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Diffusion

(1) Sinjlc. E?uo.iﬂg

DL&LKSII"\ X SMO‘D'H'M‘Y\J , 'l"ﬂz.vuill:‘nj
(1) Heat zithflﬂ\

Uy = Bu i xR y /\?
A

}-'3-:0 on DN xR ?

wix, 0) = @) 30 an 12

Q . baumlu( smooth domain n R_
v unt ovdward, novmal to 282

¢« UGLE) becomes smovth as soom as t >0 and
w(e, ) — ——-j godx (= Constant)

as +—>od,



( i.') Reaction— 'Diuu.sim

Uy = Bu + fiu) ~Qxr?
‘%—'—3—- 0 a'n’DQ.xR*
| u(x, 0) = @(x) an 2

. ( Matane, Casten- Holland , (17879 )

Q convex = Mo stable memconstant s. s.
(s.s.+ steady states)

. (Mod'xn‘o)

“bustable "
- Hale + tha.t ((19%¢) , Jémbo + Movita (ﬂ.ﬂ’—-??)



(I[) 2x2 ()(Jf-cms

“'t = dlbu + f(u,\/> {:'“-Qx(of‘r)

V, = d, 8V + &(u,v) in 2 x(0,T)
du _ vV _ x
d, ,d

2 ¢ A—i“usim\ rafes for w, Vv, rssp.

e Such a sydkm LS ogtc'n cmmrarzd o its
" kanetic syskem ( ODE)

& ’u’t = f(u, v)
(v, = }(u v)
. D«{,Luum driven msi’a.bd‘rj ( A Twu-nj (952)

. 'Di“ouio'n—imducd exf«fmd‘&o’r\.
( Tida , Muremalsu, N-mei)m& Yc'maji.dA_, (995 )
- Diffusion - indueed blm-'-u-?

( MLz-ojuc‘w N&maya- & )(amaﬁu(«. |‘l‘17)
( Wu-nberjcr (998 : d, =d2 )
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An Ad‘iv«tor-l'nhi.bitor <]~fr¢-‘l~‘\.

P
“{=J‘Au—u_‘+%" ('-nﬂlk*

— r L]
f‘ft"'dza"“"“'-:fg in Qx &'
?
% <35 =0 on 282 x R™

- Glever & Medinhavrdt ((1972) L?, ' \ |1"°)

- Mcat:-n.‘\arJ:t' ¥2
. E_e,jcur‘aﬁbm of EJM 4. Trcmblef CLT74d)

. _&ZJV‘A : 'Biofojial_ nxfe.v-i.mzni's

=> Not due Lo cell ortentation
tut o a “?moh.d "dpw‘w_rfj :

U
{ W : activator (.dowlf di“usin]) L-
v+ imhibitor (rmpidly digfusing) L |

(_A. Geerer: 'Prej-‘giofhj.s- Molec.Biol. 37 (1971) ]
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An Activator-Inhibitor ff.rfc.w\.

?
u,tzd,Au—u.-fﬁ‘- n 22 RY

v . +
‘C_t—JZAV—V-(-%g (n S1x R
{5—-—%{--0 on 20 x R™

—t
J(<<Jz 04? < Y
b

1 st
- Giever & Meinhardt (1972) U \ \ ‘1' |0)
-~ Mainhardt | 1982
+ Diffusion—driven instab L(i.{),: ( 7'“,,;_“3)

X The Constand 5.S. u=2ve|Js ‘“7‘"‘(" jlobctlly

stable '-" < ;ﬁ‘ without d‘“ustm !’.. 6‘”
. ‘ T :
s hinetic S)r.ctcm - B nu : ‘1‘ .

