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CHAPTER 1 INTRODUCTION

1.%. OBJECTIVES

Radic waves do not propagate very well in tunnels. This fect is experienced every
dey by many car drivers, but what is hers mersly a discomfort bacomss e ssrious
drawback for people working below the sarth surface. This isperticulasly true

in the mines, wherein mobile radio communications are pressntly considered es &
need for increased ssfety and productivity. Very surprinsingly, the su-ject of
electromagnetic wave propagation in subsurface works was nearly unexplored befors
the end of the decade 1960-1970. Since then, substantial research efforts have
been made on this topic in seversl countries and a good knowledge of ks {nvolved
propagation mechaniams is now available.

It 4= the sim of this course to provide an 1ntroduct1uﬁ to the subject of subsur-
face radioc wave propsgation and to the relstsd topic of leaky fesderz. Tha mate-
rial of this course has been taken from the suthor's book "Leaky fepzZe—s and
subsurface radio communication” putlished by Peter Paregrinus in 1€82 anc which
is proposed for further study, being the only existing book on the subfec:. The
mathematical appendixes have been taken as such from the book. The binliography
given at the end of the present notes is also wider than strictly recuired since
it contains many interesting articles that are not explicitely referenced In the
text. Of course, sentences of the type "it can be shown" generally rsfer to
proofs given in the book.

1.2. MATERIAL PROPERTIES

The guestion of the elactrical parameters of natural rock materisls 25 rs-her
cnmplex'and it could be the subject of a whele book. The fine structur: of many
natural rocks is crystalline. The crystals sre alwavs very small co-zaraz to the
wavelengths used in subsurfece radiocommunications and, insofar as thg, *Tave no

preferential orientation, we msy consider that the bulk electrical sro=g=-ips nf

the material are isotropic. In fact thev frequently do have & pres srdgnta-

tion dus te the geological stratification and this creates some a=leririz.. This

effect will be neglected here because it is completely negligible zz-=arz- to the

wide spread anc high veriability of the values of electrical pars-z<

are the dielectric constant «, the vermeabllity o, and the conduziivis

S5 i ——
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Excluding rocks with a high concnn@r&ticn in matals of the faerromagnetic group.
including iron, nickel and cobalt, the permeability of natural materiasls is very
closs to that of vacuum L 43 1077 H/m. Unless otherwise mentioned, this value
will be adopted throughout.

The dielectric constant and the conductivity of rocks, on the contrary, ars high-
ly varisble. Dielectric constants range from 2 to 70 but more frequently from 4
to 10. Conductivities range from 106 to 1 mha/m and may be spread on more than
two decades for a given typi_nf material at a fixed frequency. In genersl both

x and o incresse with tha water content. As a genersl rule the conductivity increa-
ses and the dielectric constant decroases with freguency, becasuse of dispersion
effects; these evolutions are not independsnt for they are related by Kramers snd
Kronig's relations (Lendau and Lifshitz, 1960}, which may be used to check the
validity of experimental data. Furthermore the conductivity and the dielectric
constant may depend on the pressure (Dnsager effact). Extremely high pressures
exist at large depths, but when & tunnel is bored, dacompreasion occurs in the
surrounding rock. As a result the pressure effect may be neglected.

Conduetivity and cielectric constant of samples can be measured with & good accu-
racy in the laboratory. One should be very careful on the validity of such measu-
rements bacause of the difficulty of teking & sample and bringing it to the labo-
ratory without modifying the electricsl parsmetars. Furthermore, valuss obtained
this way are only relstive toc a small sample and are not necessarily representa-
tive 1f the ground is 1nhnmogen¢ous. In situ measurements and particularly the
careful comparison of propagstion dats with calculations made on elecuate models
are undoubtedly preferable. They ars also more difficult to obtain.

Figure 1.1 shows the range of values pbtained by J.C. Cook (1975) from laboratory
measurements on various rock materials and on several types of concrzte at four
frequencies. We have ocnly shown the global range covered by ths messurements on
each type of rock : the reader interestesd in detailed values is refarred to the
original papsr. The distinction between wet ang dry materisl has besn made only
for those materimls where this yields learger diffarences than the z=-sad between
samples of the same type of rock.

Although the values shown on this figure result frem an intensive zeries of mea-

surements, they should still be corsidered as indicative. Values l1ying outside



the indicated range may be encountersd in practice. We ars here particularly in- .

terested in the electrical properties of coal and of the surrounding rock. As

the figura shows, the conductivity of coal i= rathar low. A remarksble property
used in one projected radio communication system is that the conductivity of the
roof in cosl mines is much larger than that of the seam. Emslie and Lagace (1578)
have reported conductivities of 3 105 to 4 10-3 for coal and 7.7 10-3 to

1.09 mho/m for the roof in U.S. mines at medium frequencies. In the various cases
the ratio of the conductivities was between 75 and 5400. Values msasured by Bala-
nis et al, (1978) for bituminous coal up to 108 MHz are consistent with this,
except that the dielectric constant of coal is higher at low freguencies : 16 to
41 st 500 kHz and 10 to 34 at 1 MHz. These authors have observed that the conduc-
tivity and the diclectric constsnt may vary by a factor of about 4 with the direc-
ticn, but that these parameters are nearly intensitive to temperature up to 370°C.
They also Teport measurements mede at 9 GHz for bituminous coel : x = 3.4 to 3.9
&nd ¢ « 0,12 to 0.73 mho/m. ’

A characteristic frequency for a given medium is the transition freguency ft de-
fined by the equality 2n ft € = ¢, Below this frequency, conduction currents in
the material ere more important than displacement currents ang the material may
be regarded as & conductor. Above this frequency, the inversa situation occurs
and the material hehaves rather as & dielectric. The last column of Fig. 1.1 gi-
ves, for each of the four frequencies considered, a msan value of the ratio
f/Ft. whers ft has been calculated using the mean values of ¢ and x at the fre-
quency f.

For a guick reference, Figure 1.2 shows the real and imaginary narts of the pro-
pagation constant for a uniform plane wave in a homogeneous medium

'=a+ jg = [JmcD x + o) Juuo 1.1)

for x = 10 and for various conductivities. Scales are also drawn for the pene-
tration (or skin) gepth

&= 1/a (1.2)

and for the wavelen th

N (1.3)

At the transition f -eque 'which is marked by a dot on the curves, =he argument

of T 1s egual to 3n'g. should however not be overlooked thas % “szerial pro-

i
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perties, including the transition fraguaency, very with frequency. This figurae may *-
also be used to obtain the complex refractive index n, which is defined by

ne r/(jko] 1.4)

whara ko - v AT is also shown on the figure. It iz obvious from the figure
that through-the-ground propagation suffers very high attenuations excepted at

low frequencies or in very low conductivity medis 1ike salt and socma coal types.

1.3. NATURAL PROPAGATION IN EMPTY TUNNELS

We start our snalysis of subsurface propagation by considering a straight tunnel
and we assum@ that it does not contsin any object and particularly any axial con-
ductor. This is a very rare situation, for most tunnels contain condiuctors such

8% power cables strung along the lateral walls or undaf the roof, or rails, water
pipes, etc. As will become evident in the next parsgraphs, such conductors would
change drastically the electromagnetic properties of the structurs. In spite of

the sometimes mediocre conductivity of the tunnel walls, we can alresdy obtain a
good picture of the propagation phencmenz by comparing the tunnel with & holiow wa-
veguide with highly conducting walls,

1.3.1. Simplified waveguide model

The theory of waveguides with perfectly conducting walls is availakhlé in numasrous
books, e.g. Marcuvitz (1951), anc we will not develop it again hera. We will only
recall the main results as far ag they have implications in the context of elac-
tromagnetic wave propagation in tunnels. The analysis is made for the harmonic
time dependence exp [jutl. Theory resolves the electromagnetic field into & sum
of solutions which are called modes. A mode is & solution with a dependence on

the longitudinal coordinats z by & factor exp(-Tz). The complex constant
T =a + 38 (1.5}

is the propagation constant of the mode. Its real part a is the saec’ic attenua-
tion exoreeseg in Np/m and its imaginary sart 8 is the specific ohasz shift or
phase constant expressed in rad/m. The various mades obvipusgly =2,z ifferent aro-
pagation constants and different figld distributions.



For bollow waveguides with peffectly conducting walls the dependsnce of fhe pro~
pagation constant of a given mode on the ffequency is very Qimple. Each mode is
character. ed by & critical freguency {c which depends on the tunnel shape and

s8lza. Below this frequency the mode is evanescent, i.e. it suffers only attenua-

tion and no‘phase shift : the specific attenuation is given by

o= 2n £ /0 [‘1 - tf/fclz]Uz (1.5

whers ¢ = 3 10% m/s is the speed of light., Above its critical freguency the mode
propagates without attenuation and with a phase constant given hy

8 = 21 £ /c [{f/chz - 1]1’2 o

The mode having the lowest critical frequency 1s celled the dominant mnde and ite
critical fraquency is called the waveguide cutoff frequngy..Belaw this frequency

a2ll modes are evanescent and no electromagnetic energy can be tonveyed by the wa-
veguide.

The modes of & hollow waveguide with perfectly conducting walls are either trans-
verse electric (TE) or transverse magnetic (TM), which means that elther the elec-
tric or the magnetic field has no axial component. The deominant mode 1= always a
TE mode. The modes are further labelled by a two-dimensional ordar number {m.n).

For a rectangular waveguide with cross-sectional dimensions a and b, the critical
frequencies are given by

2
fonn = ©/2 [(0/0)2 + (n/;2]V/ (.81
For TE modes m and n mey be zero but not simultaneously, while for TM modes both

must be strictly positive. Assuming that & > b, we see that the cutoff frequency
is givan by

fc - fc10 = c/(2a) {1.9)

which mesns that the free-space wavalength at the cutoff frequency is twice the
largest side of the rectangle.

For & circular waveguide with a radius a the critical freqvencies are given by

(ox,) /28 ; ™ modes

1108
cmn

(ex' 1/2a : TE modes
mn

where m 2 O; Xon and xén are the n-th zeros of the Bessel +tunction Jm[r] and of
its derivative, respectively. The dominant mode is the TE11 mode. The critical
frequencies of the six lowest-order modes are as follows

TE11-1 0.283 c/m TE

01 * 0.609 c/a
TH01 : 0.383 c/a TI'I11 : D.60% c/a
TE21 : 0.485 c/a TE31 : D.668 c/a

For tunnels of arbritrary shape, & very rough agproximation is that the cutoff
frequency is such-that the free-space wavelergth at this frequency iz ebout equal
to the tunnel perimeter and also that, wsll sbove the cutoff, the mumber of pro-
pagating modes grows as the sguare of fraquency. The cross-section of moet tun-
rnels has dimensions of a few metars and *he cutoff frequencies are cansequently
of a few tens of MHz. Below the tumnel cutoff the specific attenuetion predicted
by {1.6) is extremely high, say 1 oB/m o- more, and no radio communication seems
possible over appreciable ranges.

The model of & tunnel with perfectly conzucting walls considered up to now is of
course highly idealired. The most irmmedizte effect of a finite conductivity is

to Introduce some attenuation of the modss above their respective criticael fre-
quency. In the case of matallic waveguides such as those used st microwave fre-
quencies, the wall conductivity is nevercheless very high and the skin depth into
the walls ig extremely small when compared with the waveguide cross-section. This
allows to calculate an spproximste solutfon by a perturbation method. We uill'nnt
recall the formulas obtained by this mettod for the specific sttenuation of the
modes above their respective critical fraguency in 8 wavaguide with highly con-
ducting walls, since they can be found it any textbook on waveguides, namely
Marcuvitz (1951), They are not applicabls in most subsurface prosazztion problems.
Indeed as the last column of Fig. 1.1 irzZastes, above the tunnel =utoff <.e. at
s few tens of MHz, the ratio f/ft is larger than unity for most tu-nsl wall mete-
rials. The latter then behave more as a ‘tssy dielectric rather then as a conduc-
tor.



1.3.2. Comparison with experimental results

In spite of the expacted weakness of the simple waveguide model, Deryck {1979}
has navertheless obtained a fairly good agreement betwean some experimental ra-
sults and calculations based on formulas derived from the perturbation method.
Figure 1.3 shows his results for the Lanaye tunnel, near Lidge in Belgium. This
tunnel is dug in calcasrous tufa, It is 1600 m long, Sto6m high and 4 to 5 m
wide. The rock overburden is about 50 m thick. Tha value of the wall conductivity
was pbtained from a measurement of the attenuation of wave propagation through
the rock and was found equal to 0.01 mho/m at 30 MHz. The tunnel has a flat floor
and 2 round roof : it cen be comparad with a circular cylinder with a radiys of
2.5 m, for which the cutoff frequency 1s 35 MHz.

The crosses on Fig. 1.3 show the measured values of the specific attenuation.
Curve 2 shows the theoretical attenuation of 8 wavaguide with perfectly conduc-
ting walls below the cutoff, whils line 1 shows the attenuation for through-the-
rock propagation. Theoratical attenuation curves ashova the cutoff obtained from
the perturbation method are also drawn in snlid lines. Deryck’s conclusion is
that the experimantal results are for each frequency in accordanze with the theo-
retical curve which Fredicts the lowest attenuation. This conclusion should not

be considered ss genaeral. A counterexample in which the highest predicted attgnua-
tion 1s selscted below cutoff will be found below.

The comparison of the measurements with the theoretical curves above-the cutoff
should slso be used carefully. Indeed thg steady dacreass of the TED1 mode atte-
nuation with frequency 1s a unique property of the circular wavegulide and does
generally not exist for other cross-sectional shapes. A theoretical calculation
based on the perturbation method and taking into account thet the tunngl floor is
flat would probably not predict such a decrease.

Figure 1.4 shows results .obtained by the same author for a rectangular road tyn-
nel. The width of thi: tunnel was 17 m and the height 4.8 m. The tunnel walls were
made of concreta. The cutofs frequency 1s 8.8 MHz. The dominant TEiD mode has a
verticel polarisation. The Mmeasurements of the specific attenvation for thie pola~
risation are represented by circles and dgree fairly well with t.g thaoretical
prediction for the dominant mode up to about 200 MHz. The theorstfcal curve in
s0lid line was again calculated by the perturbation method feor a canductivity of
0.1 mho/m. This value seems somewhat high comperes with the data 25 Fig. 1.1, but

.
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it may be justified by the existence of concrete rainforcement. The TErno modes
with m > 1 have not been taken into consideration although their critical fre-
guencies arg relatively low, being the multiples of B.& MHz, They should indeed
not change the conclusions since their ébecific attenustion is always higher than
that of the dominant mode. The wavegu&de model considered up to now can thus not
explain the decrease of the measured attenuation above 200 HHz,

Maasurements were also made by Daryck for the horizontal polarisation. The resyits
are represented by crosses on Fig. 1.4 and they are compared with the theorstical
sttenustion curve in molid line for the TEU1 mode. This mode is the lawest-order mode
with horizontal polarisation-in a waveguide with parfactly conducting walls. The
meesurameﬁta agres very well above the critieal frequency (30.6 MHz) of this mode
but fail complately leow it. The discrepancy might be explained 1f some cross-
polarising effect could be invoked, but this seems unprobable bacaus; the tunnel
walls were very smooth, Instsed we propose a different explanation that is suppor-
ted by & more rigorous approach. If the wall conductivity is finite the madse are
perturbed and their polarisation is slightly changed. The verticelly polarized
TEmu modes now have a small component with horizontal polarisation and it 1s not
surprising that the measyred specific attsnuation for the horizontal polarisation
is the same as for these modee, since all modes with nominal horizontal polarisa-
tion are cutoff. The specific attenuation however does not tell everything and,

to be complete, we also need to consider the coupling of the mode to the antenna,
i.e. the absolute level of the field for a given trsnsmitter power. Betwesn 10
&nd 40 MHz this level shouid normally be significantly lowsr for the horizantal
polarisation than for the verticsl one. Indesd, Deryck confirmed that he observed
& differsnce of 15 dB.

The reader could object that, i1f this explanation is correct, the vertical pola-
risation must propagate above 70 MHz with the specific attanuation of the TE01
mode rather than with ths higher attenuation of the TE10 modg, because the former
has a component with vertical polarisation. That this is not observed by Daryck
can pasily be explained. For the measuring distance used by this author the TEmn
modes, which are excited at a higher level by a vertical antenna, rerain dominant
in the measurement up to about 200 MHz in spite of their higher atterustion. At
higher frequencies howsver the sttepuastion becomes so high that the vertical com-
ponent of ths TEum land other) modes dominates at the end of the maasursment

path : &s a result the measursd attenuation of the vertical polarisation tends to



that of these modes. This discussion shows how delicate the interpretation of -

exparimental results can ba.

On Figs 1.2 and 1.4 we have alsoc drawn broken curves showing theorstical results
based on an improved version of the perturbation qpproa:ﬁ. The main characteris-
tics of results obtained in this way is that the thecrstical curves have s hori-
zontal agymptote for high freguencies. We cannot say that a better it with the
experimental data is obtained.

