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cLassAL RAY THEORY
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E QUATION OF MOTION AAND FPLANE
WAVE SoLVUTIONIS :

. Ww; = EcAsrnc
€3 =p DISALACEMENT

Ey = STRESS TEAISOR
Ey = o (i o ),0) + A igm 8
IsoTROPIC HOOKET LAW

PLANE WAVE SoLOTIoNS :
CONSIDER WAVE TRAVELLING )N - DIRECTION

WRITE w = (w, v W)

P-wavE Lotk
T-wWAvE w=Ue (wé-Rx)
v =0 R = wAvENVMBER
w =0 - o ""A{
s P-NAE SPEED
‘/242/»'
U = wwst.
S- WAVE
“’_':/ (k=R
= Ve k= w/g
w0

f: S-wave SPééb
V%

V = const.
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WHAT 15 THE ENERGY FLux?

WE NEEY 10 /i) THE RATE OF wWoRK/NG

OF ONE Sg ofF A RLANE LY x-axis on
THE OTHER .

LET v be oo wmt veelor v x- clirection
- (', o, 0)

Tradion = € : E5nN; ds

Mds:b&mmcdfw

R alx fj W"A"j = th ds W, (jomv.xvdoas)

P-wAVE = (A-&Zjn.)ik U Cdub-u)
(Cwit o)
Enagyy puax = Raf@ozp) ik U €7
x&{ Lo U ec.(wé-' X)}

D ENERGY FLUX AVERAGED OVER A CyceE
= 3 V)" whk(242u)
- 'U,I wlf ol

P

ONITS : ENERGY PER UNiT T

PER umiT AREA.



S- WAVE SimiLARLY

_ . s(wé-k‘)
’5,,_3 = /.“lt.\/
Ensgy gy = Rf iV e
ng{ cwv‘etﬂo"-‘ﬂd}

ENERGY FLuX AVERAGED OVER A CYCLE

= |ViTwiep

= § IVI*wpp




Asymeronic THEDRY 7
I- D)MENSIONAL CASE

THE BAsic 19k A OF THE ASYMPrONC OR RAY

THEORIES 15 THAT 1N MENA 1N WHICH THE
WAVE VELCCL1Es AND DENSITY VAR Y S¢ oY
WAVES PROPAGATE /N MUICH THE SAME WAY

AS IN HOMOGENEOUS ME DM,

CONSIDER A P-WAVE PROPAG ATING IN THE

X-DIRECTION in A MEDIVM 18 WHICH DENSITY
AND P-URVE SPEED ARE AlLSo FUNCTnIONS dF s

WAVE EQUANON .

(ﬁ-rsz) g’&'
re. 9 LT - Ol
2R g

SEEK AN APPROMMATE SoLumon op T™E
ol k- )
wix, k) = Ux)ye™ |

U=V, B=0) ro pg DETERMMED,
() 1S CONSIDERED TV BE B LARGE PARAMETER




SUBSNWTING, WE FMD

w8
2w = (1038 U +§_9)e.“°w )
ox o ox,

), lpd? e
a%f“‘%{') _{ wrpd u@_’g
-iw 28 3V pad*
e S
- a ae 2 .. 'Lwll"Q
‘0',5;(5,1 UF“)* }e
wku.z whelicales - onmg } lower ovoter

THUS, FRoM O (Bvws

2 EQUATION FoR THE
Cé..a) = J X PHAsE OGO
OX X [ Etxomat,
E@an__]

ANV FRom W' rerms

20 9V pu* 4 9 (96 Uput| _
ox 57&’0 +5‘5’:.(azuf°(J‘°

e 3_’32(3.2 Ulfot") <0

' R - Z CONSTANT EnERGe
© |2 (0tre) =of TEmmTes
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3-D THEORY — WORKS s/MILARLY

(KARAL L KELLER, T. Acoust. Soc. Am., 3) , 694, 1959)
SFEK ASoLUMON OF EQNS. OF MOTian A FORM
wy = U, (% q,e) ebw(“'e"’o‘zﬁ))
sSubsAGlL info equafion & motiow,
iindify ackny pudevs of © (w?),

DETANS ALE COMBICATED,

WE FIND THAT EITHER

8,,: 8,,; = WITH U; “ 0,,; (

d
d"

ok

G, 6, = {SL” wm Ug L7 &J;J

!

