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THAPTER 3  MODES AND MODE CONVERSIONS

3.7. INTRODUCTION

It has been cbvious from Chapter 2 that one of the key steps in the theory of
subsurface radio wave propagation is to identify the propagation modes. The stu-
dies that have been reported show that this task is extremely complex. even in
the simplest cases. whem we try to sclve Maxwell's equations. Furthermore the
actuel subsurface environment is fregquently far more complicated than the simple
structures that we were able to soive.

It is therefore necessaery to resort to simplified descriptions based on transmis-
sion line concepts. The validity of a trapsmission line model for cables and wi-
res strung parallel to the axis of a tunnel has been Justified in section 2.B8.4.
Quite generally, if we have n wires, we can construct column matrices of the wi-

re currents I and of the wire voltages V, and write transmission line equations
in matrix form )

%,I; =-yV (3.4)
oI : . (3.2)

Merein x 1= the cocrdinate alang the tunnel axis.

We have seen that the specific admittance matrix y is approximately given by
Y = juc (3.3)

where ¢ is the matrix of capacity coefficlents that may be estimated assuming
that the tunnel wall is perfectly conducting. Estimating the specific impedance
matrix z 4is quite mere involved. Qne may generally write

z = jwlpc + Ze * oz, [3.4)

where Tﬁc is the matrix of self and mutusl specific inductances of the wires assu-
ming that the tunnel wall is perfectly conducting, E; is a correctien term to

account for the fast that this assumption is not exact, and _; is e diagonal ma-

trix Ef the specific impedances. of the wires as defined in section 2.3, One fre-

7,gugntly denotes

Z " ‘J“‘lpc vz, . o , t3.517
One perticular case of coupled transmission lines is that of a leaky feeder
strung into & tunnel and for which the coupled transmission line eguations are
given by eq. [(2.4D) to (2.43) and fllustrated by Figure 2.1, whereon the coupling
admittance Y should be deleted. The equivalent circuit is redrawn on Figure 3.4
where we have introduced guantities

= - {3.8)
oo T T T %

= - {(3.7)
zmo Zm zt

whiéh are the specific series impedences of the coaxial and monofilar modes for
the case where the lesky shield should be replaced by a ron-leaky one : these

modes shculd then obviously be uncoupled.

The coupled transmission lines are

dIm

ol A . o (3.83

oI,

i yc\,rc (3.9)
Y

o T zmIm B ztIc (3103

dIc

o (3.1

where we admit thet zt is of the form

z, = juwm (3.12)

t t

Before continuing this study, we shall discuss some questicns of terminology. In
coupled-line theory the terms monofilar mode and cosxial mode asre used for the
pairs [Vm’Im] and [VC.IE), and for related quantities like filelds, impedarces,
admittences and so on. In chepter 2 however we used the same names for solu-
tlons characterized by a propegaticn factor exp(-Tx). The terminology is thus
misleading, since the existence of & propagation factor exp(-Tx) necessarily
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implies that of both pairs. In order to avoid any confusion in the remaining of
this text, we will refer to the pairs [Vm.Im) and [vc'Ic) 88 the couplad modes
and to the exponential solutions &s eigenmodes. Similar considerations apply to

the cage of multiple wires. We will now start the study of matricisl trsnsmission
line equations.

3.2. COUPLED-LINE THEORY

3.2.1. Generzl theory

We consider the transmission line equations in matrix form !

a1 —_—
- YV [3.13)
v ——
o221 (3.14)

where T. and V are column vectors with n elements, and y and Z are sgquare matrices
of order n. This model applies to a system of n conductors strung parallel to the
axis of & tunnel, including the leaky coaxial cahle (n = 2) described by eq. {3.8)

to (3.11). After derivaticn and elimination, these equatlions transform into

= L —

_d_z =z T (3.15)
X

Lt L ——

d_: = ZyV (3.16}
X

These equations have a fundamental set of n linearly independent solutions of the
form |

Tix) = T explTx) (3.17)

Vix) = V; exp(£Tx) (3.18)
where To' Vo and T' are sclutions of the eigenvalue problems

JETO = I I, [3.18)

2yJ, =2V (3.20)

The fundamental solutions are called eigenmodes. We implicitely sesuiit ¥R the

eigenvalues are non-degenerate.

3.4,

As results from reciprocity, y and 7 are symmatric matrices and, conseqﬁantly.
Y 2 and T y ara the transposad of asch other. They thus have ths same eiganvelhpi
12, while the eigsnvectors 'fD and Va are left-hand and right-hand eigenvectors

of ¥ Z, respectively. Constructing two modal matricaes J and U, the columns of
which are the eigenvectors To and VD. respectively, (3.18) and (3.20) may be .

written
¥zZT = T Bfag T2 (3.21)
ZyT = U Diag r2 (3.22)

wharse Tiag r? denotes the diagonel matrix of sigenvalues.

However J and U may not be chosen independently sihca the volteges and currents
are related by (3.13) and (3.14). This imposes the constraint

JTOlegT = yU (3.233
or, equivalently
-LT Dlag T' = ET {3.24})

Finally the general solution of the couplsd-line eguns (3.13) - (3.14) may‘bt

written as . .
Vix) = U_ [Diag e TXE + Diag efI‘x H] (3.284
Tix) = T (Bfeg ¢ ¥ % - Oleg ' * ) (3.28)

whers A and B are two column matrices of arbliirary constsnts to be determined Wy
the boundary conditions. This very compact form of the solutions shows pfngressﬁv
ve and regressive eigenmodes with generalized matrix amplitudes A and B.