We may conclude that the simple waveguide model may give relstively good predic-
tiuns_nF the attenuation up to a few times the cutoff frequency but that it needs
to be refined. Theoretical and experimental investigstions that will be reported
in a later chapter show that, at higher frequencies, the specific atienustions
decresse as ¥-2, The simple waveguide model used hereabove thus fails complately

at these freguencies.._

1.3.3. Matural propagation above the cutoff

As the specvific attenuvation of the wavegulde modes takes on relatively low values
shove the cutoff, it seems possible to communicate into tunnels without supple~
mentary infrestructure. In this process the sntennas of the radio sgis are cou-
pled to the electromagnetic field of the waveguide modes. Apart from the location
and characteristics of the equipments no fundemental differance can be made hers
between & fixed base station and » mobile radic set. This type of communication
based on natural propagation has unfortunately & limited application field becau-
se of several characteristics that we will examine briefly.

The decrease of the specific attenuation with freguency sbove the cutoff ig ra-
ther slow. On the other hand, in many applications, it is not wanted to have a
marked polarisation effect because the orientation of the mobile aﬁtennas may be
arbitrary. These reasons are in favour of frequencies higher than szy two or three
times the cutoff. The existence of seversl propagating modes howaver has some
drawbacks. These modes have different phase constants and their relstivz phasaes
vary slong a path psrallel to the tutnel axis. As it is impossible to sxcite a
single mode, the resulting standing waves are unavoidable in natursl coozagation,
They show nodas which may be extremely deep. In cases where any bresxzcw- af the
communication link is dommageable, as in data transmisgion., it msy -s SEISSSArY
to resort to suitable technigues like frequency or space diversity, e=-cr control,
etc.

1.10.

In spmech transmission on the contrary some loss of commur ication may & tolara-
ted. As the width of the deep gtan&ing waves nodes is min.te, not exceeding &
snall fraction of the wavelength, this effect is acceptab!s for mobile communica-
t.ons. It is however necessary to take a safety margin sucn that zood ommunica-
toons are obtained st a large percentage of places. When r imarcus modes with
cemparable amplitudes exist, the standing wave psttern locks random ani the sta-
tistics of the field amplitudes tends to a Rayleigh distribution. The margin,
defined as the ratio of the amplitudes exceeded at 1 % and x X of the places.
anounts for this distributien to 6.4 dB, 18.5 dB and 26.6 dB for x = 90, 85 and
83 ressectively.

Arother 1mbortant drawback in natural propagstion is the disastrous effect of
obtstacles present in the tunnel. This is best understeod if the propagation is
viswed in terms of geometrical optics rather than by & decomposition inte modas.
It can be shown that both spproeches are squivelent well above the tunnel cutoff.
Geometrical aptics decomposes the transmission betwean two antennas as e sum of
8 direct ray snd of numerous rays which undergo reflections on the tunnel walls.
Otviously an obstacle present in the tunnel will intercept some of the rays.

Ttis may suppress rays which have an unfavourable phase for a given recelving
location and the stending wave pattern will thus be changed. However tho main
effsct of an obstacle is to absorb a part of the energy, thereby cresting a glo-
bal 1oss. Indesd, the rays incident on the obstacle are partly reflected and
par:ily refracted into the lstter. The energy of the refracted rays is absorbed
if :he obstacle thickness igs important compared with the skin depth. Most of the
reflaected rays emerge toward the nearby tunnel wall on which they fall with ar-
bitrary incidence anglas : remembering that the reflection is guasi-total anly
for thoss rays which have 8 -grazing incidence, we ses that a large part of the
bowar scattered by the obstacle toward the tumnel walls will be absorbed into them.

This dependenca of the reflection coefficlent on the incidence angle allows us

to predict guelitatively the effect of an obstacle in & straight tunnel waell
obove the cutoff. If the cross-section is clear, the rays contributing effective-
ly te the recedived signal have a grazing incidence. If we admit that the energy
of the rays intercepted by the obstacle is completely lost, we arrive a2t the con-
clusion that the power loss is egual to the ratip of the tunnel and obste:zle
cross-sections.



The effact of a curvature of the tunnel axis may be analysed by similar methods. ..
Exparignce has shown that, in the UHF sm?bigherlbands.npwpqnnpgécationcan be asts-
blished with receivers located in the shadow zone beyond & bend if the total dis-

tance exceeds about 100 m. It can easily be understood from geometrical optics

coneiderations that sharp bends are mors diagstroua.

The limiting case Is that of an abrupt corner, No ray from the geometrical approach
can reach a receiver locsted beyond the corner and the only recelved signal comes
from the wadge diffraction and subsequent reflactions on the tunnel walls. A com-
plemantary and instructive picture is provided by physical optics. The cross-section
. of the transverse tunnel is 111uminated by the sumof the incident wave and of the wa-
.ve reflacted by the corner into the main tunnel. As this sum is & standing wave with
8 phasa change of 180° per half wavelength, the powsr transmitted to the transver-
se tunnel shows & global dacreass with the ratio of the tunnel width to the wave-
length. This evolution.is cscillatory, the_transmitted . powsr showing deep minimums
when this ratio is an integer number, separated by maximums at the half integer
values. Similar considerations apply to the transmission in the main and transver-
82 tunnels of a crossing or for the penetration of waves from open air into &

tunngl.

As an exsmple we wiil give some results cbtained in an iron mine.
a width of 7 m and a helght of 8 m.
separated by a distsnce o with n corners could be written in the form (Delogne,
19763

The tunnels had
The total attsnuation between two antennas

a=a (dB}

- (1.1

+ nd *Ac.+ g

where a, is the standing wave envelope extrapolated to a zero distance, a is thﬁ
Elobal specific attenuation, ¢ is the attenustion due to & corner and s is a tmar-
gin for 95 % of the places. The measured values of thase parameters are shown in

table 1.1 and can be interpreted at the light of the previous discussion.

From these remarks we may conclude that diffraction effects play an important role
in natural propsgation in tunnels. Because of the general dacrease of thg suecific
attenuations, the highest frequency is undoubtedly the best choice for stralghs
and unabstructed tunnels, but when corners and crossings exist, the best pe~for-
mance will be obtained in the 70 to 150 MHz band. The useful prc~agation ranges

will nevertheless rarely exceed about 250 m when corners are oresent.

1.14.

TABLE 4.4
¥ a°. . a [
(MHz) d8 dB dB/100 m dB
36 . 17 5 60 &
66 20 10 4 2
150 21 15 35 15
450 24 22 15 25

1.4. THE MONOFILAR MODE

The axiltence‘of a cutoff frequency in an empty tunnel and the very sdverse sf-

fects of obstacles snd bends on natural propagation st higher frequencies suggest
to remove the cutoff effect by stringing an axial isolated wire conductor in the
tunnel cress-section. The tunngl thereby becomes similar to & two-wire transmis-
sion line, the conductors of which are the wire and the tunnal wall. In addition
to the waveguide modes the structure can then support & TEM-like transmission

line made which has no cutoff.
pers,

It has been called coaxial mode in some serly pa-
becsuse of the resemblance of the transmission line made by the tunnel and
the wire to a coaxial cable, but the name monofilar moda is now generally accep-
ted. As the specific attenuation of transmission lines in general incresses with
freguency, 1t is expacted that this system will allow the use of relatively low
fraquancias‘propagating with & rather low specific attenvation.

Figure 1.5 may give a g00d though very spnroximate idea of the main propertigs
of the monofilar mode. As shown, the trensmission line current flows along the
monofilar wire conductor and returns along the wall. The 1ines of the electric
figld are shown as continupus lines. Fixed base stations will be galvanically
connected between the wire and_the ground, while mobile transceivers will -be cou-

led to the electromagnetic fieid of the monofilar mode.
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In a pract -al installation, gauge considerations will not allow the radicelectri-

cian to st-ing the morofilar wire in the middle of the tunnel cross-section, but
close to the wall. Such an eccentric location kas an unfavourable effect for two
ressons which appear clearly on Fig. 1.5. In the first instance the returh eur-
rent is no longer distributed more or less uniformly around the tunnel periphery
but it tends to concentrate in those parts of the wall which are close to the wi-
re. Things happen as if the cross-section of the return conductor was reduced.

In transmission line terms the resistance of the return conductor is increased and
this yields an increase of the specific attenustion of the monofilar mode. This de-
pendence of the specific attenuation on the distance from the wire te tha wall and
on the frequency is evidenced by the measurements mede by Deryck {1873, 1979) 4n

the Lanaye tunnel and shown on Figure 1.6.

The other effect of an eccentric Jocatidh of the ﬁonofilar wira is that. the field
lines and the electromagnetic energy tend to be concentrated between the wire and
the proximate wail. The result is that portaple radiosets located somewhere in
the middle of thz tunnel cross-section of near the opposite wall will only be
weakly coupled to the monofilar mode. This effect can be expressed by an sccentri-
city loss which may in some cases amount to 30 to 40 dB. This is a very serlousg
drawback, for this loss has to be substracted from the maximum allowable loas H

once for base station-to-mobile and twice for mobifle-to-mobile communication links.

The picture of the monofilar mode given by Fig. 1.5 and the subsequent discussion
of the properties of this mode are valid for a highly conducting wall, i.a. well

below the transition frequency and provided the shin depth into the wsll is much

smaller than the tunnel cross-section and than the distance from the wire to the

wall. This last condition is in most cases not satisfied and the previous conclu-
sions are thus orly qualitative.

An example where this qualitative picture fails was observed in salt ang potash
mines. In spite of the very low conductivity of the wall material the specific
attenustion of- the monofilar modg was significantly lower than for more conductive
walls, which is somewhat surprising. The paradox can easily be explainsd however.
As the skin depth into the wall is very large, the return current of the monofilar
mode is distributed in & large area around the tunnel cross-section, whatever the
monofilar wire lozation, The specific résistance of the return path, whick is the
dominant source of the specific attenuation, is the inverse product of this Yarge

area by the conductivity. It 1s thus independent on the wire location and may be
lower than for a very eccentric location in a more conductive tunnel. For the
same reasan the eccentricity effect will be less marked in such eases. From the
discussion of this rather exceptional situation, it appears that a 1mw wall con-
ductivity, but slso the use of low freguencies, may have advantages when the mo-
nofilar wire conductor muit be strung very close to the tunnel walil.

In many practical situations, axial conductors exist in the tunnel, e.§. power
lines, trolley wirss, water pipes, etc. These tonductors are in general nat sui-
table to guide electromagnetic waves with » low spacific attenustion. because
they may contain lengitudinal impedances or connections to the ground at radio
frequancies. It will thus be necessary to string a dedicatsd monofilar wire con-
ductor to support the monofilar mode. However if n axial conductors exIst in the
tunnel, there will be n TEM-like modes. Any discontinuity along such a structure
crestes inadvertent mode conversions and rastlts in some loss. This effect as
well as the field distribution of the useful mode are dependent on the relative
locations of the monofilar wire end of the other conductors and may be rejucec
by & proper deaign. On the other hand, and on the contrary of what haspened for
the waveguide modes, transversal conductors and other cbstacles present in the
tunnel have few influence on the monofilar mode.

This enumeration of problems shows that, although the general characteristics of
the monpfilar wire technigue are fairly simple, its ysa raquires some experience
and sk11l. A better knowledge of the theoretical aspects of the monofiiar mode
propagation fs slso needed.

1.5. THE LONG INDUCTION LOOP

A large induction loop installed around a building is sometimes used for naging
applications. A similar technique may be used in mines. In the particuf;r case
of & tunnel the loop wire is strung near to opposite walls, The length-to-width
ratio of the loop is much larger than unity and the loop perimeter is frezuently
larger than one wavelength. The structure thus operates as a.transﬁissiﬂr 1ine
rather than ag & common induction loop and we will consider it Fro= this -sint of
view. Base stations are connected galvenically to the transmission line, while
mobille transceivers are coupled to the 5agnetic field of the trans—isefer itne

by means of a loop or ferrite antenna. The transmission line 1s terriretgs Into
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its characterictic impedance te avoid standing waves. As will become obvious from -

the discussion, the use of this technique is restricted to frequencies below a
few hundreds of kHz.

As was stated in the previous section, the structure can support two TEM-1like mo-
ces. If the two wires are perfectly symmetric with respect to the tunnel cross-
section, these arg the classical balanced and unbalsnced modes. In the latter the
transmission line current flows in equal parts along the two wires and returns
along the tunnel wall. In the former the current flows aleng one wire and rafurns
along the othar one. while the tunne! wall carries no net longitudinal currsnt.

Far this reason, one should expect the balanced mode to have a much lower specf-
fic attenuation tha, the unbslanced mode. That this is not true can be seen by
comparing Fig. 1.7 with 1.5, Becsuse of the close proximity of the transmission
ling wires with. the tunnel. wall, .the interwire,capacity is much smaller than the
wire-to-wall capacity, which means that there 1s a very weak coupling between thg
wires. The balanced and unbalanced modes can thus be seen as twice the monofilar
mede existing for a single wire, with opposite and equal phases, respectively.
Although no ngt current flows in the wall for the balanced mode, there is never-
theless a total current since the Opposite-phase monafilar mode current distriby-
ticns only partly cancel each other. I+ no cancellation occurs at all, the balan-
ced and unbalanced modes have both the same specific attenvation as the monofilar
mode of a single wire, ag can be seen easily from Fig. 1.7, Theoretical calcula-
tions (Mahmoud, 1974s} confirm this trend. we made measurements of the specific
attenvation of the balanced mode in the Lanaye tunnel below 1 fHz, The wires were
strung at 50 cm from the wall. The results are shown on Figure 1.8 and are in
fairly good agreement with those of Fig. 1.8 extrapolated below 1 MHz.

This tendency is reinforced when exact symmetry of the two wires tannot be main-

tained. The usefulnecsz of the long irduction loop 1s thus not much batter than
that of 4 monofilar « ire.

.6, LEAFY FEELERS
1.6.1. Principle

The term leaky feede: covers a variety 6f open or semiopen transmission lines.

Historice 11y the fip: - leaky feeder has bgen the two-wire ribbon ¥oadsr which is

.

Very popular as sn antenna feader in television receptlon; When such a transmission
line is strung parallel to the axis of & tunnel, we have a structure analog to

the lomg induction loop with & balanced ang an unbalanced mode. Howaver the situa-
tion will be very differant.because the wire spacing is very small compared with
the distance to the tunnel wall. As tha electromagnetic fisld of the‘ba]enced mode
decreases roughly as the square of the distance from the ebservation point to the
transmission line, this mode induces negligihle currents-into the wall and, the-
raby, its propagation parameters, including the specific attenuation, will npt
differ from those of the transmission line in free space. The counterpart is that
this mode is not directly useful for radip communications in the tunnel because

it provides an extremely weak coupling to the antennas of mobile transceivers.

The unbalanced mode has.the inverse propertias and does not differ much from the
monofilar mode of & single wire located at the same place as the transmission line.
This is why the balancad and unbalanced modes have been called the bifilar and
monofilar modes, Tespectively, in the teaky Teeder technique.

To understand why such & transmission line can improve radio communications in the
tunnel, we must remember that sirictly balanced and unbalanced modes cannot exist
independantly unless the two wires are perfectly symmetrical with respect to the
tunnel wall, Any local asymmetry cenverts some energy from the ons into the other.
If such asymmetries are numerous, the monofilar mode will be regenerated by the
bifilar mode and will exhibit an apparent specific attenuation equal ta that of
this mogde, with o slight increase due to the mode conversion procass: This seems
to be an interesting principle for establishing long range radio comunications

in tumnels, for it promises the coupling properties of the monofilar moda with the
low specific attenuation of the bifilar mode.

The ribbon feeder has however a very severg drawback. Its specific attenuation in-
creases rapidly when it 1= covered with dust or moisture. To obviate this, severa:i
coaxial cables with an imperfect shield have been designed. Some of them are shown
an Flgure 1.9. The plastic jacket surrounding the cable provides a good protection
against the penetration of moisture into the cable and, as a very large part of
the power is confined under the shield, the transmission line mode is not serious-
ly affected by a layer of gust and moisture an the external surface of <hg cable.
From a practical viewpoint this 1s a sufficient reason to devote rmore attention

to the coaxial leaky cables than to the ribban feeder. Another anc meybe mera im-
portant characteristic of coaxial leaky feeders is the fact that the lgakage field
does not decrease as the square of the distence but rather as the distance itsels,
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A fundamental question in relation with. leaky coaxial cables is how to charactg-

rize the transfer of slectromagnetic anergy through the imperfect shield, We will

réport some thsoretical approaches to this very difficult problem. For most struc-
tures however, with the exception of the axial-slot cable, and for moderate fre-
quencies, the imperfect shield can be modelized by a transfer inductance that
will be notad m,. Thisg paramstef rélates the axial electric field on the shield
surfaca Ez and the current cerried by the latter by the equation

E, = Ju my )

The messuremert of the transfer fnductance roequires some care but can easily be

made 1n the laboratery (Krogel, 1956). Fer this purpose & short section of coaxial

cable is fixec¢ insida = metal tubs of equal length to make a triaxiasl structurs.
The coaxisl czble is fed at one end by & generator and terminated into its charac-
teristie impecance..At the generator and.the metal tuba is closed by..a .metal plate
which 1s soldered to the cable shield. At the other end, although this is not
strictly necessary, “he tube is carefully. connected to the c?ble shield through
the characteristic impedance of the coaxial ceble consisting of the tube and
shield. The voltage V appearing on this load is measured and the transfer impedance
is obtained by Z = V/(Id), where I is the generstor current and d is the length of
the structure. which must be very short compared with the wavelength. At low fre-
guencies the transfer impedance may comprise a resistive part, which is the spa-
cific resistance of the shield, but at higher frequencies the imaginary part

{Ju mi) should be dominant. Typical velues of the transfer inductance of leaky
coaxial cables range from 1 to 40 nH/m.

