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Abstract

Local DNA bending can be predicted by simple static geometry models as well as by
elastic models that incorporate sequence dependent anisotropic bendability (SDARB). In
addition, the SDAB model qualitatively explains phenomena including affinity of protein
binding, kinking, and sequence-dependent vibrational properties of DNA. A www server

is available at www.icgeb.trieste.it/net.
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Introduction

The possibility that DNA may contain localized conformational signals, in addition to the
information stored in the base sequence,has profoundly influenced the thinkin gof
biologists in recent years. DNA is no longer considered a straight, featureless double
helix but rather 2 series of individual domains differing in flexibility and curvature, This
local structural polymorphism can extensively contribute to the specificity of such
biological events as gene regulation, and packaging, for example, through regulating the
affinity of protein bindingl. In contrast to traditional structural polymorphism (e.g. B, A
or Z structures), here we deal with a localized micropolymorphism in which the original
B-DNA structure is only distorted but is not extensively modified. Broadly speaking, the
DNA segments involved in protein-induced and inherent DNA-bending are 10-50 base
pairs in length,2 L.e. they are longer than what can be easily handled by atomic resolution
molecular modelling or quantum mechanical approaches. Traditional elastic models of
DNA, that represent DNA as an ideally elastic, homogeneous cylindrical rod, were used
to model macroscopic behaviour of long DNA segments, such as supercoiling3’ 4
However, local DNA conformations and recognition by DNA-binding proteins are clearly
sequence-dependent, so conventional elastic rod models of DNA, which do not explicitly
represent the dependence of the elasticity on the base sequence, cannot tell us much about
them. Here we attemnpt to briefly review advantages and limitations of the rod-models of

DNA with particular regard to elastic modelling of local bending phenomena.

Static geometry models

Rod models are the simplest form of DNA models that picture DNA as a cylindrical rod of
constant diameter. The shape, in this case, is the path or trajectory of the lon gitudinal

axis, which can be either straight or curved. (Figure 1A). The common philosophy of

rod models is to divide the rod into short cylindrical segments (e.g. of the size of a base
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pair) and then to compute some rod parameter based on the segment parameters that have
to be known a priori . Dinucleotide models define the base pair-size unit as one between
two adjacent base pairs, which results in 16 different base pairs, or 10, if we allow strand
symmetry (i.e. AA=TT). Trinucleotide models define the unit around the base pair in the
middle of a given minucieotide. This amounts to 64 or 32 different units, again depending

on strand symmetry.

Static models are rigid rod models that only consider the static geometry of a constituting
segment. Curvature in B-DNA was originaily believed to be an attribute of An (n=4-6)
tracts repeated in phase with DNA's helical repeat. Two static models have been proposed
initially to explain the phenomenon. In the nearest neighbour model, the axial deflections
of successive AA/TT dinucleotides add up to produce a curve’. In the so-called junction
model, curvature is produced as the modified B-DNA structure of Anp tracts joins with
adjacent B-DNAS. More recently it became clear that in addition to the Ap, tracts, DNA
curvature involves additional sequence elements’s 8, and more sophisticated models were

proposed which included wedge angles for all 16 dinucleotides”> 10,

Current static models consider dinucleotide geometries derived from direct measurements
such as X-ray crystallography1 1, 123nd NMR13 14 from statistics of nucleosome
binding data’" 13 or from gel electrophoretic analysis of concatenated synthetic
oligonucleotide repeats 9,10 The parameters explicitly considered are Rotl, Tilt and
Twist angles, and all other parameters are considered equal to that of B-DNA (the
diameter of the rod plays no role in this calculation). Given the geometry of the segments
one can calculate the majectory of DNA by adding the distortions of the successive
segments. This exercise is only seemingly simple, because the addition of rotation
operations like roll, tilt and twist are not commutative, so the results in principle depend
on the serial order of the operationsl6. The resulting error is negligible for short DNA
segments and for small angles (and generally speaking, roll and tilt angles are small). The

calculation will however give large uncertainties for long segments or for large
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distortions. There are a number of programs available that can calculate an approximate
DNA trajectory starting from a DNA sequence 10, 12, 17-19 The clue 1o most
approximations is that i-fthe angles are small, then they can be approximately added as
vectors (Figure 1B). This approximation again, is valid only for short segments. Table
1 shows that the current dinucleotide models give good qualitative correlations with the
known experimental values, i.e. curved and straight motifs can be distinguished even
though all models mispredict some of the motifs. It has to be mentioned that the gel
mobility anomaly of DNA that is used to validate the models is itself strongly dependent
on environmental factors such as metal salts and temperature, so our knowledge on

straight and curved motifs is qualitative rather than quantitative.

Simple elastic models

If a rod is ideally elastic one can compute the energy necessary for bending, stretching or
torsional deformation20. For example, the energy required to bend the rod of length L to

a given curvature can be calculated as

AG = %E[Laz. (1]

Here a is the curvature as defined in Figure 1A and / is the moment of inertia that, for
a cylindrical rod of r radius is given as /4. E is the stiffness parameter or Young's
modulus. Based on a variety of physico-chemical measurements and direct molecular
stretching studies, the stiffness (Young's modulus) of average DNA is about of 3.4 x

108 N/m2, a value close to that of polypropylene or phenol resins.

By "simple elastic models” we mean those that consider DNA as an originally straight
cylindrical rod with one homogeneous isotropic elasticity parameter (for extensive

reviews seez* 4, 21). This means, on one hand, that the model is not sequence
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dependent, i.e. all segments are equal, and, on the other, that the model is equally
bendable (deformable) in all directions. The phenomena that can be described with such a
simplified elastic model inciude the gross shape changes of DNA like supercoiling,
response of plasmids to stress, etc. The nature of the answer is qualitative. For example
one can state that the shape of a plasmid-like elastic ring model adopts, in response to
torsional stress, shapes that are reminiscent of the shapes observed for supercoiled
plasmids. This fact shows that some properties of DNA are in fact reminiscent of those of
rubber strings, i.e. they depend mostly on properties that are common to simple
mechanical systems. The underlying, quite complex mathematics can be avoided by finite
element analysis, a technique routinely used for the analysis of deformations in
enginecringzz. This technique has been applied with success for small DNA
deformations23: 24, Even though simple elastic models do not contain local (i.e.
sequence dependent) information, they allow, on the other hand, to demonstrate how
local structures might act on the elastic behaviour of the entire molecule. For example,
incorporating a fixed curve into a DNA model will influence the gross shape of

plasmids25 and will bring distant sites into each other's vicinity26.
Anisotropic, sequence dependent elastic models

In order to model local phenomena starting from a base sequence, one has to incorporate
sequence dependence into the elastic models. It is also known that bending is
anisot:ropic27’ 28, L.e. DNA bends much more easily towards the major groove than in
any other direction, moreover, bending in the tilt direction is not favourable in energetic
terms (for a review seez). We have developed anisotropic bendability parameters using
the enzyme DNAse 129, This enzyme bends DNA towards the major groove and binds
virtually to all DNA sites without a pronounced sequence specificity. DNAse I cutting
rates can thus be used as an estimate of DNA bendability which can in turn can be scaled
to an approximate DNA rigidity scale30, The result is a simplified segmented rod model,

shown in Figure 1C. In this sequence dependent anisotropic bendability (SDAB), each
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disk corresponds to one base pair and the arrow indicates the direction of facilitated
flexibility (i.e. that of the major groove). In principle, such an anisotropic bendability
model can have different bending flexibility in all directions. As a simplification, we take
bendability towards the major groove as the principal parameter, and consider that DNA is
10-times stiffer in all other directions. The model does not include static deflection
components, i.e. similar to isoropic models, it considers DNA as an originally straight
rod. Nor does the model incorporate torsional flexibility. In other terms it is a stripped
down model that is designed to reflect one aspect: local bending phenomena. In contrast
to the isotropic elastic models, the SDAB model is non-linear in terms of displacement

response, but is still amenable to finite element analysis,

Modelling of minicircles of curved and straight DNA3L A simple experiment
shows the macroscopic anisotropy of the SDAB model (Figure 3). A rod mode! is
circularized into a minicircle (a) which is then writhed around (b) and the energy of the
model is determined by finite element methods as a function of the rotation an gle (c).
Sequences that are repeats of curved DNA motifs, in fact, will have a rotational
preference, i.e. there will be one stable energy minimum (Figure 3). This means that
such a rod-model has a preferred direction of bending, so as a result of thermal
fluctuations it will preferentially bend into one direction. In other terms, the physically
measurable average conformation of such a model will be curved. The straight motifs, on

the other hand, have either no minima or have two minima in opposite angular directions.

Another consequence of the energy minimum found in the circles is that, in the minimum
energy conformation of helically phased repeats, certain motifs will face inwards and
others outwards. For example, in repeats of AAAAGGGCCC, the GGGCCC motif faces
inwards and the AAAAA are on the outer side of the circle. The roll values at the central
GC are the highest while there are slight negative rolls in the AAAAA tract. As the
roll/twist profile of the lowest energy conformation illustrates, the shape of the circle is

reminiscent of a polygon - in fact quite similar to those recently obtained for the same
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molecule using AFM microscopy32. This means that the lowest energy conformation has
slight kinks which is remuniscent of the minikink model postulated by Zhurkin and co-
workers28. The high energy conformers, on the contrary, have smaller kinks (not

shown).

