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Ihe code [0 has been dovetapsd fe study polarization effects in

1. :'i.xj:-g' acowmnt 20 MeV. I4v tukes inbe account spin-

inelastic proton o

arbit deformation whict: has large effscts con the ipelestic analyzire  owers,
Such experimental data bave been measured recently FOr neutrons bui ire

less precise and more 4difficult to get than these for charged particles.
This code is also used for heavy jons scattering and includes a special
method to deal with long range contributions of the Coulomb interactionjj

It has been extended to deal with many kinds of coupled channel problems

and its last version is ECIS 79.

The code uses an iteration procedure which will be deseribed in
detalls because it is uot securc. The convergence of results can be obtained
with Pade approxinants but there is some numerical limit which must be un-
derstcod. This iterativn procedure is necessary with spin-orbit deformation.
We shall give sume informations on the iat.gration metheds in ordetr to show
how ta check the precision of the results and op autumatic search methods

on the parameters.

There are two versions of the code : a single precisicn one For CDC-
like computers and a mixed single-double precision for IBM. This last ver-
sion can be used onm a VAX computer after some modifications of constants.
The code uses a working array where all quantities arestored. The size of
this array varies widely from problem to problem. When possible, it uses
: dynamic'aliocation of this array (CDC, CRAY, UNIVAC). On an IBM the size of

the working array can be controled by the job card.

1. THE PHYSICAL PROBLEM

There are standard nuclear models as rotational aad vibrational models
for which the code computes reduced matrix elements and form factcrs. The
models can be generalized if theuvser provides himself these reduced matrix

elements and form-factors.

1.1. The optical model

The elastic scattering of a particie by 4 medium 2r beavy micleus of

mass A and charge 2 for an energy F is described by the golution of

BV = 0 (1
a

pt)"'

where T is the kinetic energy. fhe nsual epticel model is

i
y = =V L\t,arRi)-LVZr(r,az,H£+ﬂ1a.‘j s f(r,dj,k3)

apt |

(2)

£ 2
+ (Eéﬁ) QE.E{VAf(r,aA,RQ)*iVBf(r,aj,!5)}A %+ Vcoul
where f is the Saxon~Woods form factor :

V(r,a ) = (l+exp((r-R")/a))” with R -RA'’
The first form factor Im (1) is the real potential ; the second and the
third are the volume and the surface imaginary potential {the surface
imaginary potential is used fer wucleon and deuterons at low energy,
the volume imaginary potential is used above 50 MeV or for heavier par-
ticles). The Fourth and the fifth form factors are the real and imaginary
spin~orbit potentials : M7 iLs the pion rest mass, and s the spin of the
incident particle. The factor 2 is introduced becauwse the Pauli matrix ¢
is usad for spin 1/2 particles instead of 5. This facter 2 is generalized
to any spin fcr coupled channel calculatiens, but not in the spherical
optical model. As a consequence, the strength of the spin-orbit interaction

used in coupled channel calculations is the half of the cne published in

the literature for a particle of spin larger or equal to unity. The expression

written in (2} is the spin-orbit which has to be taken into account in
coupled channel calculations. For the elastic scattering, it reduces to the
usual expression l/r d/dr f(r.& R). For an incident particle of charge z,

the coulomb potential Vro is usually calculated from a uniformly charged

ul
sphere of radius R' = R al/3
c c
2 Z
Vooul = Eﬁgf_ (% - -5—3) for r < R’
cou C IRt €
c
- 2 Ze for r > R' (3)
¢ [

There is also a coulomb spin orbit term, due to the interaction of the ma-
gnetic moment of the incident particle and theelectric field of the target.
This term is very important for the descripiion of the polarization at
small angles of rhe elastic scattering of neutrons. It is not included in

the code ECIS 79,

The solution of Eg. {1) must he a pfane wive plus ap outgoing wave.



Its asymptotic form must be given by

. _ P . > . . i
¥, = explik.r+in fnlkr—k.r)) {o> + I 7 £ (8D

exp (ikr-n 2n(2kr)) o> (4

where o is the component of the spin at the infirity, k the momentum and

n the Coulemb parameter. The solutiom can be expanded on spin-angular
functions

-8 . R
Yygjm = L <ESUGEJm>Yi(r)ISU> (5)
with
t . * -
- 4T — s L

wg Tk exP(mR)flj(r) <Rqu|Jm>YstmY1 (k) (6)
where o, is the Coulomb phase shift. Introducing this expansion inm (1)
and projecting on the various spin angular functions, we obtain

