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NUMERICAL MODELS - P.K. Das

LECTURE 11L . - . . )
. We imagine a situation 1In which lines of constant

density slope in a north-south direction, such that
BAROTROPIC AND BAROCLINIC INSTABILITY

colder {denser air) lies to the north. The density also

The origin of waves and similar disturbances is cften :
N decreases with height. Consider a particle at O to move

attribated to instability in the atmosphere. Two
Y p types to A without interacting with the environment. As the

of inszability have been invoked. .
particle at O comes from a denser region, it will be

The first leads tc the conversion of t i
of potential colder than its environment and will tend to sink back

energy to the kinetic energy of moticn. Although the to its original location. Similarly, if A moves to O

atmosphere has a large store of tenti
9 po ial energy, only a it will be warmer than its environment and will experience

small fraction is available for conversion to kinetic . ) .
a restoring force upwards. But, if O is moved tc a

energy {(XE}. This was named the Available Potential
new location B, which is higher than O and is more dense;

Energy (APE) by Lorenz {1955). It represents the
P s surplus the force of buoyancy will tend to separate A and B further,

of potential energy from a hypothetical state in which no and eventually lead to instability As we can see, this
- r

further conversion of potential ener is possib
9y P le. The type of instability is determined by the slope of lines

lines of constant entropy (isentropes) and pressure cf equal density (or entropy! In physical terms, the
- r

(isobars) coincide in this hypothetical state.
north-south slope of density lines implies a horizontal

Conversion of APE to KE is the outcome of a form
temperature gradient, or a vertical wind shear through

of instability which is referred to as barocliinic
a thermal wind.

instability. Vertical wind shears dominate a baroclinic
Another form of instability in the atmosphere

atmosphere. Baroclinic instability is ililustrated by does not convert APE to KE, but transfers KE from an
r

the following situation.

2
7Y

atmosphere lying in a state of egquilibrium to motion on

W Lokt a smaller scale. A meteorclogical wave, which we imagine
arm. and 4

to be superposed on a mean state of eguiliprium, may thus

derive its energy from the mean state. Instability of

this kind, which redistributes the kinetic energy of the

\

Lives o
Congltant” atmosphere, is known as barotropic instability. Barotropic
danscty

instability is the ocutcome of horizontal wind shear.

Feg.l,
\BMOGZL’M'C, hrfaéia%
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But, both vertical and horizontal wind shears exist
in the real atmosphere. Consequently, it is more
realistic to consider combined baroclinic and barotropic
instability.

The instability of sheared flow in the atmosphere
leads to a spectrum of fluctuations or perturbations.

A meteoroleocgist has two obj-ctives: he seeks to determine
conditions which lead to finstability and, secondly, to
identify the scale and period of perturbations which
grow fastest with time. The fastest growing perturbation
is believed to represent a preferred scale of motion.

If the dimensions of tropospheric waves over Africa, for
example, agree with the length and time scales of the
dominant mode, then it is inferred that these waves are
the outcome of barotropic or baroclinic instability, as
the case may be.

Unstable baroclinic perturbations tend to
transfer heat from warmer to colder regions so as to
stabilize the atmosphere. The transfer of heat is down

the gradient of temperature. Similarly, barotropic :

perturkbations transfer momentum down the momentum gradient.

A difficulty arises here: imagine a perturbation, being
barcclinically unstable, drawing upon the APE of the

mean state, but at the same time it generates additional
Reynolds stresses which feed momentum back to the mean
state. To be unstable, a perturbation should extract more
energy than it returns. The ability of transfer
mechanisms to proceed in both directions is determined

by the inclination of a wave-like perturbation with
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respect to height and liatitude.
2. NECESSARY CONDITIONS

ta} Barotropic instability

Several necessary conditions have been established
for barotropic instapility. It 1s worthwhile to emphasize
that the conditions are necessary; it has not been
possible to establish that they are sufficient by
themselves, except in a few cases.

A widely used ceondition requires the existence of
a point where the profile of absolute vorticity ¢hanges
sign within the region of interest. 1If it is assumed
that the mean state of the atmosphere is a current of air
U (4) ,whose strengtn varies with y, then the existence
of barotropic instability implies that at some point in
the region (f?’ - 3:%) should vanish. This necessary
condition was originally derived by Lord Rayleigh in
1880, but was later modified by Kuo to include the
earth's rotation. Of the other necessary conditions,
a theorem by Fjortoft (1950) asserts that the mean speed
U{4) at the point of inflection should not be exceeded

at any other pecint in the region.

{b) Baroclinic instability.

‘'wo celebrated papers; one by Charney (1947)
followed shortly later by Eady (1949) formed the basis
of subseduent research. Unfortunately, it 1s very
difficult to establish the conditions for instability

for a perfectly general case. Eady's model is simpler,

S



put he assumed a rigid 1id at the top of the atmosphere

and noc internal gradient of potential vorticity within

the fluid. The analysis was further simplified by

assuming a constant value of the Coriclis parameter ).
On introducing these simplificaticns, Eady's

model suggests that perturbations will amplify if

R
k>4 LT ¢516iﬁ 2.0

where k and 1 represent wave numbers in the zonal (Ox)
and meridional (og) directions. If typical values are

inserted for the tropics, that is, if £ = 5 x 10_5 S-l,

N2 = 107% 572 and H = 10 km, then amplifying waves

are only possiple,if the wave length exceeds 7000 km.

Lhe growth r.ate of'such long waves is small. But,

pearce (}lv81) found that enhanced growth rates for

shorter waves were possible if {5, the meridiconal gradient
of £, is included in the Eady model. This is an
interesting result for the summer monsocn, because the
wind field reverses its direction in the middle
troposphere. The winds in the lower troposphere are
westerly, while they become easterly in the upper
troposphere. Eady's model would preclude the growth of
transient disturbances, such as depressions in the
monsocn regime, unless the shorter waves were destabilised
by the inclusion of beta. <Charney's model is more
difficult to interpret, but it suggests that for a
vertical shear of 2 m s-lfkm, the wave length of

maximuam instability is about 5000 km, and the amplitude
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doubles in 2 days. <this agrees with the results of
Eady's model.

The classical papers of Charney and Eady have
been follewed by a large number of research publications,
which have had an important bearing on the subsequent
development of numerical models. The theory has been
largely confined so far to linear equations. An
extension to mon-linear systems by expansion in terms
of a small parameter would be interesting for possible

applications in the tropics.
{c) Combined barotrcpic-baroclinic instability.

A brief definition of potential vorticity was
provided earlier. The definition may be expanded by
combining the eguations for conservation of vorticity and
entropy for gquasi-geostrophic motion, without any
external forcing. This provides us with the conservation
of amother variable which is known as the potential

vorticity (§4,). We have

2% _ o . 7(-2'.1)
5E kS
where
q = '5'+:F+.ﬂ. 3% (;,‘.2:) (2.2)

and VY i5 & Sﬁ&(n&unaﬁru
when combined barotropic-baroclinic instabllity

is considered, Charney and Stern (1962) derived a
necessary condition which was simitar to the inflection
point tnecorem of Rayleigh and Kuo. But, instead of
the absolute vorticity profile, the relevant parameter

was potential vorticity. The condition stipulates that

p———

Y

g must vanish at some point in the region of
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interest,

3. Practical applications

Despite considerable theoretical work on
instability, the results have not been conclusive. It
has been observed, for example, that considerable
divergences of opinion arise., A search for inflecticn
points, in the profile of absolute vorticity or potential
vorticity, reveals a multiplicity of such peoints, not
all of which are associated with waves.

Similar divergences arise in the scale of
dominant modes. Over Africa, for example, cbservations
suggest the westward propagation of waves, which are
pelieved to be the precursors of tropical cyclones in
the Atlantic. Large horizontal wind shears associated
with a4 mild-iropospheric jet stream leads to a vorticity
profile that favours barotropic instability over eastern
Afr;rﬁ,_and baroclinic or combined barotropic-hbarcclinic
instability over central and western Africa. Satellite
observations and observational data suggest that these
waves have a wavelength of about 2500 km, and a phase
gspeed of 5 m S_l. One disturbance moves westward every
3 to 4 days over a station. But, there appears
divergence in the results of instability theory to

explain the fastest growing disturbances (Table 1).

