -V xD, (106)
the second equality heing Ampere's Isw. The relation can ba soived for 11, yielding
c
u=w— vxD 107
YT Tane (107)

Consider, then, the casc of weak fonization n << N, approprinte
for the tervestrial fonosphere. The incrtia of the ions and electrons
is small compared to the inertia of the neutral gas. The Maxwell
stresses nre exeried on the lons and electrons and are transferred
1o the neutral pas through collistons. The refatively massive ncu-
tral gas responds only slupgishly to the collisions, so that on that
timescate the left-hand sides of (102) and (103) are negligible, that
is. the inertia of the electrons and lons is negligible compared 1o the
Inertin of the neutral gas. The lons and electrons arce In qunsl-statlc
equilibrium between the Maxwell stresses and the collisional drag
of the ncutral gas.




et ot i e

10,608

Nepleet the teft-hand sides add (102) and (103) and then mul-
tiply by n, with the result that

IxD _ nM(w — v) N nmfu - v) (108)

c Tl r!

The right-hand side of this relation represents the [riction terms on
the right-hand side of (104) with the result, using Ampere’s law,
that

NM—=-Up+ ¢ x l})_i_g
dt dr
plos whatever vitensity amd gravitation cffects are appropriate.
This, of course, is the usual MDD momentum cquation, with the
finid pushed around by T p and by the Lorentz force, that is, by the
divergence of the Maxwell stress tensor.

(109)

Next solve (107) and (10R) for 1t and w in terms ofv,VxB,
elc., with the result

T x 3 n
(Cx By x1

e/ T,

= - —

w=vt dant) Aanch) xB (10)
(TxB)xD Al
= Al el Y 1
u=v+ A0} drne@) x B (1)
where \f
Q=+ (112}
T Te

It is then a straightforward calculation to solve either (102) or (103)
for E, oblaining

vxl _{(Vxll)xl]]xl}+
c ArncQ

AM/ri=mite - gy x B

danecl)

(113)

c [(a\l/r,-}(_m/r,) + m

— 3 v x B.
4rne? Q T

1t is convenient to define the diffusion coelficients a, § and 1), with

cl(Mfr — mfr.)

NSRS fe) 114
T = Aane(M/r +mfrTe) (114)
sepresenting the Hall resistive ditfusion coclficient,
n?
B = i iiifn ¥l (115)
as the Pedersen resistive diffusion coclficicat, and
e [(M/ry(m/r) , m
7= Frne? [—!’lilr, + m/_;: tT (116)

as the Olunic resistive diffusion cocfficient. where B is a charac-
teristic magnetic field strength. Fejer 11953) and others provide
conductivities as a function of altitude in the jonosphere. Write

b = B/B, sothat

E=£{—-vxh
e

—BI(V xb) x b x b+a(vxb)xb+nV x b} (117)

PARKER: ALTERNATIVE PARADIGM

B

+o(¥xb)y x b(n+b?A)(V xb)L+n(Vxb)y} (118)

where the subscripts L and || refer lo the components perpendiculat
and parallel 10 b,
MNote that (117) can be written

E':E
[

% {~BI(V xb) x b} x b+a(¥ xb) x b+79 xb} (119)

where

E' =E+(B/c)v x b

is the electric Reld in the frame of reference of the moving neu-
tral stoms. Equation (119) is the form of Ohm's law for & par-
tially lonized gas, of course, but it eannot be used efectively until
the velocity v has been determined from the dynamical equations.
This difficulty is sometimes over fooked in applicatiuns of the E,
j paradigm. Dlusirative examples are provided in sections 9-11.

Substituting (117) and (118) into
ap

-at—z-chE

yields the induction equation

db
-aT=Vx(vxb)

+Vx{ﬂ[(vxb)xb]xb—a(be)xb—-qub}
(120)
=Vx(vxb)-V

x {(n+b2 8}V xb) L +a(Vxb)y xb+n(Vxb)y}. (121)
It is not without interest to express E in terms of the lon drift ve-
locity w or the electron drift vetocity u. Solving (110) and (111)
for v and substituting into {113) yields the two expressions

_ B ceBM[n
= —E{»w b b+m(be) x b+nVxb} (122)

_ B cBmfr,
E=— {-uxb- Trned (Vxb) x b+nV xb} (123)

s0 that the induction equation can be expressed accordingly.

The term V % (v x b) on the right-hand side of (120) repte-
gents the transpott of field with the moving fluld, thatis, the standard
MHD induction effect. The remaining tenms represent diffusion and
dissipation and the Halt effect. It is nstructive to write out the en-
ergy equation to see the nature of the dissipation. Forming the scalar
produce of b with (118) and ssing the vector identity :

A-VxD:D-VxA+V-(DxA),
it can be shown that
o b »?
ﬁ-s—"+v°(vlz;)
= —f.v—d[gﬂf,—q(VXb)’/‘!l
—% . [Ab*f + of x b+ i},

(124)

0 e g 35 g -
- R e g e e



5

T W STRRT IR U T

PARKER: ALTERNATIVE PARADIGM

where f is the Lorentz force divided by 172,

_(Vxbh)xb

f An

(125)
The convective  transport of magnctic  cnthalpy s
v 62/4 7. The fitsttetm on the right-hand side is the rate nt which
the Qnid does wark on the field. The thind term is the usual Joule
dissipation term, which can be written J? /i desited. The second
teom is the Pedersen dissipation. The final term, involving the di-
veigence of 6°F + af x b + yf represents only a redistribution
of magnetic cnergy within the region. It provides no net discipation,
at it obvious from the fact that it vanishes when inteprated over a
volume sulficiently large that £ vanishes on the surface. The Hall
clfect provides na net dissipation, of course, although it provides an
encigy redistribution flux

af x b= —ab?(V x h)y (126)
within the region of nonvanishing Lorentz force. The momentum
(109) can be rewritien

] .
NM'_H‘Z = —Up+ I (127)
t

to which viscous terms, ete. may be added il needed.

Simultancous solution of (120) and (127), slong with some
stafement on the pressurc p, provides a complete deseription of the
macroscopic behavior of the ionosphere. In fact, the dynamics of
the innosphicre involves only small perturhations ATY of the quiet
day ficld so that the cquations can be lincarized to good approxi-
mntion. The fincar form is studied bricfly in the next section. The

ssential point is that, with the basic equations formulated in terms
of the variables v and B, the time dependent case can be treated
dirccily, Electric ficlds can be calculated after the fact if they are
needed. Charpe conservation is automatic, and electric currents
take carc of themsclves.

The momentum equation (127) is the familiar momentuem
coptation of mapnetohydrodynamics. The induction cynation (120}
is similar to the induction equation of MY It is evident from in-
spection of the right-hand side of (121} that the 1otal resistive dif-
fusion coclicient of (© x by (representing diftusion of ficld pet-
pendicuiar of hyis 17, while the coclficient of (V) is TENLYA
So the tesictive diffusion is anisotropic, i stifl of the nature of re-
sictive diffusion. The Hall tern, whose coetticien! is i, is more
imeresting. Neglecting resistive ditfusion, write €120 as

1
g{-:\"x(vxh)—llrer“f, (128)

where [ is the dimensionless Lorentr force defined by (125). Then
write the momentum cquation {127) as

v 1

1 ., -
dv LT S LN Y )
at r TR A

(129)

whetew = % X v is the vorticity amd €7 = 1 /(A TN A }* is the
Altven speed in the characteristic ficld B, Consider the idealized sit-
untion in which the nevtral pas density NA and the Hall cocfficient
A nre locally yniform, Then the curl of the momentum equation
yiclds the vorticity equation:

10,609
%‘ti S Ux(vxw)+4rC XL (130)

Using this expression to eliminate V x f from (128) ylelds

& a a
30 b+a—2w):Vx[vx(b+Eiw)]. (131)

1t follows that the vector b4 aw/C? Is carried bodily with the fluid
motion v. as distinct from the transport of b with v in the absence
of the Hall effect. So the concept of a “frozen in” Geld remains.
The field is ncither b, that is ““frozen in” in the absence of the Hall
resistivity. nor the vorticity in the absence of a magnetic ficld, but a
lincar combination b + (a/C?)w of the two.

