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WAVE, MEAN-FL.O¥ TNTERACTIGH FROM EULERTAN AUD TAGRANGTAR VIEWPOTHTS
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INTRGICTION

A study of the mechanics of wave-like motions in the atmosphere can
be divided in two parts, kinematics and dynomics. Kinematica can be
thought of as the format in which you input and output information
about the syatem under investigation, to and from the dynamics, the
latter being a kind of 'central processor?!,

A kinemstical specifieation is important. It can make the difference
between

1)  mathematical analysis being easy or intractable

2) observational diagnostics being straightforward or impossible

to caleulate

3)  physical interpretation being obvious or obscure.
Unfortunately 1), 2) and 3) are not always compatible.

Since the earth's rotation plays an important role in the dynamics
of large scale atmospheric waves, one kinematical specification of an
atmospheric fluid variable qf is to write itlas the sum of a zanal mean

—

and a deviation from the zonal mean
Wiz, 8, \) = Tz, $) + ¢ (z,8,%)

where q) is the Bulerian mean of HU round the latitude circle
¢ = conetant, )\ being longitude, 7 height above the carth's surfoce,

In analytical modlele, it is often assumed that q)' is & small

pertu}bation. ie

Va0(e) v e << |

We call the primed variables, eddies,

To ()C(i) the dynnmics are lineariscd; and the Eulerian mean

kinematical description takes the form

specify zonal

mean flow

v 0ee)

linearise dynamical
equations about

this mean flow

to solve eddy equation

Waves are created (eg Ly inatability) or modified {eg from wave-like
forcing at a boundary) by the specified mean flow.
.3
Since terms like y)’l # O . then to OC(—. ) , the waves

react back on the mean flow, ie

specify mean flow
Y o)

(————| zonal mean flow

o) 4 Vo)
<t . .

linearise dynamical

equations about

specified mean flow

.-



For finite amplitude waves (all wave amplitudes are finile in yenctice)

we have a continuonn feedback system, comprising the probles of

wave, mean-Tlow interaction

(i) How the waves ctange'the mean flow

(ii) How mean-flow profiles react back on the waves.

Whether (1} comes before {ii) or vice-versa is really a chicken-sud-rpy

argbmcnt.

In these lectures I hope to show that

a) Wave mean-flow interaction is important in the atmospliere,

and can result in eome rather surprising fluid motions.

b) Blind use of the Ewlerian mean kinematic description in rotating
fluide can lead to results which are difficult teo interpret paysically,
and only until _:-ecently have cn-used some confuuiun in the literature.

In order to convince you of points a) and b), I shall consider rather

simple examples - the internal gravity wave, and the inertic-gravity wave,

Theee waves illustrate the essentiale of wave, mean-flow interaction

cceurring in the mor2 complex atmospheric wave motions.

Internal gravity waves

We conpider 2-dimencionazl steady, adiabatic buoyancy waves generated

by a slippery boundary moving parallel to iteelf with constant velocity <

{ = phace speed of waves). Assume initial 'zonal® velocity {spacial avermgs’

along "7 = constant} is zerc.
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In order

that buoyaicy waves ave generifed and propagate upwards,

the foreing freguency 002 CI wust satialy

O< <N

where ﬁJ i; Lthe Brunt-Vveigalin [requency.  These inequalities can be
derived frém the dicpecsion relation of {he eddy wave cquation, but can be
seen by considering the annlogy of a pendulunm with natural frequency bJ )
being forced by your hand (say) oucillating with frequency L) . If wW=0
nothing happens, if wr= N thn bob oscillates at the natural

frequency of the pondulum; if WY N you drsiroy the cscillatory motion

of the bob. 5o with the partiélcs of the fluid. Note that if the

initial wonal velocity of the [luid, LL , }f @] then the econdition for

no wave forcing is

el - W )I3 =
()‘).Dcnm_er:, — (C“ R = O

With & little thought, we can éraw the eddy velocities of the fluid
particles as tley rempond to wave forcing und bucyancy forces
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Particie A is at the lop of its oscillation

Particle B is at the mid-point of its oscillaticn travelling up
Particle € is at the bottow of itz uscillation

Particle D im at the wid-point of its oseillation travelling down,



(i is the zonal mean density of the fluid). Put another way; in ihe

’ abeence of wave trancience and dissipation
hence

The temperature perturbation at A is negative (adimbatic ascent)

}) Fioogd _O
e P ot o 3. (ouww) =

B is zero (reutral point)

" " " " € is positive (adiabatic sulsidence)

' If the waves are dissipating, then the eddy momentum flux will decrease
" " n "Dis zero (neutral point) S

with height. Where does this momentum go? It goes into accelerating
Note from the diagram that the zonal mean temperature perturbation ] N

the zonal mean flow. This information is conteined in the zonal mean
is zero. The general temperature and pressure perturbation structure for the

momentum equation
steady wave tan easily be deduced

Wl (eww) e X

where >( is a mean dissipative term. MNote also that at the leading

wave front, eddy momentum is injected into the mean flow, causing mean

flow acceleration. We ascribe such a situation to wave traasience.

