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SYNTHETIC SEISMOGRAMS FROM MULTIMODE
SUMMATION — THEORY AND COMPUTATIONAL
ASPECTS

G F Panza!

From the latest developments of algorithms for the computation of eigenvalues
and eigenfunctions of Love (SH) and Rayleigh (P-SV) waves for flat anelastic layered
media, it is possible to construct, with highly satisfactory efficiency and accuracy,
complete broad-band synthetic seismograms. Therefore, computer programs based
on the addition of modes are quite versatile and can be used to model, in a realistic
way, seismological and seismic signals, also for laterally heterogeneous media.

Keywords: Friuli Imperial Valley: Love-wave; Raleigh-wave; seismic waves; syn-
thetic seismogram

1. ,Introduction_

In spite of the very considerable efforts made by seismologists and theoreticians,
a satisfactory theory is still missing which describes accurately wave propagation
in three-dimensional models of the Earth. If the extremely time consuming numer-
ical procedures, based on finite differences or finite element methods, are excluded,
all the existing analytical methods involve significant approximations. The modal
summation method (Panza 1885, Florsch et al. 1989) is practically free from ap-
proximation in the one dimensional case and can be efficiently extended, introducing
approximations of variable and to some extent quantifiable size, to two- and three-
dimensional cases (Vaccari et al. 1989). The method allows us to construct very
realistic signals, also in the relatively simple one-dimensional case, and can be very
easily applied for a quantitative and realistic earthquake hazard assessement.

2. Waves in multilayered media

The medium is assumed to consist of homogeneous layers, separated by first-
order discontinuities. If a medium is continuously inhomogeneous, it is replaced
by a number of homogeneous layers; in smooth gradient zones it is usually suffi-
cient to choose roughly half the dominant wavelength as layer thickness, whereas
in transition zones with larger velocity gradients the layer thickness should be fur-
ther reduced. The advantage of the homogeneous-layer approximation is that inside
each layer the equation of motion takes a relatively simple form and can be solved
exactly. Its disadvantage is that boundary conditions have to be fulfilled at many in-
terfaces. Analytical methods for inhomogeneous layers — in contrast to numerical,
e.g. finite-difference methods — are not yet developed to a point where they re-
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Fig. 1. Layered model and reference system

ally can complete with the methods for homogeneous layers. At present, within the

frame of IGG-ICTP activities, a large project is being developed for the formulation

of the theory and related computer code for the construction of complete synthetic

seismograms for three-dimensional anelastic media, based on modal summation.
The equation of motion for a homogeneous, isotropic elastic medium is

ouy = (A + 2p) grad div u — ¢ rot ot u (1)

where u is the displacement vector, uy its second order time derivative, g is the
density and A and g are the Lamé parameters. Body forces due to gravity and
seismic sources are not included in Eq. (1): it is assumed that gravity has no other
effect than to determine, via self compression, the constant values of ¢,A and g,
and sources of seismic waves are included through their known contribution to u
(Harkrider 1964). In order to simplify the discussion as far as possible, we shall
consider solutions of the elastic equations of motion in the form of plane waves
rather than attempt to treat the more complex case of waves diverging from a
point-source. This does not involve a loss of generality in the computation of the
dispersion function since the point-source solution may be developed by integration
of plane-wave solutions (Harkrider 1964), with a preassigned precision depending
upon source-receiver distance and wavelength (Panza et al. 1973).

Let us consider plane waves of angular frequency w and horizontal phase veloc-
ity ¢ propagating in a semi-infinite medium made up of n parallel, homogeneous,
isotropic layers. The z axis is taken parallel to the layers with the positive sense
in the direction of propagation. The positive z axis is taken as directed into the
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SYNTHETIC SEISMOGRAMS 199

medium. The various layers and interfaces are numbered away from the free surface,
as shown in Fig. 1. We treat first waves of the Rayleigh type (P-SV motion), i.e.
there is no displacement in the y direction and the amplitude diminishes exponen-
tially in the positive z direction in the semi-infinite layer. The case of waves of Love
type (SH motion) is treated in Section 4.

3. P-SV waves

For the m-th layer let p,, = density, d, = thickness, A,; and gm = omf32, =
Lamé elastic constants, a, = velocity of propagation of dilatational waves, 8, =
velocity of propagation of rotational waves, £ = w/c = horizontal wave number,
Ym = 2(Bm/c)?, um = displacement component in the z direction, wm = displace-
ment component in the z direction, ¢, = normal stress, 7, = tangential stress.

For m < n rq, = [(¢/am)? =1} if ¢ > a, and ra,, = —i[l — (¢/am)?)V/?, if
¢ < am; furthermore g, = [(¢/Bm)?—1]'/2,if ¢ > Bm and rg,, = ~i[l—{c/Bm)?]'/*
ifc < Bn. Finally,if m = n, rq,. = —i{1—(¢/om)?]/? and ra, = —i[l—(c/fm)?}/2

Then periodic solutions of the elastic equation of motion for the m-th layer may
be found by combining dilatational wave solutions,

A = (Oum/0z) + (0w /02) =
= exp[i(pt — kz)][AL, exp(—ikrqs,. z) + A}, exp(ikrg,, 2)] (2)
with rotational wave solutions

bm = (1/2)[(Bum/82) — (Bwm /02)) =
= expli(pt — kz)][6;, exp(—ikrg, z) + b, exp{ikrg,_ z)] (3)

where Al , A 6! and é!! are constants.

With the sign conventions defined above, the term in A], represents a plane
wave whose direction of propagation makes an angle cot™' ro, with the +2z direc-
tion when r,_ is real, and a wave propagated in the +z direction with amplitude
diminishing exponentially in the +z direction when r,,, is imaginary. Similarly, the
term in Al respresents a plane wave making the same angle with the —z direction
when r,_ is real and a wave propagated in the +z direction with amplitude increas-
ing exponentially in the +z direction when r,_ is imaginary. The same applies to
the terms in &/, and 8, with rg_ substituted for ro_ (see Figs 2a, 2b, 2¢c, 2d).

Dropping the term exp[i{wt — kz)] the displacements and the pertinent stress
components corresponding to the dilatation and rotation, given by Eqs (2) and (3),
can be written:

U = ~(0m/w)?(0Am/8z) — 2Bm W) (Db [02) (4)
Wn = —{(0m/w)(08m/02) + 2(Bm ) (86m /O2) (5)
om = om{0hAm + 205 [(am /)8 A /02%) +

+ 2B fw)2 (026, /0202)]) (6)
Tm = 2emBn{-(am/w) (9" Am/0zz) +

+ (B [w)*{(8* 6, [ 02%) — (86,n /627)])- (1)

Acta Geod. Geoph, Mont. Hung. 28, 1993
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Fig. 2. With the sign conventions defined in Fig. 1, the term in A}, of Eq. (2) represents a plane
wave whose direction of propagation makes an angle cot~! r4,. with the +z direction when ra,,
is real, and a wave propagated in the +x direction with amplitude diminishing exponentially in
the +z direction when rys,, is imaginary. Similarly, the term in A}, Eq. (2} represents a plane
wave making the same angle with the —z direction when r,,, is real and a wave propagated in the
+z direction with amplitude increasing exponentially in the 4= direction when rq,, is imaginary.
The same applies to the terms in 6, and §), Eq. (3) with rg_ substituted for r,,, (see Figs 2a,
2b, 2¢, 2d)

The boundary conditions at an interface between two layers require that these four
quantities should be continuous. Continuity of the displacements is assured if the
corresponding velocity components t,, and b, are made continuous and, since ¢
is the same in all layers, we may take the dimensionless quantities i, /e and wn /c
to be continuous. Substituting the expressions (2) and (3) in Eqs (4) to (7} and
expressing the exponential functions of tkrz in trigonometric form, we find

CUm =  Amco8Ppm — iBm sinpm + rg Cmcosgm — irg, Dmsingm (8)
iy, = —irg, AmSiNPm + o, Bm 08Py + iCp 8ingm ~ Dy cosgm (9)
Om = Om{¥m ~ 1}Am €08 pm — iom{(ym — 1)Bm sin py +
+ 0m Y78, Cm COS gm — 10m Ym T8, Dm 8in ¢m (10)
Tm = 10mYmTamAmSINPm — OmTmTan, Bm COSpm —
=~ 19m{¥m — 1})Crm singm + om(¥m — 1) D cos ¢m (11)
where

Actas Geod. Geoph. Mont. Hung. 28, 1993
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Am = —aL (A, + Al), B = ~a (Al = AlL), Cm = ~283(8l, — 84), D =
—20%(8; + 1), P = kro [z — ™Y, g = krg [z — 27V, M= g the
depth of the upper interface of the m-th layer and Al,, Al &/, 6% are the con-

stants defined in (6) appearing in the depth-dependent part of the dilatational and
rotational wave solutions:

Al exp(—ikry, z) + Al exp(ikr, 2) (12)
b exp(—ikrg,, 2} + 60 exp(ikrg . z). (13)

3.1 Evaluation of eigenvalues and eigenfunciions

For a continental model, the vanishing of the two components of stress at the
free surface yields:

~o1(m - 1Ay —e1mrs,Ci =0 (14)
e17%a, B1 — e1(mn — 1)4;—- = 0. (15)

Thus the submatrix A(®) defined in Knopoff (1964) and Schwab (1970) can be
written in the form