1.6.2. Leaky feeders below the tunnel cutoff

We have briefly explained in the previous section how the ribbon fesder works as
a leaky feader. Things are somewhat different for leaky coaxial cables. Again the
struocture cen suﬁpnrt twe TEM-1ike modes. The first one is tha perturbed transmis-
sion line mode and will be referred toc as the coaxisl mode. Some authors also use
the neme bifilar mode. It has the mein part of its energy confined under the ca-
ble shield but with some lesakage outside it. As far as this leakage remains weak.
the power dissipated into the tunnel wall remains small and the specific sttenua-
ticn does not differ much from that of a well shislded coaxia] cable with the same
characteristics. The second mode is called the monofilar mode and has just the in-
verse properties. It uses essentially the cable shield and the tunnel wall as con-
ductors but has some leskage under the cable shield. Its specific attenuation is
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. not very different from that of a single wirs transmissi-n using & m nofilar wire *
comductor instead of the leaky cablie.

A# was briefly mentioned in the pravidus section, laaky ' oaxial cables exhibit
an important difference when compared witharibbon feeder For tte laitar, =ssuming
&' perfect symmetry with respsct to the tunnel wall, the wo wires carry exactly
equal but opposite currents for. the balanced or bifilar rodes no:inet current flows

.. along the transmission line and this is why the electromsgnetic field decreases

as the square of the distance from the observation point to the transmission line.

This does not remain exactly true if the two wiras are not symmetrical with res-

pect to the tunnel wall; howsvar obtaining & noticeable asymmeiry requires the

-ribbon feeder to be located very closs to the tunnsl wall. In & leaky coaxial ca-

ble on the contrary, the two conductors are intrinsicslly asymmetrical. Consequen-
tly the coexisl mode current which flows along the inner conducter returns meinly
#long—the shield, but also partly along the-wall.” The transmission 1ine thus car-""
ries & net current, with the result that the leakaga field has a slower decrease
with the distance from the observation point to the cable. The distribution of

the coaxial mode leakage field in tha tunnel cross-section is in fact that a mono-
filar mode travelling at the same velocity as the coaxial mods. In practice, be-
low the tunnel cutoff, this distribution will not differ greatly from that of the
main field of-the monofilar mode. Inversely the leakage figld of the monofilar
mode inside the coaxiel cable has approximately the same distribution ms the main
field of the coaxial mode (Delogne, 1975).

This bebaviour of the leakage fields is of fundsmantal importance in the use of
leaky coaximl cables. Indeed any source located on one side of the shield must -
nacessarily excite both modes, though at different power levels. For instance, i+
& generator is connsctad at the input of the cable, nearly all the powar will be
delivered to the coaxtal mode but the monofilar mode will 2lso be excited. It can
be shown [Delogne, 1976) that the initial power levels are such that ths leakage
field of the coaxial mede into the tunnel- space is equal to the field of the mono-
filar mode. The specific attenuation for the latter is however in most apolicationg
several times higher than for the former and, at some distsnce from ths generator,
the leaksge fleld of the coaxial mode is the dominant part of the elacirc-agnetic
field in the tunnel space. This example shows that the coaxial mode leakaze is

the mechanism used for base station to mabilg communications, while the rcanofilar
mode is here useless.
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In'mobile to mobile communications the transmitter excites the monofilar moas at
& higher lsvel than the cosaxial mode and the leakage of tha latter in the tunnel
space will hecome dominant only at a rathsr large distancs. Thera is no simple
answer io the questiﬁn wather the maonofilar or the coaxial mode ars the mechenism
used in a long distance mobile to mobile comrunication : this depends on & mumber
of factors.

1.6.3. Leaky feeders above the tunnel cutoff

Well above the cutaff frequéncy of the tunnael the working principle dascribed
hersabova fails. The monofilar mode has a specific sttenuation which is much higher
than that of the waveguide modes and it is therefors not very useful. On the other
hand, the leakage fisld of the coaxial mode no longer has the samg distribut-on

2g the monofilar mode and plays another role.

To understand tﬁié;iiéf-dﬁA;i;gzuéénsidaf-;Aiaaky feeder strung iﬁtn free spece.
This is bagically & slow wave structure and consequently (Collin and Zucker. 4989)
1t doss not radiats unless discontinuities are intraduced along it. But as it com-
prises two conductors, it can suppoert two slow waves having no cutof?. The first
one 1s the coaxial mode, with the main part of the energy confined under the ca-
ble shield but witr some leakage outsids it. Its phase constant sc is approxima-
tely given by

B. =k Vx

c o (1.12)

where x is the dislectric constant of the cable insulating material. The secoxl
mode has the opposite enargy distribution. It 1s a sort &f Goubsu wave with laa-
kage under the cable shield; its phase constant lies typically in the ranges

B = ko see 102 ko

€ (1.1}

dopending on the cable Jacket thickness and dielectric constant.

The field of both modes outside the cable can be expanded in cylinZriz2l ~armcoics
by & formula of the type

I At me K (up) 1.14)
=g Losg
ig tne

where n = m or (m + 1) according to the field component consideresz; <
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modifisd Bessel function of the second kind and
u = (82 - k22 (1.15)
The asymptotic formula “for large t
K (6) = [mri2e)]2/2 ot (9.18)

shows that the fields outside the ceble are practically confined in an effective
radius given by

p, = 1/u

-] [1.17}

Practical values of pE for both modes are given in table 1.2 for a cable with
K= 1.6, Bc = 1.26 kn and Bg = 1.005 kﬂ.

TABLE 1.2
!
f Pec Pem
(MHz) ) (m} {m)
30 2.05 15.80
100 0.52 4.77
150 0.41 3.18
450 0.14 1.08

Any giscontinuity aleng this structure wiill produce some mode convzrsion, tut
also radiation in the sense of a continuous spectrum of spherical waves. A geM-
rator connected at the cable input has & similar effact, exciting Soth guided
modes but also radistion.
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Let us now asgume that this cable is strung in a tunrel. In most practical cases, .

the effective radius of the Sousheu wave is larger than the distance between the
cable and the wall and this weave becomes the classical monofilar mode with a some-
what modified ¥4eld distributicn. If a generator 1s connected to the cable input,
the excited monsfiler mode and radial radiation (or wavaguide modes) are rapidly
demped and therz remsins only ‘the coaxisl mode. Now, if the distance between the
cable and the wall is larger than Poar this mode is virtually unaffectad by the
tunnel. Consequently, an observer laocatad outside the effective radius will re-
celve an extremely weak sigpal. Thus the cable doss not radiate. '

But if the wall comes into the effective radius of the coaxial mode, all well
irregularities and inhomogeneities will cause radiation, This is the only reason
why leaky feeders radiaste. It is » random orocess by nature. Note that the cable
attachments produce & similar effect. It can be shown that it the scattering
points are numerouva and statistically independent, the figld follows & Rayleigh
distribution : indesed 1t is the result of the addition of numerous slementary
eontributions with random phases.

It has become ccmmon practice in the leaky feeder techniques at VHF and UHF to
characterize the cable radistion by a coupling loss; this quantity is usually
defined &s the ratio of the power of the coaxisl mode to the power received by a
dipole antenna located at a specified distance from the cable. As the radiated
fleld is rundom. the coupling loss should pe specified ma a value which 1s not
excoeded at a certain percentage of places. In tunnel applications “the coupling
lose does not deaend much on the distance from the recelving antenna to the cable.

As results from this discussion the coupling loss is an experimental parameter;
it depends on a number of factors among which are the distance from the cable to
the tunnel wall, the roughness of the latter, the mounting hardware. the frequen-
cy and, of course, the ceble characteristics. Tt is thus not desirable to deviate
significantly from the recommended mounting instructions of a leaky coaxial cable
without proceeding tov some measurements.

It is obvious that a stromg radistion requires an important interaction between
the coaxial mode leakage and the wall irregularities and cable attachments. These
objects are not very efficient radiators and the process of diffraction and radim-
tion necessarily involves an increase of the coaxial mode specific attenuation.

To give an order of magnitude of this effect at 450 MHz, a coupling loss smaller
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than 95 dB at 92 % of places currently yields a doublimg of the cable attenvation;
this 1s & very severe drawback. This thecry was indeed fully confimmed by a cam-
paigh of measurpments made in the subways of Paris : it was observed that a lesky
cable no longer radiated | at 450 MHz when it was strung at about 30 em from
the tunnel wall using thin nylon strings; at the same time the specific attenua-
ticn, which was doubled when the cable was against the wall, came hack to the va-
lue of an equivalent non-lesky cabla. A further conclusion of this analysis is
that no particular leaky cable structure offers definite advantages for the use
well above the tunnel cutoff; the only difference between the various types of
cables, apart from internal parameters iike the specific attenuation, {8 the re-
lstive intensity of the leakasge; this can however be compensated by a suitasble
mnunting.'

1.7. MODE CONVERTERS™

In the leaky feeder technigue the tramsfer of energy from inside the cable to the
tunnel space occurs continuously. In contrast with this methad, it is possible to
use 8 well-shielded coaxial ceble slong which discrete mode comverters are inser-
ted with a regular or irregulsr spacing. In such a cable the coaxial mode propa-
Eating inside the cable and the monofilar and waveguide modes propagating outside
it ars obviously completely independent, Creating a local energy exchange between
the letter and the former thus requires to open the shield in some way.

In the first system of this kind., which hag frequently been called IHIEX/Delogne
system becauss 1t was proposed by the author as & consultant of the 8&lgian Ins-
titut National des Industries Extractives (INIEX], the opening is an annular slot
consisting of a complete interruption of the cable outer conductor. Refined theo-
ries of the working of sucha slot are available (Delogne and lLiegeois, 1971 -
Walt and Hill, 1975d, 1975e}. Below the tunnal cutoff however, a simplified quasi-
static analysis of the slot can be obtained by considering the cable and the tun-
nel as two imbricated transmission lines having & common conductor. The latter is
interrupted over a short langth. The problem thus reduces to s circutt calculas-
tion which is suggested by Figures 1.10.s and 1,10.b, wharson Z anc 7, are the
characteristic impedances of the monofilar and coaxial modes, resnec‘ively. The
only fumndamental difficulty in this respect is to define and estimate the value
of Zm. Fortunately it appears that this‘quantity varies slowly with the electri-
cal and geomatrical parameters of the structure. A comparison with the exact
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elactromagnetic solutions available between 1 and S0 MHz has shown that calcula-
tions based on tha velue of 377 ohms for Zm never yields an error above 1 dB for
the mode conversion factor.

A naked slot, like tha ong shown on Fig. 1.0, does not provide » good impedance
mat.i and a low insertion loss for the coaxial mode. Indeed, the external load
impgdance 22m "segn” by the slot is rather high and most power flowing in the
coaxial mode is reflected back inside the cable. As the objective of the system
is'tn make use of the low specific attenuation of the coaxisl mode to extend the
rahge, it 1ig necessary to improve the impedancé match and to reduce the insertion
loss to a very small velue. This can be obtained by adding some lumped circuit

elements to the slot, Various circuits may be used and will be described later.

This system has bean used intensively in the HF bangd and at lower frequencies.
The mode converter is.in general designed. to convert about 10 per cent of the po-
wer from the coaxial mode into the monofilar mode, which is paid hy an insertion
loss of a few tens of dB for the coaxial mode. This spacing between the mode con-
verters is typically of several hundred meters. This technigue provides an excel-
lent flexibility in the design of a system because the mode converters parameters
and spacing can be varied e@long the path im function of the tunnel cross-section,
acceptable cable lccation, distance to the base station ard so on. The only deli-
cate point in the design task is to estimate the characteristics of the monofilar
mode, namely the specific attenuation and the eccentricity loss; however an opti-
mistic calculation, es well as changes due to the evelution of the underground

workings, can still be corrected in sity by imserting acditional mode converters.

Above the tunnel cutoff the slot wili also excite the waveguide modes or, equiva-~
lently, natural propegation. It appears that the slot can be considersd as an
antenna fed by a part of the coaxial mode power. The radiation pattern has of
course rotational symmefry about the cable awis. It exhibits a strong maximum ot
about 1/ degrees of this axis, which is an excellent characteristic tq launch na-
tural p opag.Lion {. the tunnel, The antenna gairm in this optimum direction
amaunts to aiout 10 8,

Another type of med: cormverter or radiator, according to the freguency range, is
obtaine. by “nsertii 2z a short length of a leaky cable into a well-shielded coexisl
colble. " his tevice | 1s very similar chafacteristics to the arnular slot, with an
additioial directioral property. Mode converters have alsoc been designed for the
bifilar line,
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CHARTER 2 ELECTROMAGNETIC THEORY OF SUBSURFACE PROPAt ATION

2.1. INTRODUCTION

In this chapter we will state and aplve the electromagne ic protlem :sseciated
with propsgation in some idealized subsurface cylindrical structures. Ths term
cylindrical means that the geometrical and electrical parsmeters of the medium
do nbt depend on a coordinate z which is in most cases the distence along the
axls of = tunnel. Although the structures considered here are highly idealized
compared with actual subsurface environments, the related electromagnetic problem
is among the most sophisticated. The reason for this is that we have to do with
st least two media, one of which has a finite conductivity. Consequently simple

"solutions consisting for instance of transverse electric (TE} or transverse ma-

gnetic (TM) waves cannot generally match the boundary conditions. In many cases
all the six scelar components of the electric and magnetic field are non-zero.

The main problem which will be investigated here is to solve Maxwell's equations

curl € = ju Vo H - Jma 7[2.13
curl H = [0+ Jue, «) E+ T, ) (2.2}
wherein the following notations are used :
E , Ht electric, resp. magnetic field
g = 4r , ¢D'? permeébility cf the medium, assumed to be equal in mll cases
to that of free space
€q = 8.85 . 107!2 freg smace nermittivity )
¢ . x : conductivity and dielectric constant of the medium, respectively
3%5 f 3; i anplied magnetic, reso. .electric current densities.
We will use & complex dielectric constant ¢ defined by
Juw g =0+ € ¥ [2.3

The complex propagaticn constant y, comolex wave aumber k and intrinsic impedan-

ce n of the mediur are.:sfirs: oy

(2.4)



n=uw “n/k {2.5)
The term “applied” used for the current densitiss jﬁa and 3; means that they are
considered as given, i.e. as the source of the electromagnetic field. The reader
who 1s not familiar with this formulation will point out that magnetic currents
do not actually ewist, This is undoubtedly true. A reason for using applied ma-
gnetic currents is that some electric current distributions may be replaced by
an equivalent but simpler magnetic current density. For instance a snall loop of
area cA and unit normal § carrying a current I is equivalent to a magnetic Hertz
dipole of moment (Stratton, 1941)

1 ds = - ju ug TdAn (2.8)
The form (13-(2) of Maxwell's eﬁuations is valid in. a homogeneous mecium. The
structures considered in this chapter are a Juxteposition of homogeneous medis
and these equations apply to each of them provided the appropriate velues of g
and ¢ are used. Unigueness thecrems require scme beundary conditions to be satie-
fied at the interface of different media end to infinity. Specifically the tan-
gentisl components of the electric and magnetic fields must be continuows at an
interface.

Boundery conditions to infinity sometimes require a detailed discussion. It is

cbvious that in amy physically realizable solution, sources of elect:omagnetic

fields are located at a finite distance and, as the external medium considered

in this chapter has always a finite non-zerc conductivity, that the solution of
Maxwell's equations must vanish to infinity 1n 211 directions. Howaver we will

frequently be concerned with propegation modes of a cylindrical structure. Pro-
pagation modes are solutisps of sourceless {jﬁa =0, 3; = 0) Maxwz2ll's sqjuations
with a dependence on the longitudinal coordinate 2 expressed by & faztar

exp(-Tz), where

T'=a + 38 12,73
is the mode oropagazion constant, o and 8 heinp the soecific attzrosztion angd
ohase constants, resoectively. I7 we assume that o is positive, whlch genereliy
2lss yvislds 2 positive, the mode “ields will be ‘nfirite for z = « =, Tir- sglo-

tions ghwvicusly assume that a spurce with infinite power Exis8ts o I-Siniwy i

the negative direct:on of the z-axis. A fundamental guestion whic~ rs’ess ners

is to kvow whether o nat we must imuose these solutions to decres=sg I In“inizy

M
5

in other directions than the negative z-axis. The answer to this question is
positive, but is 1s kmown that modes violating this condition [improper modes)
may in =ome cases sccurately represent the actual fields ip a finite region of
space.