Protein/DNA binding: DNA rigidity versus complex stability33 Repressor
proteins bind to short DNA motifs with high specificity and the DNA is often bent in the
resulting protein/DNA complex since bending is induced by the binding of the protein. If
this s the case, the rigidity of the operator DNA can be expected to play a role in the
binding. By plotting the experimental free energy values against the rigidity of the
oligonucleotides (Figure 4) we find that cognate (operator) and non-cognate (non-
operator) DNA follow two adverse, quasi-linear relationships. In the operator sequences,
AG is higher for stiffer molecules , i.e. the stiffer the molecule, the weaker the binding.
This, in fact, can be expected since Cro has to curve the molecule, and the energy

required is linearly proportional to the stiffness [eqn 1].

In non-operator sequences, on the other hand, AG is lower for stiffer sequences, i.e. the
stiffer the sequence, the stronger the binding. For the explanation of this phenomenon we
consider a simple model (Figure 3, inset) in which Cro first binds to the oligonucleotide
in a non-specific manner and reduces the free movement (thermal fluctuations) of DNA,
which results in an entropy loss. Since the elastic entropy can be calculated from the ( 6}%

root mean square fluctuations of the model, the entropy change can be calculated as

4%
AS = ng In]| Ohnsad) I} ann[ Epee } 2]

E uni

where Efree is the average Young's modulus of the segment, # is the number of degrees
of freedom and Epgynd is the Young's modulus of the bound (quasi immobilized) DNA.

Since Ejre is smaller than Epgyng, this equation shows an adverse relattonship, similar to
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that shown in Figure 3 (red line), which is in fact very near to linear in the range of the
experimental data. In other terms, the relationship shown in Figure 3 is qualitatively
explained by the entropy loss, in accordance with the intuitive expectation that the
"immobilization" of a stiff DNA cognate will take less energy on binding. The free energy
change of the second step will have two components: that of the specific interaction
(energy gain) and that of bending. Bending energy can be calculated according to equation
(1] and it is directly proportional to the rigidity of DNA. Figure 3 in fact shows that the
complexes of more rigid DNA molecules are less stable. The slope of the curve

corresponds to a curvature actually found in the crystal structure=5.

Prediction of bendable and curved segments Given the fact that the bendability of
the SDAB model is asymmetrically facilitated towards the major groove, thermal
fluctuations will resuit in bending the model. Bendability values in Table 1 can be
considered proportional to (but not identical with) static trinucleotide roll values, i.e. the
bendability parameters can be considered analogous to a static geometry model based on
trinucleotides. This fact is best illustrated by helical circle diagrams (Figure 4A) - a
technique originally developed for amphipathic o-helices in proteins. In these diagrams,
the bendability values are plotted on a plain as vectors pointing towards the major groove
of each base pair. In randomly chosen DNA segments these plots are close to symmetrical
with a vector sum close to zero. In curved DNA, the plots are asymmetrical and there is a
substantial resulting vector. Based on this observation, the length 4 of this vector can be

regarded as a measure of curvature propensiry:
1 . 2q1/2
H= ;[(Zf cos(t(z))) (Zﬂ sin(icu)) J (3]
i=1

where f; is the bendability parameter for position i, ® is the twist angle (360 for ideal B-

DNA) and n is the number of vectors in the segment (usually a segment length of 32

residues, i.e. approximately 3 helical turns are used for the calculation). It is interesting to
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note that equation 3 is analogous to the hydrophobic moment of Eisenberg34. The SDAB
model gives comparable predictions to the static geometry models (Table 1). Originally,
equation [3] was used with the DNAse I-derived bendability data. Table 1 also includes
figures calculated with the so-called consensus bendability scale14 which was developed
in order to increase the sensitivity of the prediction towards GC-based curved motfs -

these are often mispredicted with the static dinucleotide models13.

Since the SDAB model includes the prediction of bendability parallel to curvature, it
allows one to distinguish rigid, flexible and curved segments of a molecule using one and
two-dimensional plots (Figure 4B,C,D). The latter can be especially useful in

evaluating longer sequences, such as genomes (Figure 5).
Conclusions and future directions

We can conclude that static and dynamic rod models describe different aspects of
the DNA molecule with as few parameters as possible. If they succeed - and they do, quite
surprisingly - it means, that the parameters used by the model sufficiently explain a given
aspect of the molecule's behaviour. Both type of models can predict curvature in short
DNA segments - in this respect they can be considered equivalent. 33 The differences in
predictive accuracy may be due to the parametrisation (e.g. trinucieotide vs. dinucleotide
representation, electrophoresis vs. nucleosome data, etc.) and not to the models
themselves. Considering the significance of these structural features, it is worth
mentoning that bendability/curvature characteristics are conserved in cvolutionarilym’ 36
and functionally related sequences37, and they correlate well with regulatory sites known
from expen’ment38. The SDAB model also makes it possible to study the sequence-
dependent vibrational characteristics of DNA (Figure 6). This is primarily important
since sequence dependent vibrational differences may be responsible in promoting or

blocking energy flow along the DNA molecule.
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Refinements of the rod models, especially the incorporation of tetranucleotide-
based description will probably increase the predictive accuracy and increase the scope of
applications. Future models may combine both static and dynamic features with particular
reference to the principles of non-linear DNA dyna.mics39 . At the same time molecular
mechanic models are also expected to expand to a wider range of local phenomena as
illustrated recently by Lavery and associates?. In the foreseeable future however, the
simple rod models will continue to play a key role in the large scale analysis of genomic

data.
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Figure 1 A Curvature of a rod and relationship with DNA geometry parameters. B
Schematic calculation of trajectory using a static geometry model. The deflection is
approximately the vector sum of the dinucleotide geometries (rp, 1, Q vectors), as shown
in A. C Sequence-dependent anisotropic bendability models of DNA. Each element
corresponds to one basepair. The arrow in each basepair schematically indicates the
direction pointing towards the major groove. The arrows are proportional to the flexibility
in a given direction (+x, -x, +y, -y). In the SDAB model, one direction (that of the major

groove) is more flexible, the other three are more rigid30.
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Figure 5 3D Curvature propensity (equation [3]) vs. bendability histogram of the
Human T-cell receptor locus (Genbank: humtcrb). The protein coding regions (a) have a
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Figure 6 Sequence-dependent vibrations of DNA-models. A is an inherently curved
sequence from Leishmania tarantolae, B and C are random shuffled variants of the same
sequence, with no predicted curvature. A model of 32 residues was fixed on one end as
shown in the inset and the free end was deflected to a moderate curvature of 7 degrees per
helical turn and then left to vibrate. The movement of the free end was analyzed by
Fourier analysis to give the frequency spectrum shown here.



Modeling superhelical DNA: recent analytical and dynamic
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During the past year, a variety of diverse and complementary approaches
have been presented for modeling superhelical DNA, offering new physical
and biological insights into fundamental functional processes of DNA.
Analytical approaches have probed deeper into the effects of entropy and
ﬂ\etmalﬂummonDNAMtewonvmmpobgmlmaints
induced by DNA-binding proteins. In tandem, new kinetic

by molecular, Langevmmdsmwmandymncs.uwellasmof
elasticrod theory — have begun to offer dynamic information associated
with supercoiling. Such dynamic approaches, along with other equilibrium
studies. are refining the basic elasticrod and polymer framework and
incorporating more realistic treatments of salt and sequence-specific features.
These collective advances in modeling large DNA molecules, in concert
with technological innovations, are pointing to an exciting interplay between

theory and experiment on the horizon.

Current Opinion in Structural Biology 1995, 5:245-262

Introduction

The past decade has been an exciting tme for nucleic
acid enthusiasts. A surge of advances in both experi-

mencal and theoretical techniques has brought to light
many intriguing structural properties of DNA — from
the base pair (bp) level to higher organizational forms
(supercoils, knots, catenanes, and protein-DNA com-
plexes) — leaving behind the old-fashioned notion of
a boring, ordered molecule. Progress in understanding
these higher-order forms, in particular, leads to insights
into fundemental functional processes of DNA that in-
volve strand unwinding (replication, transcription) and
passage (knotting and catenation), looping and slithering,
A glimpse into the studies described in the proceedings
of the Eighth Conversation in Biomolecular Stereody-
namics, for example, indicates the diverse and growing
body of work on nucleic acid structure {1%*].

This article reviews recent analytical and numerical (sim-
ulation} work related to DNA supercoiling. The forma-
tion of supercoiled DNA involves twisting and bend-
ing of the DNA (Fig. 1) abour its double-helical axis.
When this wrapping process involves self interaction,
like 2 braid, a plectoneme (interwound configuration)
resules (Fig. 1); if instead, the winding occurs around the
irnaginary axis of a torus, a toroidal superhelix is formed.
Both modes of interwound supercoiling and the mode of
DNA bound (and topologicallv constrained) to a protein
matrix have protound biological significance. The linear
sequence of the DNA carries the genetic information;

the compact supercoiled state — which readily stores
energy for essential biological processes — is an impor-
tant functional state as well as a facilitator of regulation
and of packaging with proteins; the yet more highly or-
ganized form in nucleoprotein complexes is an impor-
tant storage form of the DNA (Fig. 1). Thus, progress
in understanding DNA supercoiling, in particular, is im-
portant for a greater understanding of many fundamental
biological processes, such as replication, recombination,
and transcription. These reactions often require, or are
facilitated by, a supercoiled DNA substrate.