Table 1

Instability of fastest growing

disturbances,

Wavelength (km) Growth rate Phase speed

(day™) ms™)
Rennick 2800-5300 0.04 to 0.44 15.8
(1976-1981)
Simmons
(1977) 3900 0.27 8-9
Mass (1979) 2500 0.52 7.5

Similar divergences appear when instability theory
is invoked to explain the formation of monscon depressions
in the Bay of Bengal, for example; or the onset of the
summer monsoon over the southern part of the Indian
Peninsula.

A peculiar feature appears when attempts are made
to include atmospheric convection in instability analysis.
Rortmaliy, one would expect warming by latent heat release
would add to the APE of the atmosphere and increase the
rate of conversion to K.E. But, the few attempts to do
this for African waves suggest no major change in the
characteristics of the dominant wave. An attempt to
parameterize latent heat release in clouds for monsoon
depressions leads one to conclude that the dominant mode

is not the one that grows fastest, but the one that reaches
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iéqwx,;b%ium:fééfes;"With the enviroﬁment {Shukla, l%?&x{
The present picture-is unclear, and casts doubt on the.
capability of linear models to explain the growth of
unstable modes when other forcing mechanisms, apart from

wind shear, are considered.
4. Vertical propagation of energy.

Most of the kinetic energy of the atmosphere,
and about #0% of its mass resides in the troposphere. It
is interesting to investigate the possibility of some of
the energy propagating into the lower stratosphere.

Mention has been made of the vertical structure of
equaterial waves and a critical value of the equivalent
depth for vertical propagation to take place, but the
analysis did not contain a variable mean wind or the
atmospheric response to tropospheric forcing. These
aspects ware investigated by Charney and Drazin in 1961.
Briefly stated, Charney and Drazin's result indicates that
if u, the zonal current, and ¥, the Brunt-Vaisala frequency,
are slowly varying functions of the altitude (Z), the
ampl itude equation for free waves, determines the vertical
'propagation of energy by a refractive index (n), because
the solutions of the equation behave as exp(i¥m1/l)

it follows then that, roughly speaking,

szu > o Oscillatory solutions which

'n.l/a & B ¢ BSotutions damped with Z, and

energy propagation inhibited.

Tﬁe refractive index is a function of tﬁé ion31 x
current ( U ), beta, the static stability (N) and an
average value of the Coriolis parameter lfO).

Computaticons of the refractive index () from
observed profites of'L) and N2 between 30° and 60° for
different values of wavelength show that the waves are
strongly trapped in the summer stratosphere above 20 km
because of large negative values of n. A similar situation
alsc prevails in winter for shorter waves. Only during
the equinoxes, does there appear possibility of
propagation to high altitudes.

The trapping of waves by an easterly wind
{negative V') has been suggested as a possible reason to
explain why the waves in the lower'equatorial troposphere
are decoupled with the westerly winds of the upper l
troposphere.,

An extension of this analysis +to a zonal current,
which also varies in a meridional direction (U(y,2))
by Dickinson (1969) has led to the inference that similar
trapping of eqguaterial disturbances is possible at a
critical latitude. This suggests that the tropics are
again decoupled from the mid-latitudes.

Opinjion is still divided on this gquestion because
model experiments indicate that mid-latitude systems can,
on few occasions, move into lower latitudes and vice versa.
The analysis is based on a zonal current U(ﬂai) which
is assumed to be reasonably steady, and non-linear
interactions have been ignored. Both these assumptions

are questionable in a real atmosphere.

10
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NUMERICAL MODELS - P.K. Das

LECTURE II.

1. METECROLOGICAL NOISE

Mention was made 1in the last lecture how Richardson’s

computa;;on led to an unreaslistic pressure change of
145 mb in 6 hours for a station in Central Europe. The
observed pressure change was only a fraction of a mb in
the same time interval.

The reason for this peculiar resuit was not
discovered till another 25 years had elapsed. The basic
equations, which were discussed in the first lecture,
support a wide varlety of waves in the atmosphere. Some
are fast moving and highly dispersive, such as, sound waves
and inertia-gravity waves, But, there exist another class
of waves, which move westwards with slower speed and are
much less dispersive. Their speed of propagation agrees
well with what is observed on weather charts in mid-
latitudes. They are known as Rossby waves after the
Swedish meteorologist, C.G. Rossby. Charney {1947 , 1948}
showed that it was necessary to filter out the faster
modes before commencing integration of the relevant
equations; otherwise, the faster modes soon begin to
dominate and create wide fluctuations in the numerical
solution, Briefly stated, this was the reason why
Richardson found lérge changes in pressure.

Charney's second important contribution was to show
that the faster waves could be suppressed by two constraints

on the initial state of the atmosphere. First, the

3

assumption of hydrostatic equiiibrium excluded sound

waves. Second, the geostrophic assumption removed inertia-

gravity waves.

But, subsequent work by Matsuno (1966; indicates
that, in low latitudes,‘a class of solutions exists which
has the characteristics of both Rossby and inertia-gravity
waves. This precludes the possibility of separating the
Rossby and faster moving waves. But, let us first see how
the Rossby waves are separated from the others.

2. SEPARATION OF ROSSBY MODES.

Let us consider a stratified atmosphere at rest

with T = T(P , %L;} - -RT  aud

PP
Pl = -4 2 68
A bar denotes a mean value.

If perturbations of small ampiitude are imposed on

this ideal atmosphere, the linear perturbation equations

are 25; _ fl)’ _ 7¥£f

o ' X C a1
2_9-, ¥ 1 . 5 , .
TR a‘u = ~%% 2.2y
20 YT (2.3)
22 + (%)= o

2 ('M‘) + f’(»w = O B

where u b aa are the components of perturbed motion and .
the other quatities have been defined before.

Solutions of the above set of egquations may be derived
by separating variables. The theory of tidal motion show
that the sepération constant {czj has the dimensions of

the square of velocity. It is often expressed as the

T



product of g and the height of a homogeneous ocean (h‘).
The subscript n denotes the elgenvalues for the vertical
structure.

Let us first consider the vertical structure of
the disturbance. Without going into the mathematical
details, it can be shown (Phillips, 1973) that two classes
of waves emerge:

(i) ¢ equais the speed of sound.

The perturbations decrease in amplitude with
altitude. The vertical velocity (a;),for example,
dec_reases with pressure as (’/po j’/r, where ¥ = C./c._.' This
is known as the Lamb wave. The Lamb waves is an external
mode of oscillation.

(ii) cz varies from o to & in the form of a
continuous spectrum.

Tne perturbations now have a sinusoidal vertical
structure, such as, Sium2 or Gnrm2, where m is a real
number whose value ranges from o Lo &0,

For short vertical wavelengths m-»e and ¢ -» O,
while for large wavelengths ™ - © and ¢ approaches

the velocity of sound.

To determine the horizontal structure, we assume that

each perturbation has the form

F(9O x exp(isa) x exp (- k) (2.5)
where s is a zonal wave number, ) stands for longitude
and Wis the frequency. F(y) is the meridional structure
of perturbations. Assuming that the perturbations vanish

at the poles, and using (Z.5) in the linear perturbation

15 -

egquations, we get a differential equation for F(y), whose
soiutions determine the frequencies of permissible waves.
Three types of wave motion emerge, whose frequencies are:

W, = [£%5% FR™ Y] (2.6)

Wy = — o 2.7)

W, = -ﬁ'kf/@eﬁl’b + f*}c?j 12.8)
where k, 1 are zonal and meridional wave numbers.