2.2. ELBCTROMAGNETIC POTENTIALS

As was mentioned in the previous saction, we will frequently be concernsd with
problems whers all the six éomponents of the electric and magnetic fields are
non-zera. In such a situation electromagnetic potentials are extremely efficient
mathematical tools. Imstead of solving Maxwell's eguations (2.1} and 2.2}, we
first cadculate an electrictype Hertz vector patantial n' and & magnetic-type
Hertz veztor potential 7* satisfying the equations

VR k2T e (e g) 7! 7, (2.8)
2 T 27 . L -1 7
V< g™ + k¢ g {jw u& Jma (2.9)
The fields are then ohtained by
E = curl curl 7% - 4y Wy turl T - (ju e)7) 7, (2.10)
= = - -1 T
H = curl curl 1" + juw ¢ curl = 1 Jw “n) Jma [2.11)

This is the most general representetion of the electromagnetic fields using two
vector-pctentials. The reader may feel this formulation to Ee unnegcessarily com-
plicated because we still have to work with six scelar components and, im addi-
tion, intricate formulas. One may indged observe that E' and H* satisfy equations

V2E e k2 e duy T (2.12}

2 e 2O .
V< H" + k¢ H Jw € ma (2.13)

and that it seems simpler to solve thess gpouatione: directly., The useulness of

potentials results from the following stz=tement, which is an-extensizn of a thapo-
Tem proved by Jones (1984} : when, in sose volume filled with @ hovogenecus me-
dium, onlz z-directed electric and magnetic currents are applied, the electroma-

gnetic fields can always be derived from z-directed electric and magnetic Hertz

- potentials,



The above statement 1s- extere]y interes ting for we shall @lways be cdﬁﬁé}ned‘;
with cate:. where the apn]ied electric or magnetic current densities, if any,

are restricted to one cartesisn component. Tt {s then 5t1ll possible to splve
the preblem using an electric-type anrd a magnetic-type Mertz potentials with

ore non-zero component along the same cartesian axis. Frequently there will be
ra applied current density at all. The choice of this axis 1s then free. In some

cases 1t is also possible to use two cartgsian components of the same, either

electric ar magnetie, potential or & cnmponent of T and another component of w .*l-

There thus remains some freedom which can be used to simplify the mathemstical
aralysis. Ir some simple problems it is even possible. to fingd the solution using
unly ohg adequetely selected scalar camponent In arder to facilitate the choice
and the caleulations, we have _gathered in appendix A a ccw‘nplete set of formulas
for the cartesisn caqrdinate system. Appendix B tontains formulas for the cylin-
urical coordinate system when the potentials ﬂz and ﬂz are used. These functions
will frequently be denoted by~

U= ; Vo= {2.14)

We will not dwell on a discussion of the 15 possible choices of a pair of scalar
components, but-formulate some useful ohservations. For interfaces parallel to
the z-axis, if the pair (n' N w 1 is used, the bbundary conditions involve only
these functions and their first derivetives. Moreover the continuity of E and
H at these interfaces are uncoupled because "z end w yleld H = 0 eand Ez
respectively. This pair is thus of interest. Furthermore it is uell adapted to
the case of cylindrical coordinstes., In some ceses however, other pairs may be
of interest too, but 1t must be stressed that this depends on the spproach which
is chosen to solve the problem.

2.3. THIN-CABLE APPROXIMATION

As we have seen in tha first chapter, many systems developed to guide e.m. waves
along tunnels involve cables or wires which are drawn parallel to the cable axis.
An exact solution of the relevant e.m. problem would require to sclve Maxwell's
equations inside and outside the cable and to express boundary conditicns at the
cableg surfece. Tais 18 a titanic work, even in the simplest cases, and somg sim-
plifying assumptions are needed, Approximations are pessible because the diameter
of wires and leaky feeders used in subsurface radic communications is generally

.

s-much smaller than the dis%ance from this cable tu the tunnal wall and. than the

wiavelength, These approximations also apply to other similar problems, like for

wires or cebles strung above the ground or buried in the latter.

The sketch of the analysis is as follows. Let us assume that & cable with radius
Py is located along the z-sxis of a cylindrical coortinate system (p,$,2z) and
that we are studying & solution characterized by a propagation facter exp(-rz).

'__He suppese that outside the cable, for Pq < P < pys we have a homogencous me-

‘dium with & wavenumber dencted by k end we define the transverse wave number try
v = - K - T2 - ] . " 2.15)

It 13 posaible to decompose the fields outside the :aule 1nta Fnurie' series of

- ithe type

(E.H) = (EH) explims) : (2.16)

m= -
From the uniqueness theprem of electromagnetic theory it is known that the fields
¢n[p1] and Ezm(°1]'

It is interesting to 1nvsstigate how the various figld components for p > Py
depend on the latter.

outside the cable are determined by the tangential componaents E

The discussion shows that in the 1imit of a vanishing cable radius, i.s, for
|V0$ €< 1, and ms far as we are interested in the calculation of the field in
regions p > Pys only the rotationsl syrmetric component - E (91] of the electric

- field at the cable surface has a significant contribution. Tha rotational symmg-

tric part Ew [91) and the asymmetric comsonents E }J and E [p1] have & negli-

¢m[°1
gible influence. This assumption will bs referred to ap the thin-cable approxima-
tion. It obviously does not mean that the rotational asymmetric part of the field
does not exist, even at the cable cuter surface. In particular the medium or the
sources located at p » py May force these components to exist and in many cases
to have comparable amplitudes for some values of p. We must however ohbserve that
it 13 possible to imagine cable structurss which would imply a largzs value of

the neglacted term E¢°[p1]. but this is generslly not the case in lsaky feeders.

The thin-tmble approximation has the advantage that it reduces the study of the
cable interior to searching a relation between the rotationsl sytmatrie parts



Ezu. H¢D and H7D et the cable outer surface. It completely disconnects the gtu-
dies of the fields inside and outside the cable. This is & great simplification

of the problem,

As can be expected for a cable carrying some lengitudinel currents. it turns out
in moust cases that qu 1& zers or negligible and that the cable can be modelled
by & surface impadancg relation of the type

Ezo[p,l] = Zn‘ H’n(p.j) [2.17)

The quantity I = er,j H¢°[p1) will be referred to as the total current carriaed
by the cable. Defining the specific internal impedance

z =2 (2.18)
we may rewrite (2.17) as
Ezo "z, I (2.19)

Juite generally the surface Iimpedance ZD is not an intrinsic characteristic of

the cable, for it depends on the external medium through the mode propagation
constant .

2.4. SURFACE IMPEDANCE OF A THIN CONDUCTING WIRE

We will now consider the simple case of m cable consisting of a conducting wire

of radius c. In order to obtain the surface impedance, we need to concentrate on
the electromegnetic “ield inside the wire, for which we use the following note-

tions

Y, ® s {2.20)
=g+ jue (2.21)
w*/yf'rz . Re w20 (2,221

Note thal we will not assume that y = ¥q for the .ire material.

The solution (f Maxw. 11's equations inside the wire is given by equations {B.18)
to {B.24; of sppendix B wherein we have to use w instead of u. The constants Am

2.7.

and Bm must be zero to keep tha fields finite on the wire axis. On eliminating
the constants Pm and Om between (8.19) to (B.24), it ecan easily be shown that,
anywhere inside the conducting wire, we have

Ezm = Zzzm Hzm + zz¢m H¢m [2.23)
E¢m - Zﬂm Hzrn + sz Hm (2.29)
where
-im Tp Im{wpl
Zym ™ e T T (2.25)
wp I (wp?
D (2.26)

2z¢m " dp Ié(wp)

jm Tp Im(wp} .
2 CEm——— ... {2.27)

2 "
$dm  GFp wp Im[wp]
- 2 1
fvinl I (wo)

me(rpl? I (uwp)
7 - = _m m
dzm 80 wo Imfwo}

_—Tr (2.28)
dp (wp1? I (wp)

As the boundary conditions at an interface require the continuity of the tangen-
tial components of the fields, these relations, wherein e is replaced by ¢, hold
on the external surface of the wire. Hence we have obtained a surface impedance
matrix for esach cylindrical harmonic. This matrix depends on the mndé propagation
constant I through the transvarse wave number w. This result ig valid whatever
the external medium and the sources located therein. We cen now introduce some
approximations.

As we explained in the previous section, 1in the thin-wire approximation, we ars
solely interested in the rotational symmetric elemant Zz¢°. danoted ZU. This sur-
face impedance is given by (2.26) withm = § and p *« c. We may further assume
that |r]<< Ty This approximation js Justified in all cases where the wire is a
good conductor., A good conductor is indead defined by the property

o > e (2.28)
which implies

v, ® LE_J (2.30)



2.8.

where ' o '
s= /-2 : : (2.31)
wou

is the skin deoth into the conductor. Our assumption is thus that the mode wave-
length is much larger than the skin depth into the conductor material. In this
case, w * vy, and (2.26) ylelds

v Iutyic)

T W ——e———
o gc Iotyic)

[2.32)

This value has now become independent on the mode propagation constant. Two ex-

treme cases may be considered. First, if the wire radius is small compared with

the skin depth, |yic[ is & small quantity. Using the approximations

I (x) =1 . (2.33)
o

[2.33)
X

Ié[x]'=‘2

for |x| << 1, we get the trivial ststic limit

7, = 2/(oc) T (2.348)

If. on the conirary, Iwicl is & large quantity, the use of the large-srgument

opproximation
x
T {x) = —o— . ix] »> 1 . [2.35)
o V2nx
yields
) . 2.36)
zo Ny 4
where . _
n, = fdu . fduw o 12.37)
1 o o

is the intrimsic impedance of the conductor materisl. The specific external im-

pedance is thus given by

N3

We now may comment somewhat further on the thin-wire aoproximatisn. g ws have

explained in the orevious section, this aprroach is used in some azslicssiong

2.9,

wherein the quantities of interest mainly depend on Zu'- zztn'
mean that ths other neglected surface impedances are muc . smaller thin this guan-

1his ('oes not

tity. As & proof of this statement, we may consider a co ducting, wirm- for which
we hava |7| <<y, and |yic| >> 1. Then for all eylindrica harmordes - ar which
|yic| >> M, it is easy to show from {2.25) to (2.28) tha

Izzzml . lz¢ml << 'nit
(2.39)

Zum = 2¢Z‘|‘l -

ny
For these cylindrical harmonics, the surface impedance 1s thus isotropic and
equal to 20. ’

2.5. TRANSFER PROPERTIES OF LEAKY FEEDERS _

2.5.1. The transfer impedance concept

Coaxial cables have been used for the transmission of electromagnetic energy for
many years. The scresning effect of the outer conductor provides obvious advan-
tages. Parfect shielding can be obtained by using a plain outer conduetor provi-
ded the shield thickness is large compared with the skin depth inte the cenduotor
material. This condition cannot easily be fulfilled at low freguencies : skin
depth into copper at 100 kHz is about 0.2 mm, Under such conditlons, signals

. propagating inside the coaxisl cable pgive rise to an axial voltage on the outer
- .surface of the shield and are thereby coupled to the extarnal spaca. The inverse

process also occurs by raciprocity. In order to get s simple picture of the phe~

‘nomenon, we may imaging that the cable is drawn parallel to a return path which

may be referred to as the structural ground. Tha cable shield can then be seen
8s the common return path of two trensmiesion lines. In the frame of the present
study, these transmission lines convey what we have callad the coaxial and mono-
fllar modes.

As a current flowing inside the coaxial ceble gives rise t0 an axial voltage in
the outer tremsmiseion line and conversely, we expect to get coupled transmission

lines of the type

- et =z T +z I . [2.40}



dIc
e yc Vc (2.41}) .
dvm
air Tl e AR z, I, (2.42)
dI
~eB ey v {2.43)
dz m m .
where the subscripts ¢ and m recall the ﬁanas coaxial and monofilar, respactively.
Alternatively we may write gquations {2.40) and (2.42) as
ch
=" [zc - zt)uc -z I‘ (2.44)
av
- _d‘?_' Iz ~ ZI.]Im - zt I. (2.45)
wherea
Is - _[IG + Im] [2.4B)

is the total current carried by the cable shiflag . t-+ rotive dirsction of
the z-axis. Eguivalent circuits of a 1ine element Correspt -ting o tae use of
elther (2.40)-(2.42) or (2.44)-(2.45)

pectively.

are shown on Figures 2.1.a and 2.1.b res-
For completeness we have also shown a transverse coupling acnittance
Yy which ie sometimes used, with a corresponding modificetion of eq. (2.41)-(2.43).

A cable shield is said to be electrically thin if the tangential elestric fisld
is continuous through the shield., For a nlain snield this obviously reguires the
shield thickness to be small compared with the skin depth. For sueh shields, the
circuit diagram of Fig. 2.1.b provides & simple physical interpretatian of the
impedance elemants. According to this representation indsed, the axisal voliage
drop is the voltage which appears betwees points A and B. The axia! slsctric
fleld along the shield is given by |

-[VA - Vol

B
Ez dz ® Zt Is (2.47)

and the specific transfer inductance zt 2apeers to be the impedanzs =<

length of the imperfect shield. Similarly [z - zti and (z -z} aztzsroto be
the specific series impedances of the in-~a»r aﬂd outer circuits in thz mycothetic

situation where the actual shield is re-sved ang reslaced by a zer“sct -amdustor.

For slectrically-thick shields, Fig. 2.1 may remein valid but giving a physical
interpretation to Fig. 2.1.b is nof allowed. Indeed, points located on the inner
and outer surfaces of the shisld are not eguipotential and we may not say that
a point like B is actuslly common to the inner and outer circuits.

The model of coupled lines shown on Fig. 2.1 was first developed by Schelkunoff
(1834) for coexial cables with a plain but imperfactly conducting shield. In this
case the model is not necessarily restricted to electrically thin shields. Fpr
practical reasons, nsmely mechanical flexibility. the shield of coaxial cables
is frequently braided. It then contains numarous small apsrtures through which
an additional leakage of electromagnetic anergy can occur. In the leaky feeders
like those shown on Fig. 1.8, this mechanism is daliberataly enhanced.

As a first and rough spproach to this problem, we will show that the apertures
give rise to an additionsl inductive trensfer impedance. For this purpose, let
us conslder & periodic distribution of apertures in an infinitely-thin conducting
plane shield, as shown on Figure 2.2. We will assume that the eperture shape and
location are symmetric with respect to the z-exis. We further suppose that the
shield carries & mean current density Kzo in the direction of the z-axis and
that this guantity doass not depend on x. The lines of current are obviously dis-
torted by the apertures, as shown on part (&) of the figurs. Part (b) shows a

magnified view of the reference aperture located et the origin of axss.

The current distribution induces a magnetic field which, by symmetry, has only a
y-component inside the apertures. Let us assume that the curremt distribution
K(x,z] is known and that Hy(x.o,z] inside the reference aperture may be calcula-
This seems to be justified provided the
pericd of the structure is small comparedwith th2wavelength. Dbviously H (x,0,2)

ted from it by magnetostatic methods.

is ap odd function of x and 1t is negative for x > 0. Maxwell's Bquation

curl € = - quo H (2.48)

shows that Ex and Ez are odd and even functions of x, respectively, As & result,
the average value of the tamgential electric field in the apertures is parallel
to the z-axis. No tangentiel electric field can of course exist on the screen

outside the apertures.
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Let us row corsider average values on une period of the structure. These guantities

are defined by expressions like

— 1 —
fn . J f ds (2.49)
p period

where AD is the area of cne period. They are the zerc-order terms of a two-dimen-

sianal Fourder series. We obtain in particular

- 4 -
Kzo v, = 5 I Kix,z) ds (2.50)

p
< 1
Foo 3‘ 7 98 (2.51)
apertura

Part of the laat 1ntegra] can be calculated by applying the integral form of
(2.48) to the contour ABC of Fig. 2.2.b. As the electric Figld is normal tao AB
and 8C, whith -~un slong a metallic surface, this yields

A
Jc Ez(x,o.z] dz = 'Jmuo JABC Hy[x'.u.z'l dx* dz*® [2.52})

This guantity has still to be integrated from (-x1] to xy to obtain the integral
in the second pert of [2.51). As the right-hand side of (2.52) is proportional
to the average current density Kzo‘ this provides a relation of the type

E o " ijB Kzn (2.53)

On the other hand the average values of the magnetic field above and below the

screen are tangentisl and x-oriented. They undergo & discontinuity given by
l(zc| - onfy -~ o) - oniy + o) (2.54)
Equation {2.53} thus becomes a transfer condition for the electromagnetic fields :
0 7 duM, [Hxly - 8] - H {y + 0] | (2.55)

It con easily bs seen that H is a positive guantity. It is called the surface
transfer inductance, while

7, . guM, (2.55)

1s called the surface transfer impedance, with respective units henries and ohms. ~

If we make abstraction of the coordinate system, [2.55) may be written
E, -2, 7, x {th - Ht1] (2.57)

for a plane screesn separating two media referred to by suscripts 4 and 2: here
Fé is the unit normal to the screen, oriented toward medium 2.

We now can extend the concept of surface inductance to perforated coaxial-cable
shields. As far as the size and period of the apertures are small comoared with
the shield radius h. we may expect that the fields near to the shield are not
significantly modified by the curvature and that we have the ssme surface trans-
fer inductance as for a plane shield. Equation (Z.57) then becomes

Eyo " Zg [qu[b + 0] -H, (b - 0]] . (2.58)

o
The magnetic field discentinuity on the right-hand side of this equation is ob-
viously related to the screen current Is by

b - o]] =1 (2.59}

27b [leb +0) -1 .

[.1+]
Combining these equations and comparing the result with [2.47) yilelds the speci-
fic transfer impedance

z
8
z, - T (2.680)

which consists of a specific transfer inductance

Ms
M * Zmb (2.61)
These quantities have @/m and H/m as ressective units.
If the size and lateral period of the apzrtures are not small ecozzred with

the shield redius, we may expect that relations of type (2.58) to [2.51] will
stil]l exlst, but the transfer parameteres can obviously no longer -z e¢htained
from those of a plane shield. Tt 18 alsc clear that, particularly in this case,
the fields depart significently from rot=tional symmetry. In some croalems we
may nevertheless restrict our interest %o the rotational symmetric cart, as we

have saen 1n section 2.3.