{d_2 _Ashy 22 (vopt

2 2 Z central
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where p is the reduced mass and ¥ the eigenvalue of (ZE.Z). We cobtain
single equations for any spin if there are only centraland spin-orbit
potential. However, for a spin larger or equal to |, a tensor potential
leads to coupled equations. The solution of Eq. (7) must vanish at the
origin ; beyond the range of nuclear potentials, it can be expressed by
the two standard solutioms of the equations : the regular Coulomb func-

tion, Fg(n,kr) and the irregular one, Gg(n,kr)
£5(5) = Fy(n,kr) & G (G, n,kr)*i ¥, (n,kr)) (8)

Introducing this asymptotic form into Eq. () and identifying it with
Eq. (4}, we obtain

508 = @) + = E‘ exp(ZiUE)Ci<Esuc}jm><zsu'u‘ijm>

2]
* A t oA
Yy (oY (r) ®

BG 2

where fR(B) is the Coulomb amplitude :

\

: R A ;
£,(8) » - — 0 exp(-in in(sln 5 3} + 219 (10)
L 2k smzlze \ 27) o/

Cross-section and polarizations are computed from these amplitudes,

1.2, The rotaticnal and the vibrational model

The optical model can be extended to describe the target nucleus in
1cs excited states. In the rotational model, the radii R are replaced in

the optical potential by
R = Ro(l +EA BA qu(e ) (1)

where the BA deseribe a static deformation of the nucleus {with axial
symmetry). In the vibrational model, the target is spherically symmetric
but

R=R (i+] a (')
o byl Al Au
( B + \
= R{F+I, ——= L (b, + 8’ 12
o' Iy g Dt O B0, 80 (12)
where b;u and bA u dare the creation and annihilation operators of nuclear
L]

phonecns.

In the rotational model, the potential is a function of the intrinsic

axis of symmetry of the target. It can be expanded into multipoles :

Ve, = 4 ] VB @EGED (13)
A

.usually by a numerical Gauss Legendre integration on the angle between

T and T'. In the vibrational model, one uses a Taylor series expansion

2
= = __E u
Vv, t E aAu v * 3 dR 2 ( Z “lqu) (14

limited to the first or to the second derivative.
The procedure to obtain coupled equations is the same as the one

of optical model. Instead of the spin-angular functions {(5), we use the

target—spin-angular functions

R m' . '
Yooy = L b Yosim ¢ < § lmn'|J¥> (15)

1)
where @? is the wave function of the target. In the rotational model,

. . . + .
a member of a rotational spectrum starting with 0 is

o I R DTy (16)
8



where x(r') is the intrinsic function. In the vibrational model $? is

simply a one phonoa or & two-phonons state. These equations are :

(&8 eiae) z} §
s S W I SN S BT N S £, =0
idrz o2 LET N e 2y AR ISR AN RN i'J'i'J(r)

{in
The interaction (13} aund (14) appedrs as a sum of scalar form factors
fA(r)(V\(r) for the voratiocnral model, optical potential and its deriva-
tives for the vibrational model) multipiied by a scalar preduct of Yi(;)
with an operator QA in the space of the target (another YE for the ru-~
tational model, phongn creation and annihilation operaters in the vibra-
tignal model). So, the Wigner-Eckart theorem gives :
J+I~g-4 ii'—ﬁ

=7 Y[~
vi,j{,ﬂ‘,j‘;lr.\] LA f)\(t,( ¥

25410 (257 +1) (2231 22 4 1) (@3a1) ARy
&m ) o o/
©oa &Yy it A g .
{j-.s j}{I 3 J[.}<IIIQ,\III> (18)

for the central terms of the potential. This coefficient is real when i]YX
is used systematically instead of YA' For s =0 and s = 1/2 the first 6j

coefficient can be eliminated.

The product fA(r)([IEQl]!I'> is the aim of coupled channel calculations.
It is the link between nuclear structure and scattering mechanism. 1f [ and
I' are both the 2° state, it is stroog in the rotational model and vanishes
at the first order in vibraticual medei. The existence of such a "reorien-

tation term” shows ug in the results of coupled channel calculaticus.