It 1s important to understand the meaning of the Uarious‘slements of this solu-
tions. Let us for instance assume that the boundary conditions are such that

Ak # 0, all other elements of A and all elements of B being zero. One has then
Vix) = U A exn{—rkx) (3.27)

I(x) = Jk Ak Exnt-l‘kx] (3.28)



It is seen that A‘ is & genaralized amplitude factor for a ﬁrngresaive wave of
the k-th elgenmodz. The wire voltages and currents for this mode are Als times
the elements of t-e k-th columns of U and J. A given elgenmode is thus characte-
rized by a well-d=fined distribution of the line voltages and currents. As re-
sults from (3.13} and (3.14), we may define the characteristic impedance matrix
EYTK and the characteristic admittance matrix §7Fk of the k-th elgenmode.

The eigenvectors are not yet completely defined by (3.21) and (3.22]. Since thesa
equations ars homsgenevus, we are frees to choose [2r]) normalizing constants for
the (2n) eigenvectors. But as J and U are related by (3.23) or {3.24), n of these
constants are detsrmined. It can easily be shown that the eigenvectors U; and 3&
corrgsponding to 3Jifferent eigenvalues I‘i and I‘j are mutually orthogonal. Conse-
quently the matrix UJT. where T Indicates transposition, is diagonal and the n

remaining constant may be chosen so as to impose the constraint

T

D3=FE {3.28)

where € 4¢ the unit matrix. This 15 the usual scattering matrix normalisaticn.

Tt is such that the scalers A A/2 and B B/2 give the complex power cerried through
the transverse plane x = 0 by the progressive and regressive waves, respectively.
Thus Ai/Z and E%/Z are relative to the i-th eigenmbde. -

3.2.2. Application to Lleaky coaxial cables

A first application of the general coupled-line theory develpped hereabove is to
leaky coaxial cables. Before starting the analysis, we first consider a perfectly
shielded cable with exactly the same internal parameters as the leaky cable under
study and located at the same place in the same turnel. This rather trivial case
will be referred to by a subscript o, as was already done in section 3.1. Matri-

ces z and ;lare now gilven by

[z 0 ’y a

_ co _ co

zo = yo = [3.30)
.0 Z0 ‘U Yo

It is easy to verify that the modal matrices are given by

7172 o [2-1/2 o

N co _ co

U0 = JD = [3.31)
[ zl/ZI D z-1/2
L mo | | mo

3.6.
where
Zoo " ¥ ZooM¥eo 2o = 2 Yo (3.32)
ere the characteristic impedances of thg - obviously uncoupled - coaxial and
monofilar modes, whereas
R R 2.3

are their propagation constants.

As was expleined previously, Yoo = 3mcm° where the specific capscity may be sva-

lustad from electrostatics. The series impedance
z., = jwlmo + rmn ‘ (3.34)

1s nearly reactive [rmD << wlmo], but Too and lmD ars functions of frequency. Si-
milar considerations apply to the coaxial mode, except that lcn may be considered

as congtant. We may thus use classical approximations for low-loss trensmission
lines : '

f1/e11/2

~
n

T'=a+ 38  a=r/(227 3

- B8 > g

B=wv lc (3.35)

with adeguate subscripts, either mo or co. We define the velocity ratic of the

‘twd modes by

B v
pego e (3.3
BmD v =38

co

- B ~1/2
Actually Vep = 3 10° « m/s, whare k is the dielactric constant of the cable
insulation, whereas Voo is @ slowly increassing function of frequency. Above a few
MHz howaver, Vi 18 clese to 3 108 m/s and ore hes

b =vek (3.37)

Once the numerical values of y and z are available, it is an elementary task to

compute the eigenvalues and the modal matrices. Instead, we will concentrate on
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dpproximsts formulas valid for a weak coupling. Derivation of these apprbxima-'
tions 18 a straightforward task which is left to the rseader. We will rastrict
ourgslf to the presentation of the resuits.

We define two coupling coefficients

n ,
c, - t e (3.39)
2Y1T p-1
mc
m
c. = t ._JCE:

(3.40)

where 1_ = 1 -m,_and 1 =1 -
m mo t c co

filar ang coaxial modes. In the week-couuligg assuption, we suppose that

mt are the specific inductances of the mono-

2 2
ce, E2 ahd C1C2 << 1

3 (3.41)

In practice, the values of lco range from 250 to 400 nH/m, those of lmo from B0D
-to 4000 nH/m, while m o= 4D nH/m must be considered as an uppeér limit for speci-
fic transfer inductances. The weak-coupling mssumption may thus be considered es

generally valid, excepted when the velocity retio p is close to unity.

The approximations which are found for the propagation constants of-the two eigen- )

modes are then

. ; x -2 )
Ty=a, + 3By 1 sy ra v (€ -C)%a (3.42)
Bi = ECO (3.43)

rz =0, ¢ JBZ | ay e (3.44)
By * Bo (3.45)

It should elreadw be clear thst the sutecripts 1 and 2 refer to the coaxial and
monofilar eigenmodes, respectively, whersas the subscriots ¢ and m are used for
the coupled modes, i.e. for signale proozgating inside amd outside the cable.

These signals are of course a linear ca~hination of the two eigenmodes.

cable. These powers are given by

3.4,

The modal matrices are approximately given by ’
172 ' 220 o 1]
4 z3/2tc,-¢,)
U= (3.48)
172 1/2
-Zm [L‘.1+C2) Zm |
[5-172 172 1
[ 2:3/2 (g 0c,)
3 = ) ) (3.47)
=1/2 - -1/2
75220, 1-1/2]

Tha meaning of the modal matrix elemants, given by (3.27) and (3.28) should be
kept in mind when interpreting these results. For instance, it is sgan that when
the coaxial eigenmode propagates, for a unit voltege inside the cable, thers is

8 wall voltage sgual to [C1-* Czl 4 zmo/zca' ond for a unit current flowing aiung

the inner conductor, thers is & current (C1 - czl Y Zcolzmo flowing along the

wall. Of course, the current Im flowing along the wall is equal to the opposite

. of the total current carried by the cable, as 1s obvicus From Figure 3.1.