The first two are referred to as inertia-gravity

waves. Their freguency is about 9 cycles/day. The last
one is known as a Rossby wave. Its frequency is only 0.07

cycle/day, which is much smaller than the other two. For

-1 2
typlcal values of ¢ (300ms "), £ is an order of
c! -
magnitude smaller than (k2 + 12), conseqguently,
-
W, o ﬁ (h."-a-iz_) (2.9}

The phase velocity (cp) of Rossby waves is readily

c}a:.'; 'f:—:‘)__z v x -k (2.10)
( + )" (K.L-J-‘tl 2

The dispersion of Rossby waves is measured by its

derived as

group velocity cgy in the x direction.

We have 2
Cox = 2 . plr=e>)
BT P (k*+ 1) = (2.11)
In mid-latitudes, if we consider a wavelength of
4000km, the phase velocity (e,,) is about 2.5 msl. The
negative sign before (2.10)} indicates that Rossby waves
move westwards. Comparing (2.11) with (2.10), it is
interesting to note that while the phase velocity is

always to the west, the group velocity could be to the
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east or_wéét ééb;hdiné“éﬁ w&aﬁﬁéé kﬁis'érea&er(or lésé
thaﬁ 1. On mid-latitude weathe£ énarts, it is observed.)
that large scale waves move from west to east. This
might appear to cantradict Rossby waves which move in the
opposite directiom. The apparent contradiction is
avoided if we consikder Rossby waves are superposed on
a zonal current, which is directed eastwards with a speed
of 10ms_1. The speed is much greater than the phase speed
of Rossby waves.
3. WAVES IN THE EQUATORIAL ATMOSPHERE

During the past decade there has been an upsurge of
interest in the dynamics of equatorial waves because of
the realization that Laplace's tidal equation yields
interesting solutions near ﬁne equator. A survey of tropiéal
waves is available in a publication by Beer (1978). An
attempt here will be to attempt a summary of the main
features.

The eguatorial beta plane approximaticn
which was described in the previocus lecture, was used by
Matsuno (1966) to derive the horizontal structure of
equatorial waves from shallow water eguations. This
system of eguations is valid for waves whose wavelengths
are much greater than the depth of the fluid. This
restriction is necessary for the hydrostatic approximation
to be walid.

Matsuno found that, in addition to eastward and

westward propagating inertia-gravity waves and a westward

7

" Rossby wave, two sther modes. were:-possib:

{a) The first mode displayed the features of Hossby waves
for small wave numbers, but resembled inertia-graviﬁy
waves for liarger wave numbers. Both were trapped néar
the egquator. This is now referred to as a mixed Hossby-
gravity wave, or a Yanai wave.

(b} The second is called an eguatorial kelvin wave,
This is an eastward moving wave in which the zeonal velocity
and meridional pressure fields are in exact balance, so
that there is nc meridional compeonent of velocity. Kelvin
waves have periods in the range of 12-20 days and a wave-
length which spans the earth's circumstance.

These unbounded modes can be expressed mathematicaily
in terms of Hermite polynomials ﬁk;(yp. The three categories
of waves, which we have just mentioned, may be described
by the value of M . Thus,

ti) " 2/ modes: 'Iwo classes of waves, which are

separabite. The represent inertia=
gravity and Rossby modes.

1ii) =0 : Yanai or mixed Rossby gravity wave.

(iii) m =~ : Equatorial Kelvin wave.

The vertical structure of equatorial waves was derived

by Lindzen (1967;. Defining the wvertical wave number by

v
[
A = (%7I;L 4:) {3.1)

where /v is the static stability parameter defined
earlier, and 1&hArepresents an equivalent depth, Lindzen-

concluded that the vertical propagation of a wave depended

8



oh the eguivalent depth and the static stability of the

atmosphere. He suggests:

(a} 0<% ‘u_é 4 : Vertical propagation
permissible

(b} {l-h_ 7 l-t—é--’ : Waves vertically trapped.

or { < ©

The critical value of ‘wL;‘QZT is about 8.6km.
9

This wiil increase as the static stability increases. The
herizontal structure equation or the vertical structure
equation shoula have a forcing term. In the atmosphere
the nature of forcing is generally in the vertical direction,
while in the oceans it is in the horizontal direction.
The need to include forcing arises, if we wish to find out
how the upper atmosphere responds to tropospheric forcing
by generating free waves that might resonate with the
atmopshere, or forced waves that propagate away from the
source. For an isothermal atmosphere, in hydrostatic balance
the only possibility of a free wave resonating with the
atmosphere is'a lamb wave.

Several conjectures have appeared in recent years
to suggest that monsoonal circulations might generate a
response in the upper atmosphere, especially the lower
stratosphers. The warming of the atmosphere by the
reiease of latent heat in cumulus clouds, especially in
the tropics, has been also suggested as a possible source
of excitation. These conjectures have not yet been tested
in a quantitative manner by model experiments, although an
experiment performed twenty years ago did suggest an average

menthly warming of 3.2°c/day over some parts of the

19

summer monsoon.

Aithough there exists some uncertainty on the source
of excitation, a considerable voiume of evidence is
beginning to appear on wave totion and periodicities,
notwithstanding difficulties in interpretation. ' The
principal tools for detecting waves are:

- Time series of radiosonde data

- Compositing a number of wind fluctuations

- Satellite and radar tracking of cloud clusters.

The diverse waves and periodicities are summarised

in table 1.
Table 1
ATMOSPHRRIC WAVES AND PERIODICITIES
1 2 3 q
Pericd (days) L, Uam) L, (k) ¢bservations

1. 2 2000 - Wind spectra at
Ascension Island
(8%, 10 w

2. 4=5 4000 6 Believed to be mixed
Rossby-gravity modes
in stratosphere.

3. 4-5 4000 6 Horizontal waves
observed over central
and W, Africa and E.
Pacific Ocean.

4, 10-15 30,000 6-8 Believed to be a Kelvin

a0



Table 1

ATMOSPHERIC WAVES AND PERIODICITIES (ctd..)

1 2 3 4
Period (days)l&khm Lz&m) Observations
10-15 30,000 6-8 wave in lower

stratosphere, (18-25
Km). Strong eastweard
modes near 25km.
evidence of waves
in lLower troposphere
but moving westward,
15 day oscillation
claimed for sumer

monsoon rain over India.

15-25 30,000 6-8 Satellite observed
cloudiness. Appears to
be simiiar to Kelvin

wave .,

40-50 - - Oscillation cbserved
at Canton Island in the
Pacific, Associated with
an east-west oriented

Walker cell.

=
1]

horizontal wave length.

vertical wave length.

=
1]

x|

In addition to the periodicities mentiocned in table
i, evidence has been adduced for a semiannual and a guasi-
biennial oscillation. We will not discuss these two
oscillations because they are beyond the scope of this
lecture, But, while the semiannual oscillation,
which is observed in the equatorial stratosphere, appears
to be forced from below because of downward phase
propagation, the gquasi-bienniel oscillation appears to be
an outcome of interactions between vertically propagating
internal waves and lower stratospheric winds.

Literature on the waves mentioned in Table 1 is
very extensive, and it will be hardly poésible to provide
a complete review. A review article by Beer (1978} provides
a comprehensive list of references upto 1578. Some of the

prominent articles that have appeared subsequently are:

(i) African Waves : Njau (1982), Tnompscn et al
(1979).
(i) 40-50 day Cycle : Krishnamurti and D.

Suprahmanyam {(1482), Yasunari
(1981;, Lorenc (1984}.
It would be appropriate to conclude this lecture with
a word of caution. While it is clearliy not our intention
toc denigrate the attempts to search for atmospheric signals,
on different scales of length and time, one needs to
proceed cautiously against premature inferences, The
periodicities discovered so far have not had the impact on
weather prediction, which their discovery might warrant.
The search is likely to continue until more definite

results emerge.
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MESOSPHERE, STRATOSPHERE AND TROPOSPHERE
NUMERICAL MODELS
By

P.X. Das, University ot Nairobi, Kenya.

LECTURE I.

1. INTRODUCTION

I wisn to began by expressing my gratitude toc the

organizers of this course.

It is a Privilege to speak before this distinguished
audience, and to visit a centre which has done so huch te
encourage the growth of science in the developing world.