The number of zcupled equations 1s larger than the number of channels
taken into account. With n channels, 5, the spin of the particle, Ii the
spin of_the target, o,
for J sufficiently lavge amd a parits

the product of intrinsic parities in the i-ch channel
., this uumber ie

N = [i21, +1ye2a, #1047} {19}

)

with n, =0 Lf T, or = s hoif o lirepor oand oy o -0 e and
1 1 L H 5

s, 4re lategers. Fov eromple, the
; F
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attering of sein 170 particles cn oz

VB oequa.sions. Th

'he nwrber of coupled

rotational bLand

equations decreases wien the catzl T 17 emaiier rhan the largest vaiue of

I.+s. becaunse some guantum numbers are forbidden.
1 1

The sclution of Eq. (17) must have the asymptotic form of Eq. (8)

3g long as the initial channel is corcerned and pure outgoing waves for

all the cther equatious. The asyoptutic {ooa oF the radial solution is
i i .
o= Fo G, + CO(C, +iF (
£7 F£' LJl L](CQ' LPR.) (20}
J - 3 1

The scattering amplitudes can be written in the helicity fermalism (5}
in which the spins of the particle are projected on their mementum, This
transformation is obtained by choosing an axis of quantification along
ki tor the initial state and along k. in the final state : the helicity

3
of the target is opposite of the projection of its spin. An amplitude is

f . - (I} (J)
pa .o {8y =L f R _ \ 21)
FUENETL T Mgl Ty TOphe, 0, ul(b)
with
() l : . i
£ = —— T exp(i o, +iv, )C (22)
HeeHsT Ky bR
4 3o : - g1 T e ey 5
<aiSUGi‘JiLi)<Ji[1@1 uiiJMi><QjSUJf}Jfo <Jglpoeug|Me>
where C; is taken from Eq. (20). The cross-section is
do(3) _ ! i ole (@12 (23)
3 o ~ P
ds (25i+1)(211+l) ki HeTessOy

A factor VE;?E; can be inciuded in f(JJ as given by Eg. (22).

ipin erbit i

Tiere are two effects which do not chinge merely the problem fo sclve
coupled equazrisns inscead of a single one wheo going from optical model to

counled channel sguations. One of rhem is the Coulumb interaction : the form

+ .3
factor far che gxcitaticon of a 2 states decr=ases as [/r” and the error

o

: . . . " . . s S ireproon
imtrosuced by integrarion foom U owe 8 is of ovder /KT, This difficuity

reames by long ropoe ancepr wlon o cowe spedial ecatoulacion

SO eave b omedel s o came prebilen acises Drew dhe Goutivab sein-orblc which

decroages atsn as /o



The cross section is

dg,...
Frrat i

o I o0
(25i+l)(21i+]) “oooo (385

which is equivalent to (23).

x*3“3R4“4 Agahyn,
AdpAghy R up 49

An observable P is defined by

P Acoe T
A,

2000 _ X
i

For i
Or an analyzing power, AB = h4 = 0 and the result do not depend on

the axis of quantification of the final state.

For a polarization experi-
ment,

the use of the helicity formalism leads to an axis of quantification
along the direction of the outgoing particle,
system :

but in the center of mass
we obtain Wolfenstein parameters only for a very heavy target.

A rotation must be performed og the scattering matrix if A3 # 0 to project

the spin of the outgoing particle on its direction in the laboratory system
another rotation must be performed for the target if A& # 0.

Furthermore, some theoretical considerations deal with a description
of the outgoing polarizations with respect to the incident beam :

: for the
scattering of spin 1/2 on spin 0, it is the case of Q, whereas the Wolfenstein
parameters A,A]R and R'

are defined with respect to the directions in tke
laboratory system. Between Q and the Wolfenstein parameters there is a rela-
tion involving the angle 8. We canmot define an angular distribution with

such a dependence on the scattering angle.

So, the observable (39) is defined in the scattering plane and can be

- defined in the center of mass system
- defined in the laboratory system

~ defined with respect to the incident beam.

Parity requirement implies that the a are real if the sum of A is even
and pure imaginary number if this sum is odd. Furthermore :
L IRTER Y - -
A T 2 T R T

A
&4
Au AR, Ay A wor

274

can be used to reduce the sum in (39). Fer example,
vable SF is

the spin-flip chser-

gp 40000 _ ] {Aocoo . AIlnu o alloo ]

oooo 2 |“oooo ltoo I-loof an

but is casier to define by the idencification number 7. The ceefficients
x in (39) and real or pura imaginary if the sue on A is even or odd : one
value only is entered for each of them. llowever, vector polarization and
«nalysing power, tenmsor analysing powers and spin-flip do not need a de-

tailed inmput.

It is also possible to give the coefficients x for a descriptien
with respect to the axis perpendicular to the reaction plane. In this
case, the sum on py must be even and the x are complex numbers. It is
also possible to give a Cartesian description instead of a temsorial
one : for example, one cam ask for the population of the substate m in
the final target to compute Yy correlations. The code ECIS 79 transforms

these data to a description in the scattering plane.

2. INTEGRATION METHODS

There are very efficient integration methods to sclve a second order
linear differential equation without first derivative. These methods are more
efficient than those needed to solve first order linear differential

equations.