Note, then, that since m/fr, << M/t in the jonosphere,
(114) yields o 2 e B/4mne, where n represents the fon and elec-
tron number densities. It follows that the coefficient o Is given by

a/C’EN/nQ; {132)
where ©0; = eB/Mc represents the ion cyclotron frequency in
the characteristic field B. Thus, with jw| ~ 1/1,,, where 1, is the
characteristic rotation or shearing time of the fluid motion, it fol-
lows that the ratio of aw /C? 10 b Is of the order of (N /n} /Tt
The ratio N/n is large {(~ 107 at an shtitude of 300 km) and
), ~ 3 x 10%/scc for a single ionized oxygen atom in 0.6 G.
So the ratio ow/C?b is small for motions with characteristic time
large compared to say, 105, and it is b that is tied to v to a first
approximation. As N/n declines upward into the magnetosphere,
the rotio becomes smalier, and the frozen in condition obtains (in
the absence of significant diffusion). Howcver. ideal or not, the in-
duction equation shows that b + aw/C? is a physical concept that
is useful in treating dynamics.

As is well known, the pertinent quantity is the ratio of the
Pedersen and Hall coefficients §/a. To obtain some idea of the
magnitude of J and a in the ionosphere, recall that the mean free
paths for jons and electrons are comparable in order of mapnitude,
Hence 1; /1, ~ (M/m)} and m/r, is smalles than M /7, by a

factor of the order of {m/Af)}. It follows from (114} and (120)
that
cB
~ 4dmne

= C’N/nm.
Bz'l'f
=
g 4rnM
= C'rN/m,

where C = B/(dwN.’\l)‘} is apain the characteristic Alfven
speed. Hence we have the familiar result that

B/a = Qv

in order of magnitude, showing that resistive diffusion is more im-
pottant than the correction aw/C? 10 b in the induction equalion.

Mote that in the sar-e approximation

o me? (1 1
"= Tenei\ 7, )

Bl i L e P NS
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9.

The Plane Potar lonosphere

Before taking op some diltusive dynamical problems of iono-
spheric convection in the succeeding sections. it is uselu! to note
brielly some clenentary idealized cirenmstances in which an jono-
sphere without diffusion may be set in closed circulation by the
Maxwell stress associued with magnetospheric convection. The
response of the massive ionosphere is slow, of course, so it is also of
interest o see how the stressed magnetic ticld arranges itself across
a simple uniform ionospherie modet when the motion of the jono-
sphere oan be negleeted. Ve eite a variety of simple solutions 1o
(120) and (12,

9.t. Plane Model

Consider the polar ionosphere in the apptoximation that the
mean lickd is vertical with a uniform sieeneth B Above a plane
Earth the jonosphere is <ot in mation by the transport of magnetic
fux bandles from the day side mapnetosphere into the magnetotail
as a comsequence nf teconnection at the mapnetopause, etc. The
net effect is o tilt the polar fickd away from the vertical, so that
there is a Lorentz foree exerted on the ionosphere by the tension in
the tilted fiekd. as sketched in Figure 7. Tn the simplest case, let the
tilt of the field be independentof the horizontal coordinates  and y.
The result of the tilt is a time dependent magnetic field in an accel-
eratedt ionusphere {1, ¢, # ). The horizontal magnetic pertue-
bations 1, and H, are small compared fo the vertical component,
N./B and b, B,/B
are botlt small compared to one. Note that the horizontal unifor-
mity yickls (¥ x b). 0 while the transverse component {s
(T x by, we i, [ 4 ey b /0. Equation (120) or

(121) reduces to the linearized form

of course, so that the quantitics b, =

. i ith, b
Bea 2l voenreage] am
') /) Hi /
'_Z_;!_'f_ e i_‘): [--y - n%.,} 4 13)%,.1]- (134)

neglecting terns second order in b and by . The momentum equa-
tiont (127) becomes

e, oy 3D 0 { v,
S R S
adry L ah, ¢ oy,
= w e\ (136)

in the same approgimation, noting that (v ¥ )v = 0. The quantity
C #s apain the characteristic Al ven speed B /(0 NIW)! ond we
have included a viseosity pr. The Lorents force, given by (125), Is

(137)

Note, then, that the cocllicients, v, (3, o7, jt. and € may be functions

k. 4t g 3w £ e 4 e g ¢ & i =1 ¢ Fr
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of z. The cssential point is that (133)-(136) provide a complete set
of four equations for time dependent v, vy, by and by,

If the clectric cuerent density j is needed for some purpose, it
follows simply as
cB b, cB &b,

Je = <Ay B Jy = ir 6z {138)

The electric ficld follows from the linearized form of (117) with

I2§ ab b
Eo=7|-wregr-oenGy] o

B ab, ab
Ev=?[+vs+(ﬂ+ﬂ)ﬁz—+a—a'7y, (140)

from which it follows that the electric fleld E’ in the frame of ref-
erence of the moving lonosphere is

L. B ab‘ 86
E, = ;[a -+ AFE, (4
4
= S0+ Bs + 04y,
o Bla g
5=2{nrngE+eGr]  0m

= i+ (14 A1i)-

Solving these two expressions for j; and jy yields the familiar re-

sult
(14 A)EL —ak,
_ & (4 B)EL + (1 +H)E]
it e Oy Er

Tt is well known, and obvious by inspection of 133)-(136},
that there are Allven waves, modified by the Hall resistivity o and
dissipated by the Ohmic and Pedersen resistivily n + 4. Time-
dependent solutions ezpi{wt 4 kz} In & uniform medium provide
the usual dispersion relation

2
({.’5) - (1%) (k—:[i(q+ﬁ) ta] -1=0, (145)
s0 that d
2 §
o5 = #{ 14 g rarita )]} g laticrenl,

where the sign o is independent of the & in front of the braces,
that is, there are four modes. The Pedersen and Ohmic resistive
diffusion coefficients (§ + ») provide diffusion whereas the Hall
resistive difTusion coelficient o couples by and b,. With Hall re-
sistivity alone (3 + = Dl'u'\e result is

w ak "t
=2 (i) ]

ot +or( )

91
2c'’
ak

2C

—

Eili?C

e g s e e < ot oo A e < 1
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For ak /207 >> 1, there are the respective fast and slow modes

wea() ()]
(@)= ]

O the other hand, in an ionosphere so dense that <<+ a
the equations reduce to the usyal resistive magnctolydrodynamic
equations for a scalar fickd. There is only asingle wave mode prop-
agating in each dircction along R,

Fmal
e

9.2. Stendy Acceleration of the lonosphere

Supposc that the Matwell stress B7h, /47 ic maintained at
a constant value af the top of the innosphere while b, = 0. The
asymptotic form of the motion, after mitial wansicnts have dicd
away, is

Uy art 4+ Us(2),

(146)
=ayl + U, (2}, (147)

where a2, and a2y, arc constants. Presumably o, 1), (1, and the Alfven
speed € are all functions of height 7. Thew if visvosily is neglected,
(135) and (136) can be intcgrated immediately 1o give

Yy

ol
be(z) = n; T 148
=0 [ i (118)
o
by(z)=ay | —i:-v3 ' 149
W =ay [ i (119)

satisfying the comdition that the Maxwell stress across the fower
smface (2 = 11} of the ionosphere is 7ero. However, i there is
no applied by (L), it follows that vy = [} Hence ho(z) = 0
thraughont {) < = < L. The statement i< then, that the Maxwell
stress J12b {21/ at the level = provides the acccleration @, of

the mass . | .
[ o=
[\ Ax Jy

up 1o that level, since there is no Mavwell dress across the fower
tondary (= = (1) and we have omiticd the viscons stress in the
rresent illustrative example,

o=’

FEl

The indnction cquations {133 and {134y can be intepraied
nvet =, with the result

Celz) +n + By /7 =10,

Uy(z) ~ na,/("" = I,

where [y and 1)2 are constants. Working in the fizved frame of
reference in which U, (0} = U7, (0) = (1 it fallsws that

Uefz) = a, [(”(t-"f)u
[y(z) = a, [Eti - ((—l)u]

where the subscript zero denotes the vatue at = = 0. The final
result is

B T

LT P

10,6H

n+ﬂ}

= (228) - 222

et =al- (&) ]

Nate then that vy is independent of time. Tt is nonvanishing only in
so far as o /C? varics with z. The electric field follows from the
¢139) and (140) as the growing uniform field

B B[,n+h
E;-:ﬂ:‘c" g‘i) Ev=“=?[( H

= )o“]' (150)

0
-
The electric current is

cBa

je =0, 4y = ;;Eaﬁi (151)
The total integrated current is just {c/4x}Bb (L) from Ampere’s
law, of course, Note that applying the electric field Ey to the tump-
ed ionospheric conductivity gives the wrong result because it is £
that drives the current rather than Ev . Note aiso that the problem of
jonospheric acceleration by a specificd Maxwell stress cannot be ad-
dressed by prescribing an applicd electric ficld at the magnetopause
becesuse the electric field is not the driver and E js not known at the
{onosphere umtil the dynamical cquations have been solved. Using
the B, v paradigm to deduce the solution makes it possible to go
back and restate the dynamics of the lonosphere in terms of the E,
j paradigm of course, but this ad hoc exercise serves no obvious
purpose.