The study of the many different levels of configura-
tion of DNA is particularly challenging to modelers.
The large size of DNA molecules {thousands of base
pairs) and the large spatial scales and time ranges asso-
ciated with their folding make for 2 formidable com-
putational challenge. Indeed, supercoiling can condense
the DNA by several orders of magnitude, and a wide
range of characteristic timescales is associated with con-
figurational rearrangements and hydrodynamic proper-
ties of supercoiled DNA. Thus, high-speed computers
are natural vehicles to tackle this modeling challenge.
Furthermore, experimental information on structure is
coarse on the level of plasmids, in contrast to the atomic
description on the oligonucleonde level available for a
steadily increasing set of crystallographically determined
structures [2]. The coarseness of structural data on the
scale of whole molecules makes verification of models
for DNA supercoiling difficulr.

bp—base pair; MD—molecular dynamics.

© Current Biology Ltd ISSN 0959-440X
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Fig. 1. A subjective view of the struc-
tural hierarchy of DNA. Linear or relaxed
circular DNA can become supercoiled
upon the action of the enzymes known
as topoisomerases. Supercoiled DNA is
an important functional state active in
the processes of replication, transcription,
and recombination. (The images in boxes
are cartoons of electron micrographs.)
Higher organizational forms of the DNA,
such as the protein-DNA complexes in
the chromatin of higher organisms, are
formed through interactions with special
proteins and are an important storage
state of the hereditary material.

Nonetheless, a variery of analvtical and numerical ap-
proaches have been developed in recent years at vari-
ous levels of detail, retlecting a broad range of interest
in many aspects of DNA structure trom the biologi-
cal to the physical sciences. The richness of models
and methods stems from the muldisciplinary nature
of the subject. The study of DNA seructure (encompass-
ing its geometry and topology) and the relation of struc-
ture to function spans biology, mathematcs. chemistry,
and physics. The participationn of yet another disci-
pline, computer science. has enabled the introduction ot
large-scale computer models, and adds another exciting
dimension to these studies. These models have provided,
and will undoubtedly continue to provide, valuable in-
sights inco the properties of supercoiled DNA. insights
that cannot easily occur through work in the laboratory.

Ultimately, perhaps, these theoretical efforts will culmi-
nate in an integration of macroscopic with microscopic
descriptions of DNA. Atomic-tevel molecular mechanics
and molecular dvnamics (MD) simulations are now pro-
viding detailed descriptions of the microscopic behavior
of DNA ([3¢]; see also Brooks, this issue, pp 211-215).
It is also likely that predictions of DNA structure and
behavior trom these new models will stimulate innova-
tions in experimental techniques {e.g. new techniques in
scanning force microscopy [+4*]) that will permit a tiner
examination of the architecture of supercoiled DNA.

There are several excellent recent reviews on modeling
nucleic acids. Malhotra er af. {3*] review unconventional
(i.e. macroscopic) techniques for large nucleic acids, both
DNA and RNA. Beveridge and Ravishanker [3°] review
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ail-atom MD simulations of DNA in the past decade.
Vologodskii and Cozzarelli (6] summarize work focus-
ing on large-scale structural properties of DNA. such as
supercoiling, knotting, and looping, and separately re-
view progress in theoretical and experimental studies of
DNA supercoiling (7*). Similardy, Levene (8] describes
expetimennal and theoretical approaches for studying
the conformations and energetics of supercoiled DNA
and includes synopses of energy-minimization calcu-
lations, Monte Cario methods, and MD simulations.
This review focuses on selected aspects of analytical
and simulation approaches applied to DNA supercoil-
ing in the past year: analytical frameworks that incor-
porate entropic effects, analytical fameworks that have
time-dependent extensions, and simulation approaches
that focus on DNA kinetics. Thus, energy minimiza-
tion studies, including finite-element analyses {equilib-
rium forms at a temperature of absolute zero), as well as
(static) equilibrium-distribution approaches and experi-
mental studies, will not be detailed here (see Table 1 for
a list of current approaches). Background information on
DNA supercoiling can be found in several textbooks and
monographs [9—11,12%]; a lively, less cechnical introduc-
tion can be enjoyed in [13*].

The elastic rod model

The clastic energy approximation has proven valuable
for studying global (i.e. collective motions that are long
range and occur over refatively long cime scales) features
of supethelical DNA. Indeed. much theotetical progress
has been made since the pioneering applications of Fuller
{14,15]. In this model, the DNA polymer is idealized as

2 long, thin and naturally straight (i.e. no intrinsic cur-
vature) elastic isotropic rod with a circular cross section
(Fig. 2). Homogeneous bending (i.c. equal flexibilicy
in all directions) is often assumed as a first approxima-
tion. Although preferential directions of bending into
the major and minor grooves are certainly recognized for
nucleic acids [16,17,18%%,19%], the uniform elastic chain
view is 2 reasonable first-order approximation for natu-
rally occurring DNA of mixed sequences that are not in-
winsically bent. The elastic deformation energy can then
be written 23 a sum of bending and rwisting potentials
(Ep and Et), with bending and torsional-rigidity con-
stants (A and C, respectively) deduced from experimen-
tal measurements of DNA bending and twisting (20]. For
example, A can be linearly related to the (bending) per-
sistence length of the DNA, pp, by: A=kpTpy (kg is
Boltzmann’s constant and T is the temperature) and
to the root mean square (rms) bending angle Oﬁ Y
of a semiflexible chain with 2 preferred axis of i
(perpendicular to the helix axis), for which the angular
fluctuations are independent from one another, through
the expression

ZpTd
@)’

where d is the disance between base pairs (around
0.34nm) {20,21].

The choice of elastic parameters is important for several
reasons. First, analytical results depend sensitively on the
ratio p =A/C, which is related to both Poisson’s rado
(0.) — a characteristic of 2 homogeneous isotropic ma-
terial — and the geometry of the rod-cross section.
Specifically, for 2 homogeneous elastic rod of circular
cross-section, p =1+ O,. Second. equilibrium structures

A= (la)

Table 1. Approaches for studying DNA supercoiling.

Numerical energy minimization

Equilibrium distributions

Dynamic

Approach Techniques References
Experiment Gel electrophoresis, electron microscopy [45%.49°|
dvnamic light scattering, [46,56]
scanning force MiCroscopy. eic. (40.27]
Analytical Mechanical elastic-rod equilibria: [31°°.33-35,43]
Euler-angle, curvature-torsion representations [37°.38°.39%,40°.47*|

Simuiated annealing, finite elements,
deterministic minimizaton

Metropolis/Monte Carlo
Molecular dynamics

Langevin and Brownian dynamics
dynamic elastic-rod simulations

[18%=.23, 36", 48%,57]
[24,25%.41%,44]

[6.7+.8.50.51]
{5*.52} (a.b)

124,25%.41° 54°,58°|
[59% {c)

Kiapper, M Tabor, personal communication.

The techniques listed in the second column are illustrative rather than exhaustive. The reference list only includes works cited in this
review. (at D Sprous. RX.Z Tan, SC Harvey, personal commuication. (b RK-Z Tan, D Sprous. 5C Harvey, personal communication. (c) |
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Fig. 2. An idealized representation of double-helical DNA as a long
and thin elastic rod of circular cross-section. The rod is shown bent
to ittustrate a typical fluctuation from the straight resting state. as
commonly found in interwound supercoiled DNA.

and protiles (collective descriprions} are considerably af-
tected by the numerical values ot A and C, which are
linearly related to Youngs modulus (E) of an elastic
material {22]. Indeed. the contigurational and energetic
properries vary as A and C are altered (see [23,24], tor
example). Third. and perhaps most important. an adjust-
ment ot the standard elastic parameters is necessary when
electrostatic interactions are modeled explicitly {e.g. us-
ing a Debye—Hiickel term). This adjustment involves a
bending constant A corresponding to the bending persis-
tence length limt at high salt concentrations (see Table
2), in combination with a owisting coetficient that vields
experimentally observed ranges ot individual base pair
nwist Huctuations [235¢).