Rapid strides have taken Place in the design of numerigal
models. It will pe hardiy possible to cover all facéts;
consequently, my attempt will be to present those physical
ideas on which there has beenrconslderable research in recent
years. Mathematical details will be eschewed as far as
possible, but references will pe provided to original papers

where the interested reader coula find them.

2. HISTORICAL DEVELCPMENT

The historical development of weather prediction,
especially numerical weather prediction, may be traced with
reference to several milestones. Briefly stated, the
important landmarks up to 1950 are:
A.D. (ca)
1643 : Discovery of the barometer by Torricelli
1820 : Appearance of first weather chart with old data,
1845 : Discovery ot Telegraph and Improved data collecticn.
1904. : V. Bjerknes suggested weather prediction as an

initial value problem.
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1920 : First attempt at numerical prediction by L.F.
Richardson. Computed pressure change at a station
in Central Burope was 145mb/6 hours.

1945 : Electronic computers emerge,

1950 : First weather forecast prepared on ENIAC
(Electronic Numerical integrator and calculator)
by Von Neumann, J.G. Charney and R.Fjortoft.
3. BASIC EQUATIONS

The equations that govern atmospheric motion may be
traced back to Laplace's theory of tides (1799-1823}.
Laplace was interested in oscillations of an ocean of
uniform depth on a rotating earth, which was gravitationally
forced.

The basic eguations express the conservation of
momentum, mass and entropy for an atmoséhere in motion.
If we add the gas law for air, and assume hydrostatic
balance, then a system is obtained in which the number of
equations equals the number of unknowns. This can be
integrated, if sufficient computing power is available
and the initial and boundary conditions are specified with
adequate accuracy. The systems is highly non-linear.

For a reference frame rotating with the earth, the
conservat{gn of momentum is expressed by

Wy 2Bl o chop agh P G
where v’ is the velocity relative to a rotating earth,iﬁr
stands for the earths rotation vector (IJH = ?'Hx‘;ss",), e

is the density of air, p is pressure and g stands for
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accelerat 1on due to gravity. Friction and other body
forces are represented by .Et Equation (2.1) may be
expressed in cartesian or spherical coordinates. For
simplicity, cartesian coordinates (oxyz) are usually usea
with ox pointing east, oy points northwards and oz is the
vertical axis of reference. The constant g is the sum
of/;ravitation and a small centritugal force due to the
e
earth's rotation (XA XA ) for a particle at a distance
?’from the earth's centre, +his ignores tne ellipticity
of the éarth,lbut the error is small. Although cartesian
coordinates a%éﬁmost widely used, we will see later that
it is sometimés:more convenient to use spherical coordinates.
For metecrological models, it is also more convenient to
use pressure, or scme function of pressure, as the vertical
coordinate instead of altitude (2 ). This will be

discussed later.

The tdpal derivative following the motion is the

sumn of a local and an advective change. We put

2 ? v
> 23t VOV (2.2,

The sedond term on the left of (2.1) measures the
effect of the earth's rotation (2.5:*:? }. It is known
as the Coriolis force after G. Coriolis, the scientist
who discovared }ts existence. It is to be noted that

i
the earth's rotation vector has the dimensions of a

-1,
frequency (% ). For this reason, it may be referred to

;3-as a Cariclis frequency.

When thelmotion is .under hydrostatic balance,

(2.1} is equivalent to

flars
DY, = - 2.3)

2y

and "a_t_ — - gF (2.4}
TE

—r —r
where Vh 1s the horizontal wina velocity, F, is the

harizontal component of body forces and
EE Y (2.5)
in (2.5) £ = 2 JL Sime is known as the Coriolis
parameter, where < stands for latitude. The control
exerted by f diminishes sharply as we approach the equator.
The thermal stratification of the atmosphere is
represented by the vertical gradient of entropy (8.

It is convenient to express it as a freguency (n).

newst L 9 85 -5 (9 4
G D2 T % 9z (2.6)

where C; is the specific heat of air at constant pressure
and T stands for temperature. The conservation of entropy
is expressed by the first law of thermodynamics. It is
convenient to do this in terms of the 'potential’
temperature (9) of a parcel of air, This denotes a
hypothetical temperature which the parcel wiil acquire if

it was brought adiabatically to a standard pressure (po).

We have
= exp (%)
2.1
whence A= (#N b 8 (2.8)
The first law of thermodynamics is
2% . D (g) =3
= = (8 6) 57 (2.9)

where Q 15 the rate of aadition of neat per unit mass.
A different way of expressing (2.9) is to consider
another expression for 8,

k
=7 <P°/b) (2.10)

where k = R/Cp and R is the gas constant. Logarithmic
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differentiation of (2.9) and the assumption of hydrostatic

balance yields
e
0 -+ %'VP)('E')‘ (—‘i %%9)@5—_&(2_11)

ot
gz

where :#

is referred to as the geopotentiat of an air parcel; in
(2.11) we have used pressure as a vertical coordinate for

which the vertical components of motion is &2 ¢ Dp.
Dk
The coefficient of &3 may be expressed in different ways.

It can be shown, for example, that it is equal to

{ RT )Ix N2
S
4 p

“Finally, the conservation of mass is expressed by

the eguation of continuity

1. de rvie
ez TtV Ve o L (2412

If pressure is used as a vertical coordinate, the
equation of continuifz§ takes the convenient form
v. Vi, + ?;i; = O (2,13}
The subscript p denotes differentiation on a surface
of constant pressure.
. To the three component equations of (2.1), along
with 2.9 (or 2.11) and 2.12 {or 2.13), we add the gas law
P = RPT : ) (2.14)
to obtain a system 0f six equations for the six unknowns:
three components ot V, p, ¢ and T.
The aim of numerical weather prediction is to
determine the résponse of the atmosphere, on different
scales of iength and time, when it is forced by body

-—dy .
forces represented by Q and F. The major difficulties

7 7

are

- the system is nonlinear .

- observational errors make it difficult
to specify. initial conditions accurately

- the earth's uneven terrain and the complex
nature of the upper atmosphere lead to‘
difficulties in upper and lower

boundary conditions.

4. NON DIMENSIONAL NUMBERS

Further insight on the scale pf atmospheric motion
is gained by considering dimensions. _

Let L, D represent the characteriséic horizontal
and vertical dimensions of a metecorological system. L
is usually taken to be 1/4 the wavelength of a disturbance.
The time scale (T) of the system is, similarly, 1/4
its period. The characteristic speed of propagation is
represented by U. 1Instead of D, it is often convenient to
use a scale height (H). This is5 the altitude at which
the pressure or density of an iéotnerméllatmospheré is
reduced to 1l/e of its surfacé valué; o
We put

H= F& ' .3

where ? is the mean temperature of an isothermai
atmosphere. It is approximately 10 km in the tropics.

The characteristic dimensions may be combined to

‘form non-dimensional numbers. Meteorclogical systems

are frequently scaled by the following numbers.



(1) Rosspy Number (R)
This is defined as tne ratio of the inertial and
Coriolis force. We have
u N

T .
By L

° = Inertial force (U/L) (3.2)

+ Coriolis force (f)}

R, 1is about 0.1 Yor mid-latitude systems, but becomes

increasingly laﬁyt:ai we approach the equator.

144) Richardson Number (Ry)
This measgfipwthe thermal sgtratification of the

atmosphere. We hawe 2
i - ——
¥ R o= 3(Ph) 2 8.8
; T e (3.3)

— .
where @ is the sea®- potential temperature of the atmosphere.
Noting that ;o \iv" = 9% [AN)
7 ] ‘-‘ . z
We have | Ri = w*x (®P/v) (3.4)
It is intéwewting %o note that Rg R; forms another

non-dimensional number deflned'By
2 S ' 2
- N
Ro Ru— — X (‘D/L) (3.5)
52
For typicali atmospheric temperature gradients N is
much larger than f. While N° i& about 15% 572, £2 107? 572,

conseguently, Rg liﬂis large uniess D/L is very small.