However, with Ja{[,uswn cvd:ruJu,e.cq!. , S“j ,J,:
& d, !.MTL, then the soluklon uz=v=| Bccms uﬁs-ia
qu_risbicd(); : Q«crhciﬂj b L)' ome 06 s ujc-n.vaiul.s

7\*_ in the Livearized op.md'or

[ AU (—ddk'f(?-l) -4
..}C: __s_:_l, .m'+k &y siom "E' z"t s+l

'\M'\T‘ro'luu.el
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3. What do we know about (¥) 7 1419(’%‘_% ¢ smedl

?

l?t’é ~1993 n o series of ?oftrs,[Lifn, N(,Ta.kd-f"
variottonoad functional (* energy “) en HY(Q)

Je(w=1% jn(f«zlvwlz‘!'ut)'#ﬁ ‘[Q u, O
1'_.—/--‘1' 3 o lLast—xngy sodutlon Ug which has

Ldei—Aey coNne (f.oc.aﬂ, f“'v\,us 9-&7{;—11_) *rno\xi'mwrr\_
ok B in O ( (2. the si-nﬂlL ka) . Moreove:

* €D and HIR)—=max H, H denotes the
“Mean caarvature of 90 ( tg.{'hc'mosi'—curved"w /

) u&(‘?&“‘-}'))'—’ WC)!) as £ — 0, where 4(;‘ Ls a

JL%{,omardvl'uSM st Yaiﬂki'ew'\i'nj 22 naav R_ &

W (5 the wr\i.%ul_. ?o.sa'k?v—c. solution of
{ Aw-w + w¥= 0 m Rq\,

W(d)= max w I wW—>0 atoo

Idea : Jglug)= z“‘(zL I(w) — £ C-H(R) + o(£)>
( E:j:*_il&.r patunbation mm—ﬁadwmai)

— T . W W



Ideas of the WProof

o Existence_of Us % Const. (for small & )
( Mountain-Pass & MNehari's constrained
Wimimization. )
- A Sflkﬂv-l.ayer has £fs tmergy concevdirated
in a smadll nbhd of its 'fmk.s
= «; has o-nfy one vak (P,_GE

« Enerqy of o ¢ bmﬂdary—fu-k"

S -ZL . zmer?y o{ an at"ni'cri,ov‘--d:%k. )

=> ¢ €20

© Move delicate : Where cn 2R showdd 7, be 7
d Tl = & (L10) - ceH(R) +0(e))
=> To 'mimi—mia,b fe (u&) - need to wxumg,c H(%)_

- To obfaim_(-(-) , need Lo £irst obtain the /a'n
accuvrate uaﬂroﬁb- ' of u,



Structure of the Solution Set of ()

For & lange , u=|( (s the only Solutinm of (k).

. Mul&'-—dvzak ffike- La]e,rs . (PuJLinJ the " mr”" &'4»'-*-/
medbod ‘m*ew.r, Guid Wai (1997) ?m«:( , for any
inleger k>0, 3 a solutiom of () wnth ractly (3
*e,uks, fF £ is Suw.u'autl] Swall.

— inte riovr "’Mkj : ol alike ‘ ‘-“kaerc Fack«'vj ‘
- boundary peaks 2 all afika aflso.

* Related wovks : Aliabes, Bakes [sco, Kowafctylr. , Chen,
ded Pimo , Felmer, Li, Alawma , Rabinouits, Nirenbevy, -~

* If we vaaw Sfi-h"‘rn a1 0-dim'l ( the set where
e 5("“-’-"“7% doss vl tond Lo O as £—>0 cmsisTs
of owmly isoloted pindd), them we have

Covjecture. : Fov amy imteger k. betwasn 0 & e,
(%) has * k- dimt 147"' solihions .
Q_V.( 1 E‘heryy LLVJI Of ‘k-Jim'L ?47@(' SOWS ave,

* Criticaf _Qtfcmenrz X, Wa:r\J , Pan, Z. Wq'nj, (NT])
Adirnurthi Yadava , Pacella , --- . (NOT“ROM')
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» the shadow system (4 =¢*)

Let' u; be o least-enevgy solukon of Ge). Sat

~ol r
§.o = Ja Ue & u*g,.o = E:/C?—\)u.