The coaxial eigenmods obviocusly has the main part of its power propageting inside

the cable. Some powsr is however also carried by the leskage flelds outside the

LIRVIRL A N P
7 Velo = 7 183

(3.48)
1

3 Vet =3 1431 103 - e

where A1 is the normalised wave amplitude of the coaxial eigenmode. Similar con-
slderations and formulas apply to the monofilar eigenmode. It thus appears that
(Cﬁ - C%] is the relative power of the leaxsge fields. This explains also in a
very simple way the increase of specific attenuation for the coaxial eigenmode
given by {3.42). A similar perturbation exists for e but it has been neglected
since it has been assumed that a

o is significantly higher than oot Otharwize a

leaky coaxial cable would not perform better than a simple monofilar wire conductayp,

We may further comment on the coupling coefficients I:1 and C,. The specific trans-

2
fer inductance m, 1% only 2 shield parameter and 1% does not by itsalf giwe full



information on the intensity of the leaksge ¥ields. The relevant paramatérs are
the coupling =ogfficients Cyr Ez. They also depend on the internal and exfarnal
parameters through lc' lm and the velocity ratio p as shown by (3.3%) and (3.40).
In perticular, a value of p close to unity may have more ingluence on the leakage
intensity than a high transfaer inductance. At high frequencies where (3.37) i=
walid, this result is obteined by using a cable insylation with a amall dielect}ic
‘constant, For p = 1, we have B1 >3 Cz. but the wsak-coupling assumption (3.41)
does not necessarily hold any longer. Finally it should be noted that & too high
value of E may have drawbacks in continuous leaky feeders. since it mey result
in an impartant increase of e, as shown by (3.42].

3.2.3. Discontinuizies along a leaky feeder

The theory developed in the previous section apply to a homageneous leaky. feeder
in the sense given to this term in tranmission line theory, i.e. when the trans-
mission line parameters are independent of the axiel coordinate x. Inhomogeneities

can be treated by several methods which are standard practice in transmission line

theory. In particular, local inhomogeneities or discontinuities may be represented

by lumped circuit elements inserted in the line and give rise to boundary condi-
tions to be used in the general sclution (3.25) - (3.2B8). Quite generally, a dis-
continuity acts on both eigenmodes. This is always true for a discontinuity which
acts on only ong of the coupled modes, elther on (Vm.Im] or on (VC,IDJ. Conse-
guently, if one eigenmode is incident en the discontinuity, this eigenmode will be
partly reflected, partly transmitted beyond the discontinuity, but also partly
converted into the other eigenmode. These mode conversions, which also occur along
multiconducter lines, may be intenticnal or inadvertsnt. Among these discontinui-
ties we may for instance name the ends of the cable, the coupling of a generator,
et. It is therefore essential to dominate the subject, in order either to mini-

mize insdvertent conversions or to deliberately create useful ones.

We will now examine with some detsil a2 particular type of discontipuity that will
find application ir secticn 3.5. We consider the tranmsition from a non-leaky
coaxial cable to a lesaky one. The transition is located at x = 0
A, B .
mo co
[Aq, Az. B, 52] of the leaky cable are flowing for x > O. The problem can be

: waves (A
{ co’

Bmo] of the perfectly shielded cable are flowing for x < 0 and weves

s0lved by using equatioﬁs (3.25) and (3.26) with adequste subscripts on either
side of the transition and expressing the discontinuity of the voltages and cur-

3.10.
- fente at the transition. The resultant matrix equations...
U +B)1=UMR+8 (3.48
UDtAB EQ] UfA + B) 3
A -B)=J(A-B 3.50
TD[AO B)) = J(A - B) ‘ ‘ ( )

can be solved for EO and A to obtain the scattering matrix of the transition.
Under the weak-coupling assumption {3.41), this yields

_ - —y- i ST
B:::n.| C1C2 CZ 1-c C2 C1 co
ra_ 2_ E

Brno 2 €.Cy &, 8 e

- {3.51

2_pr2 —r -
A, 1-c2-C T, £,C, €, 8,
fo _~2_2 -

L% I K=t Ey 4Gy l-Bz .

It c=n be .seen that an eigenmode incident on the transition is :
- reflected with 2 small reflection coefficient * C1C2
- reflected into the other eigenmode with a reflection coefficient Co

- tremsmitted through the tramsition in the corresponding mode with a very small
loes

- trensmitted through the transition into the other mode with a transmission coef-
ficient * C1.

3.2.4. The dedicated=-wire technique

Electric trection is freguently used in mines and the trolley wire is scmetimes
used as & monofilar wire conductor to provide radie communications at a few hun-
dreds of kHz in the haulageways. Actually the rails act as a return conductor;
they may be modellsd as a metallic ground plane (Wait and Hi1l, 1977a). The trol-
ley wire is primarily designed for power transmission and it is not a very effi-
clent monofilar wire for radio transmission. Devices like locomotives, rectifiers
and @0 on act as shunt loads with rather unpredictable impedance at radio freguen-
cies. Attempts have been made to use radie frequency chokes in series with these
loade. Alternatively an additional monofilar wire may be strung into ths tunnel
to guide electromagnetic waves. This method was proposed in the United States
under the name of dedicated-wire technigue (Emslie et al., 1978).
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A}though there is no reason why it should have more influence than any insdvertent
conductor that may exist in the tunnel, particular attenuation was devoted to the
trolley wire, and namely to the effect of its shunt leading on the propagation of
the low-loss mode guided by the dedicated-wire (Hill and Wait, 1877b; Wait and

Hill, 4878). The problem can be treated by multiconductor transmission line theory.

In the first instance the metallic ground plane modelling the rails is taken into
account by considering a doubled-size tunrel containing image wires, as suggested
by Figure 3.2. Attention should obviously be restricted to odd modes. Solving the

problem of a shunt load then reduces to a rather elementary problem.