The foregoing apprcach to the concept of transfer inductance has been made delj-
berately heuristic. To be really meaningfull the transfer impedance should be an
inmtrinsine parsmeter of the shield : it should be independent of quantities such
as the internsl paremeters of the canle (dielectric constant of the insulator,
diameter of the inner eonducter) and of the external medium. Experimental [Krigel,
1856) and theoreticsl approaches (Wait, 1976b; Hill and Wait, 1380a,.b; Oeglogne
and Laloux, 1980) tand to show that this is true for most leaky feedar types. The
transfer inductance of leaky feeder shields can be theoretically predicted with a

fairly good accuracy. Practical values range from 3 to 30 nH/m.

2.5.2. External sur<ace impedance of a leaky coaxial cabte

According to the thin-cable approximation developed in section 2.3, the guantity
which is needed te express boundary conditions at the outer surfece of a leaky ca-
ble of radius b is either the external surface impedance 20 defined by

EZD[t +0) = ZU H¢o[b + 0)
or the specific external impedance
2, = E, b+ D)/ {2b Hyp (0 * 03]

We shall now calculste this parametsr for lgaky ccaxial cables having & shield -
characterized by a specific transfer impedance z, = j”mt' Before defining exactly
the internal structure of the vable, let us first look at a general problem. We
study @ wave characterized by a propagetion factor expi-rz) within a homogenaous
medium located between the radii Py and oy of & cylindrical coordinate system.

With the notations of Appendix B, we may write for the rotational syrmetric fislds
in this region

= -
Ezn[p] L anup] (2.862)
H¢D(91 2 - Juwew Vé(up] [2.63)
witn
Vu[uo =R Io[up) + B Ko(up] (2.54)

If this region 1s lp: ated inside a thin cable, i.e. if Jup] << 1, we may appro~-

ximate t1is function and its derivative by

2.15,

Volup) = 0 + B In Ezj- (2.65)

Vé[uo] = B/ (up) (2.68)
where C = 1.7610.... Let us consider the quantity

E__(p)
20
2z (p) & o (2.57)
o Znp H¢°[OJ

We may writs

Zwiwe Zoip] 9 Cup (2.58)

———— e =+ ]
u? A

Considering two radii Py and Py end eliminating the ratio Q/8, we obtain the ge-
neral relation

y 2 (2.59)
Zo(pzl - Zo[p,'l + m 1n 0—1- .

This relation is very useful to obtain the externai specific impedance of a leaky
cable. The inner conductor, with conductivity o and permeability y, has a radius a,
Then we have, acecording to eq. (2,38)

zln[a] = -—1_ .jw_u

[2.70)
2wa o

If the cable insvlation has a wavenumber k and a permittivity e, we obtain

k2 + 2

b
Z1iue In r (z2.713

zotb -0) = zo(a]

If the specific trensfer impedance of the shield is Z,» we may write eq. [2.58)
and {2.58) as

1 1 N
za[b + D) zofb - 0)

ZL (2.72)
t

Finally the shieid may be coated by & dielectric layer with wavenumber k.. permit-
tivity €. and external radius c. We then have, using (2.89)

k2 + 12

c In <

- (2.73
2wjmcc b !

za[c} = ZD‘b +0) -
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Equetions {2.70) to (2.73) may be represented by the ladder network of Figure 2.3,

with

- k2+r2
zba 271 jue in

2. p2
he + T

(2.74)

- 3 [=y

z 1n [2.7%5)

oo

'.-5-_——
ch njmcc

It is instructive to consider the vhlue of the external specific impedance for &
particular case. let ug assume that the internal conductor is perfectly canduc-

ting, thet the specific transfer impedance consists of an inductance mt and that

there is no external coating. Remembering the sxpression of the specific induc-
tance of & perfectly shielded cable

b
1 .i.; in ; [2-75]

it is easy to show that

m 104« r2/x2)
z (b + 0} = Ju (2.77)
meo+ 101+ r2/k2)

Neglecting the specific attenuation, T = J8, it is seen that the specific externai
impedance consists of a reactance. This reactance has & zero for § = k and & pole
for g= k[lD + mtlllo and is & decreasing function of B. It is positive if the wave
is faster than the TEM mode of the perfectly shielded cable (B < k) or if

B > k[ln . mtjflo v negefive between these two limits,

2.6, NATURAL PROPAGATION IN A LOW-CONDUCTIVITY LAYER

Having prepared the reguired mathematical tools in the previous sectiZons, we are
now ready to study the propagation of electromagnetic weves in some subsurface
structures. By naturel propagation, we mean that there is no wire aor leaky feeder
specislly installed to guide e.m. waves. The simplest of these eiruciurss is &
plane layer of relatively low conductivity embedded between the fwo ze=f-{infinits
media of higher conductivity. This situation is characteristic e~ =&l czzams as

we have in section 1.2, We will start with the analysis of some wavsgoiZing pro-

perties of the layer and then consider ‘he excitation of guided mplge -y elemen-

tary scurces.

2.17.

2.6.1. Guided plane waves

The géometrical and electrical parameters of the layer are defined or Figure 2.4.
In this section. we are interested in plane waves, withowt dependance of tha
fields on X coordinate and with & depandence on y coordinate by & factor exp(-Ty).
These modes can be obtained from a z-oriented electric Hertz potentiel

w; = U{z) exp{-Ty), where U satisfies equation

QEE -yly=op (2.?&]
dz?

with
U= - K2 - rz (2.79)

By convention, we use for u the square root with the determination

- m/2 < arg u < /2 (2.80)

The flelds may be obtained by

du

.- 2.81)
Ey ra; (
E, = -rfutz) (2.82)
H, = - Jee T UfF) T [2.83)
where
Jweg = Jweo Kty (2.84)

All these quantities need to bg used with subscripts 1 or 2 for the external.

half-spaces.

The solution of (2.78) yielding cdecreasing fields in the lower and upper half-
speces if given by

Rog 12 for  z > & {2.85a)
ysqeeer e for D<z<a {2.85b]
o e¥2? for z <D 12.85¢c)



where A. B. £. D are arhitrery constests. Thess wey be dotermined by requiring
the continuity of Ey and Hx' i.e. of T du/dz and k2 U at the interfaces. This
ylelds & linear system of four homogeneous equations with four unknowns. The
mode eguation is obtainsd by exprassing that the determinant of this system is
zero.,

With the notations

2 - k2
k1 u K u,

- (2.88)

2 2
k1 U+ K u,

2 - k2
kz u k Uz

k% u+ k2 u,

R2 -

(2.87)

the mode egquation is” found to be

Ry R, » 22 . (2.88)

The quantity R1 1s recognized as the reflection factor of plane waves with a pro-
pagation factor exp(- Ty - uz) on the interface z = a, while Rz is relative to
the interface z = 0. As u, u, and U, are even functlons of the unknown T, the
roots of this equation occur in opposite pairs + vl0), 3 {13, 4 pla2} «v.» Where
by convention -n/2 < arg r'"] £ n/2,

Bafore giving some -umerical results, we would like to discuss some limiting ca-
ses. For perfectly conducting boundaries, k1 and k2 become infinite, the reflec-
tion factors R1. Rz tend to unity and tke solutions of (2.B8) a~2 ua = jnv. The
Zero-order mode is the classical TEM mods of the parallel-plate waveguide., The
specific attenuation of this mode is the same as for plane waves in an infinite
space of conductivity o and dielectric canstant k. The modes with n # O are the
TM waveguide modes. They have critical freguencies which correspond to a seam
thickness equal to n times the half-wavelength 4n this medium. Below this fre-
quency hey suffer ¢ very high attenuati-n ang sbove it the attenuation remains
larger :han :that of the TEM mode. The lzzter kas no critical freguency. It is
clear t.aet, when ]k1[ >> k and !kzj >» (4, the mades of the actual waveguide

are similar to thosi of this limiting caz3. This occurs below the transition fre-
quencies of the extirnal media, i.e. for veg X

g << a, and wey Koy << s provided

Uy *> 0 and o, >> 0. Th the Moitiry oess. the Palda of the evan (odd) modes are -
even {odd) functions of z in the assm swd the TEM mods is independent on z.

As sxpacted, the specific attenuation of the dominant zero-order mode intreases
with freguancy. In actual subsurface propagation problems it takes acceptable va-
luge only below & few MHz. In this frequency renge, the higher-order modes are
belcw cut-off and are consequantly useless. Thia is the main Tedson why we do not
devcte attention at present to the TE modes which ell have critical frequanqias.

The main fisld components of the TM modas are Ez and Hx with a slight longitudi-
nal component. The transverse components are aven [odd} functions of 2 for the
even (odd) modes, at lgast for the limiting case or when thg axternal media have
the same characteristics,

Anotaer limiting cese occurs when the waveguide thickﬁesa tends to zero and when
the axternal medis mre identical. It can be seen from (2.88) that we have then

Uus; = 0. Coneequently the specific sttenuation of the dominant mode 1g squal to
that of plane waves in the external medium, Actually when the wavegulide thickness
is snall, the specific sttenuation lies between that of the internal medium and
those of the external half spaces.,

Some values of the attenuation of the zero-order mode have been publishad (Wait,
1976=) for a coal seam embedded between twa semi-infinite rock half-gpaces having

' identical electrical parameters, Wa performed s systematic numarical analysis of

this mode. Equation (2.88] has been solved by Newton-Rephson's iterstion method
for & wide choice of electrical parameters angd for frequencies between 100 kHz and
100 MHz. From a theoretical point of view, it is interesting to note that, for
some “ombinations of electrical parameters ang freguency, it happens that no root
is found, i.e. nc guided mode exists. Specifically, when the conductivities g and
01 arz bgoth very low, the zero-order rmode disappears above a few MHz. This is not
surprising since the cpal and rock media are then lossy dielectrics (we »» g) ra-
ther <han conductors sand the coal seam height {s much smaller than the wavelength,

For normal values of the rock conductivizy however, the Zero-order mode always
exists. A firsi conclusiom of this Systematic analysis is that the rock dielec-
tric constant Ky has a very limited inflience on the mode propagation constant.
Congecuently *he value K, ® Z¢ hae been used for all raaultszprasap;sd belpw,



. These results are shown on Figure 2.5.a to ¢ for three <e-am heights a = 2. 4 and

8'm, two v -lues of the coal dielestric constant x = 4 and 9, and two values of the

rock condictivity oy = 0.7 and 0.01 mho/m. Six curves are shown on each diagram :
the five lower curves, from botiom to top, give the mode attenuation for conducti-
vity ratios 01/0 of 5000, 1000, 500, 406 and 50, and the upper curve gives the

ttenuation of plane waves in the iock medium.

Comments of the results are as fnlléws, Below a Frequency“carrEspoﬁdiné rcugh]yftu

the wavelength in coal, the attenuation of the 2zern-order mode increases with fre- ~

quency and, to some extent, with the resistivity of the coal medium. It mzy be ve-

rified that the attenuation is most frequently much higher than that of plane wa-
ves in an infirite eoal medium. This is not sufprising. particularly at tre low
frequercy end ¢f the curves : since the skin depth into the rock medium is large;
attenuation mainly occurs in this medium. Actually, obtaining a mode atterwaticn
clpse to that of plane waves in coal requires a high rock conductiwity rather
than a high value of the ratio 01/u. The dependence of the mode attenuation on .

the coal conductivity is reduced when frequency increases.

As expected the attenuation varies inversely with seam thickness. The curvas sug-
gest that relatively low attenuations can be obtained at high fregquencies For
thick seams. The reader should however keep in mind the evolution of the electri-

cal parameters of natural media with freguency as shown on Figure 1.1.

2.6.2. Excitation by a vertical electric dipole

Waves with vertical polarisation can he excited by a vertical electric dipole. We
thus consider such a dipole with moment Ids located at & height z, on the =-axis
within the low-conductivity seam of Figure 2.4. The problem is mathematicalty si-
milar to the radiation of & vertical electric dipole located between a fla- earth
and the ionosphere. The solution is avajlable [Wait, 1878), but we wrll de-ive it
with some detail since the principle of the approsch that will be used is & power-
ful tool for the solution of several subsurface propagation problens. This will

allow us to be more concise in the following sections.

The method used here consists of first calculating the radiation of the cianle in
an infinite homogeneous space and then of modifying this result to ascount for
reflection and refraction at the interfaces. The solution of the firai sroblem

yields the primary fields. Usimg a vertical electric Herl: poteniisal, we have

nip] = M expl~JKR/R) .. (7.89)
where R is the distance to the dipole and

Mo 108, : T tz.sm)
4njwe - -

o “This is @ very classicel result. However it is not im the adequate farm since
the cutoff of the first-order mode. i.e. when the spam height is smaller tham half - :'“3spheric51 coord{nates sre ill-suited to the geometry of our problem. Certesian

or eylindrical coordinates are undoubtedly preferable..

- We_may imagine the electric diroleasssurface current density spplied on an elimen-

tary cylinder of vamishing radius 0y and of height ds. Then, according to.eq..

-_[2.31, the primary potentisl satisfies equatinqA;'

(o)

2 . 2 ° ) .,'v‘ _ - . .

B 13, 37, 2.l fp.i]_"—m—s-ﬁ[p‘plé-(z-i’._ol
2 2 z 2niwep .o .

Jp o 3p 3z 0

(2.91)

This eguation cen easily he solved by applying a Fourler transform to the z-coor-
dinate and using the Green's function eg. (C.11) of Appendix C. Finally Py is
allowed to vanish. The solution is obtained in the form

nlPl e JC HIZ) (4p) iﬂz—zﬂl A dh (2.2
where h is related to % by

ho= (k2 - 22)1/2 (2.93)
with the determination

-m < arg hgO (2.84)

for this square root. The integration path € in the complex % planz ‘s shawn on
Figure 2.8B.

The result (2.82} is classicel. It can bas traced back to Sommerfeld. Tha arimary
potential is now in an adequsate form to start with the analysis of t:z cizole re-

1
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diation in the low conductivity seam. The sacondary potential niSI 1s due to mul--

tiple reflectiun and refraction of the primary potential at tha interfaces z ~ 0
and z = a. In each of the media z < 0, D <2 <a and z » a, it satisfies an equa-
tion of the type (2.91), but without a source term and with the adequate value
of k. This homogeneous equation can be solved by a similar Fourier transform

technique. Consequently, after the samé manipulations, we may write the secondary
potentiael in the form

{ J H(2) p) Aty e7IM2 -;% for 25 a
c :

w50, _Ids J J HE2) (ap) [sm "2 4 oo e’-"‘z] éjﬂh&
Z 21 juwe C

for D«<z<a

j HIZ) (ap) pra) gIN22 AdA
c o

33; for z2<0D
- [2.85)
where h1 and h2 are dafined as functions of 3 by
h1 =/ kg - a2 : "w<arg hy g0 (2.986)
h2 =y kg - 32 : -7 < arg h2 <0 (2.87)

and A, B, C, D are still unknown functions of i, The arbitrery choice of determi-

nations (2.96) and {2.97) has been duly taken intp account in Bq. {2.85) to satis-
fy the boundary concitions to infinity.

The unknown functisns &re to be determined from the boundary conditions et the

interfaces. The continuity of the tangential field components requires that the
total potential satisfies the conditicns

2z - - k2 .
K uz(a 0) k1 nZ[d + 0)

[2.38)
anz(a -0 . awZ[a + 0
9! 9z
2 . - -
k nzl 0) kzwz[ Q)
{2.98)

awz(#ﬂl . 3ﬂz[-ﬂ)

3z 3z

2.23.

Since these conditions are to be met for all values of p, they may be expressed
directly for the integrands of (2,92) and (2.95).

The algebraic calculstions to obtailn the unknown funetions are lengthy. but
straight-forward. We define the reflection factars of the interfaces by

k2h - k2h1
R,y = 11 (2.100)
) 2 2
k1hf k2h,
k2h - k?h
Ry(A) = 22 £2.104)
2 2
kzh + k h2

and obtain
-3hzo -th(2a-zg}
@ + R, g
B(A) » ~g"0%0, . eih? (2.102)
Jhzn ~Jhzg
e + RZ’ e iha

cy » g% - e (2.103)

kK201 + R,)

—_— 1 (2.104}
2
k%

AL}

kZ(1 + R)
1) = ———Z. By C(2.108)

2
k3%

Jha

s = oI - gog, o7dMe

5 8 (2.106)

Note that the expressions of the reflection factors are identical to (2.86) and
(2.87) with the substitutions u = -ih. ug = —Jh1. up = -jhz, T = 1a.

Hence we concentrate on the region @ < z < & only. The total potential may now

be written
.M [2 FOAY Add {2.1073
wzfx.y.zl ey JC H, Y (o) 207
wherg b i
FlA) = [e‘jhz‘+R2 e‘j"ﬂ [a”""“’ + R, o IN&Z> (2,105
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and z, and 2, denote the smallest and the largest of tha.heights z and z,, res-
pectively. ‘

The integral (2.107) can be evalumted by function theorstic metheds. In crder to
do this, we need to identi?y the singularities of the integrand im the A-plane
(Figure 2.6). In the first instance we note that the Hankel function 1s two-valued;
the reason for this is the existence of & logarittm function in the definition of
the Neumann function ND(ApJ. Consequently a branch cut must be drawn alorg the ne-
gative real axis. The integration contour C must run belew this branch cct. The
functions hqll) and hZ(A) defined by (2.86) and (2.97) are also two-valued. Accor-
ding to the chosen determinations, we must draw branch cuts corresponding to the
forbidden bourdaries arg hy = = and arg hz * n. It can be seen that these sranch
cuts are parts of the hyperboles passing through the points of affixes + k1 and

+ Kk, and having the real and imaginary axes &s asymptotes. Actually the tranchk
tuts are those parts-of the hyperbolas that run aleng the imaginary axis. The
definition (2.94) of h alsc requires s branch cut. However it can be sean that

the integrand of [2.107) remains unchanged if h is replaced by {-h) : this results
of (2.100), (2.101), [2.195} and (2.108) considered as function of h. Corseguently
the two-valted character of h is not maintaired for the integrand of (2.137) end

the branch c.*% is immaterial.

