the

aucaened rivne abdus salam

i international centre for theoretical physics

SMR/1108 - 10

COURSE ON
"MEDITERRANEAN SEA(S) CIRCULATION &
ECOSYSTEM FUNCTIONING"

2 - 20 November 1998

Trieste, Italy

A OOEABACE GO OO GO O O OO B OO CXO OO GO OO O T 0O 0O 00 X O ) GO 0Q OO OC 0Q CA OO 00 COOQ D0 OO 00 OO COOOOG

"Exploitation of One Population in Peaceful, Stochastic
& Periodic Environment"

T. LEGOVIC
R. Bo¥kovid Institute
Zagreb, Croatia

Please note: These are preliminary notes intended for internal distribution only.



‘Al STOUSIIQN APUDDE ISIAIS[T PR T on 00° €08/ ¥R/ 008E-P0OED

FUISIAIRY 140} JUTISUOD pum elonb JURISUOD JdpUn sanueuAp uoneyndod
WIaA0F YDA SUOHENDD 34 ] MR ASITO| MO[[O] yimosd uonendod sy 197)

INTWNOUYIANT DISVHOOLS UNY INVISNOD NI SNOILYTINJOd ONILSTAUVI

-Kuadosd Fwizipiges §11 01 anp ‘elonb Jueisuod
a1 o3 10uadns g 01 puUNOj UG SEY 1 AIULS pareSusaaur st AZarens Sui
S1SAAITY 110]J TURISUOD At} AJUQ TUSUELIUOCLIAUR Fuikiea Aqpeatpouad v ur uon
-pindod aue Sunsaairy Jo wajqold A 1APISUED sloyine ay) saded sy u)

(LL6] “ArIA pur uo1duippag 9.6 IpleuTy pur onen) umu
-uo.iaua Funenangj AJWOpUED puv (9261 DR spdwexa 10)) WUEISUOD B Ul
Fuiar) uonendad © Jo aSEI JY1 UL PUNGY UIAY 2ATY 110)§2 wnuinde Fuipuods
1105 pur AVSIN (AVSIN) P11 PIRIA SBRIMAT JYRUITISHS WWIXEW 3]
JO JUALIDARIYIT PUE UOIIUNXD 1sutedn gonoaoad snewone apndul K3aens
FUISIALBY DYRIINS B JO SMINQUITY suonendod [rinieu jo uonepoeldxa 1)
ARRNS FEINS B BUOOYD 0] SISTG B ST PAIRZNSIAUL UNJO 2T S]PPO

NOILONAOHULNI

ML AVSIA AP [l ASUANbAI] 241 UL AEAIIUT UR "JNQ TUONBLIRA [PIUAULGHAUD
jo Asuanboa) sl un AFumd © A PAOIYIE JOU ST YR Suusaarey wnwndo ayp Jursuod St
2101 giaold ssulnul syl pue sfeapaotiad <ol Anonded ButArie aJaym JUSUIUOITAUR UE U]

“AEIGRIPEND $SEAOIP AYSI AMYM AJEIUT] ISR LIOFID wnwndo ay) saseaioul
SUOUEMON]] [FIUMULOIAUD [0 DOUTLEA 341 USYAY “UMOUY J]2M ST TI8I0U 3)IYs O ULto} ay)
A[rURA WOPUE] B <1 2101 {IMolT JISULIUL J1m JUAE0IAUS TR Ul A8aens Funsaarey 10J)2
Jesuon Fuisn wonendod 2usi3o) B Jo (AYSIN) MBI PIRIA 9FRIIAR JYEUIEISNS WINWIXE]Y

67T 1TT “FT "Seypapopy
yooy pusluoIiaga spousd woar sonendod Suusaarel] pReT Uiy TPMAJ put L AA0EDT

Lavydlsdy

(P61 Yuew of wonesgnd o pardasoy)
?z;:_..,:w,x..: {S.._u,:N TO0 I Qi O d ISy LD L&_.L:u..:m,v WNRISU  doysog b:‘wu:y_:

I NYHOD PUe 3AO0DAT NVZuY.L

INAINOHIANA DI1AOIAd V NI NOLLVINdOd INILSTAYVH

spurpaayiey 2y ut porutig WEPINKIWY AT SIS YN d3UMIS EMADS|H
1% 6TT 10T PRATE bT Hiegpapogy [pa1doqey