AO) — ~am-1) 0 am 0 (16)
0 em 0 —a(m-1)
At the m-th interface, the continuity of displacement and stress yiels
A 08 Py, — By sin Py + 75, Cm cos Q@ —
- irmem SinQm = Am41 +rﬂ_+,Cm+1 (17)
—iry, Amsin Py + ro, By cos P+
+iCmsin Qm — Diy c0s Qm = Ta,yy Bmt1 — D (18)

om(Ym = 1)Am c08 Py — t0m (Ym — 1) By, sin P+
+ omYm 1, Cm €08 Qm ~ 10mYmrp,, DmsinQ@m = (19)
= om41(Tm+1 — DAms1 + @me1Tm+178,m 4 Cmsi

10mTmTa, Am $i0 Pm — 0mYmTa,, Bm €08 Py —
= i0m(Ym = 1)Cim 8in Qen + 0m(¥m — 1) D cos Qm = (20)
= fm41TmH1Tamy Bma1 + 0mt1(Im+1 — 1) Dmyt

where P, = kro, dm, Qm = krp_dm and dm is the layer thickness. Thus the
interface submatrices defined by Schwab (1970) have the form

cos P, —isin P /re,.
Alm) — —ir,,, sin Pp, cos P,
" om{tm — 1)cos Py  —ipm{ym — 1)sin Py /rq,,
10m YmTa,. S0 Py —BmYm 08 Py

Acta Geod. Geoph. Mont. Hung, 28, 1398




202 G F PANZA
¢08 Qem —irg,_ sin Qm
isin Qm/ro,. —¢c0sQm (21)
omYm Cos_Qm —10mTYm b 8in Qm
"iQm('Ym - 1) 8in Qm/"ﬂ,. Qm('Tm - l) cosQm
-1 0 -1 0
0 -1 0 1
—om+1(Tm+1 — 1) 0 —Ofm+1Tm+1 0
0 Om+4+1Tm+1 0 —Qm+1(7m+l - 1)

and, noting that, when imposing surface waves conditions, in the half space Al =
§" =0, Ap = By = —a2A! and Cp = D = —2faw;,, the submatrix representing
the (n — 1)th interface has the form

-1 —Tp.
— 1
A = T 22
cor —on(m =1}  —onTnrs, (22)
OnTnTa,. _Qn('Yn - 1)

where the first four columns are the same as those of A(™) with m = n—1. For each
layer, A (i = 1,n) submatrices represent the denominators of Cramer’s systemn
solutions when the boundary conditions are applied. In more compact notation it
can be written

IA©)
A
Ar= | (23)
A=)
A=)

where the non zero elements are only written. A condition for surface waves to exist
is Ap = 0, which defines the dispersion function for Rayleigh waves:

Fr(w,c) = Agr=0. (24)

The discrete solutions (w,¢) of Eq. (24) describe, in each of the layers, body waves
or surface waves depending upon the real or imaginary nature of rq,, and rg,.
More precisely real values of r,, and rg, correspond to P- and S-waves while
imaginary values of ro,, and rg, correspond to surface waves. Therefore the modal
summation method allows to solve in an exact and complete way the full wave
equation in a preassigned {w, c) interval. In other words it is possible to describe all
the rays propagating with phase velocity less than a preassigned maximum value.
It is easy to prove that using the modal representation the upper limit for the phase
velocity is represented by the S-wave velocity value assigned to the half space used
to terminate the structure at depth.

Once the eigenvalue problem is solved it is possible to determine eigenfunctions,
i.e. displacements and stresses.
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The algorithmic details of eigenfunction evaluation by Knopoff's method are
rather complicated (Schwab et al. 1984) and here details will be only given for
SH-waves (see section 4.1). The problem consists of the determination of the con-
stants Ay, By, Cm, Dy, for the layers above the homogeneous half-space and of the
constants A, and D, for the deepest structural unit. The starting point is therefore
the linear, homogeneous system of 4n — 2 equations in 4n — 2 unknowns

[AC) Ay

Ta, Bl
[A)] r5,Ci

oo o o

D, |= (25)

IA(H-Z)I Tan_1Bn_1

An 0
[Aln=D)] D, 0

where the submatrices A®) (i = 1,n) are given by Egs (16), (21) and {22). Once
the dispersion or eigenvalue problem is solved we are ready to determine the layer
constants. This is done by deleting the last equation of the system and transposing
the terms containing D, to the right-hand side of the equations, thus forming a
vector of inhomogeneous terms. If we arbitrarily set D, to unity, this will force all
TamBm and Dy, to be real, and all A, and rg_ Cp, to be imaginary. At this stage
Cramer’s rule can be applied to obtain A,. The remaining layer constants can be
determined by iteration. For more details about the computations of eigenfunctions

{Schwab et al. 1984).
4. SH waves

With the same notations and geometry as in Section 3 we may write, for the
m-th layer, the following expressions for the displacement and the stress

U = Wy = 0m =Tm =10 (26)
vm = expi(wt — kx)[v), exp(~ikra_ z) + v}l exp(ikrg_ z)] (27)
Un =  fm(Gum/02) =

= ikpmrg,, exp i{wt — kz)[v,, exp(ikrg_ z) — v, exp(—ikrg_z)]. (28)

Neglecting, here too, the term exp i{wt—kz), at the m-th interface the continuity
of displacement and stress yields

Umf¢ = (Om-1/c)cos Qm + iVpm_1(ptmrs,. )" sin Qm (29)

Acta Geod. Geoph. Mont. Hung. 28, 1993
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{Um-1/€)mTp,, 5IN Qm + Um—1 €05 Qm. (30)

Um

4.1 Evaluation of cigenvalues and eigenfunciions

From Eqs (29) and (30) the layer matrix can be defined:

isin Q.
am= |, 9l | (31)
ifm Tg,, -SiNQy,  cosQm

For the multimode surface-wave eigenvalue computations, using notation of Schwab
and Knopoff (1972), the dispersion function can be written as the modified product
for layer-matrices:

FL(w,c)-—-bn-bn_l-bn_g-...bl (32)

whete n is the number of layers, including the lower halfspace. In Eq. (32) by, is
given by:

bn = (s,—1) if the halfspace is solid
n = (0,—1)if the halfspace is liquid (33)
b, = (1,0} if the halfspace is rigid

where

s=_m.0_(i)j* (34)

bm (0 < m < 1) is given by:

sin Qpm
cosUm -
b = [ Q Hm  Tom if ¢> Bm (35)
Pm 73, -SINQm  c08Qm
cosh Q% sinh @7,
by = Hm Tg, if ¢ < fBm (36)

—#m - r5_-sinh QL cosh@Qp

1 p-dm
b = Hm € if ¢ = fm (37)
0 1

where we have introduced the real part of imaginary quantities

- — 1 c 2 %
T8 T T (_‘ (dB,T,) ) if ¢ < Bm. (38)
Qn = T ek dn
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The modified matrix product of b,, and b,,_4 is defined as follows:

(b - bon1]; = { (brn)j..‘_ (b1 e ?f (J + k) ?s even (39)
(—1p+t. (bm)je - (bm—1)ex if (j + k) is odd

‘The mathematical solution of the surface wave propagation allows two types of
waves in the solid halfspace, exponentially increasing and decreasing with depth. To
avoid infinite values of the solution, the coefficient of exponentially increasing wave
in the halfspace must vanish (surface waves condition). If the halfspace is supposed
to be liquid, the deepest interface is at the analogy of the mantle-core boundary.
In analogy with the case of P-SV waves, imaginary values of rg, correspond to
surface waves, while real values of rg_ correspond to S-waves. More precisely real
values of rg,, correspond to S-waves while imaginary values of rp_ correspond to
surface waves. Therefore also for SH-waves, the modal summation method gives a
solution in an exact and complete way for the full wave equation in a preassigned
{w, ) interval. In other words it is possible to describe all the rays propagating with
phase velocity less than a preassigned maximum value. It is easy to prove that using
the modal representation, the upper limit for the phase velocity is represented by
the S-wave velocity value assigned to the half space used to terminate the structure
at depth.

With the geometry shown in Fig. 1, the computation of the eigenfunctions at
the layer interfaces can be performed as follows (Schwab 1970):

sin Qm
[v"‘:lz €08 Qm “Hm " Tha .[vm—l] ife> fm

Um — k. Bm - rﬂu < 8ln Qm COS Qm Um-1
(40}
inh Q*
v cosh @, }_q_sm Um—
[ m]= " .pm.rpm . m-t lfc<ﬂm
Um k-pm-ry -sinhQp, cosh Q;, Vm—1
(41)
Um 1 (—im' Vm—1
= He | | if ¢ = B (42)
U 0 1 Um-1

where vp, is the displacement and vy, the stress at the interface m. Notice that:
Um = W, (43)
For the last interface, supposing a solid terminating halfspace, we shall use:

Un—3 -SinQn_y .
Vn_2 - €OSQp- }——j— ife> Bn_
n—2 Qn 14 Ty Mn_1 Br-1

Un_2-8InQ, _,

Unog-cos@n_; + kot pnoi ife< fBaay - (44)
dy, _ .
Un_2+ Up_2- #:—i fe=fFh_y

Acta Geod, Geoph, Mont. Hung, 28, 199%
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These computations are performed using the initial values (v, ve) = {1,0) at the
free surface.