The ion and etectron drift vetocities can be computed from the
linearized forms of (110Y and (111} if they are needed. The clectric
drift (plasma) velocity in the tenuous magnetosphere (2 > Lyis

(152)

(153)

The rate at which the Maxwell suess e, B2b,(L)/d7 does work
per unit arca on the fonosphere (0 < = < Lyis

P = u 376, (L)/47
_ B, (L)a,

(), 4

The work pocs into accelerating the jonosphere whose Kinctic en-
crgy densily is

(154)

1 A
T= ip(vi +v;)

dl _ 5 n+4
E"'par[t*’( C: )o

so that

n+8
c)

(155)
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The work also goes inlo msistis e dissipation of density D with Dm?
given by the two terms 11,37 aund (¥ x b?) /47 on the right-
hand side of (124). 1t follows thal

I ui(r} byt (156)
The total is

/nr.(l.:('_f?l_ﬂ)) _.,_”_%;(_Q[( 3 ) -H] (157)

which is precisely caual 10 the energy input rate P ol course. The
Lorentz force [is given by (137).

92.3.  Asymptotic Ficld Neplecting fonospheric Wind

In the idealized case of an ionosphere that is <o massive that
ve and ry are negligible compared to the rate of diffusion of the
licldput e, = ¢, = Bint! Y and (1314 After atime of the order
of L2f(n + ) the lictd relaxes asympiatically to a final steady
state {/1/6 = 0} in which (£33) and {131} can be integrated once
to yield

.H-
(r}+li)—— 41 i——*(h (158)
dh, ) o Jy.
e +{n+) i Ca, (159)

where Cy and Ca are constants. These two cquations cap be solved
for db, /d: and dby, /el and integrated again yielding

be(2) = C1Ei(2) = C2la(2), (160}
by(2) = CrEafs) + C2 Ea(2), (161)
where the integrals 24 and ¥4 are defined as
i [T i)
L'(')”[, +DHI+a (162)
* e
La(z) = e

and represent the height integrated conductivities, Withbgz (L) given
and by (L) = @it follows that

Cy = b (L)Uy (L)/[E4( 1) + Ea(L)?),

2 = —b (L)L) [E !) + Tz(L)?),

so that

E1(L)T1(2) + Bo(L)Sa(2)

be(z) = b (L) AU ER YA (164)
u:(l) La(z) = Ea(L)Ea(2)
by(2) = bel ) =E e (165)

In the iealized circumstance of a vertically uniform jonosphere it
follows that

belz) = b (LYy:z/L,
by(z) =0,

If for some teason we nced the clectric current density it fotlows

- s Lt £ 1
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from Amperc's Yaw (138) that

ez} =+

oD (1 + B)S2(L) — 0E4(L)
i O T A v e E D + oy (156
jy(:) =
e (n+ O (L) + aZa(L) -
ﬁ:br([‘)u’f"l'ﬁ) +(‘I:.'Hv|([4) + "(L)l (lﬁl)
The electne ficld follows from (139) and (140) as
Bb(L)  ToL)
E, = E] ~ ' i
: Em+oay (168
E, < Dbl £i(L) (169)

¢ LuL) +ELl(L)Y

One notes that the total integrated Lorentz foree is equal to the total
Maxwelf stress exerted on the ionosphere which follows from (137)
as

L 1
B’jo def, = %s,(m.

The rate at which the Maxwell stress does work on the ionosphere
is just the Maxwell stress multiplied by the speed of the magneto-

sphere c £y / B above the top of the fonosphere. The power input
is then

P = cb,(L)BE, /4r,
B (LPEy(L)
T E(LE T ALY

Tuming to the encrgy equation (124} the two dissipative terms on
the right side are

(170)

4xBf? + n(V x b)2/4n
-E{() ()] e

- b:(L)*(n + B)
T An[SHL) + ZHDn + B + o7

Multiply by B2 1o dimensionalize the result to ergsfem3 sec and
integrate over 2 from 0 to L. The result Is just P of course.

(amy

9.4. Field Relaxation Neglecting Ionospheric Wind

The next probletn is the time-dependent relaxation of the mag-
netic ficld in an idealized massive lonosphere whose bulk motion
can be neglected. It Is sulficient for this preliminary <twedy to treat
the idealized case in which the ionosphere is a uniform sfabof thick-
ness L witha, 8, and unigr.o,rrn scross L.

The calcutation begins with (133) and (134) where v, and v,
are put cquat to zero. The equations can be writien

IRl

[6! (r;+ﬁ')a ,]6. --+a,‘9 & (172)

© el amvep il 5 e e+ 1R e b Lo A - Jp—
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? a? a'h,
o :;+[]) ]y._ kil X

i a uniform jonosphere. Hence both b, and b, salisfy the cquation

(173)

2()'1,/'

[..- g+ ,;)__-] vtat (174)

The general xotution of these equations is cxpressible in terms of an
infinite snm over the separable solutions, We consider some special
cascs to illusirate the scpazate contributions from o and 3 4+ 1 he.
force treating the general case. Consider lirst the idealized situation
in which the ionasphere i< so dense that $2, 13, §2. 1, << |, where
{4 and £2, are the jon and electron cyclotron frequencics e /M ¢
and e J3/me. respeetively. (Recall that the ion and clectron menn
hree paths for collision with neutral atoms mie comparable in or-
der of mapnitude). Hence 1 fr, ~ (A y/mi) and 2,1 s
small compared to {1, 1, by (){NJ}/M' 4 ). Neglecting mfr, =
(e B /e)fShor, compared to Al /ry = (e 11 /e)/S2;m in (114).
M) yields /e = iy, afnp =1, Thenn, g << p
ard (174) reduces 1o

d a”? -
IJE' ;EZEI;{-:U. (175)
Naote again that by and by, vanish at the top (= = ) af the mas-
sive nonconducting atmosphere. The magnetosphere of collision-
less plasma {np + f = 0) lics above = = [, and ha< nepligible
mgss. Thus the mapnetic ticld in & > I can thange quickly with
time ax n consequence of the transport of magnetic ficld at the dis-
tant magnetopause. (2 = A >> L). Soitis interesting to sec the
consequencesaf various time-dependent forms of the titt b, { L) of
the ficld applicd 1o the top (= = L) of the ionosphere,

Suppose then that by([,) = Oforall { whitle b (L} = 0
for < O, jumping suddenly 1o the fixed vitlue by attime § = 0,
Maintaining b, = boat = = L for ! > () requires horizontal
displacement in the r direction at the magnetopause = = A, The
ficld for t > 0 is readily shown to be

br(z.1)
'.‘,? { 1
_bn[ L(")"""*ﬂur(w1;7"—) (176)
||—| ]
anctlorpt >> I,
- > 2 ' -
he(z, 1) ~ bu[E— ?r-cmzl-l—u-,-(_ f]_,;"_) n (177)

as the ficld relaxes to the asymptotic static form by 2 /1.,

Alternatively, suppose that the 13t (1) of the ield is switch-
cd on sndddenly atthme { = Uin = > [ bot thereatter relaxes back
o rero. A simple case is given by the applicd Bansverse component
b (L, 1Y inthe form

bo(l,1)

= bo e f{170)}] (178)

for ¢ > 0 whore erf denotes the eror function,

erflex) =

Then since
1 the tilt b, jumps trom (1o by at time £ = 0 and

hd T NEE W TR W W Te——
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subsequently selurns asymplotically o zcro as t=1/? with

2y § 2
(iﬁ.) [1 BV, ]

gl Int
for large L. The resulting field oz till b, throughout0) < = < his

be(z,1)

_ ao[ermuz)mnt)n—ern(a-z)mnt)*l] (180)

(-5

declining asymptotically as z/tl in response to the declining tilt
applicd at z = L buot varying linearly with z up across the lono-
sphere. The electric current is given by (cB/4x)8b. /Oz if it s
needed. The Lorentz force excrted by the Maxwell stress Bb, /4x
is proportional to @b, /92 so that it Is uniform scross the height of
the ionosphere. Other examples are given in Appendix.C.

In the opposile extreme (o >> 11 4 ) for a lenuous fono-
sphere the ficld equation (174) approximates to

bz(Ltl)"’bO (179)

3L 4 22
12nt

(181)

'y
8z ey

aty

2
e

= 0. (182)

This cquation has the scparable solutions expi(wt + kz) withw =
+ok? representing waves with a phase velocity vy = w/k =
tok and a group velocity dw/dk = £2ak. There are similarity
solutions of the form {°W{£) where £ = z/t* and ¥ satisfies

a’v’"‘+ 120 4 (3 - a)e¥! +a(a-1)¥ = 0. (183)
where the roman numeral superscripts indicate derivatives.