Let us assume that the shunt load is located at x = [} and that eigenmodes with ma-
trix wave amplitudes A~ and B are incident on the load for x < O and x > 0, res-

pectively. Using {3.25) and (3/26), we may write the solution

U[Diag e TXE 4 Disg erx'ﬁ-]

Vix) ={ _ N (3.52]
U[Diag e Ix T Diag eFx E+J
ETDiag e TXF - Oieg &% )

Tix) » {3.53)

R - Dlag o ¥ T

-- — .
wherein B and A are the still unknown metrix amplitudes of the reflected and
transmitted waves. Quite generally, the shunt load may be characterized by an
admittance matrix ¥ and we have the continuity equations

VI-0) = Vi+0}

_ L _ (3.54)
I{-0) = ¥ V(+0] + I(+D}

Using these as boundary conditions for (3.52) and [3.53), we obtain the scatte--
ring matrix of the shunt load

2] K T A
_ = _ . (3.55}
A+ T K B
where
— ame 1 =y = B
T-[E*E lvml {3.56)
KeT-F [3.57)

3.12.

The submatrices K and T are of order n if there are n wires and are generalized
reflection and transmission matrices. They can easily be calculated i the modal
matrices J and U are known. In general, mede conversion occurs in reflection as
well as in transmission, in the sense that, if one eigermpde 13 incident on the
shunt load, 21l eigenmodes are generated in the two dirgctions away from the
discontinuity. This conclusion is of practical importance and provideg a good
introduction to mode conversion techniques. . Note.that reciprocity requires K and
T to be symmetric. This example shows how powerful the coupled line theory deve-

lopped in section 3.7.1 can be.

3.3. GENERAL PROPERTIES OF MODE CONVERTERS

By comparison with the simple monofllar-wire technigue, the main idea in the use
of centinvous leaky coaxizl cables is to benefit by the low specific attenuation
of the coaxial eigenmode. This attenuation remains small because only a small
part of the electromagnetlic energy is released in the tunnel space in the form
of leakage fields. An alternative solution to the continuous leaky feeder is to
use a well-shielded comxial cable in which mode converters are inserted at dis-
crete places. This principle can also be used with a two-wire line llke & ribbon
feeder. The function of the mode converters is to convert a small part of the
coaxial or bifilar mode power into the monofilar wire supported by the non-leaky
transmission line. An obvious reguirement for the mode converters is to prowvide
a good impedarice match and & low insertion loss for the coaxial or bifilar mode :

ideally the loss should be due to the mode conversion only.

This method provides an excellent flexibility in the design of a subsurface com-
munication system because the converter parameters and spacing can be varied
along the path in function cf the tunnel cross-section, acceptable cable location,
distance to the base station, and so on. Mode converters are now widely used in
subsurface radio communications {Delogne, 1970: De Keyssr., 1972; Delogre, 1872,
Deryck, 1972; pelogne, 1973; De Keyser, 1873; Delogne et al., 1973; Delognae, 1974:
De Keyser, 1874; Deryck, 1975; De Keyser et al., 1978; Seidel and Wait, 197Be:
Delogne, 1979).

A detalied description of several tyoes of mede converters will be given in sub-
sequent sections. Presently we will show that the operational parameters of mede
converters ere subject to some limitations., The analysess carried out In the pre-

sent chapter are restricted to freguencies where only transmission line type modes
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are significant, but i1t can be shown that the same devices can be used as affl-

cient launchers for waveguide modas.

Considering the existence of two modes on elther side, a mode converter should

be seen as a four-port device. We wlll use the subscripts 1 and 2 to denote the
two sides of the converter snd the subscripts ¢ and m to indicate the coaxial

lor bifilar) and monofiler modes, respectively. We use the normalized waves A and
B which are flowing inte aud emerging out from the device, respectively. By reci-
procity, the scattering matrix which relates them should be symmetric. It has

thus the following most general form

- - r ~ 7 ~
3c1 Kc‘l Kcmﬁ Tc Tc1m2 Ac‘l
3rn1 Kcm‘l 'Km1 Tc2m1 Tm Arn'l
= {3.58)
552 rc Tr.'2m1 Kc? Kcm2 Ac2
L mz b L Teamz T Kemz Km2 1L Anz J

The meaning of thz scattering matrix elements is as foliows and is illustrated

on Figure 3.3 :

KC1 . Kc2 : reflection factors of the coexial mode at sides 1 and 2,
Km1 . sz : reflection factors of the monofiler mode at sides 1 and 2
K . K 1 mode conversion factors in reflection at sides 41 and 2
cml cm2
Tc1 > 1 mode tonversion factor in transmission between the coaxial mode at
m side 1 and the monofilar mode at side 2
Tc2m1 : same, hetween the coaxial mode at side 2 and the monofilar mode st

side 1.

The moce converters aremost frequently lossless devices and the scattering matrix
must be self-adjoint. Most types have morgover a transverse symmetry plane for
the monofilar mode end either & symmetry or an antisymmetry plane for the cosxial

mode. When combined, these prooerties yield :

Ik, = Ix

c1
[k ql Kol =K
1 m2 m (3.58)
IKcm‘ll * IKcmZI * Kcm
= 17 =
|Tc1ﬂ2! ’Lc2m1l Tcm

3.14.
[RZ1 o« (721« IRZ] 1721 = 1 T (3.80
[K2F « J72] « Jk2 ] s f12] -1 (3.61)

and some phése relationships. The transverse s}mmetry plane thusnnthecessarilyim—
plies the equality of the mode conversion factors in reflection and in transmis-
sion, nor the equality of the reflection facters or of the transmission factors
for the two modes.