5. Computation of group velocities

Following {Schwab and Knopoff 1972) the group velocity, u, is obtained from:
¢

Y= T T (w/c)(Be/dw)

where standard implicit function theory is applied to the dispersion function F to
obtain

(45)

de/dw = —(OF /0w)./(OF/dc).. (46)

Equation (46) is obviously valid both when F indicates Love as well as Rayleigh
dispersion function. Details about the analytic computation of (46) are given for
Love waves in Appendix A.

6. Energy integral

Along with eigenvalues and eigenfunctions, the integrals:

oo

ha = [ @)+ 3A(Nee (a7)
0
for Rayleigh waves, and
o 2
no= [ o) (43) e (48)

for Love waves, where y1 = w(z}/w(0) and iys = u(z)/w(0), are required in mul-
timode synthesis of theoretical seismograms. For a sequence of homogeneous solid
layers, these integrals can be written as

Ly = [ra By — Di| 72D _Im)  withm=12,..n.

The integrals Iy are given by Egs (51) and (53) of Schwab et al. (1984).
For SH-waves we have:

2 n
(-t'fc—) - 2 em for the (§ ~ L) case
h, = 0 , "F )
L =
(?%) ' ((mz__;l I(m)) + I(s~5)> for the (S — S) case
with _ | 2
Imy = [ om: (—(:1 dz

! N2 (50)
Is-s) = ] e (32) ¢
Zn—1

8

Acts Geod. Geoph. Mont. Hung. 28, 1993




SYNTHETIC SEISMOGRAMS 207

The integrals /(,,y can be computed analytically, both for Rayleigh and Love
waves (Schwab et al. 1984, Florsch et al. 1989). For details about the analytic
computation of (49) see Appendix B.

7. Mode follower and structure minimization

Since all the problems connected with the loss of precision at high frequencies
have been solved (Schwab et al. 1984) the summation of higher modes of surface
waves gives a generation of complete synthetic seismograms even at high frequencies.
The key point in the use of multimode summation, both for Love and Rayleigh
modes, is an efficient computation of the phase velocity for the different modes at
sufficiently small frequency intervals Af with sufficient precision. To be efficient it
is not advisable to determine at each frequency and for each mode the zeros of the
dispersion function using the standard root-bracketing and root-refining procedure
(Schwab and Knopoff 1972). This must be only used when strictly necessary, as
for instance at the beginning of each mode. For all other points i of each mode,
the phase velocity can be estimated by cubic extrapolation, using the values of the
phase slowness s = 1/c and df /ds already determined at frequencies f;_; and fi_;.
However, the precision that can be reached in this way is not satisfactory, thus the
phase velocity value must be refined. This can be done by an iterative cubic fit in
the F — ¢ plane.

Once the problem of an efficient determination of phase velocities is overcome,
two other main problems must be solved at each frequency: (a) to correctly follow a
mode and (b} to determine the minimum number of layers to be used. The problem
of correctly following a mode arises in the high-frequency domain (f > 0.1 Hz),
where several higher modes are very close to each other. The determination of the
minimum number of layers to be used — structure minimization — is critical in
order to reach a high precision in phase velocity determination spending the mini-
mum possible computer time. In order to ensure high efficiency in the computation
of synthetic seismograms, it is necessary to compute the phase velocity, phase at-
tenuation, group velocity, ellipticity, energy integral and eigenfunctions and their
maximum depth of penetration at constant frequency intervals. To reach a max-
imum frequency of 10 Hz, a satisfactory step is 0.05 Hz. To determine the total
number of modes present in the frequency interval considered, we fix ¢ = ¢q a value
close to 3., where f, is the S-wave velocity in the half-space, and we increment f
to find its values corresponding to zeros of the dispersion function F(f,co) (Schwab
and Knopoff 1972). Obviously, starting from f = 0, the first zero in F(f,¢o) cor-
responds to the fundamental mode, the second to the first higher mode, and so
on. The values of f for which F(f,¢p) = 0 are used as starting frequencies (the
lowest frequencies) for the computation of the different modes. Once the starting
frequency for each mode is defined, it is possible to compute, beginning from the
fundamental mode, all dispersion relations. This is accomplished by keeping f fixed
and varying c, the procedure being applied at all of the equally spaced frequency
points of the chosen frequency interval.

Acta Geod, Geoph. Mont. Hung. 28, 1993
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More details about the mode follower and the complete description of the pro-
cedure for structure minimization are given by Panza and Suhadolc (1987).

8. Attenuation due to anelasticity

The treatment of anelasticity requires, for causality reasons, the introduction of
body wave dispersion (BWD) (Futterman 1962). In a medium with constant Q,
the P- and S-wave phase-velocity can be expressed:

Ai(wo)

Aw) =13 I A (wo) - Az(wo) - 1n (42) o

_ B (wo}
Bl(W) e 14 % . Bl(UO) . BQ(WO) -In (!:.-Jn) .

The layer index m is omitted in Egs (51) and (52). Aj{wo) and Az{wo) are the P-
wave velocity and the P-wave phase attenuation, while By (wo) and Bs(wo) are the
S-wave velocity and the S-wave phase attenuation at the reference angular frequency
wo {see also Panza and Suhadolc 1987). The quantities A, and A; and B; and B
are related to the complex body-wave velocity a and g (Schwab and Knopoft 1972):

(52)

1 1 .

1 1

- = ——1i-Bs. o4
R (54)

In the computation we have chosen the reference angular frequency wo = 2x radians.
In anelastic media the surface wave phase velocity ¢ must be expressed as a complex
quantity:

1 i,

- = ——i-{. (55)

¢ 1
C, is the attenuated phase velocity and Co is the phase attenuation, which is nec-
essary for the computation of seismograms. Cz can be estimated by using the vari-
ational technique (Takeuchi and Saito 1972, Aki and Richards 1980). The phase
attenuation Cj is given by Panza (1985}, Florsch et al. (1989), Panza and Suhadole
{(1987). For Rayleigh waves:

C2 = (2wisk)~" /Im(l4)

where E is the wave number in the perfectly elastic case and:

o

Iy =

1 A2
6 ) 2 2 2
{0+ 20 [t + 20w 44 (1+ g )+
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1, 2% ) }
2 = kX
+6p#2y4 A [(A+2#)(yzya+ ya)] dz

and y; = 0(z)/w(0) and iys = 7(z)/w(0),

Su = o —BE—TF)+ 20 f: 2
= eol(al-a3—a)- 28] - 6 - )] + ie2aras - 281 )
6(A+2u) = (e} - o} — &%) +i20m 0.

In these expressions a and 3 are the compressional and shear-wave velocities in
the perfectly elastic case.
For Love waves (Florsch et al. 1989, Panza and Suhadolc 1987):

oo 2
fﬂ'Bl-Bg-(—ggfk-g'i’-vz)dZ
Co=2 # . (56)

=]
¢ [ p-vidz
0

All these integrals can be calculated analytically, since simple analytic expres-
sions are known for the eigenfunctions. The details of the computations of Eq. {56)
are given in Appendix B.

The most important effect of the attenuation is the modification of the wave
velocities and the decay of amplitude in the final computations of seismograms. As
the variational technique is only an approximated method, the C; values can be
in error by as much as 20 per cent in comparison with the exact method. This
error arises mainly from the use of the elastic and therefore real eigenfunctions to
compute the phase attenuation.

Recently Day et al. (1989) showed the limits of the variational technique in
the locked mode approximation, which can be obtained by limiting the model with
a rigid or liquid halfspace. They showed that an error in amplitudes up to 100
per cent can occur when dealing with low Q-values. The error increases when the
Q-values undergo large variations with depth. Introducing a solid halfspace in the
model and using the structure minimization procedure prevents this kind of error.

9. Response to buried sources

To include the seismic source in the computations, the formulation due to
Harkrider (1970} is used. A detailed description of the fault model of an earthquake
used in the following computations is given by Panza et al. (1973). Accordingly,
in the reference system of Fig. 1, for the double couple point source, the asymp-
totic expression of the Fourier time transform of the J-th Love (Ur)- or Rayleigh

(UR, U} )-mode displacement at the free surface at a distance from the source can
be written as:

Up = R(w) % ..~ -kiﬁ -xr(©,h) - Ar -

LeTCn (57)
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—-ikgr
i — = 1/2 —-wr
U}}; - R(w).e‘bﬂ.ln‘.e 4 'kﬂf 'ED'XR(erh‘)'AR° ‘/Q_F € CJR (58)
Uy = e F.e5' Ur (59)

where R(w) is the Fourier transform of the equivalent point-force time function, n
is the unit vector perpendicular to the fault and has units of length, o = arg R{w)
is the initial phase and g0 = —u*(0)/w(0) is the ellipticity. The factors Ag and AL
are given by:

H

AL= TN, 0 .
and
1
AR_2-c-uvIl,_ (61)

where ¢ and u are the phase and group velocities for Love and Rayleigh waves
respectively.