& ]
where .(-.—.%_—T——(SH) >0. Then (“‘L,-%’E-o) LS a

$.5. of the shadow System 2

" ""-?/ [ §r—p-Cs+1) ]
& ,d
r

£, = —nc?-l)/(q.r-(p-o(s-t-()l | " W e
gl AR

o the (riever ~Meinhardt system

(O«nﬂ,’ for m=1 or Q1 wm.al.(y Srmmtm)
35,50 smatl & S {Vm-: 2
.-Eﬂ-—tve\’f—mm!i—f-—a’b 1“"';]" c.t. Vd:)'D

3 55 (g y, vp ) of (M) with

i

Ue d = Yg o ¥ C(x; &, Jz)

E,dy = §.o +'+( £,ds)

where (QIL“H‘ML"__)O as dy—>o00
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PSfa.hLMy =i & Q = the unit interval (0 1)
(jomt work : Ni, Taleags & Ya.m,«la.)

+ Shadow System : Set Ja%—(s+u)>o & v=2

.T__‘.\___:___ { <Z<S,fhen éoro( and. J,a-'?. small ,
3 -cc=t'c(?,%,r,s,z) >0 st
(@ o<t = (u, t,) is stable.
M <=<. = 3o [aomilyof periodic solutions
bifurcating  [rom (K‘",L).
@) <>t = (U, 8,.) is unstuble,

T . O] £25, then (4pn,5) is dlaps mﬁw&
bﬂ' oAd & & su“ small. :

e Glevrer- m.wnl\au-clt svrit’m

. OPEN: The rich structure oL s‘t':.a.o\y states -makes

the ;..:‘!'.‘I"“M“L“ u‘t'R.mdy fv\to.v-f.sr‘dnj amd
c‘\cu.u\ji'hj )

LE Y-y



o Multi- €,¢4h Sdp,i.ke.-l.a.]_g'_ SXeady Stales
O.jain, assume m=1_ 6 {2 = (0, 1) & r=2
Sha dow f)r.rif'-e-w\ 5.5
. Existence : Construction of solutions of “wiode k

.

la), rafLaction
N ’k-’—'
Nt
A
{
k=t n Ll k=3
; | v |
: " . o 4___,,} A
0 | o Ya | o 10 Y3 Y3 |

o« Ingtwbility Theorem . Steady state seludione of
LwvTY) mode k., k32, %%Lungnu@
Gréerer- Maimhardt™ Syrtem
The above result holds i d; is suff. Llarge .

'Ca-njutm: Qs d, decveases | move & move
udti-peak sri]u-—ﬂa/zr S‘i’uﬁ shates

become stable .




The /u)r raihts here are

1) the gep belween the diffusion coeffs. d, , d,

(ie. the activator U must J,cuuse S‘fawly) .4
the imhibitor v must J,CHuse __v-&?i_);(r )

(2) the combinakorn of (1) uith +he “correct

reaction. ferms,

To iuusi'rad’c, (2), we shatl c:ns'io(-c\r- the
clossical.  Lotka—Volterra co-movdi&'m

— diffus éon Sy.rt?:m.,



@

EXAMPLE . Lotha—Volterm _Q’r_nﬁfdtm _gys:tew\

( u*= JlAbL“‘u(a('—bﬂ*_c\v) CV\SzK(OIT)

Uix, 0) = Uptx) , VIXe 0) =\, (x) m €2

W_Wop on 20x(0,T)

0
QU censtants a. | L;) (;,d; ane ?asizh‘ve. ond
Set = 4 = b - &
Q2 € b, C = 1
Cases
)] A?’W\auc{B,Clj

W A< men {8, Y
(%) B> A>C (weak compelition),
(u,v) — (u,  vg) as £ >0 \f\’
f Uy, Vi) s 3Qobaff),
asym(,tatccaﬂ), stable, f\ (U, Vie)

T cendan .