For obvious practical reasons, mode converters should have no connection to the
tunnel wall. If the mods converter is mede with lumpad elements, this implies

Im1 + Irn2 =0, or

Arn'1 - Bm1 = Am2 - Bm2 (3.82]

“Aa this conditicn must be setisfied for all combinstions of incident waves., one

has
Kcrn1 = Tc1m2 (3.25)
Kcmz = T02m1 (3.54)
Km1 * Tm =K ? Trn =1 ’ (3.6%3

In particular, it is seen thet & coaxial wave incident on the converter always
excite two equal monofilar waves in opposite directions. From this we contlude
that a directional mode conversicn can only be realised by mode converters with
a non-zerp glectrical length.

Finally it the mode converter i=z lossless, has 8 transverse symmetry plans., no
ground connesticn and & zero electrical length, it i= described by reflection

factors Kc, Km, transmission factors Tc. Tm and & single mode conversion factor S,
with the property

2 2 2 2 g2 2 2 &
KC + Tc + 25 Km + Tm + 25 . 1 ) (3.66)
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3.4. ANNULAR-SLOT MODE CONVERTERS
3.4.1. Principle

A short annular slet realising s complete interruption of the outer conductor of
® non-leaky coaxfal cable has been propossd as ‘the main ingredient of & mode con-
verter. The relevant eslectromagnetic aspects are available in the book mentioned
in section 1.1. A simplified quaai—atatic analysis can be obtained by considsring
the cable and the tunnel as two transmission lines having a common conductor. The
lstter is interrupted over a short length., The problem thus reduces to sn elemen-
tary circuit caleculation suggested by Figure 1.10 where Zm and Ic are the charac-
teristic impedanoes of the monofilar and coaxial modes, respectively. The only
difficult point Zn this respect is to estimate the value of Zm. but we have seen
that this quantity fortunately varies in a very limited range with the slectrical

parameters of the ground, with the geometrical parameters like tunnel cross-section

and cable location, and with the fresusncy. A comparizon with the few exact elec~
tromagnetic sclutions available between 1 and 50 MHz shows that calculations based
on the value Zm = 377 2 never yield an error larger than 1 dB on the mode conver-

sion factor. This value has been selected ‘for convenience only.

A naked slot does not provide s good impedsnce metch end a low insertion loss for
the coaxial mode. The external load impedance "seen” by the slot (sz] is indeed
rather large, so that most oower flowing inside the coaxial cable is reflected
back inside the cable. It is thus necessery to add some lumped circuit elements
in order to improve the impedance match and to lower the insertion loss.

3.4.2. Resonant matching

In this type of mode converter, the slot impedance is deliberately lowered by
connecting a reactance across it. The residual resctive effect can further be
compensated at the design frequency by inserting & dual reactance in the inner
conductor. Figures 3.4a and 3.4b show two such designs. Egns (3.58) to (3.6B) all
apply to this circuit. The elements of the scatterimg matrix can easily be obtaji-
ned fram the circuit eguations, but the celculations are somewhat tedious. The
results are showr on Figure 3.5 feor 8 current value of the ratio Zc/zm‘ The cur-
ves ere drawn as functions of & recucec fregquency v and of a Q-fector. These pa-

rameters sre defired as follows

w_ = (LCy"1/2
C

3.18.

and

- Figure 3.4a ;1 @ = ZZm/(uoL] P vo= wu/m

- Figure 3.4b: @ = 22w € Jus w/wa

The choice of the circuit slements allows some control on the converter perfor-
mance. Typicel valuaes for Q are B to B. the circuit provides & moderate bandwidth.
The parameters K and T have not been shown because they are not very important
in most appli:ations. but it may be useful to know that K is very small and T
close to unity.

3.4.3. Wideband matching

‘When mode converters have to work over very wide freguency bands, & transformer

may be integrated in the annular slot. In thess types of converters, ‘the bard-
width is only limited by the transformer fréquency rasponsea.

A_first example is shown on Figure 3.6a. The winding senss is such that ths cos-

" xial mode would not develop any volisge across the slot if n, " and ny were equal s

hence no mode conversion would occur. A small imbalance allnws to create soms .
mode conversion. The' device has all thg propertias cansiderad in the last para-
greaph of section 3.3. It is gasy to show that .

e T
.Km =T =3 f 3 (3.67)
5 . fg;llgz
- where ) 22m \
£ = —z—c— (1 - n,/ny) (3.68)

A small imbalance will thus yield a low value for the reflection factor and in-

‘'sertion loss of the cosxizl moce, but a high velue of the same parameters of the

monofilar mode.

When this is not desirable, the converter of Figure 3.Bb may be used. In spite of
the spparent simplicity of the cirguit, the caleulstion of the scattering matrix
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elements is extremely tedious, for théfe“ié no transverse syﬁﬁe¥;f-pléﬁe. Tﬁe
general form '3.58} together with the properties (3.63) to (3.65) epply. One
finds : :

- 2 _ 2y, - ; .
Kgq = [2(n2 - nd)x tn, - n,?x"1] /0

. 2 . 27y - - -
Kc? [2{n2 n1Jx [n2 n132x 1] /D

Kot = Kmé = {ny - ”2]25"1 /0
T, = 4n,n,/D (3.59)
T, = 2[n§ + n%]x/D
Kem1® ™ Teamz = 20400y = ny) /D
Kcm2= ) Tc2m1 * 2n2(n2 ; n1] /0
with
x = {2z /7 )1/2
(3.70)

0= 2[n% + n%]x + [n1 - nzlzx‘1

A small imbalance allows here to have small values of the reflection factor and
of the insertion loss for both modes. It is thus easy to fit the characteristics
of mode converters to the requirements of = specific application.