In most DNA studies, the persistence length tor bending
is taken to be around 30nm [20). This corresponds to
A=20x10""erg cm and to ( 85 ) "2 =67, at room T,
in the context of isotropic bending. To relate the stiffness
to measured standard deviations ot DNA bending angles,

Table 2. DNA parameters®.

iNaY)  pinm A (1019 erg o) ()" dinm
1.0 3.7 1.28 8.4" 30
0.5 38.) 1.54 .6 34
0.2 469 1.89 6.9° 4.4
Q.15 49.7 2.00 6.7 49
0.1 535 2.15 6.5 5.6
0.07 56.9 .19 6.3 68

*The persistence length p is estimated as a funciion of the molar
sodium-sall concentration, c,, according to the formula p=31.7-
2.1810g () 1261, The elastic bending constant A = plkyT)

(kyT = 0.04024 10 give the resulting units of A at 300K). The

root mean square bending angle is obtained from the relation

(8 )" = y ZkgTIWA. where the efiective ONA diameter d=0.34 om
{yielding a value in radians with the constants above). The values of d
25 a function of c; reported in the last column are obained from Stigter
(60). The values of d & ¢,=0.15 and at 0.07 M are estimated from a
curve based on Stigrer's tabular values (see (25%] for detaits).

the two components of bending, namely roll (By,) and
tilt (B2}, each with associated stiffness constants A and
Aj [18%], can be related to A through

2kgTd
-—2C . b
@) + () a9

Thus, the bending persistence length of 50nm corre-
spo;lds' not only to an isowopic model where

6; o =6.7", but also to an an.isetmgic bending model
where ( 0%, 2 =5.7" and (8:2) =36 the last
two measured values are obtained from satic varia-
tional analysis of B-form DNA crystal structures [19¢].
{Note that ﬁ_.')r suﬁiciq’utly small anguiar deflections.
(08) = (68 )+ (685) = (knTd(As + A2)}/(AsAs).
There is evidence that the bending persistence length in-
creases as salt concentration decreases, plateauing at high
salt concentrations {Table 2) [26]. Theretore, the value
of 30 nm (above) corresponds to a salt {Na™) concen-
tration of about 0.13 M. A broader range of torsional-
rigidity constants has been suggested in the literature (see
[20,27]. for example). pointing to 1 numerical value for
C somewhere within the wide range 1.5—4x10-1Yerg
cm {or p values in the range 0.5 to 1.33). This range cor-
responds to a twisting persistence length, p, =2C/kyT
[28], of 75~200nm and to an rms twist angle,

@'ne [ @ynft ag

i the 3.4-3.5" range. If we use sequence variation meas-
urements of B-DNA crystal strucgpres in the Nucleic
Acid Database [2], the mean { Bf ) ? =5.2° [197], which
corresponds to C=1.66x10"1%erg cm and p=1.2. A
lower twist variation. such as observed in solution studies

by high-resolution NMR [29], gives rise to higher C and
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lower p values. Note that as from theory -1 £0.<0.5
{22], we have 0<p <1.5 for homogeneous elastic rods;
bur considering that no substance is known for which
. <0, we have the estimate 1< p<1.5. Deviatons from
the last range are expected for real DNA, a non-uniform
material with nen-circular cross-sections, where bending
is asymmetric (i.e. more rolling than cilting) and twisting
is sequence dependent.

In its simplest form, the elastic energy for torsionally
stressed DINA modeled 25 2 naturally straight and thin
isotropic material can be written as:

E = Eg +Er = %fn’(smf%c(m-wn’. @

where s denotes the arc length, K is the curvature, and
the integral is evaluated over the contour length of the
chain, of length L. The topological parameter ALk
(wheze Lk is the linking number) describes the torsional
stress imposed on the DNA with respect to the value at
the relaxed state, Lky (for relaxed DNA, Lk =Lk, =the
number of primary turns * N/hg, where N is the num-
ber of base pairs and by is the helical repeat of the DNA,
say 10.5 bp turn—!). The writhing number, Wr, is a geo-
metrical descriptor of DNA shape, roughly the number
of times that a DNA molecule crosses itself averaged over
all planar projections (for rigorous definitions of all topo-
logical and geometrical quancities mentioned above see
[30]). The verm for the twist energy (ET) above, reflect-
ing a uniform twist density w, follows from the assump-
tion of isotropic bending of a thin elastic rod model at
equilibrium [14,31*]; the quadratic deviation of the lo-
cal helical twist from its intrinsic equilibrium value wy,

(C/2) Hlw — wo)?ds,

can be expressed in terms of the writhing number Wr
and Lk from the topological invariance of Lk =Tw + Wr,
where the twist

Tw = fwds [32].

The normalized version of ALk, namely the superhelical
density o =ALk/Lky is otten used to describe torsional
stress in DINA systems and is tvpically around ¢ =-0.03
tor DNA in viro (except tor certain thermophilic bacte-
ria, in which the DNA is positvely supercoiled). The
svimbol o tor superhelical density should not be con-
tused with @, introduced earlier tor the Poisson ratio
of an elastic material.

For rods that are not naturally straight, the elastic free
energy must be modified to model intrinsic {constant)
curvature (i.e, non-zero values of k) and a constant
rorsion, Ty, Tobias and Olson [31%] show that assuming
circular cross-sections, the bending and rwisting terms

in analogy to Eqn. 2 are given as follows, where 8 is the
angle berween the intrinsic and acrual curvature vectors:

2
A 2 28 c o
Be —2 in(s)—lo} dl+2Asgfuun —zds +--2 f(—+r-—-1'o)ds. [&))

Note that in contrast to naturally straight rods the twist

energy can no longer be expressed as a constant times
(ATw)? i.e.,

©/2 ﬂw)’ds - %}-(A‘I’w)z

and therefore involves the torsion of the curve, t, and
a derivative of 8. Tobias and Olon [31*} discuss the
differences in equilibria between nawunally curved and
naturaily straight materials. In particular, they show dhat
the twist demsity generally varies with position for rods
that are not naturally straight, implying underwound and
overwound segments for the DNA with respect to the
intrinsic twist density of the molecule. They ako suggest
that stable solutions, in the form of slightdy distorted cir-
cles exist for closed intrinsically curved rods.

Analytical advances — entropic effects and new
representations

Analytical solutions for the elastic rod based on Kirch-
hoff’s theory provide many useful results on the behavior
of DNA under induced torsional stress. Minimization
of the mechanical energy under various assumptions
of configurational regularity can be achieved by vanious
coordinate-systemn representations (Euler angle, finite el-
ements, ecc.). [n order to be relevant to studies of DNA
at typical superhelical densities, excluded-volume effects
must be taken into account to avoid the unrealiseic sit-
uation ot minimizing the elastic energy by maximizing
Wr (Wr =ALk, E1 =0).

The interplay berween bend and twist for DNA in the
context of elasticity has been explored by many re-
searchers [7*], revealing many interesting properties of
DNA, such as the onset of supercoiling [33,34], the
abrupt non-planar buckling from the circle to the figure-
8 interwound structure, and the expected supercoiled-
DNA configurations tormed as a function of @ [35,36%].
The tendency of DNA to form interwound config-
urations (see energy-minimum torms in Fig. 3) rather
than roroidal configurations has also been demonstrated
on the basis of energetic arguments. in agreement with
electron microscopic observations ot supercoiled DNA.
[n this connection, it should be noted that small-angle
X-ray scattering {SAXS) profiles also capture global ge-
ometric teatures of superhelical configurations. For ex-
ample, see Fig. + for characteristic SAXS signatures of
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a supercoiled DNA molecule ac different concentratons
of saie.

A recent focus in analytical studies is the consideranon
of entropic effects and thermal fluctuations on DNA su-
percoiling. Instead of an excluded-volume term, Lahiri
(37°] approximates the configurational entropy (5) term
of a supercoiled DNA form by ~TAS =aN/ 2, where r
is the superhelix radius and @ is a constant. This analysis
applies only to linear, unbranched molecules and ignores
pairwise contact among the chain poins (though such

contact is imporunt for electrostatic considerations). (In
this article, the term ‘branched’ refers only to double-
helical DINA branches and not to single-stranded DNA
branches. such as those formed by cruciforms.) After
simplifying the bending energy in Eqn. 2 on the basis of
geometric arguments, Lahiri minimizes the free energy
of supercoiling subject to a contour length constraint.
This yields many of the relationships among supercoiled
DNA parameters that have been observed or obtained by
systeratic simulation studies. These relationships include

31Xy
! Tw ¥ 3]

Fig. 3. Energy minimized superhelical DNA forms at sodium sait concentrations of 1.0 and 0.1 M. The energy-minimized structures comespond
t0 bending, twisting, and Debye—Hiickel potentials {25%] for a 2000 bp closed circular DNA duplex. The bending constant A is set to the
high-salt limit of persisience iength (see Table 2 and (25*)). and the torsional-rigidity parameter C is set 10 reproduce the observed root mean

square twist angle of ( 8 A" =5 (C= 1.8 10-19erg cm). Shown in
: with corresponding writhing numbers of
is lower in energy than that in (c), and the form shown in (f} is lower

td) ALk =-8; te,f) ALk=—1

(a-4) are representative 1.0M minima ior: (a) ALk=-2: (b,C) ALk =-5;
1,67, —4.03, —4.26, -6.29, -7.16, and -7.17. The form shown in (b)
in energy than that in (e). The representative 0.1 M minima shown in

{g-) comrespond to the same Atk associated with (a— and have writhing numbers of —1.32. -3.43, -3.85, 4.97, -5.22, and -5.68. Again,

the straight interwound form shown in (h} is lower in energy than

(I} is lower in energy than the four-lobed interwound form shown in

the Y-shaped interwound shown in (i} and the Y-shaped form shown in
(k). Note the angular orientations oi the end loops of the interwound

forms and the much more open, loosely interwound structures formed in the low (0.1 M} sait environment. These data were generated for

this review,
1
i Simujated rofiles for 2000-bp Minims, =-3
E 14 — L _.:
| z a B
i 2 - (s) — Y-shaped interwound, 1.0 M. ¥r = -6.20 -
1 T . =
l : 3 -
! R * (s) — Y-shaped interwound. 0.1 M. Wr = -497 —
| & ° . ;
. s 98— i -
i 2 - .. (&) - loose interwound, 0.005 M, Wr = -272 - Fig. 4. SAXS Profiles for 2000 bp min-
- - ® - ima, ALk =-8, at different concentrations
E 26— : QFO — of sodium salt. The scanering profiles are
£ - computed from the curve coordinates, as
- - 3 - . . . -
95— %, _ shown in Fig. 3, by a discrete form of
: - . = - the Debye integrai {for details see [25%)).
- . =3 - The proiiies reveal a systematic trend in
32 R S - which the DNA supercoils become more
N loosely coiled as the salt concentration is
-1 : lowered. This trend was ciearly noted in
3 . 03 04 03 the experimental works of Brady and co-
s = (4n/A) sind workers [61]. These data were generated
for this review.
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the direct proportionality of the superhelix axis length
to N and that of Wr to ALk. as well as the quadratic
dependence of the supercoiling energy on ALK. In par-
ticular, che limiting value for the superhelix radius ris in-
t as resuldng from maximization of the entropy
of the chain (37¢].