( -"n ‘(FMA , s Qb u=Crv =0 ;\ —u
UW\‘PI&Q.S that "CJ/\.& a["‘blu-""CgV-o
lo M neoncostnt <. S.>

[ noe mattin what J. ,sz.‘:l
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A Cross—Diffusion S']d'e-m n ‘Eo'ulat{m q-na.m.f.c_{
(Shigesada., Kawasaki & Teramoko. J. Theo. Biol.1979)

(U SA[(JI+PIIu+eltv)“]+u(a!"'bu"clv) ‘:"‘R"COT)
vf..A((Jz+pum-euv)v:hv(az ~bu-cv) M Rx(o,T)

—

- W2 20 IR (0,T)

*To model ) S¢jr-¢jaf-€.m” lenamm n ?apuﬁaﬁm

djma,mi.c S

Awwn ¢ ?o—-%)
Low, M.. + Wu ('17)

. EL(&PTM- (M S. S) Wﬁxm* Tﬂtw\um( ?3)

Mamure, Nishiura, Tesei & T:WJ‘ kawa ( 74'),
(’h==| ’ Pu =-e' 2 = &,"=o 2 i‘ Mnsiw\aaytrs)
Kan=-om (’93): * s;rauw), " |



Biodiffusions : Danivation of the model

C O‘Euf:o) U JM\SJJT);
J : zé.au.x vector

f ) S{ﬂL\,/SNYC*L

C‘aY\,SMva*‘-tld‘r\.

of Mass Up + CL‘VJ = f

X X\
n= | —-——-—6‘-#-'-0:“79@6—-‘---\—\-‘)——

(60* wawﬂ/:d") ) (—T_)

P(K,-——‘PX. B‘t) = the 'P\r‘oba.klﬂii‘y of an

imdividual moving from Xo To X, in
the Time ‘56“:14'\ (t, t-f—t)

z
ASSM'W\@*‘:M [‘ l-%— P&.~>x, t) —> 'DCX;'L‘% as A, t->0

flox T =3[ Plen, 3, 00— POy t) A ()

_ _Qf( PUGX,, 1Ky, £)~ Plr>o, £ (X, 1)
T xl - Kp

—



3 Types : (heuristic)
(l) (Ea.'ndaw\ H ?(Ko-’)“ )‘t) = P&\T—’x',t) =P(x¢,x\}t)

W (X, t) ucx.,'{-)]
X\ —Xo

)\2
= J= ¢ P(x,,x,jt)[

~ - Dk, t)V A

and the a%uah‘m lbecomes

iut':V'CD(XJt)Vu] + :F

/,,(fi) (_Zf_ruﬂcw&: Ple,»x, t)=P ., t)
P x\—2X,, t)= P(x,, t)

= 7o 2}[ Plxe,t) WiXo,4) ~ P, ,t) wix, ,t)]
T T

X) —Xe

o, DixeHYuix, 4) — Dixy,t)ulx,,t)
Xi—Xp
~ v [ Dx,tulx,t]

* Equation. [i A[DCxt)u]+:FB

() Atthactive : Plo—x,,t) =P, t)
Pl =%, ,t) = Plxo,t)

= I = --- —~ D?'(x,'t) V.[Dbz;(,f;]

Ef= 7-[ Do rv(ms)] + f}




“.f'- o [(J| + f" | 4"&‘ v)u] ) “(‘._,‘.“qd.g) .‘f“n’ ("ﬂ
(C) Vt = A [( Jg + fu ud+ 8‘1 V)\.’J + V_(Ft- hﬂu“g) i‘ n‘“'ﬁ
‘25 .’?.Y_ =0 onWax(0,T)

y 14
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» Diffusien. vS. Cross —Diffusien * Weak Cmrm
(Af:ume Pu = Pra= Oy =0 for s‘im'!id:t’ )
A} [(Jl +(’:z\’)“] + u(“t-b\‘*“cnv) =0 i

(C)' A (dgv) + V (a,_-—bzu.-—c,_v) =D im M
5‘:— -'%:;— = 0 on ‘a.Q

Let 0=2,< A, <2< -~ be the ujcnva.!us of -o
with pudtl rl.ccd‘y um.le,r 0 Neumann ‘oauncluy
> Existence . Suppore B>A>(B+C)/2 & my is odd
fav'SM 21. Tkefn. 3 ?o:iﬁvc—-m&mfs

K, (a; bt'.c\:)‘ch"u l’ﬁc ) s.t 'VJ').o Jg““u“a)
the system (C) ka.s ad” hast' a mmﬂmf 50&*“"‘
o Ce 2 Ks fw fome 'dvoswwc, cavml'amt l«(,(a, b.,c,,.lb.