The integraticn methods can be separated into self starting methods
which need only two values at some points to compute the function at the
next point and the other methods which need more informations on the function
at the preceding peints. With the first group, we can use equal steps ;
with the second one, we needs a less elaborated method to generate the
starting values. Numerical methods for the optical model have been studied
in Ref [8] and for coupled channels in Ref [1]. We repeat what is needed

to understand the code ECIS 79,

Let us consider a system of N inhomcgenecus differential equations

" = 1
£7(r) Ej Vij(rlfj(r)+wi(r) (1)

In fact, we use coupled homogeneous equations or single inhomogeneous

equations.

2.1. Intepration
The Euler method is the simplest : the second difference of the

function is identified with its second derivative. The function at r+h

™



is given by
. e i 2, Z
Li(r+h) = 2ii(r)-fi(¢-h)+h W (o) Ejvij(r)fj(r} {2)

. 4 IV, | - .
when the truncation error A = h fi {ri/12 is neglected. The final error
is of the order h”. This method has been often used to solve coupled
equations,
. . 3} . . . . .
The Cowell method is based on a simple relarion between a function

and its second derivative at three equidistant points

2, 2., o 5 3
Ei(r+11) h fi(rm)/’.z = Zfi(r)-f-nh ti"{_r)]b—fl(r—!r)+h"fz(r+h]/12

. . 6 (v
with a truncatjion error A = h’fgyl)(r)/?éﬁ. The functicen at point r and
r-h completely defines the solution ; tor s singie equation, the algorithm
gives £(r+h), from which

2
Flr+h) =\ £(r+h) +h_ H(r+‘1}/(l - i—‘i "v'(\’+h)\‘
> 1z T 1z YY) (4}
can be obtained easily. With a system of coupled differential equations,

one has to solve a system of linear equations.

iG
The Numerov method Y uses exactly the same relztion but does not

evaluate the function f at any point and considers only the expression £.
Fur a single equation, the algorichm is :

E{e+h) = 26 (r)-clr-h)+ulr)

” )

N 2. 2 N a

ulr) = A f(r) = —et YD f_g(g) + E—%”‘} + nTWn) 5]
I=b"v(ry/12 * 4

- [h] . . Ce .
The mod.fied Numercv method™ ' peplaces the division in the .3

rithm v an expansion ve the order oF accuriey of the

trunua [Z“L-’,‘ﬂ Firayr

o [
S
1 i
[ o VA R TR T e OIS R e 1T O
. . . N . & L P
Toe Troncatlion ersnr 1§ ohate Do g % [p e o o I I e (R R
TE Wiry la oomimoant | onoo preeeo st om e g o aaliy -ha

Wumerov metaod and ol opLosioe

PG Fui caese fwe wethods, tne runction f{r)

wn bw obotaimed by

£(1) E{ry+u(r)/fl2 (N

or by

£(r)

(E(r+R)+105 (Y +F (r-h) /12 {8)

The applicarion of these metheds te coupled channels is straight-
forward. The matrix of the N golutions at the puint r+h can be obtained

from the matrix of the sclutions at the points r and r-h by

£ eahy = 2850 - ey wub () (9
1 1 1 L

ufery = 1y ek
1 11] 1

With the modified Numerov metiiod

4

- 2 h \
Uij(r) =h vij(r) * g I Vo oy (10}

but for the Numerov wmethod, cne has to sclve

/ 2 .,
- f _h - \ = lzv 11
Lk\éik 3 Vik(x}jvkj(r) h ij(r) [€RY
At the limit of a large number of equations, the numbers of operations
needed to multiply two matrices as in {10) or to solve the linear egua-
tions as in (11} are the same. However, the Numerav method is more tedious
to use than the Modified Numerov Method. The computation of V cau be re-
duced by a factor 2, taking iuto account the symmetrv of V. The second
pave of the alesrithm {9) is z2iso 3 wultiplicarion of matrices and the

vuwber of operaticos of the first part cas %e neglected. So, the number

of oporaticns by w0 13 one and half mu.. ipilcation of macrices,

i §1 crsL The Stormer metled Lv cne matrix wul-
cipeo canion e whe oo Yogelacre method  gses two of them and neeus the
ool il oL e mldaie of Lhw o slan o Lhese T are noc self

P oume

s the oricin, Lo oontoin § jedependent



solutions of an homogeneous system with

] - b] -
51(0) 0 Ei(h) = saij (12)

However, with &=, the solution behaves as r2 arcund the origin and the

limit of £ when r goes to the origin is not zero. A better starting value
is

go - -ddmys 2o (13)

but this point can be neglected because it introduces a correction of

5
order h™, smaller than the total error.