{iii) Froude Number (F).
The Froude Mgmber measures the ‘significance of
gravity. It is defined by ‘
F= Yegn (3.6)
in some cases, a rotational Froude Number (Fr) is used.

It is

Fo = fH/(gH)"%

3r

tiv) Reynolds Number (Re)

This expresses the ratio of inertia and visions
forces. It is
Re = VL/o (3.7)
where 2J1s the coefficient of kinematic viscosity.

3

R, is of the order of 1013 for atmospheric systems if,
=5 a2 -

L= Sookm , U=z io'msp, and YV = 0 ms.

(v) Pianetary Scale Number {L/a).

The linear dimension of a meteorclogical disturpance
(L) compared to the earth's radius (a) provides a
Planetary Scale Number.

As the Coriolis parameter (f) is very small near

the equator, it is often expanded in a Taylor series

£=f°+(%’3),3+--“ (3.8)
where the subscript 0 refers to values at the equator.
Puttin

° < (d5) - 2008 4

B=(F) = & (3.9)

We have
L

Fe b+ B(Ma)yy + -

where H* - H/L'

Expansion of £ in this manner is referred to as the
beta plane approximation. It allows retention of the
spherical geometry of the earth for small distances,

without losing the simplicity of cartesian coordinates,

5. DIFFERENCES BETWEEN TROPICS AND MID-LATITUDES.
the different non-dimensional numbers point to

different scaling techniques, when we compare motion in
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atitudes with tne tfoplcs. A few typical values

mid-1

arce presented in Table }.

Table 1.

Scale Features

Numnber Mid~latitudes Tropics
R, 0,10 1.0
R, . L02 102
R§ R, 1.0 102
F_ 0.3 0.03
L/ a . 0.1 0.1

The above values are relevant for large scale

motion, The characteristic values for this.cate of motion

are

6

L s 0" m
N w107 g2
-1

U »~ 10 mS
H w 104 m

-4 -1 .
f ~ 10 s for mid-iatitudes and

-5 -

10 st for tropics.

VORTICITY AND DIVERGENCE

In the year 1938, the celebrated Swedish meteorologist

€.G. Rossby, put forward the suggesticon that meteorclogical

systems in the mid-jatitudes move in a manner which

conserves their spin, or the vertieal component of their

33

vorticity. This is

.g = Z?: Vx

-
(2.1)
This simple concept formed the basis for numerical weather
prediction in the early years.

Another variable, which is frequently referred to
in atmospheric dynamics, is the divergence of the
velocity vector.

v =D

V- 4.2)

As we shail see later, in mid-latitudes the vorticity
is an order of magnitude larger than divergence (D).
Tnis enables us to treat large-scale motion in the mid-
latitudes as being guasi—-geostrophic in nature. Geostrophy
implies a balance between the forces due to pressure
gradient and the earth's rotation. The geostrophic wind
is approximately non-daivergent. Conseguently, it is often
possible to express the wind vector as the gradient of a
stream function. This advantage is no longer available in
the tropics, because f is small and the geostrophic balance
is no longer valid. It is also not always a case of
in low latitudes. Conseqguently, tropical meteorologists
have tried to derive a streamfunction in which the constraint
is that the rate of change of divergence (D) is small,
inétead of neglecting D altogether,

The ratic Ji_ = £

r W~
often occurs in the theory of uniformly rotating stratified
fluids. This measures the depth of the fluid response (H) to
a disturbance of horizontal length (L). Rossby (1938)

defines the number (NH) as a radius of deformation.

3%




It measures the length of fiuia ‘deformed' or disturbed
by a given scale (L) of the perturbation. as f is small
in the tropics and N is large, it is observeid that the
upper and lower troposphere are decoupled from each other
for large scale meteorclogical systems. In the tropics
the link is provided by the cumuliative effect of smali
scale convection. Models for the tropics afe now
endeavouring to consider this aspect in detaii.

Another property of the atmosphere that is relevant
here is réferred to as its potential vorticity. This is
the ratio of the vorticity of the air and the earth's spin
divided by the atmospheric depth (hl. Tne conservation
of potential vorticity is expressed by

z
i%; (-—;Eﬁ_) = 0

This theorem which was derived by Ertel in 1942

(4.3)

is another expression tor the conservation of anguiar
momentum, because the angular velocity of a fluid column
is (‘§+§%é_. The name ‘potential vorticity' is a littje

unfortunate, because expressions are derived which are,

in an approximate sense, a combination of absolute vorticity

{E+#) and the thermai stratification of the fluid. Aas
the depth (h) is related, albeit loosely, to the vertical
gradient of potential temperature, this is referred to as

the potential vorticity. These aspects have been discussed

in more detail by Haltiner anda Williams (1980) and

Phillips (1973).
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NUMERICAL MODELS - P.K.Das.

LECTURE 1V

1. COMPUTATIONAL DESIGN

(a) Finite differences.

Finite differences have been most widely used to
replace derivatives in the governing egquations. This
approximation is made at a discrete set of points in space
and time. This is referred to as a grid. Cartesian and
Spherical coordinates are both used.

Replacement of derivatives by finite differences
increases the order of the original eguation. This gives
rise to an additional computational mode, apart from the
physical mode which the mathematical eguation seeks to
describe. Computational modes lead to an exponential
amplification of the numerical solution. Computational
instability may be woided by imposing the constraint
C%El < (1.1)

on the numerical scheme. C is the phase speed of the

fastest growing wave and atgbx are increments in space
and time. This is known as the Courant~Friedrichs-Levy
(CI'L) criterion,

Numerical schemes, which seek tc simulate non-linear
systems, should satisfy a number of invariants. For
metecrological systems guadratic invariants, such as,
the total kinetic energy and the engtrophy {(square of

vorticity} need to be preserved.

1?

Finite difference schemes which satisfy these

- conservation principles have been developed by Arakawa

(1966). This is illustrated by a simple prediction
equation

%”_ﬁ-— = J(¥,%) (1.2)
where '§ is the vertical component of vorticity and v
is a stream function to represent the non divergent

component of the wind vector. J is the Jocobian operator

which may be expressed in three different ways:
J= '\f’,‘g\s - YT 1.3 {a,b,c)
= ("}'35)1 - (’Y’Ez)s
= (S ¥y - B¥x

These expressions can be represented on a nine

point stencil (fig.1).

Fig. 1

Nine point stencil

6 2. 'y
4

3 0 !

? - A 6

[21



The eguivalents of (1.3 a,b,c) are:

TR 2 [-¥DCE- 8 - (4w (5-52)

-~X

J

X+

J

By a little algebra involving computation of §033+

57"

P O 4
average of J, J and JX+. conserves both enstrophy and

il

e R AL
= gz [5a (s -%)- Bty - ¥,) %, (4, - 4%, (0=

*
»

etc it can be shown that only the

kinetic energy (Haltiner and Williams, 1980}.

Non-linear systems are also subject to aliasing

errors.

Wwhen waves, which are too short to be resolved

by a given set of grid points, interact they lead to an
unrealistic growth of energy. It is possible to exercise
some control over aliasing errors by utilising a filter.
The inclusion of an artificial diffusing term has bheen
employed, but none of these methods are completely

satisfactory.

Variable and nested grids

To study the planetary aspects of a meteorclogical

phencmenon, such as, the variability of climate, it is
necessary to use general circulation medels (GCM}. This

is expensive in terms of manpower and money. For countries
which do not have access to large computers, a possible
strategy might be tc employ a model with a variakle grid.
This has high resolution over the reqgion of interest, with
coarse resolution elsewhere. This is achieved by using
stretched cocrdinates, A GCM of this type has been

recently developed in India, in collaboration with France

39

{sharma and Sadourny,. 1984}.