The effect of anelasticity is expressed by the term:

e~wrCa (62)

where C3, which indicates the phase attenuation either for Love or Rayleigh waves,
can be determined as shown in Section 8.

x(8, h) is the azimuthal dependence given by:

xr(©,h) =do+i (di1,sin© + dy, c08O) + d3, sin 26 + dy, c0s20
for P-SV waves, and by
x2(©,h) = i-{d1, sin® + dy, cos©) + d3, sin20 + dy, co0s 20

for SH waves.

dy = 1-B(h)-sin) sin26

di, = —C(h)-sin)-cos2é

ds, = —C(h)-cos) cosé

ds, = A(h)-cos) -sin é

dag = —5-A(h)-sinX-sin2é -
di, = G(h)-cosA-cosd

ds, = —G(h)-sinX.cos2é

dy, = 3% V(h)-sinA-sin2é

dy, = V(h)-cosh-siné

O is the angle between the strike of the fault and the epicenter-station direction,
X is the rake angle, 6 is the dip angle and A is the source depth. The source
geometry and the coordinate system associated with the free surface is given in Fig.
3. A(h), B(h),C(h), G(h) and V(h) depend on the values of the eigenfunctions at
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/
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Fig. 3. Source geometry and coordinate system associated with the free surface. © is the angle

between the strike of the fault and the epicenter-station direction, &§ is the dip, A is the rake and
h is the source depth

the hypocenter:

AN O
By = (3 4a2(h)) w0~ 2(Ra?(R) wofe
1w
N OLYE
_ 1 viik)Y 1 _u(h)
Gy = #(h)( n )“k-y(m %
Vh) = l"ﬁ_(:‘l:”'tf:‘).

The asymptotic expressions (57), (58) and (59) allow the computation of syn-
thetic seismograms with at least 3 significant figures as long as kr > 10 (Panza et al.
1873) and is equivalent to the expression in terms of the seismic moment (e.g. see
equations (7.148), (7.149) and (7.150) by Aki and Richards 1980). The seismogram
related to a given mode is obtained by the inverse Fourier transform of (57}, (58)
and (59).

The extension of these results to the available formalism for sources with finite
dimensions and durations is quite straightforward; the necessary details can be
found in Panza and Suhadolc (1987).

. 10. Two dimensional models

The expressions (57), (58) and (59), describing the displacement due to surface-
wave modes, have been generalized to the case of two stratified quarterspaces in
welded contact (Levshin 1985, Vaccari et al, 1989). For example the radial compo-
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nent of displacement specttum can be written:

U = R(w) - e *C*/Y. e—wlt/ert'[e) | (~(LCa+'C2)

By [T 230 .
VT Vor feeul, 7 cos ¢’ f2c%uly,
It is assumed that the source and the receiver are situated far from the sharp
vertical discontinuity in comparison to the biggest wavelength of interest. Equation
(63) represents the radial displacement carried by the n-th Rayleigh mode generated
by a joint source at M(r, £) of a medium j, then transmitted through the boundary
between j and j’ and recorded at point M'(r’,£) on the surface of medium j* as
mode n'. As it is evident from Fig. 4 R and R’ are respectively the distances of
source and receiver from the vertical interface, £ and £ are the paths travelled by
incident and generated waves, ¢ and ¢’ are the angles of incidence and refraction.
In Eq. (63) the primed quantities refer to the medium where the receiver is placed
while the unprimed quantities refer to the medium containing the source. R(w) is
the Fourier transform of the time function relative to the source, ¢ and ¢’ are the
phase velocities, u and u' the group velocities, [ and I’ are energy integrals ¢’ is the
Rayleigh mode ellipticity of the receiver’s medium, x r(©, h) is the radiation pattern
evaluated for the medium containing the source, J = (cos ¢ cos ¢'/c)[(re/ cos® ¢) +
(r'c’f cos 3¢")] describes the geometrical spreading of the surface wave energy. The
effect of anelasticity is expressed by e~ (£C; + £ C}) where C; and C} are the phase
attenuations in the two media (for more details see Panza 1985).

The coupling coefficients [;;:(w, ¢, ¢', n, n’), necessary to describe reflection and
transmission phenomena at the boundary, will be discussed in Section 10.1.

10.1 Coupling coefficients

The problem of reflection and transmission of surface waves through lateral dis-
continuities existing inside the earth cannot be solved in an analytical way. Several
methods based on different approximations have been proposed to define and esti-
mate surface waves reflection and transmission coefficients. Here only the transmis-
sion problem will be discussed, but the same procedure can be adopted to describe
the reflection problem.

The approximations suggested by Gregersen and Alsop (1974) were chosen to
evaluate a set of coupling coefficients that gives a picture of how the energy carried
by the normal modes, characteristic of the medium with the source, and transmitted
through the discontinuity, is redistributed among the normal modes, of the medium
with the receiver.

The starting point is the stress-displacement system of the incoming surface
wave mode. Decomposing the incident wave into the P-component and the SV-
component, we turn to a solvable problem of reflection and transmission of P-SV
waves. Referring to Fig. 5, the problem will be solved for every single section on
the vertical interface as if it would be infinite, using well known formulae based on
Snell’s law and continuity conditions of displacement and traction at the boundary.
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M .
» receiver

-

saurce )
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Fig. 4. Geometrical scheme, in the horizontal plane, of the source-receiver system. The source,
located in M, and the receiver, located in M’, have the distances r and r’ from the vertical
boundary. The ray paths, £ and ¢/, depend on the angles of incidence ¢ and ¢/, defined through
Snell's law

Since the sections are in reality limited, in this way we neglect the effects arising at
the corners between the horizontal interfaces and the vertical one. We can think the
corner effects as giving rise to a system of diffracted waves. These arise because it is
impossible to satisfy exactly the continuity conditions on the horizontal interfaces,
too. With this approximation a reflected and a transmitted stress-displacement
system can be determined. They contain a P-component and an SV-component but
their combination does not give a Rayleigh wave any longer because the continuity
conditions at the horizontal boundaries are not matched. The medium with the
receiver is characterized by a set of normal modes corresponding to solutions of the
wave equation verifying the continuity conditions on the horizontal interfaces. Our
aim is to determine how each of these modes is excited by the modes contained
in the incident wave, or in other words, how the transmitted system redistributes
among the normal modes existing in the medium with the receiver. To obtain this,
the transmitted system is projected on the system of normal modes characteristic
of the medium with the receiver, using an appropriate definition of scalar product.

A stress-displacement vector for an incident wave identified by the subscript I
can be defined as

Ar = (u7,v1,Wr, Pred, Poyl, Pzsl) (64)

where p;; is the j-th component of the stress acting across the plane normal to the
i-th axis. The p;; (with j = z,y, z) stress components are considered because for
the geometry of the problem, stresses acting on the vertical plane z = { are only
involved. Defining similarly a stress-displacement vector relative to the normal
modes system of the medium with the receiver, the projection of vector Ay on
the vector Ay is performed via a scalar product, suggested by Herrera’s (1964)
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Flg 5. Schematic representation of the structural model used in the computation of the synthetic
seismograms in the 2-D case. Two welded layered quarterspaces, composed of n and r layers re-
spectively, are separated by a sharp vertical discontinuity. In the model shown, Hg (s =0,1,...5)

represents the depth of the s-th layer, a(z).ﬂ((:;, g)), ((:;, fi(z) and g,(z) are respectively the P-
and S-waves velocities and the eigenfunctions, stresses and displacements, for the two models

orthogonality relation:

1 = - - - - —
(Ar,An) = 5;_/ [1Byers + v1Peyrs + WiBesrs — PoeiTir — Peyi®11 — PearWin] dz
0

the bar denotes complex conjugate. Indicating the transmitted system by the vegg
Ar = (ur, vr, Wr, PreT, PzyT) p:uT) (66)
the quantity: )
m m
T = (f:,() AT '? ) (67)
(A AT AT AT

provides the amplitude of mode n’ of A;; due to mode n of Ay, contained in the
transmitted vector Ag. If the amplitude of a wave generated by an incident wave
of unit amplitude is preferred:

I‘”' _ 7(m m) (A(m) A(m))% <A(m) A(m ))
3J (A J(r'?) (m))g (A (m) A(m ))

(68)

[j;r is the coupling coefficient appearing in Eq. (63).
The approximations used to obtain I';; are:
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a) the Rayleigh modes for the two media are evaluated assuming each medium
as a halfspace instead of a quarterspace; this is a reasonable assurnption a few
wavelengths from the interface;

b} a system of diffracted waves arising at the corners of the sections is neglected;
this is a good approximation for a small contrast in the elastic parameters
characterizing the two quarterspaces (Gregersen and Alsop 1974).

The crucial approximation is contained in this last point. Although it is not
easy to estimate quantitatively its accuracy a criterion is given by a reversibility
theorem that is demonstrated in Section 10.3.

10.2 The coupling inlegral

To calculate < Ap, Ay > and < Ajyr, Ay >, once the explicit expressions
for the various displacement and stress components are assigned, the integration
indicated in Eq. (65) must be performed over the semiaxis z > (). At this stage we
limnit our analysis to the 2-dimensional case of the  —z plane, to the Rayleigh modes
and to normal incidence. These three assumptions are strictly connected because
for non-normal incidence as for the 3-dimensional case there is transmission of P
and SV into SH energy, so conversion between Rayleigh and Love modes must be
taken into account. The development of the pertinent algorithms and related codes
is presently in progress at IGG-ICTP. The integral (65) simplifies in the following
way:

o0
1 —
(Ar, Ay = % f[tl’rﬁuu + WP, 11 — PeoTUrr — PrarWif]dz. (69)
1]

Bearing in mind that the z-dependence is different in various layers, the integral
{(69) may be evaluated as a sum of integrals over each section. As it can be seen
from Fig. 5:

[o's) §=1 Hs+1 o0
fdz—v Z dz + /dz
0 =0 g Hs

where Hg is the depth of the s-th section.