Furthermore the integrand of (2.107) has poles at the zeroes of A(A). Actuslly
the eguation A(A) = O is the mode equation (2.88) provided we replace u, uye U
and A by {~jh}, (-3h,0. [—jh2] and (-jI'), respectively., It is easy to see that
the roots ocour by opposite pairs = A(9), + a(2), | . where, by convention,

-T < arg lfi] £ 0.

2

Up to now the integral (2.107) is calculated along the C-contour. Tha hehkavieur
of Héz) fap] and F(X} is such that this contour may be completed by portians of
circles of infinite radius located in the lower half plane. The contour ray fur-
ther be transformed into C1 shown on Figure 2.6, provided we extract t-e zontsi-
butions of the residues at the poles %00 = -3r{0), x(1) = _4pt1) | Tep zntezral
along the remaining contour C1 gives the unguided radiationr, while the 2szle con-

tribution yields the guided modes. Keeping only the latter, we may wrize

w HéZl {(x0) FIMIA

z da
[akade] ha-j\-

4

[l

=4
=
rd
Y
(9]
ul
—
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(n) {n) -
After some menipuolation and replac;ng by by -3F ., wt obtain
noy oA £Lz) £ (2.110}
s LR K(Te) FLa) flz) .
n=o 2
‘wherae
flz) = 3" s R, oI (2.111)
h 3R
- - =142
A 1-1 e R1R2 T [2.142)

The various terms of the expansion. including the factor A, need of course to he

(nl

evaluated at ) = 3 . The main components of the fields follow from Appendix 3

formulas and are given by

M A 12 .
E, =3 1 5 K(Tel flz1 f(z) (2,113}
n=o 2
- M b
Ho o= 2w ¢ ALy (1) £iz) £z {2.144)
3 R 1 fs]
nzo Z
In the limit |Tp|+ =, we may use the approximatian
/ =t TP 2.445)
Kn[Tp] = 55 e [ ]

and retrieve cylindrical waves which are closely relsted to the plane waves dis-

cussed in section 2.6.1.

These formulas have important epplications in several domains of plectromagnetic
wave propagation, namely for the sxcitation of wavee in the earth-icnosphere wave-
guide, along dielectric slabs, etc. Here we are particulsrly interested in the
propagation along & low conductivity layer like a cosl sesam. In this spplicetfan,
it ‘may in general be assumed that the upoer and lower half spaces have the =3~z
electrical parameters. The mode equation then takes the form

gihe 12.775)

where the upper and lower sipgn 2oply to the even and odd modes, -espectively.



This yields

flz) #1zy |4 coe [z - a/23) cos [hiz, - ar2))

— 0 (2.117)

R
2 4 sin [h(z - &/21] stn (w(z, - as21)

respectively. Note that h is complex. Furthermore, the sxcitation factor takaes
the form (Wait, 1876a) "

kZ - kz 7 o '1
A= 1 1 ‘1“‘“°i] (2,118}
k2 - k2 s h2 e

whare A has to ba eveluated for the mode under consideration. An interesting limi-
ting case already discussed in section 2.6.1 is that of perfectly conducting walls :
we then have A{0) = 1,2, Atni 1 for n # 0.

2.6.3. Excitation by a horizontal magnetic dipole

Alternatively, waves with vertical polarisation can alsoc be excited by & horizon-
tal magnetic dipole. This type of source is realized ss a leop or ferrite antanna
with horizontal axis. It is obvicusly not omnidirectional as the elsctric dipole :
as expected, radistion is maximum on the broadside of the dipole and zero on the
éxis. The radiation of the horizontal dipole can be calculated using methods si-
milar to those of tae preceding section and i available (wait, 1952). However

the problem 1= more complicatad since two potential components ara réquirad and

81l the six components of the electromagnetic field are nan-zero. One of the poten-
tial components is necessarily & magnetic vector parallel to the dipzle. The other
one may be a vertical magnetic potential or an electric potentisl parallel to the

dipole.

A simpler approach yielding a partial answer is to uyse the resulis o the fore-
going section by means of the reciprecity theorem. The form of the <hesren which
will be used here it as follows. Consider two experiments carries cut +n a non
necessarily homogeneous but isotropic medium. In the first experimzn:, slzctric

and magnetic current densities ﬁé. 3; are applied simultangpusly st £7-7p dls-

tance and rediate fields E'. H'. Ir the second experiment, aupliss s_orrart demsi-
* In aquation (3) of this paper the factor (kh)-) should be repla-s= =y oxp) !,

ties 3:, 3;3 radiate fields E”, H". Then we have

J (J, « E* - Jna - H) gV = J (J; « E" =3~ . A*) av {2.119)
where the volume integrals are over whole space.

In the present application, we consider for tha first experiment a vertical eleu-
tric dipole located at the point of vector position ' = p'.e's2")

T,=Ids 8(F-F 3, ' (2.120)

and no magnatic current. The fialds (E',H') of this dipols wers calculated in
sect!on 2.8.2. In particular, as results from (2,901 and (2.114), we have

= -1d
R (0.4.2,) = -2 { ‘”2' Kylo') fl2') flz)) T, (2.121)

when we keep only the guided modes.

In the second experiment, the source 13 a megnetic dipole loceted st a hsight z,
on the z-axis and parallel to the x-axis

J;ﬂ L Im ds &8(r) ux (2.122)
The fields (E",H"] of this source are the unknowns of the problem.

Using the reciprocity theorem, we obtain the vertiesl electric fiald radistad by
this magnetic dipele at the point (p',¢',2")

-I_ ds cos ¢' «©
Erlotugtnzny s Do 7 AL ey £z #lz,)
n=o 2

(2.123)

ThB other field compdnents cannot 2ll be directly obtained from E'. Howaver at
some distance from the magnetic dinols, the mein figld components are E” and H;.
with the relaticn

w o, Sdwe
H¢ ¥ =F [2.124)

[all

In using (2.123) we have ig remember that an Infinitesima) loop is eguivalent to
2 magnetic dipole as given by ec. [2.5),
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2.7. NATURAL PROPAGATION IN TMPTY TUNNELS
2.7.1. Introduction : plamar air wavequide

Natural propagation of electromagnetic waves in empty tunnels was exalained quali-
tatively in section 1.27.1, whers reference was made to attenuation fommulas valid
for waveguldes with highly conducting walls. This anproach is undoubiedly invelid
in the VHF and UHF bands for tunnel walls made of rock, concrete, bricks and simi-
lar materials. Indeed, the frequency is then well abave the transiiizn frequency
of these materials (i.e. we »> o), which consequently behave as locey dislectrics

rather than conductors. It is felt that a more refined analysis is reguired.

Tc start with this problem, we consider theléimplest geometry consisiing of
planar air slzb located between two conducting half-spaces having the eams glec-
tricz) cheracteristics. Mathemsatically this problem is identical wity the one
solved in section 2.B. However we are interested here in the casz whzrs the slab
thickness is several times the wavelength in air, and at frequenziss such that
the complex dielectric constant of the surrounding medium, denotec oy

%4

Jwe

€y = Ky o* (2.123)

is close to Ky We will assume that the latter takes on a value whic® is neither
close to unity sor large,

The guestion we want to snswer is : can we have modes with propagacicin constant

close to that of plane waves in alr, i.e. such that T = Jku ? For this purpose,
we rewrite the mode eguation (2.88) as

&% « 2 (2.123]
with the reflection coefficient R given by
L4 uva - yu.a. .
1 1 . -
R m-; \2-147)
where
ua = ¥ - (koelz - {ra)? 12.1235)
- l 2 'o- 2 cm L aes
e = v (k@) [el - 11 4 fua) 12.428)
The sssumption I = jku 1s eguivalent to |ua| << kaa. As z; takege -- & =szerste

£ (z.130)
£

where 1
1 (2.131)

and Pg| << 1. It 45 seen that the reflection Ffactor is close to [-1). Conseguently,
the mode eguation (2.126) can bs catisfied i+ .

us = pri v £2.132)

where fu] << 1. Using the first two terms of a Taylor series for the both sides

of the mode eguation, we ocbtainm

oni

. [2.133)
2-:,l

jkoa 4 Ky - 1

where the determination - %—( &TE U, € % was taken {nto secount. The velue p = O

has to be discarded since it violetes this condition.

It can be seen from this eguation that for p # 0, the condition |ua[ << koe can
only be met if koa >> 1 and only for those modes for which pn << kDa. The propa-
gation constant of these modes =san now be obtained from (2.128) and {2.133), Ta-
king into account that Ki = Ky anc separating into real and imaginary parts, we

obtain
e e /2 - e 2 I (2.134)
)] u] 2
L]
o
V) L 2n e 122 Re 1 (2.135)
: k2 a? TR

where n = p - 1 rather than o 2z the mode order (this cheice is made to establish
& one-to-one correspondance wii~ <he classical numbering of modes in metmllic
waveguldes]. The subscript v hss Seen added to a and £ to recsll that we are stu-
dying modes with the main polarisation vertical. Equation {2.134) is identical
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with that of & planar waveguide with perfectly conducting walls. Eq. (2.135) for
the specific attanuation is quite remarkable. It shows that the attenuation is
proportional to zhe square of {(n « 1) and inversely proportional to the square
of frequency and to the third power of the slab thickness. Furthermore it is
determined by the dielectric coanstant k4 of the external medium rather than by

its electric conductivity.

These results have a simple physical meaning. The modes consist of a plane wave
which bounces against the upper and lower half-spaces. The complex incidence
angle 1s given by sin g - P/03Rk) and is close to /2, It is know that R = -1 at
Bi'szing incidence. The attenuation is due to the slight departure from total re-
flection. The small amount of power which is refracted into the wall is the cause
of attenuation; under the condition WE_ K, 3> o4, it is governeg by K, rather
than by Gq- The main effect of the wall conductivity is to cause a rapid attenua-
tion of the refracted wave 1nto the externsal media. This role is nevertheless
essential in the propagation mechanism, Indeed, if the external media were losg-
less dielectrics, the refracted wave would not be attenuated and guided modes

would not exist since an infinite power would he required.

Up to now, the attention was focused on the modes with the main polarisatian ver-
tical hut the frequency range of interest in this section is such that the modes
with horizontal polarisation are also above cutoff. It is easy to show that the

relevant mode equation is now

e?V® . g2 (2.136)
where
u - U_,I
5« ot (2.137)

is the reflection factor for waves with the electric fielg perpendicular to the

plane ¢f incidence. It is easy to rgpeat the foregoing discussion for these modes.
This y: elds

{h ~ 2 2
8y = /K2 - (n uy (2.138)
2
‘-"[h = ‘M“ Re ._1__ (2.139)
ka3 / CHEE

Note trat n > 0 ig -phe mode order.

2.7.2. Geometrical optical approach for the planar air waveguide

Radiation of a dipole located inside the planar air waveguide may be calrulated
by the method outlined in section 2.6.2, The foregoing interpretation of the gul-~
ded modes in terms of reflections on the guide wall suggests that thg problem
couild also be solved by summing the contributions of rays undergoing reflecticns
an the guide walls. This geometrical optical approach has bgen developped by Mah-
moud and Wait (1974c).

We will only sketch the method by which a ray model can be deduced from the rigo-
rous solution given by eq. (2.107) for a vertical electric dipole, assuming that
the top and bottom media are identical. the inverse denominator of the integrand

Possesses the Taylor series expansion

1

A”l - ———e
ejha(1 N Re—2jha]

. .~Jha Z t-1" ﬁ2n E—Zjhna

(2.140)
n=p

Inserting this series into eq. [2.107) and evaluating the integral of each term
by the method of the stationary phase (Morse and Fesbach, 1953) provides a result
that can be interpreted as a sum of rays emanating from s double infinity of imas-
€63 or alternatively having undergone multiple reflections on the top and boettom
boundaries. Figure 2.7 illustrates the process.

This method however is not Very accurate unless the phase variation of R2n with h
1s duly taken into account. It has the advantagae of giving a physical interpreta-

tion to complex mathemstical Expressions,

2.7.3. Rectangular tunnel

The geometrical parametars of a rectangular tunnei are shown on Figure 2.8. An
attempt to solve this problem exactly leads to an extromaly high conglexity. In-
deed, ‘1f we use Cartesian coordinates, it is required to writs gifferent analy-
tical expressions for two potentials inside the wavegulde and in each of the eight
external regions, Boundary conditions myst then be expressed at each of the twelve
interfaces. Alternatively, if Fourier transforms are used in the analysis, for
instance on the x coordinate, one has to match Fourier transforms on the domains
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x <0, 0 < x«<aand x> a. This brings to a complax three-part- Wiener-Hopf pro-
blem with twc coupled functions corresponding to the potentisls used. Simplifying
assumptions or approximate methods are obviously required.

a} Paerfectly conducting side walls

A first simplifying assumption is to consider perfectly conducting side walls, In
this case, we assume that regions x < 0 and x > &, -=» < y < =, ars perfectly con-
ducting. We ere now left with only three regions in which different analytical
expressions must be used. This model may be & good one for & tunnel bored in a
coal seam embedded in highly conducting rock. We will assume that the media for

0 <x < & ant either y <« 0 or y » b have a dielectric conatant Ko 8 condustivity
04 and & comrlex wavenumber k1 " kD /E: wherea né eyt 01*(ch°) is the complex
dielectric ccnstant.

A complete aralysis of the radiation of & verticesl or horiraontal electric dipole
located at a point of coordinates {xu.yo.D] inside the tunnel is available in

the literature (Mahmoud and Wait, 1974c). A complete presentation of this theory
would be beycnd the scope of the present course. We will only discuss some points

and give the final results.

The fundamental theorem cn potentials given in section 2,2 suggests that the pro-
blem should ke solved using two scelar potentials w'x and n;. It however appears
that expressing the boundary eonditions at the interfaces is made sasier when

n§ and w; are used, since they do not couple in the boundary conditions.

The analysis has many points in common with the one performed inm section 2.85.2
for a horizortally stretified medium. The vertical walls impose that the solution
contains terrs of the type cos(mrx/a) and sin(mmx/a), where m is an integer. Ins-
tead of eg. {2.79) the vertical propagation tenstants are now defined by

e [e2 o 2 211
Up = [52 + (mn/a)2 « n2j172 (2.142)
Uy = [k e (mmsar? e h2)1/2 (2.143)
Instead of the mode ecuatizns [2.925) - [I2,727% and [(2.132) - 12.137). one now
finds
a1 o g o a2 TP L g (2.144)
m m
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k?u - kiuy .
R 1 m__© mi (2.145)
2
k1 Uy * kn Y
and
8l L g o g2 g2mb (2.146)
m m
um " um‘l
S = T - [2.147)
m m um1
respectively.

(h}

The esuation Am = 0 corresponds to a pcle of w;. As results from eq. {A.25) of

Appendix A, modes derived from this single potential component have Ey = 0. The
transverse electric field is therefore heorizontal and these modes ars labelled
E;:] to recpll this. It will be understood that n indicates the n-th root of
eq. (2.146). Similarly (2.144) resilts from poles of n,. They have Hy = D and

should be labelled H[h]
mn

rized by 1Ey|>> 'Exl in large tunnels. They are mainly vertically polarized.

but we prefer to call them E;:?because they are characte-

Firelly, like we c¢id in section Z.7.1 for the planar air waveguide, it is possible
to establish approximstions valic when the tunnel cross-section is much larger

than the wavelength. For Eé:’ modes, we find
Il
PR Fl
gl . j/ﬁ;é . mﬂ} - [z!q ' [2.148)
mn o 2 b
F4
u;:] = 2;"“; Re —— {2.148)
LI
k2 b 4 kg - )
(v)
with m » 0, n > 0, whereas for Emn modes,
z 2 .2 '
sV, /kz . [m] Inem? a2 (2.150)
mn o a 2
b
2 .2 L
a;;] 2(n : 1; " Qe e (2.151]
ke b BRI

From the presert analysis It resilts that a verticsl electric dipole excites only

E;:) medes. A horizontal electric dipole excites mainly Eé:] modas but also, with

(v]

a smeller amplitude, Enq modes. Tommon to both types of modes is the fact that



the specific attenuation is independent on m well ahove the cutoff freguency.
The specific attanuation of E;:] medes may be significantly smaller than that of
E;:] modes, particularly whan the dielectric constant ¥y is high. Finally, it
should be obssrved that the condition [k, a)2 5> (m2 « n2)y2 gp (k812 ”'E“z +
(n+ 1]2J12 entails that the fields of these modes are approximately TEM,

b) Approximaticns for the tunnel with four imperfectly conducting walls

It has heen explained that an exact snalytical approsch to this problem would
lgad to an extreme complexity. Several approximate methods for calculating the
mode propagation constants of this structure have baen published and will be
discussed,’

The analysis of Emslie gt al. [1975) is restricted to the lowest-order EIVJ and
E[h] modee, but it can easily be extended to higher-order modes. As the structu-
re is symmetrical we will restrict our attantion to the E[h) mode, These authors
assume that the fields inside the waveguide may be written ih the form

E, = Eg cos [k (x - 8/2)] cos [0y - b/2)] exp(-1k,z)

£ =10

By ® (ky/kg) €L sin [k, (x - a/2)] cos [k ty = br21] exp(-Jky2)"
Hy = kgho/luu ko) B sin [k, (x' - a/2)] sin [x,ty - b/2)] exol-jk 2 |
1727 Wy kel By g : 2 3%
= 2 2 - -
My = (k3 + K30/ tuu ko) € cos [k, (x - 0/2)] cos [k;ty - b/23)

exp[~JkazJ

Hy = Iyl B cos [k (x - a/2)] sin [k ty - br2)) exp(-3k,2)

(2,152}
where th: coordinate wave mumbers Rys ks kg may be complex and must satisfy the
relation k% * K% + ki = hf. fctuzlly this ig +he typs of expressiocn which can be

2 : 5

obtained by sesaratiaon of veriaties with e single scalar magnetic potentiel n"”,

. Y
The reager will remenqer that this type of splutior was obtained for the E[h] mo-

ges of tae tunngl wi'h perfectly concucting side wells, Similar expressions are
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written, with adeguate notations, for the Regions A-o’ A’a. Ao* and Au_ of Figure
2.8. It then appears that the boundary conditions cannot be exactly satisfisd.
When the tunnal cross-section is large, approximations similar to those used 1In
previous sections can be made and the boundary conditions can be exactly setisfiad
for all field components on the horizontsl walls and for Ez. Hy on the vertical
walls, bot not for the axial compgnent H,. It is however observed that this com-
ponent is much smaller than Hy and consequently the boundary conditions are aparo-
ximetsly satisfied.