THUS WE GET TWO KmDS OF SoLuTow,
LORRESPONDING TO P-wWAVES AND TO
S -WAVES



Tvus, /N BOoTHCASES WE O37TAMmN FOR

e "“TRAveL Time” S(x ) an EquaTion

oF THE FoRM

2 E1 KONAL
< A
(v6)” = c»  EQuanov

——

WHERE Czo FOR P-wavEs, oR c:=f3
FoR $-wAVES.
IMACIWE A PATH GVERyWHERE Il 70 ¥ &

WE HAVE

a - 6° + j i 0”3
r
How CAN WE DETERMINE SueH PATHS !



DIFFERENT 1ANNG THE EloNA EON.

298,; 6,.‘.3 =£J(-c',")

ie. 2 O0,; 0,jc =2 (_'
ox ; et

but Oy is parellel to I e

6,,:&5_:-& @
2 d8; - 2
rs J;J-&J(é")
or dB; = ¢ ? - 9
el NN LA




ALTERUMWLY, 1 RINNG

A . 1L &L
ds = o de

2 X, = ¢

TMESE REPRESENT ™E Monion ofF A
“PARTICLE"” TRAVELemI& AT THE

LOCAL WAVE SPEED ¢, SUFFE Rin/&
DETLEcTIONS FROM A STRAlG T - L/INE
TRASECTURY TUE TO VELOCIYY G RADIENTS
THAT ARE NOT || TV THE PATHM



O GENERAL WAY OF DWDERSTANDM G
THE RAY EQUATIONS 1S THROLGH T™E
CONCEPY OF THE (OCAL 'DtSPfRStOv\L

REcATION BY WHICH WE SHALL

MEAS THE RELATION BETWEEN
EREQUENLY W (=2 /PERI0D)

AND WAVE-VECTOR R
(1] = 2/ WAVLENGTH)

THE WAVE VECTOR FoR A wWAVE
oF TME FORM .',(wb-q'(&))

cAN DE DEFNED A3
k., = o4

Y/

TME LOCAL DISPERSION RELATMOA] 15 THEN

GivEN By A Funcnon w (kg x;),
so THE PHASE P (X)) SANsFiEs AN
EQUATON OF THE FORM

Ww = w( %3& ) Z;,)
TUE METHOD OF CHARACTERISTICS (EssémnTiALy

THE METHOD GIVEN Aaona) THEN LEADS TO
HAMILTON'S EQuATON
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HAMILTON'S EQUATIOAS ’

GIVEN A LOCAL DISPERSION REcATON
w = h)(k.,po)
THE RAY EQUATIONS ARE

2, = oW
ok,

ki = -20
9%y |

c§- HAMILTONS EQAS. FoR A
MECHANICAL SYSTEM :
GIVEN THE HAMILTONIAA)

H ( P, $5)
THE EvOlunonN Ok TWE SYSTEM

1S GOVRRNED BY

d; = M Mmool
9Py Q;: GEMERALISED

. S coom.mares

Pe = =< Pe © " GeERALISED

o MorMey - "



LET US USE THIS T®EA TO RE-DERIVE

THE RAY EauAmonlS,
THE LOCAL isPERSron RELATION IS DF

THE SiMmPLE FORM

w = clz)]k]
FoR RoDY WAVES IN AN 1SOTROPIC MEDIVM
(c :l or c:F)

e w= cx)(l kgl&

* Farmicrons EaMﬂoN.S G/VE

7.66 = G b"' -'
w THE SAmE
. AS leFb
k, = — koc EARLIER
%. )

wim Rz (Rik)™ =k

Z
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LET US wRITE vown KRAY EQAUATIONS

FoR An ANISOTROPIC M EDWM,
Wt MAVE

(C-ijk! U-lm),j +wtul =0
= -5»'!‘; Cijne (-ék.,)u-n. +ewt Uiz0

1@ (G.;J'k, ke kJ' -w’-&.._)w,,_ =0
THUS THE (ocat DisPERS1oA) RELATION
'3 et [ Cijenleele; -w"&‘.,,) =0
THE DERIVAMVES OW 3w caw RE

atu akq
FOUND FROM STANDARD PER NWRAATYON

THEoRY (RAYLEIGR'S PemCIPLE )
WwWE EFnwd
0W el OCiiet VU k,_kd

—-_—

Oy, o) QU
z.” = _a_'.'.? = < (C'G‘U.KM hJ +CCW\hJ.kL)UE d-k
O, 2%

Whare VYV is @ ((ocd) unit Ligenve ctor

{CORRESPONDIN G TO THE WAVE OF INTEREST
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AROTHER ELECANT PRoPERTY OF HAMILTON's
EAVATIONS 1S THAT THEY CAN BE WRUOTEN