» Nomexistencs - Suf@ore. €>A>C. Then 3 ?osift‘v-e. constantd

Kela; b <) st Uy, Vi) is the o‘nf, ?osib:vc Sahﬁm
of (¢ {f any one of the three quantities
G /C‘u ) Pm/dz or (’u./,u‘ da is smell .
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_g__ié. e both "weak ! and "Jtrm\j" cases, d, is Mzujr.ea(_

o Afay in Some aﬂprofr‘i.afe_ range., for existence .
This furns sut to be craciaf .

—o Theorem Suppose that C tA*B & n<3, Then, for
ficed a; , by, &, T U =Kay b &), indep. of d, &
b s.t. if d, 2K = () has no nonconstant
rosilh'vc_ solulion .

— o That 45, withowt the’ cﬂ@mdidh" of cl,:“w.\im, J’),«gi" me/uaons.i—nj the Cros

diffusion Pressure 0z oy NOT MF (n creating nondrivial_ Solutions

vl

- (
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._9_-.-.: What had':@cns (| P —" [

v Classification of Li-mii'-('nj Behavior.
Cugpose m €3, Cx A%+ B & az/dy * %y Y. Leb

(&%) be a momconstant solution of (C') with fi2= €z} .

Then Cby possing To a Sulosc?.) gither (1) ov (i) holds as

eﬂ-,j — o0 whevre

() (u.,\ﬁ)-—»(.é-,w) uw‘formfy, Z)Oisac,ans‘{’a-ni', W >0
Satlsfies dzAw+(az-—c,_w)w-h,_Z =0 4m L2

W
5y = © on 2R

Jn -“l;(a"-b|-5-’--'C|w) =0

(i) (“j, P_';;:l v&)-—* (w,v) wnifo\rml,, uso,v>0 &
J,A[(H»v)u] + wla,~bu)=0 Q

Ai AV + V (a-,_-b,_u.) =0 im 2

. g_lr__{: RBoth cases can l'w\((tn..



(+)

dz Sma!f) d,lal’j&

Q
(i) B 5’““"‘"& Cfixed )
w A>F§

= —blp

$

( ne| | olz >0 Sm.fﬁ)
RU, There may be -many sobukions to (1) & (V)

Q. S{—abilik7 Z Tlnu.s,. ck is imeomplete .

ami—
P——




» What rz_allj “matters (s the ratio sz./d; ]

» Theorem. Sawme h]Po'Hw.s-is as before . Lat (“j-"j)
be o noncomstamt solution of CC) with P, = P:z,j &
dl = J-|)J' ) Tken as ﬁ e’z)J' — od (("f «Fo.ssi-nj to @
Sansz?. o -—n:as.mr)() we have :
(1) If e'z,jAld —>o0 & di; —d, € (0,00) = (i) ov (1) holds
(1) Paj/dyj > & dij= = (i) ov (&) holds,

(W) Ruj/d; = T €C00) = (@& holds, where

('d)' (u, f‘_'_'.J-v)-—a-(_E_

V) unif. I>p sa eonstand v >

)’ d,,j J +v ?

e b, S )
Satisfies dpovtv(a-=t>) =0 Q
g\‘-} =0 on 282
T

o tY o Cltv)*

(ur) (uJ’ J)A(H-rv , \/) uwif.) >0 (s a comstand, V>

at by € :
Sakisfces Jza"""’(az'ﬁz;;"czv)’o am £2
DV
o 0 on 282
R L
grl +'V CH-YV)