Scttinga = —% yiclds the two solutions

.2 22
¥ = sin——, cos-—
4ot’ 4at’

the first of which satisfies the boundary condition thatd, = b, =
at » = 0. Therefore we have [rom (172} and {173) (with n = B =
0) the solution

.2 2
be = +1"Y¥sin—, b, = 41" V205 2
4at’ Y dat’

ahd 1ha goinplementary 1olution

-2 .2
b, = -1/2 - = g=U2g F
s = +i cos =, b, ] sin el

But only one of b, by, can be made to vanish at z = 0 in this
case. Potynomial solutions in £ are easily construcied for (182) and
the first few ordets are exhibited in Appendix D. The polynomials
that contain only the first power of { vanish at * = 0 satisfying
the boundary conditions on b, and §,. Polynomials of second or
higher ordet in f do not vanish #t z = {) and so are unsyitable in the

present conlext. It Is obvious by substitution into (172) and (173)
thet one solution s

be(2,t) = azt, by(2,t) = &za (184)
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for which b, = b, = ) a1 = = [}. The complementary solution is

T -y — .
be(z )= ;27 by () = —act {185)
The rotation of the vector by b, ) over height £ is 3 consequence
ol the Hall eftect, of course.

The general case. retaining Feth ey and 17+ 3, employs the full
equation (174). The separable solotion rrpi(ot + k) provides
the dispersion relation w = ko + i(n + J)|. The simitar.
ity solmtions (717G () are descritwed by the fourth order differential
cauation

[ 4,97 4 0T
Hp+ DG 4 L =20 = Dy + A)GT (186)

- )8 (- 1) =0

which we nofe is invariant under the transformation £ — —§.
There is again a variety of polynomial sotwions. For instance if

(Y]

a = 5. the solwtion G = Sleads o
b,:+n:f‘by::[%:?+(q+3)l} {187)
and the complementary solution
be = 2|z (b ;i}!l. b, = ~a:t (188)

of (172 and (173). These sotmions  satisly the boun-
dary condition that b, = = & = 0. They ex-
hibit a Maxwelt stress (tilt of e ticld) prowing linearly with time
stating from b, = 0, b, = 1:7arh, = :-;:3, by = 0 attime
f = 0. Additiona) pobytnial solutions are indicated in Appendix
1. The purpose of the {oregoing array of mathematical solutions
has been to illustraie the application of the 13, v paradigm 1o mo-
tion of a partially innized medium. The next section takes up the
combined motian and diltusion, poing to a steady state to minimize
the computation, As the teader can readily demonstrate, approach-
ing the problem with the iy § paradigm i< problematical uniess the
solution from the I3, v paradigin is available as & guide.

b, = bz

10. Steady Motion of the Polar lonosphere

If the steady Maxaell stress F7A(LY/ A of the tilted mag-
netic field is applictd ot the upper surface © = L of the ionosphere
for a sufticiently long fime. the massive ideatized ionosphere even.
tally acliieves a steady motion (2}, v, (z) limited onty by the
viscous drag on the lower boundary = = 0. Viscosity may drag
the nonconducting atmosphere in 1 < {} alang with the jonosphere
to some small degree <o we work again in the frame of reference
of the motion at x = O, putting v, =iy, = by = by = O
z = 0. Under stationay conditions {1/ = 0) and the idealiza-
tion that ev, 3, 1, gt and €7 are independent of 2, (133) - (136} can
be integrated over I to give

th, L
ve + N+ BT F it = 1 (189)
d: d:
ih, it
ty =0t 4+ AT =V (190)
a9 o v
O, + uﬁr =13 (191)
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dv .

C, + v?_! =V

where ¥ is the kincmatic viscosity j1/p and where the four V] are
conslants, lo be evaluated by applying the boundary conditions,

(192)

Now by (L) = 0 and, since there is no viscous stress in = >
L. it follows that dv, fddz = dvy/dz = 0. as 2 Increases to L.
Hence (191} and (192) yield
V3 = C,(L), 4y = 0. (193)
Use (189) and (190) o climinate v, and vy, from (191) and (192},
obtaining

(n+3)d*, avd 1y
b, — -—— = .
YTCT 4 T Cider D Cv (194)
avd?b, v(n+ 3} d% v
crai th-—or o= 0%9)
Then let . )
b, = C—_:;- + Qiezpygs, (196)
Vi
by, = & + Qaexpg:, (197)
where ' and (@7 are constants. The result is
[C*v~(n+ A)4°)Q1 — 24’Q2 = 0, (198)
e’ + [C*/v—(n+0)¢°]Q1 = 0. (199}

Setting the determinant equal to zero yields the Iwo possibitities

C(n+PB+ia) _, _
v+ Ay +a? 2"

0= Z3(n+ 8 F ia), (200)

so that there are four roots £¢¢ and +¢a, with g3 = ¢ and

— C_,________,____
= :I[q-t-ﬁ—ia]i'

Cocosl + isind)

R 0
with
. }
} - s n+8

23ecost {1+ [("+ﬁ)2+02]§} (202)

}

} inf = —_ ntpB .
23 sind {1 [(q+ﬁ)’+°’l‘} (203)

Forq = &q, wehave Q3 = —iQy, whilefor ¢ = £¢y. Q2 =
+iQy.

The complete solution has the form
v
be(2) = Z:'% + Kiexpg 2z

+Kaexp(—qi2) + Ksezpgaz + Koexp(—qaz), (204)

g e e AP 2 m T e A
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i .
b (2) = E% — il yerpq -

{ iiCaerp(—q12) + iKgexpgaz + il qcrp{—qa2), (205)
where the I¢; are arbitrmy constante. The velocity
fvr, vy) follows from (189) and (190)
The boundary conditions that v, = v, = b, = b, = Dat
2 = 0 require the four relations
PW/C? — (I ~ K3)fqu — (K~ K1)/q2 =0, {200)
v 3/C? 4 i(Ky — Ka)/aq1 — i(la — IKa)/q2 = ©, (207)
V3/C'+ Ky 4+ Ky 4+ Ka+ hqy =0, (208)
Ve/C? — i(JCy + Ka) 4+ i(Ka + Ky) = 0, (209)
respectively, upon making use of the fact that
n+BFia=Cfred,
Maw the boundary conditions at 2 = L arc b,{L) = 0 with
dvpfdr = dvyfdz = 0, yiclding (193). There is na viccous
stiess in = > L and no accelerationin : < L. so d:'tr,/dzz =
d?vy /dz? = 0 as z approsches L, requiring
Kyerpg L + Kaerp{—qi 1)
el +RKacrpgal + Kyexp(—q2L) = 0, (210)
Kierpgy L 4 RNaerp{—-q 1)
—Kacepgal — Raerpl—qal) = 0 {211)
It follows from (211) and (212) that
K2=-Kyexp2qy L, Ny = = Naexrplqal (212)
These two refations combined with {208) and (209} yicld
} 13411
Ky = —pogr———— -,
WAL —erpinl)
b (1)
=g, 213
2l —cxpip ) (213)
K Vg -1l
Y T A S i Ly
L
At {(214)

T T erp2g21)’

upon using (193) for 13 end Ly, The constants 1y and V5 follow
from (206) and (2073 as

? l thqal
1 = C?b, (L)(cof v L 4 Cotha ). (215)
v 91 92
2 .10, (L) ( cothg, f. rnth-_»l,)
2= - + .2
? v 7 72 (216)
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Equations (204) and (205} can now be written

be(2)
- sinhq (L ~ z)  sinhga(L — 2)
- b'(“[‘ © " 2sinhqyL 2sinhqa L ] (217)
by(z)
sinhqi(L —z)  sinhqa(L - 2)
—'b (L)[ sinhqiL.  sinhqgaL |’ (218)

The velocity components follow from {189) and (190) with

(1) = C?b,(L) [coshqr L — coshq (L - 1)
velz) = —5p qisinhg L
coshqyL — coshqa(L — 2)
+ gesinhqa L ‘ (219)
() = iC?b,(L) _ coshq L — coshqy (L - 2)
valg) = nisinhqy L
coshqal — coshga(L — ')
+ qasinhqa L (220)

The Lorentz force (V x b) x b/4x excried on the fluid is

1 db,
Je = ix dz '
_ b (L) [qrcoshqy{L — =) = gacoshq(L —:)
LR sinhgy L + sinhq L - (221)
' P dby _ ibe(L)
YT 4x dz'” T Bx
qucoshqy(L — z)  qacoshga(L — 2)
[ sinhg L sinhqa L ) (222)
For the record the current density is
__<Bdy
IR P
= —eB/f,, {223)
e db,
hEAE I
= +cBJ. (224)