Pown 1) ANY CooRDNATE S YSTEM

SUPPOSE THAT WE WANT P PO 3-D
RAY TRACING N SPHERICAL CO-ORDMNATES

9 (v 8 ¢)

ond kR < (k + 3 ko -'--‘——- k;"‘

“wihh He wined Lipernem rdabiom
W e (v, 6, ¢) k

WE OBTRA) RAY-TRACIWE EQUATIONS :

= Rere
>3

6= 4 !:_‘,
i

¢ Tvtsard {C
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u

..a_c_.lv.-.-_z_(,k L h‘) lf

L ad ky \ ¥t ity
Ro = -2kt ol iy
" A
i.; = ~oc
°¢

To MAKE CONTRCT WITH CLASSICAL RRY
THEORY 1N THE SPMERICAL ERRTH LET US

N0W SIMPLIFY THESE FOR Twé cnsg escelv)
TAKE SOURCE AT O=0, khyceO

'f“:.k k =-agn A
ﬁvc Y ovr *h.v-‘ko
o=;,‘-,'.:.l.% kg = 0O
= 0 k¢ =

Y
)
. . -
e P‘l'""(;la. - ..':1)"' (pz pg
v = “Qa

- L L) ARAMETER,
\r"-d.v-'c,(l-%f)t- PARAY

W . e ¢ ( "4,

N X - _P)



THUS wE oBTRIN THE CLASSICAL LAY
INTEGRALS

lé
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AMPLITUDES AND WAVEFORMS

BECAUSE RAY THEORY (FoR 80DY WAVES)

1s EREQUEANCY -~ INDEPENDENT, T
PREDICTS THAT WAVES PROPAGATE
WITHOUT ANY CHANGE TO THE WAVEFORM

(ST AS 1N 4 HOMOGENEOUS MEDIVM)

THE ASYMPTONC THEORY CAN BE VSED

T0o BERIVE WAVE Am Pertvves [ sy
INVESISATING THE TERMS of W)

THE DERIVATION Wikt NOT RBE GvEN MERE

(SE& LITERATVRE) ThHE RESULT s
THAT ENERSGY Fux in A RAY TUBE
IS CONSTANT

RECALLIN G THAT
ENERGYFLUX of U (For Pwaves)

THIS MEANS THAT RAY AMPLITUDES VARY
INVERSELY AS Afpu’ And Also As /YA
WHERE A is Hhs CRO53-SECTIONAL AREA

o TMR RAYy TuBE.
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FERMAT'S PRINCIPLE

TRAVEL TIME (S STATIONARY Wit RESPECT
TO PERTURBANONS oF THE PATH

T' = “TRAVEL TIME cm.cw.ailrcb ALoN &
TRE NON-RAY T7




APRICATION N TDMOG'MPHY

AAY IN SPHERICALQ)

VELOCITY ANOMALIES

UNPERRBED ORDER..
RAY

sT= [8() ¥ +(3:‘:::"“)

NOTE THMAT @ 1S NOT TRUE

THAT THE PERWRBATION OF THE RAY
PATH IS 2nD ORMER,



ATTENUANON AND PrYsicA 2
DISPERSION oF SEISMIC WAVES

( RECALL DR, YANOVUSKAYA'S LEcmREs &Norz.s')

< Stress € a Stvernin
->

c

RELAXATI OV
FUunNeCcTt N

¥ (t)

Séress

¢

FOoR AQNUSOIDAL SHEAR. D wRBAnICE
Ww = %eowf

TE) = prelw)e(€)