- - - .- - -7

T

|

-
uf

[

-~



() ap ?:Q _”_ea “_\NUM @L_\% Cr‘:\ .___%....__w -

6018 uonenho o) FUIAJOG WaO) aRdU] OTUL PAIIRAUGD D9 Urd uonenhba
MSITO[ A AT = ¥ UORTUNSYBS A M ()Y = ¥ pur ()4 = 4 AUR 10

DU O SUonauny dipotasd

A PROYS JUsWUenAud ay) quasasdas yaiym saoawrind ppow ey sukaw
st L cApestponsad saues aa suonendod 1o gaigs un udLIueTIAud [,

LINTTIWNOYIANC IO ¥V NI NOLLVINJAOd

(1 814 oax} £ wonespenb sosearnap YA vgW

- doo
Ay AlRaU] SDsEDIIP T2 SINTIINUL SUONIENIIN]) WOPURL JO 2dUBLIRA
BYI SV OCIUDUITONAUD JUBRISUOD ® 01 ASTY Wy Jaews st TA S sy

o/

(L) g Lo AVEINA o

SEUCUBRHRA JO JU21 002 Suipuodsaiod ay ]

(O0F == Y "T=+) 0 Jouonduny ©se (AD)) PIMA JYL JO LOHRUEA U JUIDIFFIOD
puUE (¥ AVSINY PIOIA 23RIAR J|QPUINISS WNUIXEW Moy Arsusiun o0 wnundg 7 8y

9
{ 0
0 ¢ T T T T T T T 0 ~0
. 4
3 Hro 2
YAYSH
& Hzo v
o)
1m2
€0 -9
- - —
.aom
470 -8
a0t —- 50 -0l

{9) AHgse-) .<w£ = TAVSIN
2 put ¢ sba oul ¢ ha Runninygng

AINOSL FUNSIAR] B PAED a9 e juan

-gonAUd ur yans ul uonendod 41 ROUIE] gLa] TIPIPUIR PUl oneny aas uap

-PIQae] 24 01 FUNSIAIRI] JEAED PINOYS UDIGw SHISLIITIRYD FIUANTUOLAND Jo

apdurxs JaylouT 10.] "UdPPIGIe) 3y progs wonendod e oyans jo Funsaaany

uay) Uz = 0 IGY SUDNRNEN]) PTUAITOILALD WOPUR (ans IV RVATRIRATHIR]

JUMOUOLAUD UT U1 Pappaywia ag of punoj st uenendod agr g1 uonippe

U] CJUSWLOIAUD JURISUOD JU1 Ul UBRG) JUIWUOHAUD BUHNDI0[) Spuepurl
voul apews s1oegpe Sunsaanny wmunde oy eyl patouw g pinmys ]

() :_.m e,

281 030 Juasaanry wnwmdo ey puryp am g = ap/ MO e Suyny,
A I I N

(¥) e e

puv

(t) UL e = ey = N0

HLLRT AU pur umBuippag) Ajpandadsal aue pos
a1 JO 'AD UONRIIRA JO TUAINYF00d 31 pur T () PRIA JFRISAT o0 DOUTLIEA
pue o107 01 [enba uralt oYl giim astou aym st (234 pur anjes ura oy
s U aaaym (1A 4+ W= ()4 yim Juduueaaua Suneniongy Kwopuvs ©oujg

"MOYY PRUIPISUOI §1 PUE PAINOAR]
aq pPINoYs AZoIIIN LOJ D JURISHOD TOIUIJ [ WnLyinba d[gEIsun un o) spudj
pionb JURISHOD apys winuginbo uonemdod ajgeis w01 SpRIf ABMITS 110J)D
WRISUOY T/Y = o & UL SHNS2 goygw g/q = e, Apxuajue o wnwndo
gur(dde Ag pauielqo st ASI ASNELIS 110]])3 JURISUQD JO 38D ) U ¢/ Y
SEOIRI PIRIA A[QRUIRISON WNWIXEW SDTENTNN YI0g 10] TBYN UMOUY j[om ST

SPRL PIIA AT A/ PUT H PUR CTUDWUTGITAUD
ayy jo Anoeden SuIAIed Y UADIR0Y YIAMOIE JISULIUT dYY S 4 DIy m

() oY/ oL
¢ o o NP
BUTSDIATY JIOFJO JUEISGOD ()

) P

b— (/N LINA=

() ND

monh JueIsuod ()
(Ajaanoadsas e

(=]
4
(=]



When r is a constant, Eq. § becomes:

,

\\QH|§1J§$+\ - dr

o K(1')

1 1 .\“ nx&i...?sl ")) )

The asymptotic solution is the second term on the right side of Eq. 9.
Let K(1)= K, + K, cos wt, with K, > K,. Two interesting cases can be
distinguished (May, 1978).