A very similar approach wasg used by Laakman and Steier (1975). These authors howe-
ver start with more general fiald expressions which are derived from two scalar
potential components. All the six components of the fields are new non-zero. Here
also, it appears that the boundery conditions can be satisfied only in an appro-
ximate way. Actuslly, this analysis 1s equivalent to that of Emslie et al. since
;he part of the solution which can be obteained from s w; potential (assumed to be
Zero by Emslie) is of second-order magnitude, It is thus not surprising that the

' &pproximate results cbtained in the two Popars are identical.

‘Common to thses analyses, is the fact that the fields in the corner Tegions A__,

A,s A _ and A,, of Figure 2.8 do not intervene in the derivation of the solution,

-+

which therefore neglects the effect of the corners. Actually, the solution does

not take the corner regions into account snd the latter may even cortain a man- )
homogeneous mecium. The authors were conseguently allowed to assume that the elac-
trical parameters of top and bottom walls differed from those of the vertical

»wa}l;.

Assuming that the horizontal and vertical walls have complex dielectric constants

%y, end <;. respectively, the propagetion constant of the E;ﬁl mode 1s given ap-
proximately hy

fv) (v ~(v) [2.153)
an umn + B
s k! 2 2
a(\!) = 20m + 1,'21':2 e o N 2[‘_‘ + 1) T Pe ]
mn r2 gl AT KZ &2 Yo' -1
[+] n X ] v
[Z,154)

.B(.v] = |/k2 - Er(m

(2.185)
mn .
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where the mode indices m, n run from zero to -inf'inity. The ma'in.cumnncﬁts‘- of
the trensverse field for this moda ara given by

m + 1)wx n + 1}wy _nlv)
Ey- sin = ain 5 expl rrnn z) {2.158)
H = [Z2¢ {2,157}
X €, ¥

The results for the Eri:) mode are obteined by interchanging the x and Yy axes.

These approximations are valid under the assumptions

kua . kob >> 1

LEF%]J - (2.158)
(-

!:G =1 »»

Kl
h s D+ Nw
" .
Y 1 kub

These results are remarkable in several respects. The specific sttenuvation of the
E;I;] mode 1s obtained by adding ths valyes of a for waveguides with perfectly con-
ducting horizontal walls and with eerfectly condycting vertical walls, keeping

the other walls unchanged. The main transversa field components are approximately
Zero on all the four walls. :

Anpther but sti1l very similar approach to the problem of the rectangular wave-
guide with.four imperfectly conducting walls was given by Andersgn et al. [1975).
These suthors assums that the fleld inside the waveguide is composed of four plane
wovaes with vectorial wavenumbers [kx.ky.kz]. (-kx.ky.sz. [kx-ky.kz) and (-kx'
-ky.kz) and express that these waves are re;atad by plane wave reflection coeffi-
clents on the waveguide walls : for-instance, the first wava is reflocted inte

the second one st the interface x = 8. It can be shown that this farmulation does
not diffar in any way from Laskman and Steier's [1978). Thess methods implicitely
contain the proof that the guided modes of the rectangulsr structure cannot ba
found by separation of the veriables x and y. Some superiority of Andarsah gt al.'s
analysis may be claimad .from the fact that they use a r.m.s. minimisation algo-

rithm to find an approximate sclution of the overdetermined set of btoundary condi-
tiona, rather than ignoring some of these.

2.

It is also possible, at lsast when the complex dislectric constent of the side
walls is relstively large, to obtain a Eood  approximaticn by replacing the boun-
dary conditions on all walls by & surface impedance condition (Wait, 1980).

Finslly 1t must be mentioned that the geometrical approach develoned by Mahmoud
and Walit. (1974c) and analyzed in section 2.7.2 for the planar. alr waveguide lhas
been extended by thess authors to the waveguide with four imperfectly conducting
walls. This method suffers from the weakness mentioned eariisr but no slternative
way of solving excitation problems hes besn proposed yet.

2.7.4. Circular tunnel

The gaometry of the circular tunnel {(Figure 2.9) lends itself much easier to
exact analytical solution of Maxwsll's esquations than the rectangular tunnel.
Formally the problem we are involved in is identical to that of the dielectric
wsueguide {(Stratton, 1941) which has takaen a fundemental importance with fiber
optics, but we are here interested in the guided modes of this structura for a
quite different range of parameters. The inside of the waveguide, of radius s,

is filled with air. The external medium has & complex dislectric constant lti.

& parmeability ¥, and & complex wavenumber k1. We will use solutions of Maxwsll's
equations in the form (B.25-33) of Appendix B and denote

f WY ko + 12 t -» < arg A x0 " t2.159]_
A1=-¢k1 v i 3 - < arg A1 £0 (2.160)

The solutions which remain Finite on the tunnel axis and tend toward zero to infi-
nity are the form

- Jwp, m
Co = L |~ =5 Py dpltel - ar Q_ Inlhel [ cos [mly - 4 1) ¢2.161)

E¢ - ):o [Juuu AP J0) . ? o Jmh\p)] sin [m(y - ¢m]:| (2.162)

A2Q 3 (ho) cos [mlg - ¢ ) (2,163
m “m m-




- Jue_m
' L= - . 164
H - mgo [—.AI‘Pm 9 (4p) =— 9, Jmu.p}] sin [mi¢ ¢m)] (2.184}

v I'm , )
Hy v mzn [— 5 P Inlie} - Jue, A Q Jm(lpﬂ cos [m(¢ ¢,7] (2.165)
H, = mfu A2 P 3 (Ao) sin [mle - ') 12.188)

whare the angles ‘m are arbitrary, for the inside of the tunnel. In the external
medium the arbitrary constants Pm, Qm should be replaced by Am1' qn1: Epe My A
by €42 uy Ay and J,ihs) by ﬁ%zl (Ayp). The mode equation i abtained by expres-
sing the continuity of the tangential field at = a and writing that the detar-
minant of the system of equations obtained this way is zero. This yields the
¢lassical eguation

e !

, (23 . - 12)° !
J: [Aa) oMy Hy (h,8) } [ 3, (hs) . H (4,a) ]
¥ F¥) 1 123
Aa Jm(AaJ [*] A1a Hm (A1el ra Jm(Aa] A1a Hm [A1all ‘

.- [ﬂ.‘l‘.]z IO R T
1Ko (Ae)2 (A )2

For the remainder of thié section we will assume that Wy o= Bge

(2.167) l

This equation can of course be solved numerically. Here we sre intarested in de-
veloping approximetions valid when the tunnel crass-section is large comparad
with the wavelength. This 1s the kind of work which was perfermad in section
2.7.1 for the planar waveguide. Actually we follow the analysis made by Marcatili
and Schmeltzer [1964! in the context of optical transmission, but we will differ
in the m-de nomencls- ure. We are examining theg following question : assuming that
koa »> 1 can we hav modes with a propagation constant T' close to (jkol, i.8.
such tha' [pa’ <« kgt ? Again, proviged leil 1s neither close to nor large compa-
Fed with unity, this entails |ps| << fa,al. fA,8] >> 1. Now, for those modes for

which ]A‘al >» m, wa may use the large argument approximations of the Hankel fune-~
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tion and of its derivative. This yields
HI2)® (4 a)
m 1
—— . if |A1a[ s> m (2.168)

(2
. HL2) (a,8)

This right-hand side of {2.167) may be approximated by (m/p2a292, Consequently
this eguation reduces to the approximate form

1 (Aa) I'(Aa) 2
Jm( : .3 Aa m . je! Aa - m2
(A8 Ay8 Inlae) 1 442 (ra}2

[2.168)

-

We will discuas separatsly the ceses m = 0 and m # 0, Indeed for m = 0 the right-
hand sids of (2.167) is zarc and this equation is split into two independent nnasg,
the solutions of which yigld TE and T# modes. The parts ¢+ - 1000 o v €
electric and magnetic potentials are indeed uncoupled in e - ¢ Tk ne
results of the discussion are summarized below. We denote by &

root of JDICJ =0 withp > 0,

the § tt no zerg
pg "

------------------------

The mode equation

35 (Aa) Hi2}) (hya) .
—_— -———.-__[2] - (2,170}
Aa JD(Aa) A,IaHD [A1a]
or, in approximate form
J'(Aa)
o + 4 Aa o (2
—_ =2 . +171)
Jn[Aa) n1a
expresses the continuity of E¢D and Hzu and yields the TE modes :
E¢° - jwuo A PD Jé[Ap] C(2.172)
Hpo ==-TA Po Jépr) (2.173)
= g2
Hzo A PD jo[ApJ (2.173)

where we may use the identity Jé[hp] - - J1[Apl. The mode equations‘ has the ap-



proximate solution

A awk, |14 1
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and the -tt_oru.-t:lon constant is approximetely
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Cose b s m » 0, T modes

Tha mode squation
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or, in approximats fam
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axpresses the continuity of Ezo snd H _ and yields tha TM modes :
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The mode equation ylelds the approximate solutions

and 2
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{2.175)

(2.178)

[2.177)

(2.178)

{2.179)

[2.180}

(2.1081)

{2.182)

{2.183})

.

Case ¢ 1 m ¢ 0, hybrid EH_  modes

The atudy of solutions of the complete mode squation ir. the spproxiwste form
(2.189) yields solutions

% ot T (2.8
L} 1 ek 3 2.184)
‘m mti,.n [ . 2“0. ,?: )
snd 2 )
: P € + 1 o . .
. mt.n Re 1 . . (2.188)

%nn
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wharees the slectromagnetic fields ars nearly TEM and approximetely given by

-

Eom ™ Jnay (Epaq,p P70) cos [mte - 43] ‘ (2,186}
B ’ .

Eom * * Jneq gy o7/0) stn [mie - 4] : (2.187)

- ko — -

H, = *&- u, x & {2.188)

‘where we have neglected a common amplitude factor. We recall that 0" is arbitrary
.. and repressnts the szimuthel degensrscy of the structurs. :

f1‘ak:'.r'|g into sccount tha values tm « 2.405 and t" . 3.832, 1t 1is sewn ‘thlt. for
2, real, the mode with the lowsst attenuation is TE is K, < 4,08 anc EH' ir
> 4.08. It 1s interesting to collect the cnndit:lons Uﬂdl!‘ which these npprnxi-

_mats results are valid; in practicasl -l'nrm 1

k°a>>1 7
lkah--ﬂ'»mu' S (2.1889)

2 . .
Ike /g - 1] > '"*""H'_[' ¥meo



2.7.5.'Sone general conclusions

Although the exact solution of the mode equation for the various shapes of tun-
neis can enly be obtained numerically, it is clesr thet a cutoff effect exists as
for waveguidea with highly conducting walls. The model of the latter may be used
for spproximate pradictions of the cutoff fraqubncy. It howaver complately fails
to predict the attenuation above this frequency, i.g. in the useable fraquancy
range.

Quite generally, for metsllic waveguldes sbove the cutoff, the specific attenua-
tion incresses with frequency. In tunnels on the contrary, all formulss that have
bean established, namely (2.135, 138, 148, 151, 154, 176, 183 and 185), show that
the sttenuation decreasss as the square of frequency. Another characteristic is
that it is inversaly proportional to the cube of tﬁ- tunnel size. Tha fields of
the guided modes are only epproximately TEM. All these properties explain very
well sxperimental dsta like those of Figure 1.3 and 1.4,

One should tend to conclude that the highest “requencies are tha best suited for
naturai propsgation in tunmels. This iz only trus for uncbstructed straight tun-
nelp with smooth walls. Very few studies of propegation in curved tunnels have
besh made {Mshmoud and Wait, 1574h; Parcatili and Schmeltzer, 18954) and the con-
ditions under which their results are valid ara rarsly ancountersd in practice.
They nevertheless have the merit of showing that tha highest frequericies are not
the most adequate for curved tunnels. In this case the use of wave guiding wires
‘and cables is practically needed. We will now start the study of this problem.

2.8, GUIDED MODES OF WIRES AND LEAKY FEEDERS IN A CIRCULAR TUNNEL
2.8.1. Basic theory of guided modes

In this section, we are concerned with establishing the mode equation for the
propagation of electromagnetic waves along cables parallel to the axis of a cir-
cular tunnel. By cable we mean eithar a conducting wire or a lesky coaximl cable.
These devices may ir addition be covered by & dielasctric jacket and, additionaly,
by & lo:sy layer wh:ch may be representative of dust or mud accumulated on the
externa. surfsce of the cable. That a unified treatment can be used for these
various devices is the result of the thin-cable approximation which has baen devé-
Joped in section 2.2, Let us recall that this spproximation consists of modelling

the cable by equation (2.19) relsting the rotational symmstfic part of tﬁs elec-
tric field on the external surface of the cabla to the total current carried by
the latter. The specific external impedance of s bére wire wes obtained in sec-
tion 2.4 and that of a leaky cosxial cable in section 2.5.2, where the technigue

for tak;ng into account successive cylindrical ‘1ayers has also bean devaloped.

We start our snalysis by cnnsidering a circular tunnel containing & single axiaml
cable (Figure 2.9]. The tunnel radius is & and the external medium has slectrical
permittivity €,. dielsctric constant K- ‘1"0‘ conductivity ¢4, complex dielsc-
tric constant :; . xy - Ja1/(u:°). permeability uy (which may differ from uol and
complex wavenumber k1. The cable has a radius c and 1s Jocated st the point [pu.
¢°) of & system of cylindrical coordinates (p.¢.z). We are interested in finding
modes with a propagation factor exp(~I'z}, whare T' has to be determined. The cable
cerries & total currsnt I expljwt - T2). Hence the factor exp{jut - T'z) will be
ignorad in al} expression of fields and potentials. We follow the method developed
by Weit and Hill {1974a). Some of the basic featurss of this mathod are also pre-
aent in the paper by Fontaine et al. (1874} snd had pravicusly been devaloped hy
one of these authors in his doctorate's thesis.