3.5. LEAKY SECTION AS A DIRECTIVE MODE CONVERTER

The mode converters described sofer are non-directive in the sense that the mode
conversion fectors in reflection end in transmission are sgual, A problem may
result from this property when several mode converters are inserted in e cablg.
Standing waves are observed in the tunnel space becsuse of monofilar mode waves

travelling in opposite directions. In the early stages of the use of annular-slot

BB

mode converters (De Keyser st al., 4970; Delogne. 1970; De Keyser;.5§72: Oelogne,
1972), this problem was considered as a serious one and it was sulved by a clas- '
sical technique used in yaveguide directional couplers : the slots were ussd-in

pairs with a quarter-wavelength spacing between the elements of & pair. Later on,
experience showed that standing waves anyway freguently srise becauge pf inadver-
tént mode conversions in tunnels containing other conductors than the coaxial ca-

ble, and this method was given up.

We will now retrieve directional mode conversion as automatically provided in
converters consisting of 2 short secticn of a leaky coaxial cable inserted in a
non-leaky cable. The transition from a non-lesky cable to & leaky ong was inves-
tigated in section 3.2.3 and is described by the scattering matrix [3.51). Mode
conversion occurs in the two directions at the transitisn but, of course, the
coaxial and monofilar modes are not identical on either side of the trsnsition.

A mon-zero length mode converter can be build by inserting a leaky section of
length L inside a non-leaky cable. Im this case, the two transitions participate
irn the mode conversion process. The scattering matrix of the leaky section consi-
dered as a whaie can easily be caleculsted, referring to Figure 3.7 and eg. ([3.51].
Neglecting the second-order terms as permitted by the weak-coupling assumption
{3.41}, we find (*]

[k ! = Ik | =0 ] (3.79)
[k .| = 2C, sin [(B_  + 8 ) L/2] (3,72}
1T = 28, sin [(8 - B, ) L/2] (3.73)
1721 = 720 = 1 - k2| - |72 (3.74)

The non-equality of the mode conversion factors in reflection Kcm and in trans-
mission Tcrn is the result of the non-zerc electrical length of the device. As
the phase constants Smg and Bco are proportional to the frequency, the bandwidth

of Tcm around a maximum of the sine function is larger than that of Kcm. It is

*
) Here we take account of the fact that, in trensmission line theory, the A and

B wavesare progressive and regressive waves, respectively. In network theory
however they are ingoing amd outpolng waves, respectively, and the scattering
matrix relates the letter to the fermer.
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moreover maximum for

[Bc0 - BmU)L = (3.75)
The 3-dB bandwidth of Tcm thus extends from falz to 3f0/2. where fD is the design
frequency ylelding (3.75). The choice of L is thus not at all critical. For the
design of & mode converter, we may consider that

Boo = K = w/(3 108) (3.76)

- 1/2 .
Bco kD 3 (3.77)

whera kD is the free-space wavenumber and x is the dielactric constant of the ca-

ble irsulation. It is seen from (3.38) and (3.40) that C1 > E2. and thus

T » Kcm. The mode conversicn thereby exhibit an intrinsic directivity which cen

cm
be enhanced by chosing a low value for «; this yields en increase of Tc

m
Several iInteresting properties of a coaxial cable containing periodic leaky sec-
tions are worth mentioning. As we have seen in sectiom 3.23, for a continuous
leaky cable, the relative power of the leakage fields of the coaxial eigernmode
is E% [we assume that C1 >> C2}. A leaky section excites the monofilar mode with
a2 power 4 C%. We have thus a gain of 6 dB. This property as well as those of a
continuous leaky cehle are nicely illustrated by Figure 3.8. Amother useful cha-
racteristic is that the insertion loss of a leaky section for the coaxial moca,
given by Eg. [2.7£), remains small : for instance C1 = 0.15 yields & conversion
factor Tcm of - 9 dB and an insertion loss Tc of 0.5 dB. As a matter of fact the
global specific attenuation of a coexial cable containing & leaky section every

d meters will be

- el S
@, = o 3 log A c% (3.78)
This may be significently smaller fhan the attenuation (3.42) of a continous lesa-
ky cable. This preperty, together with the 6-dB gain mentioned above, should over-
compencate the fact that the radisted field suffers the attenuation a . of the
monofilar mode between two successive leaky sections. The guestion however requi-
res & closer examination since the optimum value of C1 for & continuous leaky

cable and for a lcaky section are rot necessarily egual.

3.6. MODE CONVERTERS FOR TWO-WIRE LINES

By lack of place we will simply mention that mode converters exist for this type

of line and refer the interested reader to the book mentiomed in section 1.1.

3.7. INADVERTENT MODE CONVERSION

We mentioned previously that any discontinuity along e tunnel containing axial
conducters is likely to cause mode conversion. Numerous discontinuities may exist
in any practical application. Though it 1s in general impossible to evaluate them
guantitatively, it is nevertheless important and sometimes vital for predictions
to have a clear picture of the possible effects.

A first type of discontinuity which always exists consist of the hanging devices
used to support monofilar and bifilar limes or leaky coaxisl cables. In general
these devices act as small local shunt capaciters and they can in principle be
studied by the method outlined in section 3.2.3. If the spacing is much smaller
than the wavelength, the effect is eguivalent to an increase of the specific ca-
pacity and has negligible conseguences, apart if it disturbs symmetry. It was the
merit of Deryck (1970, 1872b, 1873) tc show that the apparent leaky character of
the ribbon feeder was actually an inadvertent mode conversion process due to nume-
rous siight asymmetries, among which are the hanging devices. Periodic spacing,
even of small discontinuities, may however be a source of serious pérturbation
when the spacing is close to & multiple of the half wavelsngth, because of a fil-
tering effect.