These integrals can be computed both numerically and analytically. In the nu-
merical integration the eigenfunctions are sampled with a constant step (for frequen-
cies up to 1 Hz the step used is 250 m) down to the halfspace, where displacements
and stresses tend to zero, and of course the integration along z cannot be performed
to infinity but to some arbitrary large depth. To treat frequencies higher than 1 Hz
one has to reduce the eigenfunctions sampling step to follow correctly the number
of oscillations per cycle. Therefore increasing frequency causes the numerical inte-
gration to become more and more time consuming along with the limited precision
introduced by the approximated integration in the halfspace. These problems of
computation time and precision can be overcome by the analytic integration.
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Fig. 6. Model with lined up layers. There is no difference in the clastic parameters above and
below the dashed lines representing the fictitious interfaces

Developing the cross-products between stresses and displacements in Eq. (69), .
separately for the transmitted P and SV waves, it can be seen that the integrals we
end up with are of an elementary type, invelving sinuscidal and hyperbolic functions.
The difficulty consists in handling correctly the different situations existing in each
section, according to the values of the phase velocities ¢ compared to o and 8 in
the two media.

Let’s refer again to the structure displayed in Fig. 5, where the superscripts 1,
2 refer respectively to medium 1 and medium 2. On the left side the functions for
stresses and displacements are denoted by f(z) and the various parameters with
agg, B(zl)) while on the right side g(z),agf;,ﬁ(f)) are used.

For Hs<z<Hsy, f(z) = filz—Hs), o) = oV

For Hs_y<z<Hs, g(z) = gj(z—Hs-1), 38; = Orf-?)-

The integrals involved will be of the type:

Hsqy
Jogr = j dzlg;(z — Hs-1)fi(z - Hs)). (70)
Hs

The bahaviour of the functions f and g, depending on the values of the phase
velocity ¢ with respect to a(!), g1 o(2) 8(1) can be either oscillatory or exponential
(see also Sections 3 and 4).

The general expression {70) can be simplified if, in the starting model, some
fictitious interfaces are introduced so that the layering in the two structures is the
same {see Fig. 6}. In the new m-th layer the elastic parameters maintain the same

Acta Geod. Geoph. Mont, Hung. 28, 1992




SYNTHETIC SEISMOGRAMS 217
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Fig. 7. Depth-dependence of the eigenfunctions in the proximity of the halfspace

value, while the layer constants (e-g. Am, Bm,Cm, D for Rayleigh waves) and the
arguments of f and g change according to the new value of H,, (Fig. 6). This
occurs because a new interface, though artificial, imposes the introduction of new
continuity conditions. In this way any structure can be rearranged to a new one
where the layers are lined up. For this last case, as it can be easily verified, the
integrals required are simpler, and have the form:

Hm+l

Am
Jm= ] (2 = Ho) (s = Holl = [ delfm(2Jom()] (11)
Ho 0

where hm = Hmyy — Hp. The integral depends only on the thickness of the section,
not on its depth.

The case in which one or both the final sections are a halfspace is characterized by
an exponential decay of stresses and displacements at increasing z. In the situation
of halfspace ag > 3s > ¢ and consequently As = Bg,Cs = Dgs = 1, the integrals
to be evaluated have the form

Hs hs
/ dz [e—'r(l)(:—Hs—x)gs(z —_ HS—l)] - jdz [e—-r(l)zgs(z)] (72)
Hs_, 0
(e8] [+a]
fa’z [e"m("“ﬂs“)e“"(:)(‘“”5)] = fdz [e"'m'e_"r(z)(z - hs)] (73)
Hg 0

where hs = Hg — Hs_,. The situation is represented in Fig. 7 where, for medium
€8 = 1,2),79 = k®Or: , for P-waves and y(9) = k(‘)rs(,) for SV waves. A complete
list of the various integrals is given in Appendix B (Vaccari et al. 1989).

10.3 Normalization properties and reversibilily theorem

The general scheme to study the dynamics of contiuous media is provided by the
Lagrangian formulation. In this frame, using variational techniques and Hamilton’s
principle, it is possible to give a physical meaning to the integral appearing in Eq.
(65). In the case of Rayleigh waves propagating in the z-direction the displacement
assumes the expression

u(z, 2,t) = eI u(2), Osiw(z)) O <z< oo (74)
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Fig. 8. Energy exchange for both ways of propagation. The second higher mode of model C
and the first higher mode of model P are considered. The two curves practically overlap. The
reversibility theorem is satisfied for frequencies lower than 0.5 Hz, while the difference visible at
larger frequencies, still acceptable, is due to the approximations described at the end of Section
10.1

Looking at the normalization integral, Eq. (69):

1 oo
Jn = E_[[um(z)ﬁs:(km'z)+iwmﬁ=‘(km'z)_
o

- sz(km, z)um - ip:;(km, z)wm(z)]dz (75)
it can be demonstrated that
PR UL e (76)
w w

where ¥, is proportional to the energy transmitted per unit time across an infinite
stripe of unit width in the y—z plane. Thus it is convenient to normalize the surface
waves system in such a way that, for each mode n, the energy crossing per unit time
an infinite stripe in the y — z plane is equal to ¢.

(U, W) to (_J?“Tm \/_':%"-) . (77)

Furthermore, since the main part of the surface displacement can be represented
as a superposition of modes

u(z,z,t) = Z ame"(“"_"'""')[um(z); O; iwm(2)] (78)

d m

the normalization implies that the energy transmitted per unit time across the stripe

is given by
UE=)lam|*.
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Fig. 10. Transmission of energy from model C to model P. a) incoming fundamental mode: almost
all of the energy is transmitted into the outgoing fundamental mode, while mode conversion plays
just a sccondary role. b) Incoming first higher mode: mode conversion becomes relevant, and to
transmit all of the energy more than thres outgoing modes must be taken into account. In part b)
the thin solid line indicates the swn of the first three cutgoing modes, while the heavy solid line
is cbtained by adding also the contribution of C1P3, C1P4 and C1P5

For a layered structure with a vertical interface along the z-axis (Fig. 1), with
our approximations, the displacement on the left of the interface (medium 1) is
given by the superposition of N modes

N
u(z,z,1) = Z e~ ame T 4 bne T (um; O; fm) z< 0. (79)

m=1

Similarly in the right side medium (medium 2) the displacement

Nf
u(z,z,t) = Z e_i“"[aN+mre'i"M” + by am €5 ) (Fm; O i5me) z >0 (80)

mi=1
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is given by the superposition of N’ modes. The quantitites a;, 1 = 1,2... N + N’
are the complex amplitudes of the incoming normal modes; the quantitites b;, j =
1,2,... N+ N' are the complex amplitudes of the outgoing, refiected or transmitted,
normal modes. The linearity of equations of motion establishes a linear relation

between the two sets of amplitudes. Indicating with a = (ay,...,an4n'), b =
(b1, ...,bn4n¢) the two vectors of N + N’ components there is a matrix S such that
b = Sa. (81)

The elements of the scattering matrix S correspond to the reflection and transmis-
sion coefficients of the problem studied. From Eq. (76) it follows that the energy
incident per unit time on the discontinuity surface is given by:

(UE)ine =) lom|* =2 & (82)

m

The outcoming energy, transmitted or reflected into the different modes, is

(UE)ow =Y |bm|* =b-b. (83)

Since the total energy leaving the vertical boundary is equal to the incident one, S
is a unitary matrix i.e. _
Sst =1 5 Skj = bix. (84)

When the scattering into body waves is neglected, as we do here, $ is not any
more a unit matrix and the relevance of the approximation can be estimated by the
difference between S and the unit matrix.

Another property of the S matrix follows from the fact that the equations of
motion are invariant for complex conjugation and time inversion. This means that
if u(z, z,1) is a solution, also #(z, z, —t) is a solution. The linear relation given by
Eq. (81) changes to:

a=Sb=5%a (85)

so that _
SS=1 SijSik = bik. (86}

The matrix S is then symmetric, Si; = Sji, Si; being the amplitude transmission
or reflection coefficient from the mode j into the mode i {(b; = Sjja;). According
to the mode normalization given in Eq. (77), the energy crossing per unit time a
given surface is equal to 1. Consequently, S,?j corresponds to the energy transmitted
(or reflected) from mode j to mode i; from this it follows the reversibility property
expressed by the relation

An example of the exchanges of energy between two modes of two different media
in welded contact is given in Fig. 8, and shows, for the structural models under
consideration (see Fig. 9), the degree of validity of assumption (b) of Section 10.1.
In this figure, like in the following ones, the first two characters of each acronym
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Table I. Structure FRIUL7A proposed by Panza and Suhadolc (1987)

Thickness Density P-wave velocity S wave velocity @p

[km] [g/cm’] [km/s] [km/s]

0.04 2.00 1.50 0.60

0.06 2.30 3.50 1.80 30
0.20 2.40 4.50 2.50 100
0.70 2.40 5.00 2.90 200
2.00 2.60 6.00 3.30 400
3.50 2.60 6.20 3.45 400
4.50 2.60 6.00 3.35 100
10.00 2.60 5.50 3.30 50
3.50 2.60 6.00 3.50 400
2.50 2.75 6.50 3.75 400
2.50 2.80 7.00 3.85 400
7.50 2.80 6.50 3.75 100
4.00 2.85 7.00 3.85 200
3.00 3.20 7.50 4.25 400
1.50 3.40 8.00 4.50 400
9.00 3.45 8.20 4.65 400

refer to the incident mode, the last two to the outgoing one. For example, the
coupling between the second higher mode of structure C (incident mode) and the
fundamental mode of stucture P (outgoing mode) would be indicated as C2PF. Two
further examples, shown in Figs 10a and 10b, allow to appreciate how the incoming
energy related to one mode redistributes within the outgoing modes. When the
incident fundamental mode is considered (Fig. 10a), almost all of the energy is
transmitted into the outgoing fundamental one (CFPF ). Looking at the sum of the
outgoing energies (thin solid line), it can be seen that in the whole frequency range
it is enough to consider just three outgoing modes to transmit across the boundary
more than 90 % of the incoming energy. This is no longer true when the first higher
mode is incident (Fig. 10b).