A set of inhomogenecus equations cannot be solved without the
knowledge of the solutions of the homogeneous system. A special solution

of the inhomogeneous system can be obtained with the starting values

5}(0) -0 s;?(m _ (14)

A finite value at the point h comes from the admixture of the solution

of the homogeneous system which has to be added.

To compute fusion cross-section, one can use a strong imaginary
potential which make the wave function very small inside the nucleus,
or one can start the iatepration from the radius of the nucleus. The

starting values are similar to (12). Some modifications allow such a

calculation with the code ECIS 79,

The starting conditions define theoretically N independent solutions.
Numerically, it can happen, chiefly when large angular momenta are involved,
that two or more than two solutions become identical and the matching cannot
be done. To avoid this difficultyv, ane can do a Schmidt's orthogonalization

between the solutions from time te time.

The integration is performed up ro some poiar ier which the potentials
. . e LL I -
vanish. There, one Las te compute the coeffleienss OF oF @q. (1,20) of the
1
asymptotic torm. The matching is usually done st coe Functions ami fhelr

first derivative, but it can alsec be dune with the functions at the peints

BR-h and R+h, or even with L(B-h) and £(R+h).

- 16 -

There are subroutines for Coulomb functions Fz{ﬂ,kr),GL(n,kr) and
their first derivative From these value, four steps of Numerov inte-
gration with half stepsize and an interpolation formula for the first

derivative gives us Fi(n;k(Rih)) and Gl(n,k(Rth)); where
Foln,kr) = Fg(n,kr) - hZFE(n,kr)/IZ (14)

. R R P k
The numerical seiution k is a linear combinatien with cecefficients ai
of the solutions which have ingeing waves only for the equation j :
k

- k i .
5 (Rth) = zj aj{Fi(Rih)61j+Ci[Gi(Rih)+LF}(Rth)]} (15)

With the matrices
k k
S(R+h)3, (R-h) -£ (R-h)G, (R+h) .
P % i L L = :.a?{si.+ci}
T F, (R#h)G; (R-0)~F (R-h)6, (R+h) b

k k
k Ei(R+h)Fi(R—h)—£i(R—h)Gi(R+h)

By = = —z.ugci (163
1 F_(R+h)G, (R=h)=F. (R-h)G, (R+h) 1
1 1 1 1
the matching equations are :
8% = -1, (a¥+i8%ycd (17)
i s Rt S

This is a linear system of equations. When solved for a single second
member (i fixed) the ¢] are obtained for a fixed value of i,all value
1

of 'j. Wronskian relations allows the transposition of the matrix C.

Coviomb corrections forbid the use of (14} in the code ECIS 79
hecause these corrections need the value of the Coulomb functions and

their derivative at the matching point. Therefore, matching with functions

ives are used in this case : derowminators of A and B reduce
cmavian of regular and irrepuiar Goulomb function which fsk. Deriva-
Lrves are cempared with
R = e (1415 (Reh =5 (R=0) [ +6 (R+ 7h) =€ (R=2n) } (18)
e ~4n
I A T
id Thi error, — o= f‘l\)(R), is of the same order as the tatal error accu-

CraaTend an Th Lndopoationt,

L3
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The sclario o b couele) cguatizng saticfy roreniony sl ar ko
the Wrouskian lec o single cguation. With these relations, the svime-
try properiics of the matrix € can be deduced from the symmetr: tha

potential, The crrors due to the integration gruncation, round-urf and

matching errors) can be evaluated.

Let us consider two of the most general systems of coupled inhomo-

geneous differential equatioms :

2 2
o . N -
cah S f ey, VL (M (), (x) = )
gt R 1
(19}
ol o T = )
A i vow LRl R
WD B e (gl (mme (07 () b
] 7, Vi itt TRy i i
IS N (203

] R
VoD N (o, . e, (e3dr-t. U, (x
( LJ(r) Jl(r))fl{r)gJ{r)dr+LL J Wi( )bi(rjdr Li Jwi(n)fi(r}dr
o o
1f g(p) and f(r) vanish at the origin and have an ingoing wave for the
equations j and k respectively, we obtain
o7 K . I'q
- gk i1 ] ;
W= [Zm ClEy, -~ 50 C(g)ij (21}
k 3
When the sets of equations (19) are identical and there is no inhomogeneous
term, the second member of (20) vanishes because the coupling Vij(r) is

symmetric :

koo, Ky
el =tcd (22)
m]. ] ]'l'li 1

To apply Wronskians Lo integration errors, let us consider a set of
equat ions
£V (r) = -2, ¥, (0, (%) 23)
i

B
i Pl

Loeointegracion mechod does aot oaes 7o cerivasives, bhe mumerical
saictlon ts gtven by