Objects with a small.axiel size are another type of discontinuity. They in gensral
may be modelied as local capacities. The disturbance thersfore increases with fre-
quency. Experience has shown and theory confirms that the effect of an isolated
object is maiply local. Indeed the shunt impedance due to the cbject is generally
very small compared with the characteristic impedance of the mcdes. It has a ne-
gligible éffect on prepagation, although the local disturbance of the electroma-
gnetic filelds may be importamt. This does not remain true when numerous objects
exist slong the path, because of the resulting accumulation. For 2 large number
of random objects with random spacing, the fields in the tunnpel space bscome ra-

pidly quite irregular.
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APPENDIX A

CALCULATION OF FIELDS FROM POTENTIALS IN THE CARTESIAN COORDINATE SYSTEM-.

‘For the calculation of a mode with a propagetion factor expl(-rz) one

32 32 :
has, taking into account that [S— + f— 4+ 72 + Kk2{y = ¢ :
. . ax 2 ayz .
The sburceless ('.}'a =0, Tm = 0) part of {2.8) and [2.8) yields,
for each cartesien component of the potentials . L F _ 32 2 a2 ) 3 .
LV E 2y T . ay B -r wl Tx {A.13)
- 32 32 32 FY
x : E = {-—u—-—-——- R oy (A1 2 _ :
X 2 2 Bx By X3y x 3 2 32 [
3 .oz = + k . - . ~T = ! f
Y 2 FYE T o n [A.18)
- ] ?
H = Juot [ 0 ' — . -—] LN [A.2)
3z 3y | "x o [ ]
H = o . - , - '
Jue r 3y Ty (A.15)
= 32 32 32 a2
i T o= il {A.3) _ 2 R
¥ {axay ax2 222 dydaz| Ty o E o= [P R N -1 2 e (aa18)
¥ axdy ax2 2y y
- F] ]
H'Jms[-— . o . "'—]17' {A.8) -
3z 3x : 2
Y SR S I T P T
ay y
, _ 32 52 32 32
w 1 E = B y m = = q! [A.5)
3 -
SRR - - e )y e
= ? [
H = Jue [—— P . a ] n! fA.8) _ 2
By 8% z mosE - [-r% IR T = 2) o gam
y ax? ay2 2
11; : E = ‘Jc.m.!Cl [ o] . aiz R - -%;] 'n; (R.7) 5 3
= |-p & - - 2 2 ]
[ T Y . T 3y ’ k¢ + I ] n [A.20}
— 2 2 2 2 .
el 2 | (A.8) = 3 ?
3y 3z2 Y H = jwe [3'57 B T , o ] ‘Hé (A.21)
" F e - S22 ) . ‘
Ty E Jung [ Y , 0 . o ] ™ fA.9)
= a2 a2 a2 a? " TA.10)
sy @ i © ayez| Ty
Y 3%l az2 ¥ §
" . B 5 =3 __a_ - i "
LA E Juwu, [ Ny . ™ , 0 ] m (R4
7 a? 32 32 a2 ] 5,12)
TlEaz 0 Fyer - "z
3x? ay?
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. APPENDIX B

CALCULATION OF FIELDS- FROM POTENTIALS U = v, and V= i:

-T v T e ] w  (A22) : IN THE CYLINDRICAL COORDINATE SYSTEM

—L -T -2 » We recall that U and V satisfy the egquations
Ny ‘ r X ] Tx (A.23) R
2 2 2 . ' .
, R . [..3_ N g R LA L gz] U= Cwe)t (8.1
sy e T “ (A.243 02 p ap - p? 242 az?
2 2 2
, [_3_2_.1._3_.%3_2,, az+ nz,] Ve Qe (8.2)
- p p Bp o~ 3¢ Bz
o r I ] ’y (A.25) !
"he sourceless [Ja =0, .Jma = 0) part of (2.8) and (2.2) yields
2
S e, g ]
ax? o ¥ .
T
- p  &d (B.3)
2
j— * k? l * -
ay? ' 13% W
E¢ ? 943z + jwuo T (B.4)
a -
5 N 4] ] %2 (A.28) 2 2 .
E, = |+ 2| U (B.5)
9z?
T 22 _22) .. nom Jue su | 8%y
Wy Iy : = JWE o
M od 3y o RS 2 {B.6)
-T l R k2 + r2 ] E (A.30) H = -juwe ﬁ‘l. * l a2y {B.7)
3y z ¢ 8p  p 33z
(B.8)

ju
n
——
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»
*
=
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S
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For a mode with a pmpagat.ion factor exp(-¥z1. one has :
E =T - J‘?“-}}' | (8.9)
€, = g * dun ¥ {8.10)
E, = (r2+ k3 u . (8.11)
Hy - due g—: -r 4 (8.42)
Hy = ~Jue g—g - -E%} (8.13)
Ho = (T2 + k2) v (B.14}
Next we examine the develupmelnt of modes in cylindricsl harmonics.
All guartities are expanded in a Fourier series of the type

Flp, 4.2} = E F (o) ej.“.“ e T2 (8.15)

me—c

In a sourceless region the solution of (B.1} and (B.2) yields

Um = Dm Im[up) + Bm Km(up) | (B.16)

Vm = Pm Im[up] + Arn Km[up} (8.17)

wherg AL+ By . Pn ¢+ Qp are arbitrery constants and I_ , K_ are

modified Bessel functions. We defined

vV K -T2 /4 o2, __;_<,,.gu<l'2'. {8.18]

On using these expressions in (B,8) to ({B.14) we obtain :

-Tuy [om I (up) + B K,;.[up]]+

e 19)
> Fm I fupl + A Km(up]:l (.