11. Examples of computation

11.1  Frequency domatn

The layered velocity model in Fig. 11 and Table I is used as an example. It
represents an average structure of the Friuli seismic area in the southern pre-Alps,
close to the May 6, 1976, Friuli earthquake.

11.11 Phase velocities

The Rayleigh wave dispersion curves for the first 154 modes are shown in Fig.
12a. The modes are well separated for phase velocities less than about 3.35 km/s
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Fig. 11. Structural model FRIUL7A, after Panza and Suhadolc (1987)

what corresponds to the S-wave velocity in the upper part of the upper crustal
low-velocity channel. For higher phase velocities, the dispersion curves are closely
packed together. The first curves correspond to waves that sample only the first few
kilometers of the crust, while the latter ones correspond to waves that sample the
entire structure. Essentially three “quasi-osculation” types can be recognized (see
Fig. 12b). The first corresponds to horizontal “quasi-osculations” around a constant
phase velocity (e.g. 4.25 and 3.50 km/s) and are related to the structural layering.
The second is the standard sequence of channel and crustal waves (Panza et al.
1972) due to the presence of a low velocity layer. The presence of two low-velocity
layers is clearly recognizable in the range of phase velocities between 3.35-3.45 km/s
and 3.75-3.85 km/s. The third is made up of very steep “quasi-osculations” and
corresponds to a family of waves mainly sampling the wave guide formed by the
sedimentary layers.
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Fig. 12. a) Rayleigh-wave dispersion curves for the structural model FRIUL7A. The mode num-
bering is the following: 0 for the fundamental mode, 1 for the first higher mode, 2 for the second
higher mode, and so on up to 154. b) enlarged portion (modes 6-154) of part (a) showing the
effect of low-velocity waveguides
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Fig. 13. Love-wave dispersion curves for the structural model FRIULTA. The mode numbering
is the following: 0 for the fundamental mode, 1 for the first higher mode, 2 for the second higher
mode, and so on up to 153

The dispersion curves for the first 153 Love modes are shown in Fig. 13. For
S-wave velocities less than 3.35 km/s the modes are well separated. This velocity
corresponds to the S-wave velocity in the upper part of the crustal low-velocity
zone (LVZ). Modes situated in the part of the spectrum below this phase velocity
value sample therefore the part of the crust above the uppermost LVZ. In the part of
the spectrum with higher phase velocities the dispersion curves are packed together.
Since two LVZ’s are present in the structural model, areas are seen where the higher
Love wave modes decompose into families of low-velocity channel waves and families
of waves propagating in the upper crust. A member of the family of upper-crustal
waves can be identified at a frequency of about 4 Hz in the phase velocity range
3.35-3.45 km/s. Another type of apparent continuity of the phase velocities for
adjacent modes can be related to the structural layering (for example at a phase
velocity of about 4.25 km/s). Such parts of the spectrum represent refracted waves
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Fig. 14. Rayleigh-wave group velocities for the structure FRIULTA, The spectrum is divided into
three parts: a) Rayleigh modes 0-30, b) Rayleigh modes 31-90, c) 91-154

Acta Geod. Geoph. Mont. Hung. 28, 1998



SYNTHETIC SEISMOGRAMS 227

Group velocity (km /<)

Frequency { Hz)
Structure: Friul7A

Fig. 15. Love-wave group velocities for the structure FRIULTA, for the modes 0-30

at strong elastic impedance contrasts. They are characterized by phase velocities
which tend to become constant with increasing frequency.

11.12  Group velocities

The group velocities for Rayleigh waves are shown in Figs 14a, b, ¢. The diagram
has been divided into three parts due to the complexity of the pattern. Although it
is difficult to follow an individual mode, it is relatively easy to follow the behaviour
of channel and crustal waves as well as that of the sedimentary waves. The station-
ary phases with group velocity between 0.3 and 1.6 km/s, visible for frequencies
greater than about 3 Hz, correspond to waves essentially propagating in the low-
velocity sediments. For group velocities around 2.4-2.8 km/s, stationary phases are
visible at frequencies greater than 5 Hz; these phases can be associated with waves
propagating near the bottom of the sediments. The stationary phases, formed by
the combination of several higher modes visible in the group velocity interval of
3.0-3.3 km/s, starting from frequencies on the order of 3 Hz, can be considered the
high frequency equivalent of Li and Lg phases (Ranza and Calcagnile 1974, Schwab
and Knopoff 1973, Knopoff et al. 1973, 1974). For frequencies larger than 1 Hg,
two flat envelopes corresponding to the two-channel velocities can be easily seen
at about 3.75 and 3.35 km/s. Near 3 Hz an envelope of group velocities as low as
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Fig. 16. Rayleigh-wave energy integral I; for the structure FRIULTA. The spectrum is divided
into two parts: a) Rayieigh modes 0-30, b) Rayleigh modes 31-154
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Fig. 17. Love-wave energy integral I} for the structure FRIUL7A, for the modes 0-30

1.6 km/s is clearly seen. This corresponds to the waves sampling the sedimentary
layers wave guide.

The group velocity spectrum for Love waves is presented in Fig. 15. Modes
with group velocities less than about 2.8 km/s correspond to waves propagating in
the low-velocity sediments. In the part of the spectrum where group velocities are
in the interval 2.8-3.2 km/s, several higher modes form stationary phases. They
correspond to families of waves propagating in the upper crust and are characterized
by the same type of mode-to-mode continuation as in the phase velocity curves.
They can be interpreted as the high-frequency equivalent of Lg phases (Panza and
Calcagnile 1974, Schwab and Knopoff 1973, Knopoff et al. 1973, 1974}, which are
propagating in the upper part of the continental crust. The flat portions of group
velocity curves formed by a large number of higher modes at about 3.35 km/s and
3.75 km/s cotrespond to waves propagating in the upper and lower channel.

11.13 Energy integral

The energy integral can serve as an estimate of the contribution of the differ-
ent modes to the surface displacement. In general, neglecting the influence of the
source depth on the excitation of different modes, small values of the energy inte-
gral I, correspond to large surface displacements. For Rayleigh (Fig. 16) waves
it is interesting to observe that for frequencies smaller than 3 Hz the fundamental
mode dominates, while around 3 Hz several higher modes are characterized by small
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Fig. 18. Ellipticity of Rayleigh modes (0-154). The clearly visible discontinuities (e.g., at about
3 Hz) are due to the crossing of wp through zero

values of I;. These modes mainly sample the sediments. In the frequency range
between 3-6 He, the first higher mode is dominant, while for larger frequencies the
fundamental mode again dominates the surface displacement. A common feature
to all figures are the very narrow peaks around 3 Hz associated with the presence
of sediments. If the source is located near the sedimentary layers, one may expect
significant surface motion mainly in the horizontal component even if Iy is quite
large. In these portions of the spectrum, the eigenfunctions are characterized by
large lobes concentrated in the sedimentary layers, and the ellipticity (see Section
11.14) becomes very large. Also, the fundamental mode is not dominant, i.e., it does
not have the smallest I)} over the entire spectrum due to the sedimentary layers.

For Love waves, on the contrary, in the whole frequency range, the fundamental
mode has the lowest values of I; (Fig. 17). For a shallow source, the fundamental
mode generally dominates the surface displacement. The mode-to-mode continua-
tions in the lower part of the energy integral curves correspond to the high frequency
equivalent to Lg waves. The low values of the energy integral indicates that this
waves can give rise to significant amplitudes at the surface. Most of the energy
of channel waves is concentrated in the channel. Therefore, the energy integral of
these families takes higher values than that for upper-crustal waves. For a given
member of this family the maximum displacement in the low-velocity zone becomes
larger relative to the displacement at the free surface, with increasing frequency.
Therefore, the energy integral of this member is characterized by increasing values

with increasing frequency. This can be seen in the general pattern of the upper part
of Fig. 17.
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Fig. 19. Rayleigh-wave quality factor @ for the structure FRIUL7A. The spectrum is divided
into two parts: a) Rayleigh modes 0-30, b) Rayleigh modes 31-154

11.14 Ellipticity

Another important quantity describing Rayleigh-mode particle motion is the
ellipticity €0 = —u*(0)/w(0), i.e. the ratio between the horizontal and vertical
components of motion at the free surface. It is very important to observe that
£p has abrupt discontinuities. More precisely, at some frequencies gp — +o0 as
a consequence of the fact that w(0) passes through zero. This is not an obvious
property, and it strongly depends upon the elastic properties of the layers closest to
the free surface. For frequencies not exceeding 1 Hz and for Earth models without
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Fig. 20. Love-wave quality factor @ for the structure FRIUL7TA, for the modes 0-30

sedimentary layers, these discontinuities are present only once in a given mode and
only for modes with large order-number (Panza 1985). However, when there are
sediments at the top of the model, several discontinuities are also present in each
of the first higher modes (Fig. 18). Thus, due to the presence of sediments, the
particle motion of several modes is essentially horizontal over a quite wide frequency
range.