- . - - 2oy ' .
£, (r+h) = 28, (r)—f, (r=h)=h" [ (r}] (24)
i i i i
while the true solution is

£, (rvh) = 26, (0)=£, (r=my=n? (£ () Doy (25)

. e . L. . 2
The bracket (£7'(r)] is the second derivative only to the order h, The

numerical function is a soiution of

S (i6)

ey = -

cnd hE oarrar LE

3o, a Eruncation error of the order hb leads to a total error of order

h . If the round-off error is due to chopping, the error in each step is
N e f(r) where € is the precisiocn of the computer and N a constant which
depends on the program. The same method as above yields the total error
which is the same as adding a constant term N E/h2 to 211 the diagonal
potentials (which is equivalent to an error on the energy). Oa an IBM
computer, we use single precision for the potentials and double precision
in the inregration algorithm to avoid round-off errors. When the integra-
tion method uses first derivatives, the total truncation error is diffe-

8)

rent and there is no round off error.

The error coming from s matching point toec close to the origin is

given by
acf =2 D, e (28)
n sz N ij i
l_] R

any kind of error is coherent and corresponds to a change of the hamiltonian.

2.4, Stability and step-size

Mear —he matching point, the potentia’s vanish. The equations reduce



to y" = ly. The inLegraticn metind is then 1 recurrerce reliation with

C e . . - b . . .
califtant coefficients. Using f(nh) = ¥ e get a charscieristic aquation
which is

2 -
(1 . %)(sz)—(zish‘/a)x =0

for the Numerov method and

(I+x2)—(2th2+h 4/12) x =20

for the Modified Numerov Method. The study of these equation gives some

hints of the behaviour of the solution when a large step size is used]).

In the assumption of constant potential, a correction term can be
introduced in tke algorithm to cancel the truncation error with the Numerov
method and the Modified Numerous method. No improvement has to be expec—

ted for the inelastic scattering.

Defaultoption for a matching radius is the real radius plus 10
times the diffuseness. Such a value do not take into account the spreading
of the rotational model. Default option for the step size is the minimum
of half a diffuseness and 1/2k. It does not take into account the spreading
in the rotational model which allows a larger step size. It does not take
into account the smallness of k at low energy, but the limitatiom with
respect to the diffuseness is usually enough. In all cases, a decrease by

197 of the step size divides the errors by 2.

3. E.C.L.S.

The ECIS methed is an iteration procedure which allows us to find

the solution (1-20) of the system of coupled equations, written as

n P
y-+viiyi H

{ g. V..y.,-u Z v!.y! (1)
1

LT3 Ty 1

]

with u = 1. The coupling potential Vij is symmetric. The derivative cou-
pling Vij comes from the spin-orbit deformation ; it is non diagonal and
antisymmetric. The equations (1} are ordered : ground state and excited
state in decreasing order of coupling. The principle is to write down an
expansion of the solution in power of L but to use all the informations
available to get the solutions. Three convergence parameters contrel the

computation : a convergence criterium for the S macrix €) = EITER, a winimum

value tor the functicns o, = ACONV and . convergences criterium
Lk
£y 2 CONJ. Defaull values are 10

J.2. Differential method

The optical solutions y?pt must be obtained for each equation.
They are the solutions for W = 0. As the asymptotic value is of order
of unity, we compute the point above which the solution is larger than
€y 3 below this point, the function is neglected. This point is further
and further when the angular momentum increases. Let us use the index o

for the ground state and i = 1,2,...n-1 for the other equations.

The zeroth order solution is

y(O) = prt > F. +C(0)(G +sF, ) (2)
0 =] £ [} 2 2
o o o
(0)
Yy =0

R . . . Q) .
In the tirst iteration, Eq. (1) is considered with only Y, ) in the
second member. First derivatives are obtained numerically with a seven

(1)

points interpolation formula. The solution A is the linear combination
;l+ay?pt of an arbitrary solution ;1 of the inhomogenecus equation and
the optical sclution with o such as the solution is purely outgoing. The

coefficient of the outgoing wave is

¢t 2T aael® (3
1 1 o
. G ox . m . (0
For the next equation, it is possible to compute ¥y with Y,

and y{l) in the second member. This seguential procedure leads to a result

which is not the first order result in | and depends upon the sequence along

which the equations are iterated. The first iteration ends by solving the
() (§))]
o

with all the -2 in the second member.

equation for y

In the other iterations, all the last sclutions are used in the

second member. They are replaced by 0 up to the point where there are

(U)_an-l)|
1

larger than €50 If |Ci is less than £ for all i, the set of

equations is regarded as solved. From the fourth iteration, a symmetric
. (n) . .
Pade approximant can be constructed with the Ci for a given i.