Tm Y , , .20
- Jp_ [nm 1 (up) * B Km(up}].g,u,..nu [Pm I:(up) + A ;n(upl] (6.20)

- u2 [nm Im(upi' v B Km[upJ]

(8.21)

£ -Tu ’ ’ (6.22)
- -"’T [an I tup) + B Km[up]] Tu [Pm Iolup) + A Km[up]]

, T'm
- jueu [om Irtup) « 8 Km(upl]— Jg— [Pm I (up) + A Km[uo]J (B.23)

- y2 n B.24
u [F'm I fup) + A Kmiu,.}] ( )

Alternatively these formulas may be replaced by

where

= [2) (B.25)
Uy = QO JplAe) + B HEZ) (Ap)

. (2 (B.26)
Vin * Pn Jm[Ap] *+ A, HE JUAp)
p= VKT 12 5 -m < arghg O ) (B.27)

We then have

om

ém

Zm

-TA '[n_m Inlhey + B MDY Chol]-

jwuom

[

(23 .
[Pm Jthe) + A HC '[J‘.p]:'(ﬁ 28)

' m 2 , (23" . )
+ [Dm Iy tho) + B H l[Apl]+gmuﬂA [Pm.]mflxp] o A HL [’p)] (8.29)

It [mm 3 lheY ¢ B Hnl]zlmo]]

{B.30)
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Hom > [‘:'m 3 (he) + B Hngﬂ(np)] -Th [Pm SMUTS IR Hrglzl'mpn]
= - ’ ' r
Hyp = ~Jueh [om J:lhe) + B H(2) {Ap]] - T’“ [pm 3,0A0) + A Hrs‘zl(Ap)]

Ry, =42 [Pm 3, Ap) + AmHl%Z)[Ap]]

(8.31)

(B.32:

(B.33]

APPENDIX C

SOME USEFUL FORMULAS ON BESSEL FUNCTIONS

UNMODIFIED BESSEL'S FUNCTIONS

The unodified Bessel's eguation

a2 2. i
K . Zm[z]-ﬂ
dz? z dz z2

fc.1)

may be solved using any two of the linearly independent solutions

c.1.

2 (z) , N.(2) , HIW(2) and H(2I(z2) . In the frame of this book, m
m m m m i

is an integer and z is & complex verisble with -m<eargz 50 . Ve

use the fundamental set of solutions Jm(z) and Hrgz)[z] . The wrons-

kian of these functions is

21 - 1t 2 - -2
1 t2) WD (2) - 3t (2) WD) = B

We .have

(2 e 2 ' |
320 B2z - 3 (2) HER () =
For any one of the functions J {z) and HrE\ZHZJ :

d m
a9z ~ ;] z (2] - :Zmﬂ(z]

Asymptotic values :

Jotzl =1
for |z} << 1

K2 (z) = 2, [%2-] ;T = 1.7810...

1 [A"
Jm[z) w [E]

- i m
H2)(z) v g S0 [%]

i-forlz]«m ., mAD
i
J

(c.2]

(c.3)

(c.4)

(C.5)

(C.B)
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2 1 ., .
102 = fZ cos [z ;e ] . MODIFIED BESSEL'S FUNCTIONS
' for |z| >> m and |z] »> 1
2 2m + 1 )
Hn[123(z] LA [—J [2 T "f]] (c.7} They are soluticns of
‘ d? - B mZ X (x) = 0 - .12}
Addition theorem : for & triengle with sides (r, r ,R} , where ¢ e '; me> -
o dx? x dx X

and ¢ are the engles opposite to R &nd r , respectively, i.e. if

In the frame of this book, m is an integer and x is & complex varia-

R=/VrZ+rZ - 2rr cos ¢ and r=vRZ+rZ -2Rr cos y, -7 ) T
o o o o ble with S <eargx<3 . We use the linearly independent solutions

we have for any Bessel function Zm Im[x} anﬁ Km[xJ + They are related to the unmodified Bassel's functians

- by
Mz Ry s T @™ ke 7 k) (c.8)
m= - = _— - .
100 = I 0 = 5" 3 (3% (€.13)
In particular . m1
. =X 2)(- )
Km[x] K_m[x) 3 (-1) Hé 1(-3%) {C.14})
2Ry = ] ™ 3 (ke 2 (ke (c.9)
o e m m o Consequently :
[ ' -1
«& 's function : the general solution of equation L) Kolx) - Toix} Ko(x) = — (€.15)
4
Y = - *
22 13 2 -slp - pu] . Km‘1(x3 Im[x] + Km(x] Im*1[x. " . (C.18)
. — o+ m— o+ A2 - Gm[D.OOJ ' ———— (c.10}
352 p 3p p2 °q
’ . B - .
Im(x] i Im(xJ Im;1[x] (C.47)
is
. L) = - .
Km[X] i Km[x] Km=1[x] (C.183
(2) ¢y
A3 (ho) + B HIZ)(2p) it o <o
' Asymptotic wvalues :
G (p.p ) = . N (S L}
m " Po
A Che) + BRI Up) « T [Jm(!m) HE2)tho) - I (Ao ) Hrg,ﬂl(npl] Tolxd =1
for |x] << 1 (C.19)
e - 1p &% . N
oo, R (x) = - 1n 3 ;€= 17810,



1) = Eﬂm

tm - 1)1 qu
E X

for |x} ««m.m~FO

'ﬁJxJ-

1(x) sl

¥ 2nx

, L
Km(x] - 55 ¢

Adgition theorews : with r, Ty R, ¢, ¢ defined as hereaSove

for |x| >> m and |x| >»1

oI I, (R) - 7 =" g™ I fur) I (ur))

m=-ew

o K, (urd = 1. ™ I lur) K. Cur )

m=ree

Green’s functioh : the general salution of equation

' 5 -8lo ~ p )
PO R S ot F (pip ) = _..:....L
2 ® ¥ p? o

is

A Im[up] + B Km[up] i <o

P“sb-onl =

A ImIUpJ + Bk ) - [&mfupJ Kolue ) - Iotua ) Ko

if p)pu

where A and B are arpitrary constants.

For more complete infermation on Sessel's functions, see Trcél

(1953).

(c.20)

[C.213

c.22)

IC.23)

(€.24)

(C.25)
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