11.15  Quality factor @y
The phase attenuation Cy is related to the quality factor Q. by the relation

1/Q: = 2C:1Ca

where (] is the anelastic phase velocity (Knopoff et al. 1964, Schwab and Knopoff
1971). For Rayleigh waves the quality factor is presented in Fig. 19, while for
Love waves in Fig. 20. It is practically impossible to follow individual modes in
their entirety, yet it is relatively easy to see the effect of the layering in @, and
Qs. For instance, the fundamental mode shows a large peak around 0.5 Hz and
this corresponds to wave propagation in the crust outside the low-velocity layers
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Fig. 21. Coupling coefficients, for both propagation directions (CFPF and PFCF ), for the fun-
damental mode of the continental {C) and Pamir (P) models. Heavy lines indicate the results
obtained by Levshin {1985), while the values obtained by Vaccari et al. (1989}, following two
different approximations, are represented by thin lines. For each direction of propagation, the
upper curve is for the approximation where reflections and transmissions are not consaidered at

the vertical boundary, while the lower curve is computed taking reflections and transmissions into
account
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Fig. 22. Comparison between the observed ground displacement (top trace), the synthetic signals
(middle trace) computed by Swanger and Boore (1978) and synthetics computed by Florsch et
al. (1989) (lowest trace) for the Brawley, 1976 earthquake as recorded at station IVC. For the
synthetic signaks a vertical right-lateral strike-slip point source with source duration of 1.5 3, placed

on & vertical plane at 6.9 km depth, is considered. All amplitudes are normalized to a source with
seismic moment of I dyn em

where Qg = 400. For frequencies larger than 3 Hz, several modes are characterized
by very low values and this indicates wave propagation in the upper sedimentary
layers where Qg does not exceed 100. The trapping in the low-velocity layers,
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Fig. 23. Displacement, velocity and acceleration (lower three traces}, computed for a receiver
placed at 30 km distance from the source. The displacement is decomposed in different sets of
modes (upper three traces). It shows the contribution of the higher modes to the signal waveform.
A point source with source at a depth 7 km is considered (angle strike-receiver ¢ = 280°, dip
§ = 30° and rake A = 115°). The source rupture velocity time-function is modelled by a unit stop
function. All amplitudes are normalized to a source with scismic moment of I dyn em. The peak
displacement is in units of cm, the peak velocity in units of cm s—! and the peak acceleration in
cm s~ (after Vaccari et al. 1989)

characterized by @p = 100 and Qg = 50, is clearly visible for several nearby modes
that have almost constant Q, close to 50, 65, and 100. The value 65 represents the
weighted average by layer thickness of the values 50 and 100, both present in the
upper crustal low velocity zone. Qg is very low in the sedimentary layers. Modes
mainly propagating in these layers are therefore characterized by low @ values (e.g.
see Fig. 20 for Love modes). This is the case for the first few modes, especially for
the fundamental and first higher mode. The effect of layering of Qg can be observed
for several nearby modes that have almost constant Qxz, for example Q. close to
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Fig. 24. a) Transverse component of acceleration-time series at different distances from the source
{15 km, 3o km, 50 km and 100 km). A point source with source duration of 0.5 = and 7 km depth
is considered (angle strike-receiver ¢ = 280°, dip § = 30° and rake A = 115°). All amplitudes
are normalized to a source with seismic moment of 1 dyn cm. The peak acceleration is in units
of cm s~2 (after Vaccari et al. 1989); b} Radial component of acceleration for an instantaneous
point source {h = 6 km, ¢ = 68°, § = 15°, A = 75°} with seismic moment |[Mos| = 1 dyn cm as &
function of the epicentral distance r; from top Lo bottom r = (a) 10, (b) 30, {c) 50, (d} 100 km.
The maximum zero-to-peak amplitudes are normalized to one. In this and all subsequent figures,
the number above each seismogram gives the peak acceleration {here in units of 10722 emfsec?),
and on the horizontal axis the time is given in seconds. The structure used is FRIULTA
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Fig. 26. a.-Coupling coefficients used to compute the synthetic seismograms shown in Figs 27a
and 27b

65. The resulting Q. values are close to the values Qg of the structural model for
Love wave modes whose eigenfunction mainly sample the corresponding part of the
structure.
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Fig. 26. b. Coupling coefficients used to compute the synthetic seismograms shown in Figs 27¢c
and 27d

11.16 Two-dimensional case

To compare our results with the ones obtained by other authors, the coupling
coefficients have been computed for two lithospheric models (Fig. 9}, whose elastic
properties were proposed by Patton {1980) and used by Levshin {1985). The cou-
pling coefficients obtained by Patton (1980), applying the method proposed by Its
and Yanovskaya (1985) to the fundamental modes of the two structures are shown
as heavy lines in Fig. 21, while thin lines represent the results obtained by Vaccari
et al. (1989). As one can see, in the common frequency range the agreement is
very good. For each direction of propagation two thin lines are drawn: the upper
one has been computed by simply projecting the stress-displacement system of the
first medium on the normal mode system of the second one, without taking into
account the local effects introduced by the vertical boundary. This represents a
possible simplification of the method and of course has the advantage of requiring
less computation time. In this example, the results do not differ very much, and it
seems that the coupling between the modes is highly dependent on the difference
between the eigenfunctions of the two systems, and that the refraction at the ver-
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Fig. 27. Synthetic displacements obtained for a source-receiver distance of 100 km, according
to the geometrical scheme of Fig. 25. Source in the C model and receiver in the P model: a)
vertical component, b) radial component. Source in the P model and receiver in the C model: c}
vertical component, d} radial component. The instantaneous point-source used corresponds to a
double-couple 10 km deep defined by: strike-receiver angle 60°, dip 90°, rake 0°

tical boundary plays just a secondary role. This may be no longer true for models
where the contrast between the elastic parameters of the two structures is very
strong, and for different angles of incidence.
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Fig. 28. Synthetic displacements computed for C and P models separately, using the same source
parameters of Fig. 27. C model: a) vertical component, b) radial component. P model: ¢} vertical
component, d) radial component

11.2 Time domain
11.21 One-dimensional case

The first example corresponds to the November 4, 1976 Brawley, California
earthquake. The structural model and source parameters have been proposed by
Heaton and Helmberger (1978). The structure is given in Table II. Since Swanger
and Boore {1978) computed synthetic seismograms for this event with the mode-
summation technique limited to the perfectly elastic case, their result provides a
useful test, even if limited to the perfectly elastic case, for our programs. Therefore,
the source parameters used in the synthesis are the same as those given by Swanger
and Boore (1978).

A strike-slip point source is placed on a vertical plane at 6.9 km depth. The
rupture velocity time-function is a symmetrical triangle with a base of 1.5 seconds.
The rupture velocity time-function is given by (i/w) - R(w), where R(w) is the
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Table II. Imperial Valley atructure proposed by Heaton and Helmberger (1978)

Layer Thickness Density S-velocity
[km)  (g/em®  [km/s]

1 0.95 1.80 0.88
2 1.15 2.35 1.50
3 3.80 2.60 2.40
halfspace 00 2.80 3.70

Fourier transform of the equivalent point-force time-function. At a distance of 33 km
from the source, the displacement consists almost entirely of the fundamental mode
and the first higher modes (Fig. 22). The transverse component of the recorded
displacements at the station IVC, 33 km from the source is given in the same figure.
The upper frequency limit is 1 Hz. It can be seen that there is generally a very
good agreement between the two synthetic signals. There is only a slight difference
in the value of the peak amplitudes and in the coda, due to the effect of attenuation
included in our codes. Similar examples for radial and vertical component of motion
are given by Panza and Suhadole (1987).

In the second example we present synthetic seismograms for the structural model
FRIUL7A shown in Table I. The upper frequency limit is 10 Hz. The source pa-
rameters correspond to the Friuli, May 6, 1976 earthquake in the point source
approximation, with the source parmeters taken from Suhadolc et al. (1988). The
receivers are chosen in the direction of the dominant lobe of the radiation pattern
of SH-waves (north-east direction, with a strike-receiver angle of 235°), resulting
from the selected source parameters. Synthetic ground displacements, velocities
and accelerations are presented in the lower part of Fig. 23. The signals are filtered
with a Gaussian filter (the first filtered frequency is at 9 Hz and the reduction of
the amplitude by factor 1/100 at the cutoff frequency of 10 Hz). This filter prevents
ringing due to the cutoff frequency. A decomposition of the displacement into dif-
ferent sets of modes is presented in the upper part of the figure. It shows that the
higher modes are essential in defining the shape of the waveform, especially in the
body wave patt of the synthetic seismograms. In Fig. 24a, transverse component
synthetics due to a source with a finite rise time are presented. The rupture velocity
time-function is a symmetrical triangle with a base of 0.5 seconds. The signals are
filtered with the described Gaussian filter. As expected, the energy is shifted to
lower frequencies, as the duration of the source is increased. The strong phases at
about 35 s, for the signal at 100 km distance from the source (lowest trace), can
be identified as the Lg phases. In Fig. 24b an example of the radial component is
given.