The etectric field follows from (113) and the (189) and (190) as

b db, ﬂ,_
= B| (n+8)7 +a—Z],
= =V B/e, (225)
U db, db
=Bl7 +(n+ A g +aFY],
= +Vi B/e, (226)

where V; and V3 are given by(215) and (216).
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The motion of the mapnctosphere (2

¢E x B/B" or

> L) is given by

ve = bel, f 1,
= 1. (227)
vy = =l S0
= i1y (228)
Note from (219) and €220 that the motion of the neutral gas at the
upper boundary of the onosphere (2 = LYis
!'r( I) = "-l
(he(l) 1 i
__:zi?“(,,,s;ﬁf..}, it E-.;fr"af:.;-_.[,)' (229)
v, (L) = 1%
i€ (1) 1 1
—_— e e = . 230
+ 2 (qlﬂ'nhq, 1. r;g.srl:ltqu) (230)
a

Comparing {220 and (230 with (227) and (228) it it evident tha
the magnetospheric plasii does not move with the same velocity
as the neutrad gas at tie top of the jonosphere. The motion of the
mapnetospheric plasma is different from the drift of the jons and the
clectrons, ton. The magnetospheric plasima moves with the electric
drift velocity. whereas the innospheric constituents all drilt slowly
in various ways relative (o that frame of refercnee as a consequence
of the collisional forces and the viscons drag.

The driving foree F22h, ( L)/ A7 is in the z direction. The
i component of the fonosphetic velocity vy is nonvanishing as a
consequence of the viscosity and collisional drag through the Hatl
effect. of course. This follows [ormally upon noting from (201) -
(203) that putting v = O leads 10 q; = q2. Equation (216) gives
V5 = 0 so that (225} yiclds £, = 0 and (220) yields v, (z) = 0.
Newton's third Law reqiires that the viscous drag across the lower
surface (2 = () of the innosphere is also in the 2 direction and
equat to the driving force atthe npper surface of the magnetosphere.
Diflerentiation of (220} establishes that dry, [z vanishesatz = 0,
while dilferentiation of (219 yiclls the viscous stress jtdv, /dz at
= = (¥ as being precisely cqual to the applicd Maxwell stress
dry _ ')
. d: 'E
T examine the solutions in more detail, note that the fon and elec-
tron drift velocities follow from (110), {111), (189), and (190). It is
convenient to write

e/ cBm/r,
= —— 01 = — , 23
o Axaned) o 4rneQ (z31)
so that
ax =0y~ al clftane = oy + as. (232)

Then, using primes o denote differentiation with respect to 2z, the
fon drift velocity is
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wy = vy + G4, —agb,,

= Vi - nb, — ey,

.1 (n — iow)qicoshq (L - )
=17 - =b (I
LI «{ )[ sinhg, L

sinhgay L (233)

+{’l + oy )qscoshq(L — 3)] '
wy =ty +ﬁb', + a3b),
= Vo + oy b, - qb'v,

iay)coshq (L — z)
sinhq L

T (n—
= V2 + zbe(l)

_ (7 + ioy)qzcoshqa(L - 2)
sinhgqL '

(234)
The electron drift velocity is
u; = v + ﬂb’,l+ azby,
= Vi — nby + azby,

(n + iaa)q coshqy (L — 1)
sinhqy L

1
=W - Eb:([’)

e
uy = vy + BY, - asb),
= Vy — asb), - "b'r'
(n.+ iaz)qicoshqr(L — £)
ginhgq L

Va 4+ ga,u)

_(n = iazqacoshqa(L - ’)]. (236)

sinhga L
With these results it is easy to show from (105) or (106) that
icB
8rx

be(L)

Je ==

3 [qlcoshql([, —2)  gzcoshqy(L - z)
sinhg L ginhq, L

], (237)

. <. cB
Jv—'+'8’;b=(’)

x [mco&hﬂ(fa - z)
sinhg, L

gacoshqa(L —
sinhqy L

"]. (238)

Since g3 = q1*, it is obvious that wy, Wy, u,, vy, jg, Jy are all
real quantities.

When q1,2L << 1, it Is readily shown from (217) and (218)
be(z) = bo(L) 5

< [, _ M+ AL - ML~ }2)
3u{(n + B)? + o)

that

+04wmal)], (299)
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b,(2) = t—,i(iﬂ

Cly 4+ M(L? - x4 327
[l— (o +DUT =382 1 327) L tan o] (240)

3v((n+ A)7 + a?
b,(z) = —b,(L)
Clnz(L ~:)(I ~ 1:)
Lul(n+8)? + a?)
be(2) =
be (L) Clo(L? — 3Lz 4 3:7)
L 3vj(n+5) + a7
It follows from {215) and (217) that

. = brll)
‘[ > ‘—L——

(14 0Nq12l)],  (241)

(1 +O0%(q12L)). (242)

112 .
(r]-l'-ﬁ)[l + W_;_"ﬁi +0 (".'I.?L)] « (243)

b:(L)
L

1y = — o[t + O'(q1.21)). (244)

The electric cirrent densities f,. and 7, are proportional to —by, and
by . respectively, through Ampere’s law, of conrse.
b 4

The encrpy budget of the inosphere is easily elaborated. The
encrgy ftux ic given by the 2 component of the Poynting vector
evaluated at 2 = L, that is, by the Maxwell stress muliplied by the
clectric drift velocity, so that

cn .
Pyz) = Ty (Erby — Eybs),
n . .
= —i';("lb, + ‘zbv). (2"5)
Atz = L this redoces to
B
P,(L):—"—’r\,b,(l,). (246)

I i< evident from (227 that this i< st the 7-component of the
velocity of the magnetasphere multiplicd by the applicd Mazwel)
stress [Zha, 1994a]. 1t is, of course, also cqualto B 1, where J s
the total inteprated current across the height of the ionnsphere.

The encegy is withdrawn trom the Poyuling vector inthe iono-
sphere at the rate given by the ripht-hand side of (124). Noting that
the divergence tenm is identically zero because a/dr = /8y =
0. the rate D ergefem™? s s

D=Bfv+4ndf% 4+ n(d x 1) /4a), (247)

n? ’ g 2
= qr e 4 byry + (34 M7+ 67)),

since f; = b{/4x. Eliminating v, and vy, throngh (189) and (190},
it follows that

B
D= 2=(1ib, + V2.

(248)
Comparing this result with (245) for P (2 ). it is obvious that ar,/
dz = — D). The Poynting vector falls 1o 7¢ro at the lower boundary
(z = 0)of the ionosphere where b, = by = 0, of course.
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The energy delivered into the jonosphere by the
Maxwell stress, that is, by the Poynting vector, Is dissipated into
heat via viscosity and via the combined Ohmic and Pedersen resis-
tivities. Theterm B?f - v on the right-hand side of (247) represents
the rate at which the Lorentz force B2f does work on the nevy ol
atmosphere in opposition to the viscosity. It is readily shown that

2
B .v= %{v,b; + Vaby — (n + BY62 + b)), (249)

wherein b, and b, follow from (217) and (218) while the remaining
terms on the right-hand.side of (247) reduce 1o the resistive dissi-
pation

BUrAL n(axb) /) = oy 48. (250)

The sum reduces, then, to the total given by (248). The viscous
dissipation rate (ergs fem ™7 s} is

pr(v +of) =

2 2 - — 2)si -
B c b:(l),smhm(l, z)sinhqy(L —~ 2)

ix v sinhq, L sinhq, L - (38)

4x v

so that the total viscous dissipation across (0, L) is

2, .2
________[(q + ﬁc). te ]b,(L)"'[q;cothqlL = qacothqsL). (252)

The resistlve dissipation Is

BZ 2 a2y BZ
4_'('74"3)(6: +by )= "4";

« (1t BYa1qabs (L)?
sinhq L sinhg, L

coshqy(L — z)coshga(L - 2), (253)
and the inlegrated total is

B s m/b d2(b2 + 42)

47 " o * y

_ 1B (n+p)C?

8 av

cothgi L cothqu]. (254)
t 72

be(1)? | 222

Itis straightforward to show that the sum of the viscous and resistive
dissipation Is equal to the total energy input, given by {246), with
Vi given by (215).