WHERE l"“") 1S COMPLEX AND

EREQVEANCY DEPENDVENT

rSunu.mu-‘] FoR comPRESSIonN
Tit) = & w)ece)_[

WRIMN G :Flw) = 1-‘,-_'_ “\Hl-) e"meott'
o

it 15 EASY TO SEE THAYT

plwy= i.w-;(w)
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IT 1S coONVENTIONAL TV DEFINE

Q',, (W) = &ﬁld} SS |
Im patw)
BUT OFTEN MURE coNVEMIENT TO USE

(W) = | <
s - G),.,uo) <

Weiki n9 o
'-’l; = Vﬁgw) =5t
- ) (1 1)

THYUS TME EXPRESS/IoN FOR A PLANE
WAVE TRAVELL/ING N THE x - D IREcTION
1S O THE FoRM

iw (E-x/Vs)
w~uoew& s

- Uo €
with S, = R (3) 1 U%m
PECAY /N ONE WAVELEN GTH
onqpi-w I '%rs'} = exp(-T )

WS,

“Wwx 3, cul(t-xs)
e
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AraPLITVBE DECARY FoR S-wavE
-/
Pl

PER CYycuE

O, 18 AL3O SOMENMES DEANOTED By
Sﬁ (= Q For S-uA\IES)

CORLESPON NG LY

AMPLUTUDE DEcAy FOR P-wivE
= e O Ler evere

where R 5‘2&('/"0‘)

I 2 Yorp)

OF cOVRSE WE HAVE
Up = \[h heTy
f
K:(R! K)(l-li.CpK) ebe,
So 1T 1S EASY TO FIND EXPRESSIONS FOR
Qu v TERMS OF Q) , G, 1N PARTICVLAR

UF x =0 { VSLALLY A FAI1R AsSvmpPrIoN)
wE oBrwn

o
R

-




y X'
wnig RAY ThEORj IS LEADS

To AN AN AL AMPLITUDE DECAY

Nt

n
¢ M.
"‘wdwq
W e, YN

Whaere t‘* (&-sm&) 1S VEFrwED BY

]
RAy

[[NoTE STRONG PAMPING OF HIGH
FREQUENCY WES_l




CHASICAL DPERTION
wE saw THAT
}Mw) R :F‘“)
WHERE ? (W) = F.T. oF RECAXATION FunciteN
PlE)
WAVE vELOGTY ( \/g. ) IS RELATEO TO

Re(p) AND DAMIING T Im(p).
BUT SINCE (W) 1S THE TRANSFORM OF
A SINGLE REAL (CAVSAL) FuNcTION
Re(p) AND 1m (n) ARE RELATED.

EG. ToR Thé STANDARD LIVEAR Sot/D
(SEE "wAVE PRoPAGATION ” NOTES FRoM DR, Wawovsxrtya)

T 4 T.,_"o :/40(2,4-7':?:)
2 pmlw) s Mo( 14(0Tg)

1+ 0T,

This cam be wsed to had both g, .. t0)
AnD Ug (@) = [ M.PLH)




ABsoRPnon
BAND

THUS Vi INCREASES THROUGH THE

ABoRPTION BAND. FoR MANY ARSORPTION

BANDS U 1NCREASES THROUGHOUT THE
RANCE OF consTRNT

Y~ ~ Foner Y-

@
%%F
—
w
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QuAanTNVELY 7 cAN BE SNowN THAT
APPROMIMATELY , ANTD WTnin THE 3AND OF cousgmr

THESE LEAD TO A RELATIONSHIP BETWEEN
THE DELAY OF AWAVE OF GrvEN FREQUENCY

AND 1T's DECAY -
THE PHENOMENON 1S KNOWAN A3
PrYstcAL DISPERSION

[ see Liv, ANDERSON, KanAMoRl , &T. 196
And REEERENCES CITED -ruawm]
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WE CAN ALSo WRITE LoR TUE oM PLEX

VeELociry

WHERE U, 15 TE (ReaL) véiouTy
AT REFERENCE FRCQUMY We _

ConsEQuEnTLY THE EFFECT ON ™HE
SNGNnAL ¢ REPRESENTED By

T

arpf-iwt (1 - L 2) 7

THS REPRESENTS (APPRY Y’MATELY
ANy ASSUMING THAT ThHE ENNMRE
MGNAL 15 WM THE ONSTANT Q,, |
TSAN'D) THE ToTAL Africr o

ATTENVATOA ON THE SiqNAL .