This method fails for a large excitation. In Eq. (3) the value of o



is such that a large cancellation occurs and the result is not reliable.

For a large excitation, it is better tc use the integral method.

3.2, Integral method
For ezch homogeneous single diffevential equation, thereis an
"irregular” soluticn of which the acymptotic form is

vy - 6, (0, kr)+iF, (n,kr)

>0

which can be obtained by backwards integration. This function increases
strongly near the origin, chiefly for large angular momenta ; however,

it is neglected up to the point where the regular solution is larger than
£ With these two sclution, one can build the Green's function and write

the solution

O T e “

o

1 irr
+ v, o (r)

X y?pt(r')w(r')dr'
i

Q ——

where W(r'} stands for the second member of (1). The result is

o™ . L J yiPE (e MG dr! ()
i
o

Near the origin, the irregular solution is large but the product in or

with the Integrals is of the ovder of the regular solutiom, which is very

small. For any doubt on the possibiiity te neglect these funcris

"na
3

near

the origin, the constant £ can he dezreased.

apve .
EL i

cforwards. A4 metacd with so zrror

3.3. Pade approximants

When the second iterations lsads to results identical to those
of the first cne {(difference less than ti), only ¢oe iteration is per-
formed for higher angular momenta. However, for heavy ionscattering,
the two first lterations can be jdentir:?! because there is no inelastic
scatrering st very low angular momentum : the limitation to one iteratien
has to be postponed to a minimum angular momentum corregpeonding to the
grazing angle. The computation is stopped when all the C matrix elements

are less than 2

At the feurth iteration, if convergencas is not obtained for this
equation but was obrained for all the other equations sclved in this
iteration, a Padé subroutine is called. The priaciple is to consider
an) as the sum of the n first terms of the Taylor expansion of some
function for the value unity of the variable A. For a 0 -2  calculaticn
with the first order vibrational! model, there is no reoriemtation terms
and the elastic scattering is an even functiom of j1, the inelastic
scattering is an odd functicn of y : the variable A appears to be pz.

In any other calculation, the variable is an unkrown function of p.

From

ol

: APa L, a = (6)

1 P

LI et =]

P

the coefficients a_ are computed. The Padé ipproximant teplaces this
Tayinr expansion by the ratio ¢f two pelyncmials with the same namber of
coefficients. An accurate result cau be obtained further tham the poles

-

of the function which 1imit the convergence of che
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JPproxXimant geuerates a polvnomial deneminacor for each equation. The
suallest or tne few smallest gerces or the Jdenominaber are the same for

sib tie ecuations. Inere are complex values. Tf 1 i replaced by one of
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these zerces Ai in Eq. (1) the ccefficient of the outgoing wave of all
the equations blows up. For this value of y, the ser of equations (1)
has a solution which is purely outgoing in all channels. This is the
definition of a Weinberg state.

If A. are the Welnberg eigenvalues and x the amplitudes of the

outgoing waves with a proper normalization

s il
Ci(k) Lj X T
]
m _, H e 1\“
T i) 5
j m=1 J

1f Aj is small, each iteration gives the result of the last one multi-
plied by the large number I/lj.

Padé approximants are computed for a fixed value of i. The expression
written above shows that this is a loss of information because the denomi-
nator is independent of i. This has no importance if the divergence is weak.
In case of strong divergence, no method has been found to get hetter results

taking into account this property : the lack of precision of intermediate

results cannot be overcome.

In the code ECI5S 79, there is a maximum number of iterations (default
value 20). However, if a C-matrix element becomes too large (of the order
of 101 }, the iterations are stopped because it becomes hopeless to extract
the result {smaller than unity) by differences between so large numbers.

The Padé approximant at the nth—iteration is evaluated with n,n~1 to

3 coefficients, The two nearest successive results are searched. If they
differ by less than o, their mean value is assumed to be the result. When
convergence is not obtained, tnere is the possibility to use the mean value
of the two nearest results or to do again the compuration Fer thia angalar

momentum and parity with the usual method of coupled equations.,

Wirh a deformed opin-.rhic 3

The wsand

iteraticns wre

method of coupied equalicvns cannot deal with firar derivatives and the
system of eguations ls not symmetric, although  symmctry is assumed by

the code.

4. AUTOMATIC SEARCH

The aim of the automatic search methods is to find as quickly as
possible the parameters of the model which insure the best fit to the

data,

4.1. Definition of a xz

The experimental data are composed of n angular distributions
which consist of n, experimental values at a given angle. Each angular
distribution is characterized by the level to which it is related and

some identification number which ig :

0 for a cross—section

| for a cross-section divided by Rutherford's cross—section
(usual presentation of elastic scattering for charged particle).