Itis evident from this example that there is no overall algcbraic
relation (i.e., ho Ohms law) between E and j because the velocity
v varies across the thickness of the fonosphere. There s (117), but
it cannot be used until v(2) is known. So, as already noted, it is
not possible to compute the current flow in the fonosphere from the
electric field applied at the upper surface of the ionosphere without
first solving the dynamical equations for v(z), The B,v paradigm
begins with exactly that dynamical problem, and the solution of the
dynamical equations provides both E(z) and j(z) if we wish to know
them.

i T

;
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1t Fquivalent Electrie Cireuit

The Fio j paradipm hos ded o the idea it various aspects
of the muaenctosphere can be represemted by a fixed cleciric cir-
cnil. 1o which Kirchholf's Livs o be applicd 1o deduce the dy-
namical propertivs of the nuenctosphere, Tt is declared that § is
channeled thraneh the path of leasr wnosphenic resistivity, and it is
dectared that o chanee o the parnncters v here around the eir-
enit necessarife ettects e onrrent ow cvenva here else around the
ciromit, ust as it wonbd i nesd elecueat loop circuit of wires,
resistors, indactance s apphied s cte o in the laboratory, Unfor-
tmateby, the magnetespiene is not aeed ey o that the cireuit
anatopgy has only limited e, The cledteic current is determined
by the detormation © x [V of the maenctic leld, that is, by the
frree F o= 13 x (T« 111 exerted on the field by the pas with
(T x My = F ~ B/ This has oo general tendency to co-
tneide precisels wah the reston of miniom (3 + ). A more
tanctamental ditfionlty o created By e Pacr that the current path
is abistritwted broadly over g ranee of motion v, with varying local
eledtric icld 0= T2 4 v o« T/e) There i no uniquely defined
“sofage™ toapplv e the cinenit. Consegquenthy, ditferent portions
of the circigt behave mone or fessindependentty al eachy other, their
commection being only the dumannie ol cne deseribed by (43 and (5)
rather tHu By othe sumiftanets imphed be Kicchihall's taws, The
analogous clectrie cirenit can be constoncted, i at aft. only after the
dynamical problem has been solved o determine I3 and v,

Fhe penersl apoiori inapplicability of an electrie circuit con-
ceptemn be seen ditectts trom the induction caumtion (Y and the mo-
mentnm egnatinn CHL plesw hatever heat fow condditions are needed
o specity py, . The twn equations together deteemine the local dy-
namical evolwion of v and 13 Given the initial v and B throegh-
out the imterior of a closed serface S, the subsequent dynantieat
evalition of v and 1 throwehout the interioe of 5 is uniquely de-
termined by the values of v oand 13 on S, repardiess of what hap-
pees elewhere along the cirrent paths extending outward across
S And that is not a poperty ol i locad portion of a simple electric
cirewtit, where the interraption of the carrent anywhere around the
circnit instantancousty atlects (he cnrrent everywhere, One may in-
trowdce more complicated circuits inclueding moving loaded lines lo
sintlate Allven wave propagation. of course, but such circuits be-
come precise only in the Himitof o continuaus distribution of circuit
branches. However the correct behavior of the comtinuous distri-
tution of circuit branches is desceribed exactly by (4) and (5) and
cannot he determined by other means in the general case,

It is sufficient [or present prrposes of illustration of electric
cureent ow to consider the stmple ¢ase of a viscous nonconducting
(3} = ~c) atmasphere extending bom the fived surface 2 = — A to
s=0. 0 < = « [ there is anideatized fonesphere in which
there is a resistive diftusion coclticient i and a nniform viscosity
jio= pre. Above = = L thete is only a tenuous highly conducting
plasma ] = 0), extending up to = = A, The system is penctrated
by a unilorm magnetic ficld 11 in the & ditection. The system s
driven from above, as in section 10, by moving the foot points of
the mapnetic field 17 at the magnetopause (2 = AV inthe y direc-
tion, producing a y component H3h(r, L) throughout the tenvous
mapnetosphere [, <z < A, asin section |0, Thete is, however,
an important difference and that is that in the present case it is as-
sumed that b{r, L) varies slowly with 7, on aseale | >> L, A,
T he net eHect is to drive the system in the ) dircetion with the speed
v(£, 2} vader the applicd Maxwell stress [25(r, L)/Ax. Asa
conseguence of the slow vaiation of b(x, L) with x, there s, In
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fact. a smaf! ficld component in both the £ direction and the : di-
rection. However, they are small O( L /1) compared 1o b(x, L),
g0 they can be neplected, Linearizing the dynamical equations for
b and v, and neglecting all terms in v, b, and all terms of sec-
ond order in J/dr and v and b, the result for stationary fiow is the
velocity

Bb(z, LYA + =)

dxpr

vz, z) =

(255)

in the y dircction throughout = A < & < Osothatv(z,— A) = 0.
hd< < L,

dv 07b .
3: + 715:_-7_; =0 (256)
c*%-g V(Z:_—: =0 (257)

where (7 is again the Alfven speed B/(47p) ba single integra-
tion yiclds

b
vangl =V (258)
C"'b+vg-—i:=vq (259)

where 13 and )y are constants in direct analogy with (190) and
(192). The boundary conditions at = = Q are b = 0, with the
viscous stress equal 1o the applied Maxwell stress,

dv _ B*b(z, L)
Py = (260)

ard the velocity fitting 10 (255)at : = 0. Atz = L, ¥(z, 2) be.
comes equal to the applied b(z,L) while Aav/
d: = 0 since there is no viscous stress exerted on 2 = L from
z > L. It follows from {259) that the condition at z == 0 and
z = L both require

V4 = Czb(z, L)

Then use (256) to eliminale dv/dz from (259) obtaining

a%b 2 LT
—a—z—i—k b+k b(I,L)—D
where
k= C¥uy. (261)
it follows that d
_ sin hk(L - z)
b(x, Z) - b(:, L) [l - m—-—] (262)

v(z,z) = b(z, L)

C cos hkL — cos hk(L — z)
{T + ""[ sin REL ] } (263)

with . ‘,
Va = b(z, I,)(g-'-}-i + nkcot hkL).

In order to satisfy (255) at z = 0. The electric current Is

AT 1 e B e A b
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. c b
je= gl
e b(z, 1k
e e ———— — k L—Z‘, 264
4 sin fll'Lcos ik ) ( )
Jy 20, (265)
. chl t_lb_
b= 47 o
rﬂOb(r Ly, sin hl'(fi—:)]. (266)
T sin hkl

Thus §, is smalt O(1/k{) compared to j,. Note, then, that
the principal current §; declines upward across D <z < Lin
response (o the declining Lorentz force while the resistivily n is
uniform. This iTlustraies the paint inade carlier that the jonospheric
currents are nol simply concentrated at the level where 1y is a mini-
munt. There are other influences as well for example the variation
af B with the Muid velocily v, Appendit E provides an illustra-
tive example of the effect of the vettical varistion of 1n(z). showing
_ngain that there is no direct local relation betwreen Jr{z) and 1{2)
alone,

o Now the principal clectric cutrent is in the negative r diree-
mﬂ| providing a onc -dimensional clectric cirenit extending (il for
the momem we neglect the slow variation with r}from r = ~o00
v 2 = +oo. i may be imagined that the space is periodic, so that
the circuit eloses at £ = £00. The total current J, per unit length

in the y dircction is .
Je = / d:jr
o

cBb(r, L)

1w
which is simply an expression of Ampere’s law. The clectric field
I, is teadily computed from Olim's law, which is wrillen j, =
all{e = ¢?/4x3) and E is the clectric field

(267)

EL=FE;+v(r,z}}/c {268)
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in the [rame of reference of the fluid. Then EZ follows as j, /o,
given by (264). The terms depending upon 2 cancel out of this
relation, of course, because V X E = 0, leaving the constant terms,

_ Bi(z, L){

c

E. = + nkcot hkL} (269)

If the fixed clrcuit znalogu were correct in some direct way,
one would expectto find j, = o E;. However, of course, this fs not
correct, because the fluid is moving and the relevant electric ficld
for driving the currentis E7, as noted in sections 9 and 10. So even
in so simple & system as the one-dimensional circuit construcled
here, the construclion caf be carried through only after the problem
is solved.

However, now consider the consequences of the slow varia-
tion of the driving field b(z, L) with x. The result is a small j,,
hitherto neglected, flowing upward from z = L along the perturbed
ficld and closing 2t z = A whete the driving force that causes the
Maxwell stress B2b{z, L)/ 4 is applicd. Suppose, a5 an example,
that ’

b(z,L) = b, + bycos Kz (270)

where by < by and KK (= 1/1) is small compared to k. Then
eBb KX

e = T sin !u-[l -

sin hk(L — 2)
sin hk L ] @)

The result is a scries of side loops sketched in Figure 8. The conven-
tional electric circuit analog can be aware of these auxitiary loops
only by considering the stress balance, and it can treat them quan-
titatively only alter earrying through the above formal solution to
the dynzmical problem, or its equivalent.