Ancther strategy that has been employed utilizes
limited area models for problems of regional interest
(Raymond and Kuo, 1984; Okamura, 1975). Such models
are alsc useful for simulating small scale atmospheric
phencomena. The central problem in such models is
concerned with lateral boundary conditions. If the
boundary conditions are reflective, that is, the
boundaries are rigid walls which reflect waves propagating
out of the region, the results are not satisfactory béyond
a few ways of integration. The faster intertial-gravity
waves soon spoil the solution after repeated reflection,
even 1f they are filtered out as far as possible before
integration is commenced.

Open boundary conditions, which permit the entry
and exit of flow patterns are preferable. This is
achieved by a Sommerfeld radiation condition at the
boundary:

4 e - o0

X oh (1.4)
where 43 is a dependent variable, ¢ the phase velocity, t
is time and n stands for coordinate normal to the
boundary. This type of boundary condition enables one to
determine whether energy is entering or leaving the
region. It was first used for meteorolegical problems

by Orlanski (1976). Unfortunately, determination of the

phase speed is not easy because it is not known in

advance what waves are likely to be generated. &As we have

%0



| ..enearlier, at low latitudes it is difficult o
separate the Rossby and intertié—éravity modes. The
radiation condition has not been much used in low
latitudes. Raymond and Kuo (1984) find soﬁe improvement
if the phase velocity ¢ in (1.4} is a combined expression
for the phase velocity in all three directions
(ox, oy and oz) in place of the phase velocity in only
one direction,

Lateral boundary conditions are also important for
nested.grid medels. These models use the output
from a coarse grid as the boundary conditions for a fine
mesh of higher resolution over a limited area. But,
this provides only one-way interaction between the coarse
and fine mesh. In order toc have two way interaction,
the fine mesh solution must influence the coarse mesh
as well, this means that the integrations for both
regiors must be integrated simultanecusly. Several
techniques for doing this are now being investigated.
(c) Upper and lower boundary conditions.

Most models assume that the vertical component of
velocity vanishes at the top of the atmosphere
For models that_seek to simulate the upper atmesphere
this condition is not realistic. The radiation condition
which permits upward flow of energy, is mcre realistic,
This is especially important for flow patterns forced
by large orographic barriers.

The lower boundary condition cannot be applied

&

‘at-sea, level 1& the mountat

r',&eiy'highs_ To apply

“the correct pressuré_ﬁodi&fcie&téhcomﬁutétidnél instability,

because if H be the height of a mountain the vertical

component of motion as the air flows past it is
—p
ty = v.VUH (1.5)

and very large values of ¥ are generated by sharp changes
in the gradient of H. Several devices are used to get-
over this difficulty, and ncne of them are completely
satisfactory.

A sigma coordinate system is often employed. This
expresses the vertical coordinate as é function of pressure

.
o g = P/PS
(1.86)
where p_ is the surface pressure. The lower boundary
this becomes a material surface, which takes care of the
gradients cf H. This avoids application of the lower

boundary at different pressures, but raises ancther

difficulty. The pressure gradient force is now expressed

by

T, = Vb + R_g— b, (1.7)
where the subscripts p, ¢~ refer to derivatives on surface
cf constant pressure and sigma respectively. <P is
gecpotential, R is the gas constant and T stands for
temperature. The two terms on the right of (1.7) are
large and of opposite sign; consequently, the pressure
gradient is a small difference between two large terms of
cpposite sign. Experiments suggest that if deviations

are considered from mean values

for a standard atmosphere, then the magnitude of the two
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terms on 'he right of {(1.7) are reduced. This reduces

the posszibility of error. This problem is of considerable
importance for inclusion of high topographic barriers,
such as, the Himalayas in numerical models.

(d) Minimising truncation errors for different

thermal stratifications.

A problem which is attracting much research interest
is concerned with the thermal stratification that will
minimize vertical truncation errors. In the vicinity
of steep mountains, it is of some advantage to remove
an average geopotential from the total gecpotential and
to use the residual as a dependent variable. There are
several choices for defining an average. Geopotentials
corresponding to an isothermal or an isentropic atmosphere
are examples of different cptions. The best choice will

be one which suppresses the intertia-gravity waves.

2. INITIALISATION.

Mention was made earlier of the need for filtering
out the meteocrclogical noise before commencing
integration. This process is referred to as initialization.
In earlier models, this was achieved by invoking geostrophic
balance in the initial state. Another device was to
remove the time dependence of a small divergent component
of the wind vector. This led to a "balance” egquation
which provides a better balance between the wind vector
and the pressure gradient, because some of the wind
divergence was included. Geostrophic balance precludes

any divergence.

43

Although these methods, which are essentially
linear filters, remcve a good part of gravity modes,
there still remains & residue - because of non—linegr
interactions - at the start of integration. It was
proposed by Machenhauer (1976) that this residue could
be counterbalanced by introducing a correction. The
governing eguations for atmespheric moticn may be

writtern symbolically as
X= LLX + & N(X). (2.1)

where{,ex are the linear terms and the non-linear
terms are N(x}. (€ represents a small parameter, such
as the Rosshy number for mid-latitude systems.

Let

X = Rx +6Gx (2.2)

where R and G stand for the Rossby and gravitational
modes, Non-linear normal mode initialization imposes
the condition
.
4x =0 (2.3)
where

. -l
Gx = ¢€ (L&) GNX) (2.4)

This technique has not yet been used in limited
area models, or in the tropics where the distinction

between R and G is toc some extent blurred.

by



3. SPECTRAL MODELS

In alternate approach to grid point models is to
express the dependent variables as orthogonal functions,
The prediction egquations then become ordinary differential

equations for the coefficients of the series that is

employed.
Let the stream function W/ be expressed by
o
28 o Few) (5.1)
The stream function may be expressed by a series

Wixe) = £ Ajt) b3 (0 (3.2)
Inserting (3.2) in (3.1) provides N equations
for the N unknowns %‘! +» The system is simplified
£
if the basis functions are orthogonal to each other, and

are normalised, so that
jbjbkd" = | (3.3}

if j = k, but vanishes otherwise,

For a fuller account of spectral methods a
refererce may be made to Kasahara (1977). At present
spectral methods have not been much used in the tropics,
because the non-linear interactions need much computaticn
time. Attempts to speed up computation by the use of

transforms are in progress.

4. MULTILEVEL MOQDELS

The problem of vertical discretization arises in
multilevel models. The usual procedure is tc divide the
atmesphere into a number of discrete layers. Expressions

for the conservation of vorticity and the first law of

4s

thermodynamics are then used in different layers, so
as to match the soluticn at the interface between adjacent
layers. 'The system of equations is then solved by three
dimensional relaxation. The procedure is best illustrated
by a simple two layer model.

The atmosphere is divided into 4 discrete layers,
in which the four surfaces (n) are numbered O to 4 as

shown in the following figure,

b'mb L= o ' n=o
=0

260 ..o Mo L0
_boo LD g, 2

P 1 - D __L_}}L‘_*Q__.

e ——— 3

-1ool Wy =0 »

Assume we have flat ground so that =0 ab -
P = o and 1000 mb. Further, let U,"F' and 03,‘"’3
represent the zonal velocity ‘and geopotential at levels
1 and 3. Applying finite differences for vertical

derivatives we have

L 5T Skt 20N - Gﬂ:::ii
(’DP: ap ’ \?P/3 op

Recall that the conservation of vorticity and the

first law of thermodynamics are

(-%‘{; + U.%)('5+§) - .f%gf_, (4.1)
= 4 L2 ) (%) +Mfw =0p (4.2)

where r' = —Jé% L4n 0 represents the static stability

0

parameter. Replacing the vertical derivatives by

finite differences, the conservation of vorticity at
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levels 1 and 2 provide
? tw 4.3
(§t+u.ﬁ)’s, +;T: = 0 (4.3)
(2 4 9,2)8, -5 @
T Sox~ "3 &p

Similarly, applying the first law of thermodynamics at

o (4.4)

level 2 we get
(2 + V2 )(4-4) +(Msp)w, < 0 s
where U = ‘;‘_ (Ul"" U&)

Egquations (4.3), (4.4) and {4.5) provide 3 equations
for the unknowns,'l;l s !;B,UQL.Note that adding (4.3) to
(4.4) we get a prognostic eqguations for the average
vorticity between 1levels 1 and 3. Similarly, if (4.4)
is subtracted frqgm (4.3) we get a prognostic equation
for the thickness (<, -43) between the two levels.