Case 1 r = w

The asymptotic solution becomes:
1

el ) (10

Neglecting the term of the order 2mr/w one obains:

odr’
N NI A L
(1) ,wa.\_‘:ﬁ:

N VK- K (11)
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Fig. 2. Amplitude of variation in population numbers, ¥, as a function of 27+ 7w The upper
curve denotes the maximum (N ) and the lower curve denotes the minimum ¢ N n ) values

of population numbers for large times. The middle curve denotes the mean (V). As
2arfw 0, Ny = K+ K N> Kgand N, — K, K, (r=1 K, =10, K = %)
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Case 2: r>» w

The asymptotic solution becomes:

E.
E;L:ﬂ._ib §§;I&1: :B
2ar

According to May these results were first obtained by Poluektov (1074)
and by Kiester and Barakat (1974).

What remains to be investigated is the dynamic hehaviour of a logistic
population between the two extreme cases. One can do this by a set of
numeric experiments. Figure 2 shows some properties of asymptotic be-
haviour for varying frequencies. As expected. the variation in population
numbers increases as the ratio r/w mncreases. This rutio measures the ability
of the population to track environmental variation.

In general it has been proven that the asymptotic solution is periodic and
globally stable (Butler and Freeman. 1981). To prove that the asymptotic
solution has a period 27 /w, periodicity is assumed and the second term on
the right side of Eq. 9 is differentiated.

Results similar to egs. 11 and 12 can be obtained for a larger class of
periodic functions (see Appendix).

CONSTANT EFFORT HARVESTING IN A PERIODIC ENVIRONMENT

Assume that the logistic population is harvested according Lo a constant
effort strategy in an environment characterized by K(r)= K, + K, cos wz.
The population dynamics will be governed by:

] 1 cexpl —{r—e)(r—1)) |

——=—exp(—(r—e)t}+ w.\. le.;:i!.l.ﬂi |I|.~Q.‘ {13)
N(t) Ny 0 K(t')
Since the first term on the right side decreases (o zero as ¢ increases, the
asymptotic behaviour is determined by the second term. Because the authors
did not succeed in solving the integral analytically, the two extreme cases are
reconsidered.

Casel: r—e<< w

The net intrinsic growth coefficient is much smaller than the frequency of
environmental variation. This means the vanations are levelled out by the
population. The asymptotic value of the population number is:

e
/

N = {Ki—K!(1—e/r) (14)

Since the yield rate 1s eN|, the optimum effort obtained by maximizing the

yield is e, =r/2, the same as in constant environment. The asymptotic
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Choose T 5o that it satisfics the conditions of the theorem. It is then
possible to integrate the Fourier series term by term,

Let:
ft)=a. 2 + Xa, cos ket + b, sin kawr (VieRr) (A1)
Equation 9 can be rewritten as follows:
N() = Ny explre) /(1 + N, I{1)) (A2)
where
::n.\._zlaxl.&;a\ (A3)

0

By substituting Ey. Al into Eq. A3 and integrating, one obtains:

) =ay{exp(rt) — :\N_..JTM;U:.&F —ra, ) /r? + bmauv+mxvﬁlv
1

ox

x M:Z:. = kwh, ) cos ket +{kwa, +rb,) sin »E.‘:\?N + ki)
1

(A4}

Substitution of Eq. A4 into Eq. A2 gives the explicit solution, Assume that
the Fourier series contains a finite number. n. of terms different from zero.
Then, because:

”

2 (kwby ~ ra ) /(2 4 k0 = M < m
1

the following asymptote value is obtained:
rexpl—re)i(t)=a,/2 +Mw:\§ —~hwb, ) cos kwt + (Awa, +rb, )
i

Xsin kwt] /(52 4 kw?)

It foliows that for large times the population, in the two cases, is approxi-
mately given by:

Cusel: r <

1 e _
Nty = 7 f(¢)dre (A5)
Case 2: r> wn
N{t)=1/1(¢) = K (1) (A6)

o
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