2 for a vector analysing power

3 for a vector polarization

4,5,6 for a tensor analysing power

7 for a spin-flip

8 is reserved to a set of reacticn cross-sections
(the level will be given instead of the angle)

a negative number for any other kind of polarization defined by the user.

An angular distribution is also characterized by a weight wi, a posi-
tive number which is the weight in the total x2 of the partial xz related
to this angular distribution (default value 1), an experimental normali-
zation A? by which data must be divided (default wvzlue 1)} and its error
AA. . The experimental normalization A? can be positive
orlnegative (-1 is a change of sign of a polarization without having to

change dala) ; it iIs fixed if AAi = 0, otheriise it is included in the
2

¥ oar ancther data.

Eacl of the n. experimental data of sn anguiar distribution consists
i

- fhe wvcerimpental value Jiiﬂj)
- the experimental error 2 (8 ) which can be given as a percentage

fur @ cruss-section but nct for a polarization

P



- a wideh ¥ deteutar A4

- an angular error 539,

2, . ] 2
The total ¥~ is defined as a sum on the partial y~

i YKy (1)

and the partial xi is

= 2 i°2
AR (8.3-0(8.) Aa-A
2 s ) 117 J l ( 1 0) ]
X: = Min [L { + (2}
i AL AR.l(BJ.) I ah; /]

The last term is included only if AAifO, otherwise Ai =Az‘ Note that,

even if it is seldom used, AAi proceeds from the best anzlysis of the
experimental situation : the error at each point is the sum of its own
statistical error and a normalization errar which is the same for all
the points of the angular distributicn. The calculated mean values are :
Ei(ej) 3 (R, (8,-08.+R, (B, AR )} (3
which reduces to Ri(ﬁ.) if A8, =0, It is a crude integraticn correspon-
ding to a haif width of detector /?Aﬁj. The “calculated experimental

error'" is such that

2 2 ' 2
AR]._{GJ.) = Aqi(ﬁj) +{GBiRi(ej}Qi(8j)/R(8j)} (%)
where the derivatrive

R {b Y = {R (6 +A6 ) R, (8 AG )] 3
1

The "calculated experimental error” reduces to the experimental error

. 2
when SGi =0 and can be used only with Aﬁi #0. It reduces the y” when the
slope of the theorerical curve is large. The ratio Qi(BJ)/R(Bj) is intro-

duced to allow a minimizatlon with respect to the normalization.

. P 2 ,
There is an alternate definition of the ¥ which can be used only

2 -
for cross—section and which is called the symmetrized ¥ . It is

2 sym _ N M T
£ LN “f Ru‘))

R, (09-0,06.0,2 405
_j{. (6)

. ) 2 .
and R.(0,) = 20Q.{8.), the aoraal ¥ is | and the
i A X

I/2 7 for fhe same uwrivor and ') (b ) =2R. ((J , the

symmetrizcd

usual XZ is i/4 and the symmetrized k is sti Ll 1/2.

An angular distribution can deal with p unresolved levels. It
appears only cnce in the xz but p times in rhe number of angular
distribution, the p-1 first times with no data. These p angular dis-

tributions must have the same identificaticn number.

4.2. Principle of the search

The results R, (6.,x|...x ) are functlons of some parameters X,
of the medel which cne wants to vary. The k criterium is a sum of

squares

n.
1

2
TS (e ...x ) 7
£t j=1 HOE 77w 2

2
¥ o=

w103

with the functiuvns

b0 AR (3 5k ok 3l )
- _ A2 T T m
‘ij(xl"'xm) =uw; ARi(ei) (8}

where Ai is the value at the minimum. Strietly speaking, there are also
functions coming from the renormalization but we have to recognize that
they are forgotten in the seareh. To find its minimum, it is necessary
te know its behavicur arocund the point where the first caleulation is

done

Z(X +i%,) = .2( Y o+ I @EE.I PR _EEKE_ 3
A A e T F L ookl SRty )
1 1,] 1 ]
If the number m of varigbles in search is large, the number of terms in

the ight side of this equation, (+m(m+3)/2,is very large. As the xz is

2 sum of squares, it is better to require only the approximation :

af. . (x ) 2
2 N oo - ikt L] .
¥ (xk+bxk) = izj ILflj(xk)ﬂ_E '“‘axg'" UXLJ {10)
¥

for which we need the functicns for m+1 serns nf parameters if differences
are used instead of derivatives.
of, .

The derivativeas 4;54- can be obtained from the derivatives of the
o
k
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