The forcing terms in this simple geostrophic and adiabatic
model are represented by the advection of vorticity and
temperature.

Further algebraic manipuation, shows that available
potential energy of the atmosphere is converted to the
kinetic energy of motion if the warmer air (C 4’|-—4‘3§ 20)
is rising and cooler air ((4’-‘-4_}) C.b) is sinking. This
is an interesting result which has many ramificaticns

in atmospheric physics.

5. PRACTICAL APPLICATIONS
Towards the end of 1982, twenty four hour upper

wind precasts were commenced on real ‘time by the European

¢

- 12 =~

Centre for Medium Range Weather Forecasts (ECMWF).

This is located at Bracknell in the United Kingdom, and
its forecasts are transmitted on global telecommunication
links. A 5-layer limited region model that was developed
in India was used to compare forecasts of upper winds
over the Indian region. The results are presented in

Table 1.
Table 1.

Twenty four hour upper wind forecasts.

Average root mean square error of vector winds (in knots) fram

August 1982 to Jarmary 1983,

Pressure (mb) 850 200

Month BOMWF India ECMWE India
August 14.4 16.0 18.5 20.3
Septenber 11.0 14.5 16.8 20.8
October 9.3 11,9 18.5 21.8
November 10.6 13.8 23.5 25.1
December 11.2 13.8 23.8 27.5
January 11.3 13.6 25.1 36.5

The performance of the ECMWF is better because it
has much greater vertical resolution and more in-built
physics, but the comparison shows that encourging results
can be achieved with limited area models on a.medium—size

computer.
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NUMERICAL MODELS - P.K. Das principles.

Wavelengths less than 0.3/; are usually neglected,

LECTURE V
because in this range solar energy dces not reach the
lower stratosphere or the troposphere. In any event the
1. PARAMETERIZATION OF SOLAR RADIATION .

energy content of this region is small.
The undepleted flux of solar radiation reaching

Numerical models consider sclar radiation in two :
the top of the atmosphere is expressed by a Cosine law

F- S$Gs® (1.1)

where S is the intensity of solar radiation (I)

parts: one for shortwave incoming solar radiation
(0.15 to 2.0 microns) and another for long wave terrestrial

radiation (4 to 80 microns).

i i ' i d it
The depletion of incoming solar radiation is weighted by the ratio of the sun's radius (a} and its

considered under three ranges (table 1), mean distance from the earth (r). We have

S = 77(%%)%2: (1.2)

Table 1.
The sun's zenith angle is § which depends on

latitutde, the hour angle and the sun's declination.
Depletion of Solar radiation
Values of these variables are available in an almanac for

any time of the year.
Wavelength {(microns) Atmospheric response.
As scattering and absorpticn by water vapour are

L . i
ess than 0.3 Almost completely absorbed two important processes that deplete solar radiation,

by oxygen and ozone in the incident beam at the top of the atmosphere is

the upper atmosphere. divided into two parts, a scattered part (FS) and a part

0.3 - 0.7 Depletfed by scattering, that is absorbed (Fa). We put
6.7 ~ 2.0 Attenuated by water vapour Fs = 0.651 F (1.3, a,b).
absorption. €0, absorption F,=0.349F
is small. 2, DEPLETION BY SCATTERING
There are several ways of parameterizing absorptiocn Half the scattered radiation is assumed to be
and scatter:ng and different models adopt different directed upwards while the other half is directed dcwnwards.

procedures. The aim will be to illustrate physical
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The upward beam is lost to space. This 1is typical of
Rayleigh scattering, which is inversely proportional
to the fourth power of wavelength. Rayleigh scattering
is true for particles whose diameters are small compared
to the wavelength of the incident radiation. When the
diameters of scattering particles exceed the-uaveléngth
of incident radiation, the downward scattered beam
begins to predominate. Non isotropic 'scattering is
usually ignored in numerical models; Sut this could be
important for an atmosphere with a heavy dugt load.

fhe albedo, is the ;eflective power of the
atmosphere. The albedo of a cldu&léﬁs atmospﬁere is

G,= O-085 0wy, (& cre) .y
where Pg is the surface pressure. The amount of
scattered radiation reaching the ground is Fs(l-aoi.
‘Let ag represent the albedo of the garth’s surface

Hence, ‘the fractional reflection from the surface 1s

[Fs Ci- a.,)]as

Of this amount; a fraction.ao is reflected back again

to earth. Proceeding in this manner, the solar radia;ipn_

reaching the ground is the sum of scattered fractions,

that is, . . h

- ) R
[+0,0;+ Qp&g 4 comr = I . .
1= GG (2.2) ‘
Finally, the scattered radiation reaching the ground is

f; (}"Qe)
rxh A 2.3

If there is a single .cloud layer, it .can be shown :

w0

. that a_ = must be replaced by a_, where

Co= |- !:1::552_
-4 os
where R, is the reflectivity of the cloud layer.

(2.4)

81milar expressions may be derived for two contiguous

cloud layers or two separated c¢loud layers.
3. DEPLETION BY WATER VAPQUR ABSORPTION

Based on 1aboratory data, the absorption by

water vapour {A) is

o303 L
Alw)= O 279(“"5"‘9) | (3.1)

‘where (. is the optical depth of the atmosphere.-:;

It is usnally expressed by

fp) s L j q f/}- ) ( ’3/1-) “f ‘;-j(_a;:z. :
where”™ qp is the specific humidity of atr.” .
'The direct solar radiation- ;eaqhing‘n_;‘-

B [ . PR,

reference level 1 is'then;

FA [j.—A(uSk.&)j {3 3)..
where only the absorbed part F{A) is attenuated
To estimate the net downward flux of direct solar

radiation at a given reference level (i), the amount

" of diffuse radiation that comes up from the earth's .

surface needs consideration.

This is . ' o T -
f;' [ i A (uo)J Ag : S (3.4)

 where LLo.is-the optical aéﬁth'ét P =P, (eguatioﬁ'3.2)f

:‘r;s;ﬁfu_



Subtracting (3.4) from (3.3) gives the flux of solar
radiation reaching the earth's surface from level i.
And, on summing up for several reference levels we get
the net flux of downward solar radiation. Some models
introduce minor corrections to account for the larger
path length of diffuse radiation, but they will not

be discussed here.

Modifications are also introduced to take into
account either a single cloud laver, or multiple cloud
layers. For this purpose, the incoming solar radiation
at the torp of the c¢loud, and the upward diffuse radiation
from the cloud top is calrulated. Subsequently, the
absorption by the cloud is computed by considering the
amount of water vapour in the cloud { q,in equation
{3.2), and the albedo of the cloud. The details are
not reproduced here, but the interested reader will find

the full details in a paper by Katayama (1972).
4. TEFRESTRIAL LONG WAVE RADIATION

The rate at which the atmosphere is warmed or
ceoled by long wave radiation is measured by the
difference in upward (F) and downward (G} fluxes. The
latter is often referred to as the flux divergence in

the layer between ©Z and Z + dZ,
a7 Z@(SME}—-G(Z) ~F(2+82)3+F2) (4.1)
ar

Moet models divide the long wave radiation
spectrum into a number of intervals. A representative

value of atmospheric transmission is then assumed for
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each interval. The principal constituents of the
atmosphere which absorb long wave radiation are ozone,
carbon dioxide and water vapour. In general, the
atmosphere absorb long wave radiation more strongly
than shortwave radiation. Absorption by water vapour
around 6 and 20 microns is important for tropospheric
problems.

Suitable modifications are introduced in (4.1)
when clouds are present, For most practical purposes,
clouds may be treated as black body radiators.