As a final point, note that for §(z, L) << 1, treated here,
the magnetic conditions at any position z depend only on the local
&(x, L). The small ficld perturbation elsewhcere has no first-order
cffect on conditions at x£. Thus the idca that a change in conditions
at one location in an electric circuit impacts conditions everywhere
around the circuit is inapplicable, showing that the circuit analog
conveys the wrong physics. Local conditions are exactly that, and

_ - - > 21=A

1=L

—d — ! 1 1 Z=0
-2n - +r +2n
Kx

Fipure 8, A schematic drawing of the elecule circult anaJogue with the main current described by (264) and the suxillary

current loops Indicated by equation (271).
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they sprout their own auxiliaty current lvops as needed to temain
locatized,

In the mote complex situstion when the applicd force is
strongly inhomogencons aned a function of time. the various parts of
the system cotmmnnicate with cach other only on the Alfven wave
transit tinee, w hich imay be slow compared to the characteristic rate
at which the applicd torce chanpes The instantancous circoitis en-
titely inappropriade amd some <uitable foaded line would be neces-
sy to represent the effeet. However, again a correct circit analop
can he sot up only after the appropriate field cquations for v and
1Y are properly solved. That it say, the activity of the magneto-
sphere is mechanical in nature, and electnie circuit analogs can be
comstricted ondy alter the Tact. The question, then, is what is to be
gained by their constrnction”

In conclusion, the solution o o prablems in magnetospheric
plasma fies in the dynmmicd <tress and momentum balance and the
associated deformation of B} Flectric cirenit analogies can be con.
structed once the problent is solved bt ticte seems to be little to be
gained by it since the electric cirenit deats anly with the peripheral
quantitics E amd j. whicl are direetly avaitable from B and v,

12. Concluding Remaeks

Thete is litthe to v o conclusion, unless we are to repeat the
general temarks in the inoductory section, The idealized exam-
ples making up the bulk of the text ithestrate the deductive method
ol the BB, v paradipm and the generat applicability to the macro
physics of the magnetosphere. The paradigm foHows directly from
the equations of Newton and Maxwel, yielding a set of partial dif-
ferential equations thit me self consistent and complete in them-
sebves, Thns the B3, v paadigm works directly with the mechani-
cial puching and pulling thiat makes np mactoscopic magnetospheric

“activity, therehy providing a ditcet deductive approach to the dy-
namics of the magnetosphere, and avoiding the difficulties of the
E, j paradigm, which focuses on seeondary quantities.

As the subject of manetospheric physics advances into more
complex dynamical problenms, the dednetive approach becomes im-
perative. The principles aml declacdions that carry the E, j pas-
dipm forward are already in seme depree of error in the simple ex-
amples cited in the text: The delinition of paralle] currents in terms
of the unperturbed feld, the idea of the dynamicat inward penetra-
tion of the interptanciary clectriclicld along the magnetic field lines,
amd the notinn that simple electric cireit analogs define magneto-
spheric dynamics before the fact, are aft cases in point. Tt can be
arpued, of course, that the Fio § paradigm can be made to work
with sufficient care and foredight. However, this is equivalent to
the statement that, if the conect solution to a dynamical problem
15 known in some way, then the deseription of the dynmnics is eas-
ity translated into the 15, § paradigm, which we have repeatedly
cmphasized. The essential point is that the 13, v paradigm, with
its tractable and complete set al partial ditferential equations, pro-
vides the means for deducing the correet dynamical solution from
the boundary candittons aid the basic physical principles embodied
in Newton's and Matwell's cipuations. Only with a purely deduc.
tive procedure can one proceed with assurance of a correct result
fot a specificd circumstance. -

Appendix A:  Path of Flux Bundles
In polar coordinates (=2, ) Fermat's principle can be written

a2y
a/d:,-(” @) g

to?

where ' = die/d < and the index afefiaction 17 is 1/w=?. Since
 docs not appear in the integram!, Evler's equation reduces to
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d v’ _

dw |(1+ o)) °

Integration yiclds
e - k=) = &2

where F is an arbitrary constant. If & = 0, the rezult Is the family
of radial lines, for which ' = 0. In the opposite ¢ truine that 1+ is
large. it follows that t9 = X = const. providing circles concentric
about the origin. For 0 < k@ < 1, integration yiclds

ko = sin(p — 1)

where 0 is an arbitrary constant. This provides a circle of diameter
1/k through the origin. The centes of the circle lies at e = 1/2k,
P =+ g7

Appendix B: Angular Deflection of Flux Bundle

The field lines of the ambient two-dimensional dipole are
given by the circles

(v — 4a)? + 2% = yd?, (B1)

for which
dz _ y—j}a

dy . (B2)

The diameter of the circle is @ and the center is located on the
yaxisaty = %a. The perturbed field line, described by (71), can
be written

(v - §a') + (z - AY)" = 4a” (83)
whete @’ = a + Aa represents the diameter, with the center at
y = la',z = Ab, with Aa and Ab given by (72) and —}a¥),
respectively. It follows that

dr _ (y—3d)

B=oa (B4)

We arc intercsted in the angular difference in the direction of
the two circles where they intersect at some point (y, z). Lety
specily the location of the poifit of intersection, for which z(> 0)
follows as

r=+(ay -y}

from (B1). Substituting this result into (B3) yields

PR ;
aEa'+2Ab(ayy)

in terms of the location y of the point of intersection.

The slope (dz/dy)a of the ambient field tine and (dz/dy)p
of the perturbed field line follow from (B2) and (B4). Their difer-
ence is

(B3)
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(5).- (%), ]

Ha-a Yt — w)Y = Ab(y - Ya) (n6) +[4('J +ﬂ)l]§
{ a — ¥ {fga — m) ¥ = a0 x
%" {ezt[-—-————-—(L_z)z]—CIJ:[——-—(L+:)2]}]
e =) () U TeEYoT o) f|
upon neglecting Ab compared to i (o — 1) ¥, Then for 4(n + S} >> L2,

Denote the small angle between the two slopes by ¢ Let

L

dy

The ficld relaxes to a linear increase upward through the lonosphere.

Since As a final example, suppose that the ficld appliecd stz = [

grows lincarly with time in the beginning but after a time compa-
it follows from (B7) and (BR) that rablc to the characteristic diffusion time L2 /(5 + #). slacks off 1o

an increasc proportional only to ¢ Lot

tan(0 + ¢) — ftanl = feas’0, (138)

v 2= —2Ab/a

nt L?
=1 [} be(L, 1) = b, —_—
() (o= { [w(n+ﬁ)fll p[ ('3+3)‘]
. So the deflection 17 relative tn the ambicnt fieldt is independemt L i
“of position along the pertesbed field line and has the same value as [ ] rfe }
given by (63). ( + ﬁ)t [(n + 8))

Appendix C: Jonosphere Without 10l Elfeet o = 0: For{n + g}t << L2,

As another example of the diltusion of fick! in a motionless

uf
ionosphere with 6 = 0, suppose that the ficld or tilt applicd at br(Lt) ~ b, ° L3
c=Lis
N while for (7 + 8)t >> L?
be(L.)y=4b [nf ( . ) .
o (o + )} (n+ B)f
be(L,t) ~ [ ]
(5] (el
T —crp| — -—~-k—i |
nL O+ )t The ficld throughout 0 < & < L follows as
Then lor (n + ) << L2, " ‘
! belz,1) = ”(”“”'{[ ')'+1]crfc L-: 3
(n+ At ' L 2(n + At [en + 8y} ‘
b,(lz.f)""’la '“'—:i? |
(L+:)’+] L+: L+: ‘
with the applicd ficld increasing as £} from zeto at time £ = 0, A 2(n 4+ o) ll( "+ [3)!]; [r({n + ﬁ)l]j— ‘
large
z \
2 err| - it o)
bo(lit) ~bod 1 — |- ] +} 1+ 6) |
1(:) + I
o]~ i) ‘
————erp| - ————| 3.
The field applied 1o the upper surface (= = 1) of the ionasphicre [x(n + ﬂ)‘]* 4(n + o)t ;
rrows initially as 1} ang wh\rqm_ ntly, after a time comparable 1o Then for (n + )t >> L. |
the characteristic diftusion time £ /(14 .3). tevels off 10 a2 unifonn }
value fry. The ficld throughout the ionosphere 0 < = < 7, follows 1 !
from (153) as b,(; [("+ﬁ)t] { [ ] E} ‘
(n+ D)) 2 |
[ L+
(=)= 1A (L 2yrfe L o -———-“ il and apain b, (2, 1) increases tincarly upward across the fonosphere. |
R The lincar varlation Is a consequence of the vanishing or declining |
|
|
[
|
I
|
|
I
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time 1ate of increase of b { . 1) in the limit of large time {. The
tocat Lorentz force in the innosphete is proportional to 8b /32 and
is asymptotically uniform over =,

Appendix D: Mobynontial Slutions to Equations (9.51)
and (9.54)

Tt is a simple matter to generate polynemial <olutions to (183)
and ([8a). Generally, the solutions can be wrilten as infinite serics,
but with proper chaiee of o, the series con be terminated ot any de-
sired point. Starting with the simplest <alutions, consider W = ¥,
salisCying (133) for 1 = 0, ). The resulting solutions are

be

il

De. by = Dy + Dys, (D1)

be = Dot b, = 12,27 /20, (D2)

where 125, Dy and 1)) are arhitiary constants. The comptemen-
tary solutions are oMained by interchanging &, and 3, and changing
the sign of one of than.