Marko and Siggia [38°] similarly focus on how entropy
and enthalpy compete to determine supercoil shapes. By
applying scaling ideas from polymer statistical mechan-
ics, they express the free energy of supercoiling per unic
length as 2 sum of a Helmhoiez free-energy term like
Eqn. 2 (A and C are temperature dependent), an entropic
pensky term for regular interwound and toroidal super-
helices, and a hard—core repulsion term proportional to
&-12 where d is an interchain separation distance. Ther-
mal motions are considered by assuming Gaussian fuc-
tuations about regular interwound and toroidal superhe-
lices whose pitch, radius, curvarure, and average super-
coil writhe can be determined explicitly (38%]. By min-
imizing the resulting energy for a given configurational
regime (i.c. interwound, toroidal) with associated pitch
and radius, Marko and Siggia show that thermai fluctu-
ations play a critical role in stabilizing the interwound
superhelix; as Lahiri also finds, Marko and Siggia noke
that a radius reduction would suppress fluctuations and
therefore cause a loss of entropy. For moderate {0 the
toroidal regime is also shown to be significandy higher
in energy than the interwound regime, as expected, but
the toroidal form is energetically favorable under special
geomerric constraints. According to Marko and Siggia,
interwound branching —— the formation of Y-shaped
DNA, as commonly observed in electron micrographs
(see abo Figs 2,3) — balances entropic costs with en-

thalpic energy gains.

Shi and Hearst [39**] develop 2 new. curvature-tor-
sion coordinate framework to study DNA supercoil-
ing on the basis of the non-linear Schrédinger equation.
Rather than using the common Euler-angle representa-
tion for formulating the differencial equations describing
the equilibrium of an elastic rod system. their frame-
work focuses on the geometric variables of curvature
and torsion, K(s) and T(s) (see also discussion in [31*]).
They show that the stationary states ot supercoiled DNA
can be obuined in closed form from the time-indepen-
dent non-linear Schrédinger equanion in one dimension,
Self-contact effects can be incorporated through an ad-
dirional potential. Shi and Hearst study a toroidal he-
lix. solutions for which can be obtained with closed end
boundary conditions without consideration of interchain
contact. Expressions for Wr and Tw can be explicitly de-
rived. The immediate extension of this novel approach
to interwound chains with self contact. 1o nucleopro-
tein geometries, and to time-dependent solutions that
might suggest local transition pathwavs associated with
gene regulation, for example. promises exciting discov-
eries,

Buckling transitions: analytical, numerical, and
experimental clues

Another interesting analytical study from last year ex-
plores the higher-order buckling wansitions associated
with the elastic rod wearment of DNA [40*). This work
complements two other simulation scudies based on nu-
merical energy minimization [36*,41*] and also compie-
ments experimental observations. The buckling tansi-
tion from circle to figure-8 is well known from elasticity
theory to depend on {3)1/2p (see Fig. 5, computed en-
ergy profiles for energy crossing berween families FO and
F1 for cwo p values). Interestingly, Zajac [42] first related
chis result to the coiling and kinking of submarine cables.
This buckling he was later associated with DNA
at a threshold ALk =(3}1/2p [33,34], where exchange of
stability between the two stable forms occurs. Higher-
order transitions had not been analytically demonserated
in this context until last year, though Le Bret [43]
has suggested a possible second transition berween the
figure-8 and the interwound form with 2 writhe value
near two [43].

In an extensive minimization scudy in 1994 [41°], the
existence of the higher-order buckling transitions was
demonstrated for a theoretical elasric model with self
contact. In this study, a Lennard-fones term for seif
contact (both attraction and repulsion) was used, and the
elastic plus non-bonded energy was minimized at small
ALK intervals in the range of 0 to 6 for a 1000 bp closed
duplex circle. Intriguingly, 2 notable transition was found
between the figure-8 and the next interwound form of
Wr=2 (see Fig. 5a, families F1 and F2) and more sub-
de jumps in Wr as jo| was increased (see Wr profiles in
Fig. 5a). Each such transition is characterized by a sudden
increase in Ep and a sharp decrease in Et, as well as by
a systematic drop in the self-contact term. This behav-
ior was also obtained without attractive forces, and with
an explicit Debye—Hiickel term instead of the Lennard-
Jones potential [25¢] (as shown in Fig. 5a.b for two p
values). With a necessarily simplified seif-contact treat-
ment (hard sphere) in the context of finite ¢lements, as
configurational families were traversed, sharper drops in
ET were noted than chose shown in Fig. 5, accompanied
by rises in Eg and Wr [36°]. A close examination of these
various profiles, including the most recent Fourier series
description by Liu et al. [44], suggests that the ratio p
protoundly affects the nature of the minimization pro-
files obtained. Note from Fig. 52, where p=1.5, how
much sharper the configurational and energetic varia-
tions are with ALK in comparison: with Fig. 3b (p =0.7);
the behavior between families F1 and F2 in the Wr curve
appears to be particularly sensitive to p. A more detailed
exploration of this sensitivity to p over a broad range is
now available (Ramachandran G. Schlick T, unpublished
data).

In his study of this phenomenon, Jilicher {40] ne-
glects thermal Huctuations and entropic etfects to make
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Fig. 5. Coniigurational profiles for 1000 bp ciosed duplex DNA as a function of o for two values of C. The writhe profiles are shown as
ALk is varied irom O to -6 for two values of the torsionai-rigidity constant C (0.85 and 1.8 10~'?esgcm), corresponding approximately
o (8 ) =7 and 5°. respectively. The energy consists of bending, twisting, and Debye-Hickel components and is set to a sodium salt
concentration of 1,0M, as described in [25%]. For reference, the Coulombic energy for the circle is 37.1 kcal mol—. Note the existence of
more clearly separated families for the lower C (higher p} profile. Although only the total energy is shown here, it is easy 1o distinguish the
families on the basis of the twist energy: the beginning of a family is associated with a sharp drop in the twist energy. Note the smoother
profile for the larger C (lower pl value and the lower ALk for the circle—figure-8 buckling at the lower p set. The first data set was taken
from (25, and the second was generated for this review. For longer DNA systemns, profiles smooth out considerably (G Ramachandran, T
Schlick, unpublished data).

his analvtical model rractable tor solution and ex- Are these configurational wansitions masked by thermal
ploits che large ratio berween length and thickness as- fluctuations in reai DNA? This is certainly expected:
sutned tor the long and thin elastic rod model. Four also, as plasmid size is increased, the Wr and energy
equilibrium (stationary) families are obtained as solu- profiles (as shown in Fig. 5) are expected to smooth
tions of the Euler-Lagrange equanons: planar circles out rapidly (Ramachandran G, Schlick T. unpublished
"Wr=0). non-planar rings {0 < Wr<1). self-intersecting data). Even if so, might these buckling phenomena be
rings (1 < Wr£2), and interwounds (Wr>2). Depend- relevant under certan sicuations? The views shown in
ing on the numerical value of p. the transitions between Fig. 3a,b for two p values, raken along with Jiilicher’s
fanulies are discontinuous or conunuous. Interestingly, tesult, clearly demonstrate that the larger the value of
the branch ot non-planar rings 15 unstable tor p>0.61. p. the more abrupt the catastrophes will be. Thus, it
‘Note that slight deviations trom homogeneiry ot bend- A is taken to be fixed, these buckling wansinions will
ng or from circular cross-sections can alter the precise be more important tor smaller C values. Furthermore.
value of p at which instability occurs.) This branch of for small duplex circles (e.g. a few hundred base pairs),
non-planar rings is not typically found by numerical the rransitions of lower order (because physiological
minhmizaton procedures. This equiibrium description implies small ALK} are expected to be important. Mote
not oulv underscores the sensitiviy ot the results to generally, such phenomena may atfect structural behavior
the elastic parameters and the need for caretul selec- in small, looped segments of DNA, which act topologi-
tien for numerical models. but also brngs into imme- cally like closed minicircles. Very recently, buckling tran-
Jdiate question the biological relevance of these buckling sitions for 178 bp minicircles in vitro have been observed
phenomena. by crvo-electron microscopy {45**). Furthermore, on the
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basis of time-resolved fluorescence polarization and dy-
namic light-scattering measurements, the laboratory of
Schurr {46] reported abrupt structural changes in super-
coiled DNA plasmids as physiological superhelical den-
sities are approached (in most studies, only physiological
@ is explored). These transitions may involve coupling
between secondary and tertiary structure. interestingly,
Schurr and co-workers (27] have also suggested lower
C values on the basis of the plasmids studied in their
laboratory. This is the case where buckling phenomena
might be more significant.