Unfortunately, the computation cof transmission
functions, which are needed to calculate F and G in
(4.1), is not straightforward. The transmission

function in a spectral interval &2 is of the form

- _L-'( - 2 .
T, - L | e [f koDdu] da (4.2)
where K()is the absorption coefficient at wavelength 4.

The water vapour spectrum in the long wavelength

regions ceontains several hundred lines. The shape of

each line is related to the absorption coefficient by

s [z
K{a) = = E.;\-J\ﬂ)zq,,(" (4.3)
where §S-'is the line intensity, -ﬁo is the central wave

length and & is the half width of the line., Both &

and 4 are functions of pressure., We have

o = Ko (%5) (TS/T>VL ' (4.4)

To obtain F or G, equation (4.2} has to be
integrated over both (4 and W . In view of the rapid
fluctuations of K[A) with X and o no ideal

solution has yet been found. To simplify matters,
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' e interval &3 is so chosen that absorption lines
do nct overlap but, in reality, there i3 considerable
overlap between individual lines. In early models, it
used to be assumed that the spectrum was made up of
indjividual lines that did not overlap, and &, §

were constant in (4.3). When such an assumption is
made analytical expressions for the transmission
function may be derived in terms of Bessel functions

of iraginary argument. Putting

s
X = 25 A (4.}

the transmission function for large x was
Yy

T=1- 2(‘5—;—‘—:—) (4.5)
This was known as the square root law of abscrption.
But, as we can see from (4.4) & depends on pressure
and temperature. Conseguently, the square root-law is
not realistic because of the wide variation in pressure
aﬁd temperature over the depth of the atmosphere.

An improvement over this somewhat unsatisfactory
state was made by Goody {1964) who introduced the
assumption that all positions of individual lines were
equally probable. The probability of a line having

an intensity $ is then given by

P(s) = -’5_:- exp (- 5/% ) (4.6)

where $ is the mean line intensity. The advantage
is that an array of lines in a given interval CQA)
may b= replaced by a single line in a statistical sense.

But, the transmission function still has the limitation
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of a constan£ o,

Further analysis by Curtis {(1956), showed to
a large degree of accuracy, it was only necegsary to
consider the line width, rather than its whole shape,
dependent on statistical distribution. For atmospheric
problems, it was sufficient to consider all abscrbing

matter to be located at a pressure (p) given by

P fP(Z)Edez/_(e(a)dz (4.7

Although the model by Curtis was published
nearly two decades ago, it is still usea to compute
transmission functions and, finally, the rate of
radiative heating or cooling. A recent example of its
application is by Wehrbein and Leovy (1982) for the

middle atmosphere.
5. CUMULUS PARAMETERI2ZATION

It is now increasingly realised that collective
effect of individual cumulus clouds ucan influence
large scale meteorolegical systems by the vertical
transfer of heat, moisture and momentum. This is
especially true of the tropics, where meteorological
systems derive their energy from the latent heat released
by clouds.

Cumulus clouds tend to warm and dry the
atmosphere. Synoptic systems, such as, African waves,
support Cumulus clouds by cresting conditions that
favour the growth of clouds by convergence of moisture.
K form of cooperative interaction is thus set up in

which (a) cumulus clouds feed energy to atmospheric
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systems .y the release of latent heat and (b) atmospheric
waves coreate conditions that lead to cloud formation.
This was named conditional instability of the second

kind (CISK} by the late Professcr J.G. Charney.

Several schemes are now available for parameter-—
izing the effect of an ensemble of clouds. The most
widely used ones are by {(a) Kvo (1965 , 1975) and (b}
Arakawa and Schubert (1974). We wish to discuss the

physical principles of each,
6. KUO'S SCHEME

The mumerical model will generate cumulus clouds
if the atmosphere is unstable, and there is convergence
of moisture accbmpanied by ascending motion. Instability
is determ:ned by the prevailing verzical gradient of
temperature (called lapse rate in meteorclogy) .

Let,

Mt = Mositure convergence produced by large

scale flow and evaporation from the surface.
{(1-b) Mt = Rate of precipitation
bM = Rate at which the atmosphere is moistened
before condensation begins.
where b represents the fraction of Mt which is stored

in the atmosphere.

The value of Mt is calculated by

Lf® —
My =% , V. (AV7)dp + GE Vs (4,905 1)
7
The first term is the convergence of moisture,

while the second term on the right denoctes evaporation

from the earth's surface. QS ls the saturation mixing
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ratio over the surface, andé Cta'is the mixing ratio

e
of the overlying air. eo;;cb represent the density of
surface air and an exchange! coefficient for transfer of

water vapour. .
i

The cumulus cloud-is assumed to have a temperature

excess (T _-T) .and a moisture excess Cq,c_q,) over

the environment. g, is tHe saturation mixing ratio at
(R

the temperature of the cloud (TC). The storage fraction

(b) is given#by Py
b \ -7 -g)]db
b = f (3,-%)dp =+ f[‘ff’l,(?; )+ (5,9) (5.2)
b4 bt
Py and Py, represent the top and bottom of a cloud.

It follows from (5.2) that if the air is dry, b is
large and:most of the moisture is used up to moisten
the atmosphere.

The : v .. ;. heating rate due to latent heat

release is -2

t
f ede = (-BL M
2,
where L is the latent heat of condensation and e is

(5.3)

the rate of heating per unit mass. &n average heating

rate may be defined from (5.3) by,
- !

€ "cdz
* 7z, fz € (5.4)

The vertical distribution of heating is,

approximately, & weighted by a vertical distribution

function N(p). As the environment and clouds do not

interact, N(p) may be taken proportional to the temperature

excess (TC—T). We put £

[
A = [T (/‘1,'@] + 7((7;—7)01;:
&

‘a {5.5)



Kuo's scheme has the advantage of simplicity,
but it is more oriented towards cloud ensembles.

Individual clouds dc not figure in this scheme.
7. ARAKAWA AND SCHUBERT MODEL

Unlike Kuo's model, Arakawa and Schubert (1974)
consider each individual cloud in a cloud ensembler
Each cloud is identified by its rate of entrainment
which, in turn, is determined by the altitude of the clo
cloud top. In this manner, the clouds interact with the
environment, a feature which was absent in Kuo's model.
The model assumes that whatever a cleud gains through
entrainment is shed by detrainment at the cloud top.

Clouds are alsc identified by the kinetic energy

acquired by the force of buoyancy.

1 -
6%_(-;_&:) = G (7-—5-:;3) (8.1)

where Y is the vertical velocity of air within a cloud,

We have

and (TC—T? is the cloud's temperature excess., This
kinetic energy is expressed in terms of a gquantity

A CZ,A) which depends on the altitude (z) and the rate
of entrainment {3). A (Z,Jl)is called the cloud work
functiocn,

The model then postulates a state of equilibrium

between clouds and their environment so that
AT,
HE' ~ O (8.2}

This equilibrium is achieved by interaction between
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the clouds and their environment. Broadly speaking,

we may imagine the work function of clouds to change

negatively with time | (.€, dA ) £ O,
dE s G

because they tend to stabilize the atmeosphere by generating

subsidence and drying of the clear region hetween adjacent
clouds. On the other hand, the environment permits growth

of clouds, whence Ldf >E > O.
£ Env

The work function of cumulus clouds is omputed by

the impact of each cloud on others. The mathematical
formulation, which will not be described here, involves
the solution of an integral equation by numerical methods.
The work function of the environment is evaluated from

budgets of water vapour and temperature.

The model is only valid when the time scale of

large scale systems is much larger than the evolution time
of cumulus clouds. The former is usually of the order

of a few days, while the latter is only a few hours.

Arakawa and Schubert's meodel has been applied

with considerable scuccess to several problems of
atmopsheric dynamics. Full details of jts application to
the atmopshere will be found in papers by Lord and

his collaborators (1980, 1982). An application to
monsocns over India has been described by Ramanathan (1981}
Another interesting applicaticn was by Shukla {198l) who

included cumulus parameterization in instability analysis.

éa



Its application to African waves would be interesting.
Cumulus parameterization for monsconal circulations

will be described in the next chapter,
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