MW = ¢ thena = 1. 9, 1he solutions are

by =z, b, =0, (D3)
by = 20, by = */Bn. (D4)

Y = £% thena = 1, 2. The solutions are .
by = 27, hy, = —2al, ' (Ds)
by = 271, by = '/ 120 — at?. (D6)

The solution (135) is just the complementary solution to (D2).
MW =€ thena = ‘g, g The solutions are

b., =z, b, = —finzt, (D7)
by = 2, by = 277200 = Jazt’ (D8)
The solution (ID7) is the sotation complementary td (D4).
For higher order polynomials, write
V=g b " (D9)
Substitution into (182) yiclds the indicial equation
n{n — D{n—-2)n-373)=0, (D10)
sothatnr = 0, 1,2, 3. Then ’
2 I+ 2
ay = a a{n + ) }n(’n +2) {D!l)
Taln ) (n4 3n+ Dn+ 1)
ag = —ap L AR B A an(n D 6) g

a’ (n + 8)(!: +7)n+6)(n+5)"’

T4l = —
—a{n+ 4w 1)+ Yo 4 dm)(n +4m 4+ 2)

(n + 4m)(n +4Am — l)(;’l +4m = 2)(n +4m - 3}’
(D13)

PR SRS
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The serics lerminates after the m 4 n term with the choice

a=in+2m< L. (D14)

The linearity of (181) permits superposition of these many individ-
ual forms, of course.

Int a similar vein potynomial solutions of (185) can be gener-
ated, For instance, the solution ¥ ~ £ satisfies (185) fora = %. %.
giving risc ta the solutions = and (186) and {187). The quadratic
form ¥ ~ £? 4. where (0 is aconstant yields ¥ = £24-4(n+23)
fora =1 and ¥ =£>+2{n+p0)fora =2 Hencefora =1,

be = 27 4 d(n + P)t. (D15)
Substituting this into (172) and {173) yields
b,:l—(—tﬁ:’ [l—-‘(n+ﬂ)] {Dls)
together with the complementary solutions. Fora = 2.
by = 2*t 4+ 2n + B)° {D17)
with
2 (n+B): n+:~
by = —  ——_——— — t D18
¥ 12 + o ﬂ{l ( , ( 1 )

ele. Note, however, that these solutions do not individually or in
combination satisfy the boundary condition that b, = b, = 0 at
=0

The higher-order polynomial solutions can be generated along
the lines indicated for (182).

Appendix E: Cross Field Currents

The cross-field currents are determined by the force exerted
on the field by the fluid, so that the cross field currents can be deter-
mincd only after consideration of the dynamical equations. There-
fore there is no simple algebraic relation between the cross field cur-
rent density and the local resistive diffusion coelficient, although in
the final asymptotic stcady state of ionospheric motion driven by
Maxwell stresses transmitted downward by a deformed magnelic
ficld, the Lorentz force depends in a functional way upon the form
of the vertical variation of the resistive dilfusion coefficient n(z).
To treat a single simple illustrative exampte, consider the case taken
up in section 11 ignoting the slow variation with £, which ts of no
interestin the present case. Write b(2) in place of 8(z, z) and imag-
inc that again the motion In the y disection at the underside z = 0
of the magnetosphere has some such value v(0) as given by (255)
with v = 1(0) throughout —X < 2z < 0. Withp, v and 1 as
functions of height z throught out the fonosphere 0 < 2z < L,
rewrite (256) and (257) as

dv d db  Bidb  d dv
PR L Pl b P e it Pl G
Integration over z yields o
db B? dv
v =W, bt =V (E2)

where V5 and V are independent of z, with V4 again equal to the
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Maxwell stress H"'b( LY/Ax, ax required by the boundary condi-
tions at z = L where the viscous stress fatls to zeto. Introduce the
variable

¢{z) = /ol d.z'/r)(z') (E3)

with the dimensions of inverse velocily and define the function
€y as[p(2 )2 ) p(0)e ()Y with CF = 132/ An p{0) ngain.
Eauation (E2) becomes

v+ dbfd¢ = V5,C% 4 [1dvfd( = C(Ly  (E4)

from which it follows that

of? C?

In the simjdest case suppose that f(() is a constant. Then

e
smh‘j((”

b(:):b(l,){l -

The velocity follows from tE4) and the bounday condition a1 2 =
0 from {255), with the result

v(z) = Ci( L){ F{JJ + }
[rolh E-Q}—Iil(! - cos!ag}-:-)-) + sirpilg‘}:—)]}, (E7)

The cross ficld current is

(o l")
()= -—no
i) = -2

cBb(1)C rosh§ 1) - C(=))

kinh'j((!,)

T T Aa ()

The electric ficld follows from Ohmy's Jaw as

(ER)

41 )
= = (2)is(z) = —=r(2)
c c

_ e [}mlh CL) (£9)

cetry X
c / 1’(n)

A weak ionosphere, CQ(L)}/ J << 1 yields

(=) = b(L)(=)/C()}

CA L C¢f: (:
Hz) = (.'b(l,){m + —“}J [I _dl ,')j] +} (E11)

(E10)

C.'. . o2 .
Rl A LR } e

DBy LYC 1 (';\ }
¢ LCail T e

The velocity varics but little across the jonosphere and Jn, is directly

proportional to 1/n(2) to lowest order as a consequence.

On the other hand, the terrestrial junesphiere it not weak In
this respect. Including the Pedersen resistive dilfusion

Ey = (E13)

e e e ¢ ————— WY ¥ W ¥ WEAAREAE T B & e e
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ﬂ:’ B!ﬂ

* TanM (E14)

(given by (115) with m/f 1, << M /1) along with 7, write
o= Mifw

= 1/N Ao (EiS)

where 1t Is the lon thermal velocily, and Ay is the cross section
for collision of an jon with & neutral atom. The Alfven speed C
s essentially B/(4x N M }¥ where M s taken to be the mass of
a ncutral air atom as well as an fon. Approximate the kincmatic
viscosity 1 by } Awy; where X is the mean free path 1/N A for col-
tision of neutral atoms with ncutral stoms, with & cross scction A.
Then with p(z)/ p(0) ~ 1, it follows that 12 =v/B(8 >>n).
Putting ((L) = L/P. it follows that, in order of magnitude,

c(L) , CL
;T eat

= (3L:aN A AL (E16)
1 is evident at once that the cffect dectines upward as (n N)i, 50
that the ionospheric D layer appears to he the pr"mciral coniributor.
Then with n = 10% elecirons Jemd and N = 10 ? sioms fem®,
A = A = 107 '%cm?, and the characteristic scale L =107
em for the I) region the result is approximately 0.5. However. the
cross scction for fons on ncutral atoms is substantially Jarger than
the peometrical atomic dimension because of the deformation of the
neutral atom by the clectrostatic ficld of the passing jon. Al the low
velocitics (10; S 105cm/s) in the D region (T ~ 500 K).A; may
be 10~ ¢m ? or larger. The vatue of CC(L}/f is ten or more
times larger, that is § or more. The result is a strong modulation of
n(z)~ ! by the l’aclorcosh[CK(L)-C(:)]/f]/sinh[C((L)[j]
on the right hand side of (E8).

1t is casy to construct imore realistic examples. Instead of f =
const. the choice f ~ ¢® or exp k( yiclds solutions lo (ES) in
terms of Bessel functions with imaginery arpuments, etc. However,
the essential point is the same. that CC(L)/f20(1) so that the
velocity varies sirongly upward through the D tayer. with the result
that j, does not vary simply as [n(z) = B(z)]"" upward scross
the ionosphere.
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