11.22 Two-dimensional case

Synthetic displacements have been computed putting an instantaneous point-
source, corresponding to a double-couple, in one medium and a receiver in the
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other one, according to the scheme of Fig. 25. Both the source and the receiver
are 50 km away from the vertical boundary, and the parameters defining the source
are as follows: depth 10 km, strike-receiver angle 60°, dip 90°, rake 0°. For each
model the fundamental and the first two higher modes have been considered, and
the contribution of each incident mode to all of the outgoing modes have been
computed. The coupling coefficients for both propagation directions are represented
in Fig. 26, while the seismograms — vertical (V) and radial (R) components —
are shown in Fig. 27. In each frame, from top to bottom, the displacements due
to the nine possible combinations between the three modes of each model and their
sum are plotted. Each seismogram is normalized to the peak value of the sum, and
this allows to fully appreciate the relevance of the energy exchanges between modes
of different order number. The synthetic seismograms of Fig. 27, when compared
with the seismograms computed for the two models separately (Fig. 28), clearly
show the effects of the lateral discontinuity.

The application of the reversibility theorem gives the possibility of evaluating the
reliability of the results, even when very complicated models, with high contrasts
in the elastic parameters, are in welded contact. Although no comparison with
experimental seismograms has been tried yet, the results obtained in the present
work encourage us to extend the frequency limits and to take into account the
contact of more than two structures.

The analytical integration proved to be accurate and extremely time-saving (up
to 80 % faster than the numerical integration, when the eigenfunctions sample the
model to the maximum depth).

Appendix A
Derivatives of the matrices for the computation of the group velocilies

Three cases have to be distinguished: ¢ > 8, ¢ < fm and ¢ = . To avoid
too heavy notations, layer indices m and n are dropped. The S-wave velocity is
denoted by 3. Introducing body wave dispersion, we have:

8= B1(wo)
1+ 2. Bi(wo) - Ba(wo) - In (£2)
B (wo) and B3(wp) are the phase velocity and the phase attenuation at the reference
angular frequency wy. The rigidity is 4 = pf?, ¢ is the density and d is the thickness.
Derivatives with respect to ¢ are denoted using a dot symbol (-), while those with

respect to w are denoted with a prime symbol ().
If the halfspace is solid, we use the quantity s {Schwab and Knopoff 1972):

- ()

bs p-c
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The layer matrix is:

bi; = cosQ %i‘L'g .
poresin@Q cos@Q

We have:
b _QfsinQ
. c- (¢ - %)
b = 1 ( c- st Q. p*- cosQ)
12 = u 5% .3 c r-(c2 — %)
- c- st Q- -r. cosQ)
R ¢ (= F7)
b = —a(o- agz;gu)m
; _ d r 2 Bg(Wo) 2-Bz(wn) ¢? .
1z = ﬁ(? W)cosqur-ﬂ~r-g-w (2—ﬁ2.r2)st

) . . B 4B 2 .

5 = p.r.d(-:-——un———-——z 52‘(;03 C)cosQ+2 2(“::.)“’# 8 r(2—ﬁ——:‘r2)st

second case: ¢ < f3

we use here the following notations:

1/2
r=—i-(1-—(f§)2)/ with r=i.-r"
=w-r-9=fk.r.d with Q=i Q°

subsequently:
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The layer matrix is:

b [ cosh Q* M }
iy = .
o

p-r
r -sinh Q"  cosh @*

We have:
; Q" -7 - sinh Q*
N CEy )
b - L ( ¢-sinh @* Q G- coshQ)
2T G2 . p c-r* (2= 3?)
: c-sinh@ @Q*-4%-r .cosh@*
bzl = H '( ﬁ2 r - C‘(Cz—,@2) )

Vo r*  2-Byfwo)-c

b = “(ﬁTW sinh Q"
P d r’ 2. Ba(wo) ¢ .
bl = o (?+——m1r-ﬂ-r‘ )coshQ -

2'32((.;.?0) Cz . -
—W-B'T“ (2+ﬂ2.r_,)sth

b, = #.r*.d(r_ M)cosh()'n

c -8
2. By{wo)-p-8-1* ¢? . .
- 2 :-w (2“{32-1"’)31“}10 .

third case: e =3

Here, r = Q = 0. Calculations at the limit ¢ — 3 are required. The layer matrix

becomes:
1 w-d
b; = p-c
0 1
We have:
w2_d2
bll - - Ca
. w-d w? . d?
b = - . - -
12 P (l+ 3-c2)
: 2 pw-d
by = "Cz
b, _ 2-d2~w‘°82(ug)
i =
*-c
' d I 4. BQ(UU) 2. Bz(wo) -w2 . d3
b = ~-[=-- + 3
7 ¢ 1 3-mop-c
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' _ _4'F'd'B2(W0)

21 r

Appendix B
Computation of the integral quantities I) and C;

The notation S-L denotes the transition from the solid to the liquid or rigid
halfspace, while the classical solid halfspace will be denoted S-S. The dot symbol {-)
is used here for the derivatives with respect to time. Let us first define the integrals
JL,J2 and J3.

With
gmn=k-rg, (2= 2m_3)
we get:
Tm
JL = cos? gmdz
Zm—1
Zm
J; = / sin® gmdz
Tm—1
Zm
JA o= j sin gm €08 ¢mdz.

Tl

We shall also use J4, 73, JS and J7 which are defined below. We have to distin-
guish three cases: ¢ > fm, ¢ < fm and ¢ = fn.

Forc> By
dn  c-sin(2Qm)
Jp = 2, =T
™ 2 + 4.w-rg,
2 dn, c¢-5in(2Q0.m)
Ji = = - -
2 4-w-rﬁ_
B = c-sin? Qm
™ T 2werg,
74 c-sin® Qm -_'.]f"_‘_
m 2-w-rd T s
5 2 2 6 2 4 7 J2
szf'B 'Jm; Jm_rﬁ Jl'l'l’ Jl’ﬂ = ‘r—g_
Fore < B

dm -sinh(2Q7,
_+cs1n(Q)

1
I 2 4.w-ry

i
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dm  c-sinh(2Q7,)

R o=
m 2 4-wery
2= i-c-sinth:n
2 w- 5
4 c-sinh’Qp _ J3
m 2.w- r';l rt‘,m
2
I o=y JA; U =—ry o JA Il = —i.";-.
Tom
For ¢ = j,,:
J,%,:dm; J,f,:O; J,?,:O
4 _ w-d? 5 _ p 6 _ 7 _ w?.dd
Jo = P Jo=0; J) =0 J"'-_3c2
B.1. Energy iniegral
The energy integral is:
[=+] . 2
I =].9- (H__v(z)) dz.
Yy
0
For a layered medium, the energy integral can be written:
2 n
(;}%) -3 Iy for the (S — L) case
m=1
L = (B1)
2 n
(:ﬁ;) . (( z_jl 1(,,,)) + 1(3_5)) for the (S — S) case
with:
Z B 2
#(z
I(m) = / Om - (—(C_)) dz (B?)

00

fis-sy = ./en'(é(:))zdz (B3).

Im—1

The integrals can be written:

2 e 4
— 2 b 1 (yzm-l) “Im Wney  Yro, I
Imy = —om-k°- (Umul'Jm+ kZ - pZ, + k.pml
I _ &n 'vz-l -k
5-9 = 2-ry
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where vm is the displacement in the m’th layer and y,,, is the stress in the m'th
layer.

B.2. Phase altenuation

The coefficient C; is given by:

o 2
fp-Bl-Bg-(-!‘!‘—g+v2)dz
] pook

Cz: ) .
c[p-vidz v
]

C? can also be written:
I+ P
c-I3

with:

o0 2 o9 . 2
I = —/F‘BI'BZ'(E) dzzkz-vg-fp-Bl-Bg~(v€ )) dz
¢ g Yo

3 2
P’ = fy-Bl-Bg-%dz
/]

; N g it [ (FOY
r = -ftu - dz=k"-vy- | p- . dz.
0 0 °

To compute I' and I? we can use the same scheme as for I?, assuming simple
substitution in multiplicative coefficients:
for I' we shall use (ym By, Ba.. k*v?} instead of p, and
for I3 we shall use (gmk?v?) instead of ppm.

Let us now consider [? for the S-L case. We obtain:

n
Iz=k2'zl‘m'31m By Lm

m=1

while for the §-S case, we have:

2

n—1

k-p,-By, By, -vi_, 13

12=(’=2-Zum-51m-3mm)— o Plo T2 ot T
m=l

The quantity L,, is given by:

y-?-m-L 'I("") _ 2 “Um—1 Yrman " ‘]21
k2. pk, k- pm .

L = vy I+
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