The primary fieclds excited by the cable current I, i.e. ths filelds which would
Bxist if the cable were drawn into free enacs, may be derived from an axial slsc-
tric-type Hertz potential

(p) -
uPl . (2njue )1 1 Ky (vo ) {2.180)
whare .
ve/ TkZ o2 LA z {2.191
5 ] 5 € BrE V£ z -191)
is the radial propsgation conatant and
oy " Y pt o+ pg - Zon cosl¢ - OO] (2.182)

is the distence from the observation point to the cable axis. The modified Hankel
fuqction may be considered as characteristic of an outgoing cylindrical wave. The

addition theorem for this function

KD[VQd] = { Im(vn() Km[VP,) a!jm(¢—¢°]

me-w

(2.193)
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where o and p_ stand for the smallest and the largest of the radii Prpgs Provi:

- des e‘decnmpusitionfuf this wave into & sum of outgoing waves emansting from the
“2-axis. This suggests seeking to solve the problem with an electric typs potential

U given by

) - va) o -
. [2#1»:61'? 1] Itve ) Dﬂ“(V°>] - R, EET;;T Im[Vp>)] exp[-Jﬁ(O TT‘“JJ R

- m--.:

for p < a. The sdded terms may be seen as incoming waves to account for the re-
flection by the tunnal walls. The constants Rm are to be determined and play the
role of reflection factors of the tunnel wall for this type of potential. Howsver

‘this reflection gives also rise to fields derived from a magnetic-type Hertz po-

tential which will be written

L]
Ve (2rdee )7t T

m==c

by Inlvo ) T, tvo,) exp[-gmly - 4] (2.185)
for p < a.
In the external msdium, p > &, we use expressions containing only outgoing wavee

U= (2rjuc ) 1§

RIS exp[-amtg ~ 4.1] (2.198)
o
Vo= (2rjee)7) 1 mg_n 6%, (o) exp[-imey - ¢n1] (2.187)
whers the fudial propsgation constant u ig given by
|.1-vf-k7.j-1‘I ] -%<argug% (2.198)

The electromegretit fields are fiven by the formulas of Appendix B, namely (B.9)
to (B.14), Tha unkown constants Rm, bm' Fm and Gm can be obtained by expressing

the continuity of the tangentlial field components at p = a. This yialds & system
of four linear eguations in these unkowns. With & view to futurs approximstions

we will however use an alternative but equivelent method.,

Starting from (2.198) - (2.197), we express the flelds in the external medium
and, by eliminsting the constants F’11 and Bm‘ we can obtain two relations batween
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the tangentisl field componants st p = 8. These relations are written in the form

[2.499)

‘;'E‘m '-'.d’n'ii"'Ezlﬁ + Zm Hzrﬁ
H‘m LR Ym Ezm + L Hzm (z.200}
for the m-th harmonic of the fields. Aftsr some calculations we find

a = - Jml {2.201)
m 2

u?s

e, K lua)
zZ -1 m (2.202)
m u K_(ua)

m
k2 K'fual
1_m {2.203)

Y1'1'1 * juu1u Kmfuu)

Equations (2.188) - (2.200) depend on the external medium only and, of course,.

on the still unknown propegation constant F. We could as well solve them for the
electric field components E¢m and Ezm' thereby defining a sufface impedance matrix
of the external medium. Equations {2.188) - {2,200) may thus be considered as
boundary conditions imposed by the externsl medfium and mest be satisfied by the
fields derived from [2.184} and (2.4185) for the internal medium. Exprausing this,
we obtain after some calculations

Jh /v KE(vad/K (va) v+ n ¥ +qn 8§ B ‘
Ru(T) = 7Ty ]/:m( T (2.208)
m Jko/v 1plvel L Tva) & n "V " °m
K [va) R -1 n. &
8,1 = [I'"[ 3 i ] L] (2.205)
™ e | Tyer/e) (2 - o2y
where LI f polsu is ths intrinsic impedancs of air and
2 2 . y-242
n§ = [jmr/a}? (v u~€) (2.206)

o 'm jkD/v Ié(vu]/Im(vu] + Zm/no

Henca, the exact expressions are known for the potentials and fields insideg the
tunnel, but the propagation constant I is not vet determined. There indsed remains
to express the boundary condition on the external surface of the cable. As we in-
tand to use the thin-cable approximation, we first need to write explicitely the



2.46.

(8.5) =
of Appendix B. Using (2.184) in which we restore the compact form (2.180} tor the
primary potential, we obtain '

exprassion of the axial figlg Ez' It is given by [-v2U) as results from eq.

-vig : Kpiva) -Imi4-40)
Ez = W [KDIVDG) - mZ—. Rl'l! W Imfvpn] Im(Vp] 8 (2.207)

In this expresaion, the sum over m-reprasents the field reflacted by the tunnel wall
and is sssumed to ba practically constant when the observation point moves around
the cable circumfersnce,

ximation to bs valid.

This is the condition required for the thin-cable appro-
The boundary condition at the axternal surface of the cahble
may then be expressed at any point of this surface.

pocint at p o= Do

Thus we choose the metching
+cand ¢ = ¢D and obtain the mode equatian

= K _[va) -2wjmuo
Kolve) - mg-.. R T _Tval InfVPo) I.[vo, + )= - z,(r] (2.208)

where zufr] is the specific external impedance of the cable. This peremetear is
determined by the internal structure of the cable and may depend on *he made proga-

gation constant T as we have seen in sections 2.5 and 2.5.8.

Solving -the mode equation in full generality obviously requires the use of a com-
puter. The method p* Newton-Raphson for complex variables is claimed to be effi-
clent for this purpose. The solution of the mode equation provides the propagastion

constant of all modes, including the waveguide modes. of particular intersst howe-
ver are the modes which have a transmission-line character as tha frecuency 1s lows-
red or as the wall conduetivity becomes very high. In case of a single monofilar
wire conductor we will find one such mode, this is the monofilar mcde,
a lpaky coaxial cable we will find the monofilar and

Chapter 1.

In case of
coaxisl modes descrined in
Some interest nevertheless exists for the waveguide modes whan they are
ahove cutoff, since they may then have a lower specific attenuation ran the trans-
mission-1line modes. It is expected that their cytoff frequencies w2l rot be ei-

gnifican:ly madified by the pressnce of the cable.

It is un'ortunately not possible to introduce approximations whizh arz valig 2=e

2ll ceses encountered in the practice of subsurface radic communizatis~g, If

|k1e| >> 1, we have «lso Jua| >> 1 and asymptotic expressions of «_°

may be used in the culculation of Ym and Zm. st least for moderats valygs of
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Howsver a look at Figure 1.2 shows that the condition tkqal >> 1 wil2 not be sa-
tisfied for small tunnel radii, low wall conductivity and at low frequencies.
When 1t is known that the mode propagation constant TI' is close to Jka. i.e. for
tha monofilar mode, we have [v] << ku and Figure 1.2 shows that we may have

[va] << 1 1f the frequency is not too high. The conditions |ua) >> 1 and

|va} << 1 are cbviously not frequently met gimultaneously. The implications of
these conditions will be examined later.
over the whole range of parameters, but this brings very meagre simolification in

the numerical work.

2.8.2. Extension to multiple wires or cables

It 1s now relatively eassy to axtend the theory to the case where the tunnal con-
teins multiple wires or cables. We will carry out this extension to the cagse of
two cables (Figure 2.11).
They have radii C4. Cy arid specific external impedances z1frl. zzfr) respectively
The method {Wait and Hill, 41974h) consists of superposing solutions of tha type

{2.208). We writg

Km(va)

-vz ( R
11 Kn vpd1l R In(va]

~Imle-4 )
-V I (vp) 1
. anwsc Im[vp1l nlvel e ]

K (va) .
m ~3mld-¢ 3]
m I—m'Wa—] Im(U92) Im(\lo] e 2

= -m

+ 12 [Ko(vpdzl -

(2.299)

where

Pyq = ¥ o2 + Py - 20p, cosl¢ - ¢,} (2.240)

Py = 7 0%+ p% - Zpp, cosld - $5) ['2.211]
and 11. iz are the currents carriec by the cablgs,
The two relevant boundary conditions are now

B, "3, at oo cc, - 4 (2.212)

Ez - 2212 at o= py * cz s b= ¢2 52.2131

Bnly tha condition [vc| << % is satisfied

The cables are located at the points [91.¢1] and [p2,¢2]-
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This yilldl 8 homogeneous system of two equetions into 11.' Ié

A11I1 + A1212 =0 . €2.214)
+ Ayl = 0 . (2.215)
with .
2tjk° z, z K l'va) ‘ :
LI e + K tve,) - ER W Itvo) 1| [vle, + ]  (2.218
o
_ Ko (va) '
[} - Jl‘n(.1-‘2]
Ayz ® Ko lve,,) ,E ml_t_f 1 (vpz) 1, [vioy ¢+ e)] »

(2.217)

. ) “miva) o Inl42-41}
Ay = Kolve o) R T, ve? Tlve,) I [v[92 . J]

nm 12.218)
2-,110 2, T, KtV ,
2T, R ARt T T Ve * )
o .

[2.219)

Actually, the argument of Kg 1n [2.217) should be vhgy *veluated ot the matching

boint p = p, ¢ c,. ¢ =4, butp, hes been approximeted by the distance betwaen

the cable centers

Pyp ® e p% =~ 20,0, cosle, - 4,). - - (2.2200

1t must indesd be stressed that the use of the thin-cable spproximation.in this
froblem requirse the cable radii Ty Cy to be small compared to pﬂ;. Tha sams
#pproximstion has been made in A21

The mode equation is obtained by writing that the determinant of the system
(2.214) - {2,215) is zero. Once it has been solved, the ratio I II1 is given by
ahy one of the equaticns (2.214) - (2.215). This ratio thus takes 2 wsll-Zdefined
value for sach guided mode. For instance, in the case of a bifiler l=a or of the
long induction loop, there are two modes having & transmission-ling charaster.
These modes. which are designated the monofiler and bifilar modes, he-s '.‘.2»’1.1 re-
tivs close to « 1 snd - 1, respectively.
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2.8.3. Discussion of some numertest results

Tha ti-nnry contained in the previous two sections has been applied, nainly by
Wait, Mill and Seidel to numerous sxsmples. For the casc of ona or t«w isclated
wires strung into a tunnel, remerkeble quelitative and ruantitative cunﬂmatiunq

of rnsultn given in Chapter 1 are obtained.

Results have also besn obteined for leaky coaxisl cables. The model used for cal-
culating the spacific external impsdance of a lesky coaxial cable ﬂ;l developed
in section 2,5.2. Thia hnpoélancl is strongly depsndent on the longitudinal propa-
gation constant T and is reactive :I.f. the cable is lossless.

As a un-rul sxercise, befors showing results obtained for ths case of tunnels we
will investigete the behaviour of a leaky coaxisl cable drawn into fres spece.
For gresater linp}_i_g:ﬂy. we will ansume that the inner conductor has an infinite
conductivity and thet the shield is uncosted. The spacific external impedance of
the cable is then given by {2.77) which will be rewritten as
2 . . o
z_« fum Fot% T ez
o t g2 - 55 . .

whers B, * k. /< is the phase constant of & parfectly shislded cable. «x being

the dislectric.constent of the ceble insulation and

B, =B, Y1+ mtllo . (2.2223

- co

In the 'axtarnal ‘air madium, the transverse fields era.g:lvan by
Eyo = © V2 K (vp) C o C {2.229)
H’D = ~dwe v Kl lvp) : : ’ (2.224)

Using smell-argument approximations for the modified Bessel function ard writing
that z, - Ezo/lzwc le. where ¢ is the cable radius, we obtain

CcvBe- k2 2nk w m 82 - g2
- In —— : L - £o - (2.225)
o g2 - K2) 82 - 82)

The right-hend side of this equation is shown on Figurs 2.12 as & func:ion of



B/ko for a particular choice of parameters. The left-hand side is real for g > ko LI

only. It is a relatively-:large positive quéntity (larger than 5 on Figure 2.12)
and & slowly varying function of B. Consequently, eq. [2.225] has two roots By
and Bc which arg slightly higher than kn end B_. respectivaly. They correspend to
the monofilar and cosxial modes of the structurs in freg space. Both waves are
slow compared with the velocity of light in frae space and, consaqiaantly. they
have a surface wave cha'racter. It is remarkabls that the coaxial mode is even
elower than that of a perfactly shieldsd cable; this ia due to the reactive loa-
ding of the leaky shield. Actually the term leaky is misleading since it is gene-
rally used for fast wave structures [Coilln and Zucker, 1969). It has some impor-
tance to keep these properties in mind, and namely Teble 1.2, when we try to in-
torprete physically the behaviour of ledky coexial cables used in tunnals.

'Suma results of calculations for a laaky coaxisl cabls drawn longitudinally inside
& tunnal wers published [Wait and Hill, 1975b, 19878c; Hill and Mait, 1878b). As it
does not much complicate the numerical work, it has bsen assumed thal the cable
shield 1s covered by & dielectric jacket. The lattef may be covared itself by a
lossy film which may represent moisture and gdust accumulated on the cable. Figure
2.13 axhibits the speclfic attenuation of tha monofilar mode for the conditions
spacified in the legend.

We have sglected tre curves of Figure 2.14 & and b for the atteruation of the coa-
xial mode. For a cabls with a very high specific trensfar inductanc-_[mt = 40 nH/m)
the attenuation 1s very sensitive to close proximity of the waell. For a modaratg
transfer inductance {10 ﬁH/m] this effect is rather 1imited. It is unnoticeabls
for well-ghielded cables (2 nH/m). In any case, the attanuation is undistinguis-
hatle from its frse-space value when the cable lies along the tunnel axis. It is
then essentially dus to the finite resistivity of the innmer conductor, since the
resistance of the shield was neglected in the calculations. We have soms doubts
on the quantitative values of attenuation for pD/e = 0.98 since the thin-cable
aspproximation is somewhat questionable in these conditions. The resuit is however
qualitatively satisfactory.

2.8.4. Guasi-static approach

The exact theory of wave propagation along wires and cables strusg 40 = circular
tunnel «s developed 1in sections 2,8.1 and 2.8.2 is extremely complex. T+ would

be nice to opbtain a simpler description, not only to justify haurfgtis 2zaroaches
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like those given in Chapter 1, but also to support extensions to other tunnel sha-«.
pes for which a theoratical spproach is untractable.

The guite tedious task of making spproximations in the complicated equations of
sections 2.8.1 and 2.8.2 was undertsken. We will summarize briefly the fundamam
tal conclusions of this study. Let us recall that, for a mode with a propagation
constant T, we defined two transverss propagation constants, Tha first one

Ve - K2 - 12 (2.226)
is valid for the tunnel space. whareas the other one
U= (- k% - rijls2 {2.227)

" is valid for the tonnel wall materisl. The wave numbers k. and ky. respectively

in the air and in the wall material ‘are related through

2 2z
k1-knk1

1
=k, - 2L [2.228)
<] [1 meo}

' where Ky ang ¢y are the wall permittivity and conductivity, raspectively. We also
_ use the notation Yy~ Ik, '

Thres parameters govern the possibllity of making approximations

1. va : as gensrally I does not differ significantly from ko' the condition
[val << 1 15 generally satisfisd wWhen the tunnel cross-ssction is smaller than

the free-space wavalength. this practically occyrs at freguencies up to 50 to
100 MHz. ' :

2. f.:,;l 2> 1 : this occurs at low freguencies becauas of the tunnel wall conducti-
vity, and at higher fregusncigs if the dielectrie constant Ky 1s high. this
will namely occur if the turtm} walls ape T )

3. Iy,lu[ + this parameter Qeaqv'ihcs the retioc of the tunnel radius to the penetra-
tion depth of electromagrwtic waves ‘Into the tunnel material. At low freguen-
cies the skin denth is Nc’h larger 'Athan the tunnel radius and we have
]y1a| << 1. At high f.r;q!“mnies the raverss occurs.
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" The contlusions are as follows. Frovided Ival << 1. and !x;l >» 1, which ia true
‘over a viry large frequensy reange, "the transverse electric field in the tunne]
spsce is roughly the same ss for the TEM mode with a par?sétly conducting tunnel
wall, even If the skin depth into the actua] wall 1s largar than the tynnel yize.
This entails that we mey write transmission lines of the form

- g.:. = juc V (2.229)

when the currents and voltages are those of the conductors, and the specific capa-

city coefficlents may be aveluated under the assumption of a perfectly conducting -

tunnel wall,

Under the sameg conditions, the trensverse magnetic field in the tunnaljspaca does
not depend on the mode pronegation constant T. Therefore it will have the same

spatial distribution, for instance, .for. the coaxial and moncfilar modes of a lasky o

fosder. This distributipn is however frequency dependant, being governed by the
parameter Y4,8. At low frequencies, for which [7151 << 1, the current in the tun-
nel wall 1s spread in s Very large area and the magnetic fleld in the tunnel space
tan be caleulated from the cables currents by Blot-Savart law, ignoring the tun-
nel wall.current. At high frequencies, +or which |T1a| >> 1, the .current in the
tunnel well i3 close to the surface and the magnetic field distribution tends to
be the same as for s perfectly conducting tunnel wall.

Tt 1is possible to write a second transmission line equation of the type

d
E-ZI

but the evaluation of z may require more sophisticated mathods,

2.9. OTHER PROBLEMS

Hanyofharprcblams pertaining to electromagnetic theory sre of interest for sub-
surface radio propagation. Soma of them are solved in the author's book mentioned
in section 4.1 and to which the interested reader is refarred for furiher study.

|c(z 'ch_li

— ]

Velz)

L 2.58.0 0

|c{Z\-dZ)
. —
) yidzVy,
Vo (zedz)
£ -
(=)

Vm(2)

S STH Eay

Ve {zedz)

ymdz
O—metee
Imlz} zpdz zydzl, Im(z+dz)
le(z) (zc-2¢)d2 le(zedz)
fo | o P _—0
|
Ve(2) Ve(zedz)
(Ye-¥t)dz ydz )
B ztdz R ®)
Is(z)
Vin(z) |V (zedz)
(Ym-¥i)dz
O —F o {o—— -0
Im(z) (7y-z¢)dz Iz +c2)

Flg- 2.1 Twe equivalent circuits of an aelemantary length -1 cf two

rcoupled tronsmission lines.
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Fig. 2.8  Singularities of the integrand of (2.107) in the

complex A-plane
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Fig. 2.9
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Fig. 2,42 The right-hand side of {2.376) a8 & function of 8. coaxial cable for o &« 2 m Kk, = 10, o, = 1072 mho/m,

Calculations have been nmade for f = 35 Mz, ¢ = 5 mm,

Inner conductor : redsus 1.5 . o= 5,7 107 gha/nm.
kK =25, 1cl * 263.5 nH/m (50 ehm cable} and m, = 20 nri/m.

Shield : radius 40 ma, m = 40 rH/m. Plastic Jechat @

radius 11,5 mm, :J- 3. io loesy film,
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