Abrupt structural transitions associated with DNA su-
percoiling may also play a role in mechanisms guiding
protein-DINA complex formation, reguiated by proteins
that wrap and bend DNA. An interesting analytical study
of such structural transitions has been presented by To-
bias ef al. [47%]. Their analysis accounts for, and general-
izes, the sudden configurational changes of DNA when
wrapped around a protein, as observed by computer sim-
ulations [48°]. In che study by Tobias e ol [47%], ex-
pressions are derived for the equilibeium configurations
of long DNA systems subject to a variety of boundary
conditions at the DNA ends. The elastic-rod framework
of Kirchhoff is used, and explicit solutions are derived
in a cylindrical coordinate system using the equilibrium
theory of traveling waves. Tobias et al. show that small
changes in end conditions can result in large changes of
three-dimensional structure. For example, nicked DNA
(for which explicit formulas for equilibrium configura-
tions of a twist-free rod are more casily derived than for
closed circular DNA) undergoes an abrupe transition as a
resule of a small angular change (Aq) in the orientation of
the cangent vector at one end of the rod with respecs to
the axial direction of the rod. near a perpendicular ori-
enation (@ *90°). Transitions berween crossed and open
loops are shown to be abrupt as a function of the tangent
vector orientation at the boundary, whereas intermedi-
ate self-intersecting forms vary continuously, Tobias ¢f
al. [47¢] interprec these observations in terms of a pos-
sible correlation between an enzvmatic nicking mech-
anism and the boundarv geometrv at the DNA ends:
depending on the instance of nicking (with respect to
the abrupt structural change that takes place). a duplex
circle can sustain a ALK ot one or two. This ditference
depends on the Wr increment between the time of nick-
mg and ligation. an increment that s shown to depend
sensitively on the tangent orientation at the poin of con-
tact between the protein and the DNA.

Free energy of supercoiling: experiment and
analysis

The 1ssues of entropy (thermal tuctuanons) and the
relevance of the mechanicai elastic equiibria to su-
percoiled DNA, discussed above, have been turther
explored by Bauer and Benham [49**). Experimental
data of DNA melting from gel studies in which elec-

trophoretic mobility is regarded to be a function of ALk
and T (40-60°C) have been analyzed for a DNA plasmid.
pBR322 (4361 bp). (The size of this plasmid appears 1o
vary in the literature; the vaiue given here is the most re-
cently reported.), to determine the free energy associated
with supercoiling deformations of the DNA and to esti-
mate the enthaipic and enaropic contributions to the free
encrgy. Low-sait conditions were used, and the gel daa
were collected for 0 values berween -0.058 and +0.02
(the cypical density here is -0.054). A quadratic depen-
dence of the supercoiling free energy on ALk has been
confirmed, and both the entropy and enthalpy of super-
coiling are reported to be positive and to vary quadrati-
cally with ALk. Bauer and Benham suggest that because
the estimated magnitude of the entropy term is relatively
large (roughly half the magnitude of the enthalpy), en-
thalpy alone may not reasonably represent the free energy
of supercoiling, especially as temperature increases. They
argue that the interactions of DNA with its surroundings
can be substantial and therefore chat caution must be ex-
ercised in interpreting simulation work.

Clearly, the data presented by Bauer and Benham in
Table | of [49*], regarding best-fit energy parameters
for an assumed quadratically varying free-energy ex-
pression as a function of o, form a valuable addition
to the literature. The conclusions regarding the total
free energy are reasonable and in agreement with other
experimental and theoretical studies. It is cerrainly rue
that although numerical simulations of DNA supercoil-
ing (such as Monte Carlo methods and MD) account
for configurational entropy, they cannot directly model
other entropic sources, such as those arising from ex-
ternal interactions between the solute DNA and other
molecules. Langevin simulations (see below), however,
can model these interactions implicitly through frictional
terms and hydrodvnamic interactions. Thus, cautionary
notes regarding the importance of these additional fac-
tors that cannor easily be accounted for via simulation
are ahways timely in the numerical modeling of large
and complex biomolecular svstems. Nonetheless. two
points should be noted. First. the experimentaily de-
rived clastic parameters used in simulations reflect in
some sense the average behavior of DNA in its nacu-
ral environment. Second, to date. there is a significant
agreement berween results obeained with the elastic rod
and those obtained with statistical polvmer tframework.
This agreement arises because the simulated configura-
tional properties of supercoiled DNA reflect tree-energy
contributions to bending and torsional deformations: any
direct partitioning into entropy and enthalpy cannot be
extrapolated from these resules.

Dynamic simulations based on geometric curve
representations

As seen above. many interesting aspects of DNA super-
coiling cau be studied by examining minimum-energy
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profiles or ‘average’ behavior of regular superhelical
structures, The floppiness and irregulanity inherent in
large DNA systems., however, requires that the endre
thermally accessibie configuradion space be considered.
Equilibrium distributions as obtained by Monte Carlo
simulations form one technique to explore the wide
range of spadial configurations and the associated prop-
erties of topologically constrained DNA systems. This
approach may be classified as statistical, rather than ki-
netic, in nature. Monte Carlo simulations are straight-
forward to formulate for supercoiled DNA, efficient to
study on modemn computers, and valuabe for system-
atically analyzing many observed phenomena related to
branching [30], catenation [6), salt effects, etc. Recent
adaprations to curved DNA species, for example [51],
reveal the strong tendency of an intrinsic bend o be lo-
calized at an apex of a superhelix and the dependence of
branching patterns (e.g. straight versus Y-shaped forms)
on the spatal separation of the bends along the chain.

Nonetheless, procedures that simulate continuous dy-
namics are essential in order to obtain dynmamic in-
formation on pathways of structural changes in DNA.
Such information is important for understanding con-
figurational cransitions in DNA. kinetic processes such
as recombination and knotting, and hydrodynamic func-
tons. In recent years, such kinetic views have been of-
fered by molecular, Langevin, and Brownian dynamics
formulations in a variety of modeling frameworks. These
methods are based on numerical integration of Newton's
equartions of motion:

MV(t) = —VE(X(1)), X(t)= V(1) 4)

for the collective position and velocity vectors, X and
V. as a function of time, t. The symbol M denotes the
mass matrix: the dot superscripts represent differentia-
uon with respect to rime; and the systematic force is
expressed as the negative gradient vector of the potential
energy E(X). The different dynamic methods developed
for supercoled DNA have different physical and com-
putartonal teatures. These, in rurn. influence the topics
and svstems studied using these methods.

Molecular dvhramics

The eiegant three points per bp ('ADNA') model ot Tan
and Harvey {32] forms a compromise berween compura-
nonal teasibility and physical refiabiliey tor closed circular
dupiex DNAL A strong teature ot their tormulation is the
vossibility to modei specine DNA sequences through se-
lective parameter choices tor individuad bp ult. roll. and
owist potentials. In particular. different torce constants tor
the terms associated with the nle and roll angles can be
used o model anisotropic bending, though this is vet to
be Jdone.

Sprous er uf. (D Sprous. RK-Z Tan. SC Harvey, per-
sonal communication) raise general 1ssues of numeri-

cal convergence of thermodynamic properties, which
are important in light of the significant thermal fAuc-
tuations expected from DNA systems of several thou-
sand base pairs. Tan et 4. RK-Z Tan, D Sprous, SC
Harvey, personal communication) also present a kinetic
study of polymer slithering — the reptant-like morion
along the chain — and branching. Specifically, they ex-
amine three types of 600bp circles over 500 ns simula-
tions of standard MD with velocity reassignments and a
tmestep At =31.266. They find that homogeneous se-
quences {the same global helical parameters assigned to
each bp) slither predominantdy, whereas natunaily curved
sequenca(whmemll.dk,mdmiuarebpspedﬁc) use
slithering only to find favorable arrangemenrs that can
accommodate small variations in curvature so that more
highlycurvedlegiomclus:eruthcioopdpsof'branched
superhelices. A regular curved sequence (a curved cen-
tral insert of 50bp of composidon [AsGs]s) reveals, in
contrast, little variation in the branch geomenry, favor-
ing an apex at the center of the inserted curve. These
findings agree with results from other simulations as
well 3s with experimental observations. The model pre-
sented by Harvey and co-workers can be extended to
longer DNA systems of biological interest, limired only
by computer time.

Langevin dynamics

The use of dynamic simulations to study DNA super-
coiling has also been described by Olson and co-work-
ers [24]. We use a compact B-spline representation
for the DNA curve, as in other energy minimization
approaches, but apply a new technique for dynamics
based on the Langevin formalism. As 2 first-order ap-
proximation, the internal energy of Eqn. 2 is used (in
addition to self-contact and chain-length terms); clearly.
the assumption of uniform twist at every dynamic step
makes solution straightforward. but is unsatistactory in
the long run. The dynamic implementation involves
the use of a highly stable numerical integration scheme
for the Langevin equation [24]. making possible super-
coiled DNA simulations entering the microsecond range
(nmesteps benween 0.1-1 ns} [33,54°).

The Langevin tormalism has a fong history in modeling.
originating from the study of liquids and polvmers in the
19405 [35.56]. This framework provides a usetul body of
knowledge for modeling phvsical svstemns in viscous me-
dia. In addition to a tirst-order approximation of solvent
damping, the Langevin model is computationailv effi-
clent, as an optimal coupling ot the system to the ther-
mal reservoir accelerates configurational sampling during
tinite-length simulations [54*). The Langevin equation
includes a frictional term proportional to the velocirv
and a random torce R in addition to the systernatic force.
In such a wav. it crudely mimics molecular collisions and
viscosity in the realistic cellular environment. A thermal
equilibrium is established through setting the random-
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force components (mean and autocovariance matrix be-
low) according to the Auctuation/dissipation theorem:

MV(0) ~ ~VEQU()) - MV() + R(®),  (Sa)

(R()) = 0, (RWR(K)T) = 2vkgTMS(t — ). (Sb)

In this simplest form of the Langevin equation, ¥ is the
damping constant, and 8 is the usual Dirac delta sym-
bol. A more general form of the Langevin equation also
includes hydrodynamic effects (56].

In the buckling study discussed above (41°), an analy-
sis of several simulated trajectories of length 1ps (at

in chain curvature.The fluctuation behavior depends
on G and reveals a significant departure from the en-
thalpic equilibrium sructure, especially for moderate
ol (0.0250-0.030), where fluctuations among several pre-
ferred regions in Wr (distinct families) are noted. Folding
dynamics of the torsionally stressed circle to the inter-
wound form are akso readily captured as well as the local
superhelical fluctuations (see Fig. 6 for a new illustration
on a 2000bp system).

A recent examination of the effect of salt on DNA flexi-
bilityfollaweddnedymmicbehaviorofl@bpduph
i hysiological jof (0.05) at environments of
¢;=0.005, 0.1, and 1.0M sodium concentrations [25).

effective cimesteps of 100ps (53]) points to four char- An explicit Debye—Hiickel term was introduced into
acteristic motions for superhelical DNA (in increasing those calculations in the form:
frequency of timescales): translational diffusion, overall -PlyigL.q)

end-over-end tumbling, large-scale bending and twist- Ec - B [ [~+——, 6)

ing about the global helical axis, and local fAuctuations dy

Fig. 6. Branching dynamics of 2000 bp closed duplex DNA. Snapshots of DNA configurations are shown as generated by a Langevin dynamics
simulation with moderate solvent damping (as described in [54*]) at ALk =—12 and a salt concentration of 0.1 M. The ratio of the eiastic

Darameters 15 set {0 1, with the bending constant set as described in t

he legend to Fig. 3. The timestep is approximately ane nanosecond, sa

‘he total simulation of 10 000 iterations covers 10 ps (six hours of computing on a DEC alpha machine). Note the toroidal-like forms as the
ONA begins to fold, followed by branching and formation of lobed-shaped supercoiled structures. Slithering of the DNA segments, as well
as global bending and twisting motions, can be observed. Overail, the structures are highly irregular, in contrast to the energy-minimized
‘orms shown in Fig. 3, and reveal the significant opeming of the superhetix due 10 thermal fluctuations and solvent effects. The data were
3enerated for this review, and the visualization was prepared with an interface (written by Constantine Kreatsoulas) between our dynamics

programs and the graphics package Molscript (62},
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where B is the Debye—Hiickel screening parameter
(=0.33 (c)'/2 at room T), k and ) denote charged
DNA scgments, dy; is the distance between segments i
and j, and B is a sale-dependent coefficient (absorbing
both the charge per unit length for the DNA and the
dielectric constant of the medium). An interestung pat-
tern emerged from the dynamic simulations: although
the DNA forms at low-salt concentrations were loosely
supercoiled and more mobile, and those at high salt very
compact but rigid, the largest degree of fiexibility was
noted in the middle range of 0.1 M, near typical phy-
siological values. In this environment there appears to
be an opamal balance between clectrostatic and en-
topic factors that makes the DNA overall the most
flexible. Furthermore, at this value of salt, 2 particularly
sharp change in the buckling behavior from the circle to
the figure-8 was noted {see Fig. 7): as salt concentration
decreases below 0.1 M, this transition is delayed sharply
(i.e. the critical ALk where the energy of the two forms
is equal increases from 2.1 to 3.25 as salt decreases from
1.0 to 0.005 M). This finding correlates well with the ex-

i observations of Bednar et al. (45 . which
suggest a sharp ‘collapse” of interwound geometries near
this critical molarity of salt. The findings also agree with
numerical work by Fenley et al. {57] invoiving a more
denailed representation of the charged DNA backbone,
but on small (100-150bp) circles.

Most recendy, this dynamic model for studying super-
coiled DNA has been improved [54¢] to weat solvent
damping through the viscosity parameter, ¥, of che
Langevin equation. This addition eliminates harmonic,
periodic motion observed earlier in vacuum [24). In
fact, now three regimes of dynamic behavior are iden-
rfied as 2 function of solvent damping: at low solvent
density (in vacuo behavior), the DNA is globally har-
monic, whereas at 2 high degree of damping inertial
forces are small compared to the random collisional
torces which dominate DNAS behavior. In the inter-
mediate viscous regime (thought to be characteristic of
physiological cellular environments), DNA is highly mo-
bile and active. We suggest that this arises from a critical
activation of the global rwisting/ unwisting mode due to
a specitic interplay between inertial and diffusive torces.
In this regime, transitions among several configurational
forms of superhelical DNA are more readily observed.
and a preferential lowering of the writhe due o ther~
mal Aucruations is noted. Further, a free energy barrier
might exist between two interwound configurations (at
the particular ALk of the trajectory): the potential energy
minimurmn and a2 more loosely coiled structure, which
is not a potential energy munimum but is an unpor-
tant configuration around which the DNA torms cluster
during the dynamic simulation in solvent.

With this first-order solvent representation 1n the DNA
model. 1 kinetic observarion ot interwound branching
dynamics is possible. as shown m Fig. 6. Quantitative
estimates of translational ditfusion constants as a tunc-
tion of DNA size are in progress. The relaxation ot the
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ﬁf' 7. Buckling of the circle to the figure-8 form as a function of
salt concentration. The critical value of ALK where the energy of the
circle is equal to the energy of the figure-8 form is shown against
the logarithm of the salt concentration. A sharp increase is evident
for sah concentrations befow 0.1 M. The piotted data are taken from
{25°], where p=A/C = 1.5. With a higher value of C, such as used
for Fig. 3, the critical jALkd shiits downwards consistently, so that at
high salt its value is around 1.3 rather than 2.1 (see Fig. 5).

isotropic bending, which implies uniform twist, forms
2 natural extension of the model. Indeed, the Langevin
framework lends itself naturally to other chain repre-
sentations, such as bead models. where local features
retlecting the non-homogencous bending of DNA can
be more easily incorporated than with the compact and
global B-spline approach.

Brownian dynamics

When long-time dynamics of systems in solution is of
interest. using the Brownian dynamics regime is also
reasonable. In this ditfusional analog of molecular dy-
namics, the molecular displacements are considered to
be heavily damped by the high viscosity of the sol-
vent. Thus inertial forces are assumed to be small in
comparison to solvent damping, so that the motion is
overall Brownian (random walk) in character. In this
regime, the short-time dynamics behavior 1 unreal-
istic. but over long times t. positional displacements of
the svstem satisfy the Einstein relation for the diffusion
coefficient D, as a function of the mean square fluctua-
tons: 6th=(fX(t) —X(O)F). In practical simulations, the
momentum term (velocity term in the right-hand-side
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of Eqn. 5a) is neglected, and positions are propagated in
terms of systernatic and random forces, such as by

(ADy

X(t + Aty = X(1) — —k—aT_VE(X“» +RM  (Ta)

(R(V} = 0, (R(OR(t + A0T) = 2D,AL5;j,  (7b)

in the case of scalar diffusion coefficients and no hydro-
dynamic interactions. This description can be less real-
istic than the Langevin formulation of Eqn. 5a,b unless
hydrodynamic interactions are included to describe the
local force variations due to a change in solvent struc-
ture. This description is accomplished by incorporating
the local stress variations (i.e. space- and time-depen-
dent diffusion wensor instead of 2 space- and time-av-
eraged scalar) inco the propagation scheme. In practice,
the constant D, is replaced by a mamix whose compo-
nents depend on molecular positions. This formulation

implies interdependence among the components of the
random force.

The fessibility of Brownian dynamics techniques to nu-
merical simulations of DNA supercoiling has been re-
ported by Chirico and Langowski [58*]. Their formu-
lation, which relies on Brownian dynamics algorithms
developed by McCammon, Garcia de la Torre, Alli-
son, and co-workers (see articles cited in [58°]), uses
a bead model o represent ciosed DINA of 1124bp
(37bp per bead). Stretching, bending, ctorsionsl, and
excluded-volume terms are included in che governing
potential, and hydrodynamic interactions are included
via the Rotne-Prager tensor. The Brownian dynam-
ics protocol follows the modon of the beads (in the
framework of three local basis vectors associated with
each bead) along with changes in the three Euler rotation
angles that orient each bead’s axes with the next. In this
way, the motion of a ‘twisting’ ribbon can be followed,
In addition to hydrodynamic interactions, non-uniform
twist can also be modeled by this approach, making ap-
plications to naturally curved sequences feasible.

All paramerters rvpically used in other models require
special scaling and adjustment co conform to the bead
sizes and the hydrodvnamic radii. Although most of
these procedures are straighttorward, a limitation in this
protocot is the use of an elastic deformation energy to
describe large angular deviations. such as 40° for non-
touching beads. Indeed. kinks are often noted in the
generated structures. With a timestep of 95 fs. micro-
second simulations are propagated, and the folding of
torsionally scressed DINA circles is presented [38¢) in
agreement with the other dvnamic approaches described
above. Solvent damping, in particular, leads to significant
damping ot the globally harmonic modes (expected in
vacuum), as also shown recently with the Langevin tor-
malism [54*]. Extensions of the simulation protocol to
larger systems is limited by computer time: the com-
puting time grows faster than with the fourth power
of the number of beads. [n addition. because the diffu-

sive regime averages out the more rapid motions which
depend sensitively on the internal potential (such as lo-
cal changes in curvature), these processes may be poorly
resoived or missed by the Brownian dynamics protocol.

Dynamic simulations as extensions of elastic rod

theory

In addition to the above dynamic procedures that com-
bine a simplified geometric representation of the DNA
with a pumerical simulation procedure based on a sim-
plified energy function, dynamic theories of elastic rods
can also provide simulation frameworks for supercoiled
DNA applications. Indeed, the study of both the statics
and dynamics of elastic rods is an active area of research
in the field of mechanics. Very recentdy, the dynamic
theory of elastic mds has also been developed to pro-
vide numerical simulation frameworks for the evolution
in dme of a linear elastic rod subject o homogeneous
forces (see below). This model is appropriate for a vari-
ety of mechanical and biological applications.

Klapper and Tabor (personal communicarion) describe
a new numerical algorichm for the dynamic evolution
of the three-dimensional Kirchhoff elastic rod. In their
model, the Newtonian equations of motion are formu-
lated for the evolution of a space curve X(s.t) and a rwist
function 0){s,t). To express the time evolution of this sys-
tem, conservation laws for the local forces and torques
are formulated and expressed in terms of the curve vec-
tor and its tangent, internal and external forces (the
latter used to model self contact), and internal (elastic
energy) and external (e.g. torsion inerna and damp-
ing) moments. To complete the description, the terms
are cast in a form ensuring preservation of the total

Fig. 8. The dynamic approach to eguilibrium forms using simula-
tions of twisted elastic rods. The images displayed were provided
by | Klapper. The ‘snapshots’ shown on top and bottom are taken
from two distinct simulations, both with the circular configuration
as the initial structure, but with different initial-twist distributions.
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contour length. The numerical integranon aigorithms
used are second- and fourth-order explicit (Veriet and
Runge-Kurta) schemes. implemented with monitoring
of energy conservation and of ALk, where appropriate.
Boundary conditions can be varied to model both closed
and open rods.

Klapper and Tabor obuin illustrative results relevant o
DNA supercoiling for the case of closed rods (personal
communication). They follow Zajac's instability of the
circle—+figure-8 transition (no seif contact), as well as the
folding of two torsionally stressed systems (with self con-

tact in the form of a d~19 term) (see Fig. 8). The authors
also describe an interesting application for future work
involving chain aggregates of bacteria that exhibit com-
plex writhing and buckling phenomena that may depend
on the viscosity of the medium.

Similar developments of the dynamics of elastic rods are
also in progress by Maddocks and co-workers [59°).
These rescarchers are formulating the static and dy-
namic solutions of the elastic rod through numerical
quadrature of boundary-value problems of ordinary dif-
ferential equations for a governing Hamiltonian system.

() G

Fig. 9. Representations of the set of equilibrium solutions for an elastic rod model as computed by the programs of Maddocks and co-workers.
The results shown here iliustrate a sophusticated computational and graphical interactive interface developed by Maddocks and co-workers
at the University of Maryland that allows users to visualize the set of equilibrium solutions in an appropriate parameter space and 10 connect
points on the diagram with physical images (equilibrium shapes of the rod [59*]) at selected parameter values. The computations involve
solution of a system of ordinary differential equations with boundary conditions that describe the equilibrium shapes of a rod {59%]. The data
shown here are or the case of a uniform rod with circular cross-section and no seif-contact terms. Other cases can be examined electronicaily
by browsing through the World Wide wWeb (WWW) site hmp//jacobi.umd.edw. Equilibria of the twisted ring problem can be described as
one-dimensionat (parameter) famities when an input variable, such as ALk, is varied from a known soiution {e.g. the circular coniiguration).
{a—c) Three projections, with the ordinate and abscissa as listed, of the bifurcation diagram that arises when the energy, shear force, twist,
and writhe are evaluated along these families of equilibria (for mechanical terminology, see [59%)). In each case, the curve is colored (using
a spectrum of purple-blue, blue, green, yeliow, orange, and red) according to writhe, with green representing Wr =0 and the upper {red) and
lower tbluel limits corresponding to Wr = £35.5. For this example, centain closed-form solutions are known. namely equilibria in which the
axis of the rod assumes a circular shape with either positive or negative twist. These ‘trivial® solutions correspond to the straight branches
in panel (bl and 1o the parabolic branches :n projections {a} and {c}. The cther sclution branches correspond to configurations in which
the axis of the rod is a non-planar curve. The non-trivial branches bifurcate from and link the trivial ptanar solutions. Panel {d) shows the
reconstructed physical configuratron corresponding 1o the point indicated by the filled circle in the bifurcation diagrams of panels {(a—c). Note
that it is knotted, as self-contact is not penalized. The green cylinder represents the center line of the configuration, and the biue ribbon
follows the rwist of the rod.
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Their model can also incorponate self contact and en-
compasses non-uniform and anisowopic rods that are
nawrally curved. Equilibrium phase diagrams for the
elastic rod are beautifully displayed via an advanced
graphics interface that is coupled to computation of
the solutions in real time (see Fig. 9 for an illustration).

Dynamic extensions are underway.

Conclusions

This review covered selected aspects of recent analytical
and kinetic studies in the area of DNA supercoiling. It
is already evident from these studies that different sci-

of fields, as well as from unusual combinarions, such

ity theory and Hamiltonian systems, molecu-
lar biology and macromolecular simulations, statistical
mechanics and polymer theory. The new mathemati-

In particular, the profound effects of salt and thermal
fluctuations on superhelical DNA structure and dynam-
ics are emerging. Both experiments and simulations are
suggesting that kinectic studies, in particular, require a
more sensitive treamment for the long-range intrachain
interactions than the hard-core approximation thar was
used for a long time. Furthermore, to understand che
configurational flexibility of supercoiled DNA, special
auention to the degree of configurational sampling in
these numerical simulations is required. Alchough miost
of the salt-effect modeling studies have been restricted
to univalent ions (sodiumj). the more complex etfects
of larger ions and high ionic strengths on the DNA
polvelectrolyte require turther investigation. Studies are
needed to better understand observations regarding sub-
stantial compression of the interwound superhelix ac
high-salt conditions, and novel packing schemes of du-
plex DNA crystai structures when bound to magnesium.
Special actractve terms mav be necessary to reproduce
experimental trends in this connection.

An important interpiay berween theory and experiment
15 also arising. New analvtical treatmenes (e.g. modern
Kirchhotf rod theorv) are suggesting subtle structural
trends (e.g. buckling of rods) that are spurring simuia-
tion studies: these. in turn, are leading to 1 search for bio-
logical examples where the detected phenomena mav be
relevant (e.g. DNA loops. nunicircles, DNA-~protein in-
teracnions). Converselv. experimental dara (e.g. observa-
tions of salt-dependent DINA knortting and Hexibility) are
inviting comprehensive and svstematic modeiing studies

to isolate the essential fearures that best explain, and go
beyond. the data.

Of particular interest in the coming years will be new de-
velopments in dynamic simulations based on elastic rod
theory, kinetic aspects of superhelical DNA as explored
by Langevin and molecular dvnamics simulations for
non-uniform twist and heterogeneous-sequence cases,
and advances in experimental cechniques to resolve lo-
cal aspecrs of DNA structure. Natural extensions of these
studies will involve protein-DNA interactions, especially
phenomena related to topological constraines, such as in
nucleoprotein complexes. Ultimately, two related topics
that will require attention are the effects of DNA crowd-
ing in the natural cellular environment, and differences
in the noted behavior of supercoiled DNA (e.g. in ref-
erence to salt effects, see [25°)) between in vitro and in
vive conditions.
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