We could of course have obtained all the preceding inforwation from
the wave equation and resulting dispersion relation. Here I wish to
emphacis what the particles are doing. The reason for this will become

apparent in the next lecture,

Let us suppose some dissipation is present in the steady waves,
and represent a 'dissipative height scale' by D,
decrease as exp (-2/D).

i.e., eddy momnentum fluxes
The smaller the (Doppler) frequency of wave forcing, the flalter the

It turns out that the more horizontal partircle

particle oscillationsand the temperature and pressure phage Yines, oscillations ave, the smaller will be the dissipative height scale. (To

. ’ i r) show this rigorously we would need to discuss the so-called conservition of
Another result we sholl need cancerns the eddy velocity Lf»:-(hk,bd .

wave-actlon equation, and the associnted group velscity of the waves.)
LA fe . o, /50 .
Note that \L  is positively correlated with W’ ie when w .

. — Let us examine the complete wave, mean-flow interaction for this
w>0 v &nd when w'¢<o . WL o v a0 that Ww/ S (O

. . . system. The dissipating wave will induce a mean-flow acceleration
In & region of steady wave Torcing with no wave dissipation, the eddy

throughout a depth . But now the Doppler-shifted freguency of the
velocities increase as the fluid gels more rarified, keeping the upward

wave becomes less than it was

before the aean-flow acceleration. Hence

flux of eddy momentum Q.fovu' constant with height. ({Here, of course,

the particles oscillnte in slightly more horizontally tilted lines.

-6-




Therefore the scale height D decreases, and further mean-flow
acceleration occurs throﬁghout a smaller depth. This feedback

process continues, and a sizeable mean flow will develop near the
bottom of -the fluid. Eventually the mean flow velocity becomes ecqual
to the velocity of the slippery corrugated boundary, ie the Doppler
shifted frequency of the waves becomes eqﬁal to zero, and as we have
seen, when this happens, the waves can no longer propapgate up ~ we have

reached impasee! Pictorially the mean-flow evolves as

] : ’i& Z f[\\\\\\\\‘
—> \ T &L‘; =T g

We have ascumed that mean-flow dis%ipatiou is unimportant.

If we now add to the input of waves at 7 = O , a component
travelling with equal and opposite phase speed - C, sonething very
interesting hoppens. If the two waves, wilh phase gpeoads + C, have

equal amplitudes, then the boundary executes a standing wave

Z= o $n h(x-ct) + o swiferct)

= Do sw \'{x cos kel

Now, ac we have geen, the wave travelling in the positive x direction
c¢annot propagate up, but the one travelling in the negative x direction

can (providing its Doppler shifted frequency 2ke is leus than N,

Hence,
this wave starts to nccelerate the mean flow in the nepative x direclicn,
Because iis Doppler shifted frequency is comparatively larpe, a nepative

mean acceleration is induced throughout a comparalively deep layer,

-

lending to the aprearance of a downwand moving zere in the wenn velocity

profile, as illusirated below.

When the shear gets large at the boltom of the fluid, the Richarduoq
number gets small, and the ghear luyer poes turbulent,
The final velocity profile is, therelore

rd

Yy NS

Suppone we start with no zonal flow, and meiteh on a standing wave
at the bottom, What heppeur? If vieconity is not teo great, then an
instability oceurs, and a vaeillabion in the moan-flow results with
the zero of the mean velocity propapating dowit. Figura 1 should explain
this insbability,

That ncuch phenonena oceur in real Fluids has recently been most
beputifully desnnsirabed in the laborntory by Mlumb and McBwan (Pluamb,
Redo and AL Meliean {0978) 5. atworn. Sei :’1_'1, 1827-1879) . The

meteorodoricnl relevanoe of thin wove, mean-flow interaction, is that

-6



it demonsirates in the lavaratory, an analogue of the stratospheric
. quasi-biennial oscillation (for more details of this, see the course on

the stratosphere). Plumb and lMcFwan's film of the simulsted GBO

i 3 g beautifully demonstrates wave, mean—{low interactlon! Who would
+ L |
-t Wi frel o L T - ’ ‘_I )
"ﬂ_ﬁ e < have thought that downvard propagating eusterlies, then westerlies, then
, easterlies was due to the input of a steady standing wave from below?
1 .

M /\ " Inertia-pravity waves

Let us now consider steady buoyancy waves with the added complication
of rotation. Again I ghall be rather descriptive, and not bother

too much with mathematical analysis. We shall find that the Fulerian-menn

deseription of these waves is somewhat misleading, and this has led to

the recent formulation of a "Lagrangian-mean" description of such motions.

Such a description of fluid motions has proved useful in the stratosphere,

A S : both in understanding its dynamical behaviour, and in understanding how
i
/‘ passive chemical tracers are transported,
' We consider the idealisation of an inviscid diffusionless fluid of
1/ . : conatant buoyancy frequency N, rotating about the z-axis with constant
L _ _ L ‘
" . angular veloeity \h_- 3. . The fluid is contained in a channel,
_— -——‘T::‘::-—,r: s e B IR TE e e , >
- l' '-ﬁ?ﬁl’l:-d‘ LR Y -~ skiay ‘-..'H,}h <. between rigid vertical walls at U= O, b and & moving lower
. MEMIE at thee - ¢ - : T
[ Ll -!1(,“,“-_‘{ _l boundary Z = h(I,B){) with._ns before, h = O .
! ' Vs N lut's also suppose the forcing from below has maximum anplitude at
; o ' : ‘ mid-channel
“Z
| /
- '._a.!m"‘"-- ‘ : [ S [ SR, - ] PURE I l - * (
—y [In doe  accek } 2 e aT L > T ,‘\ ~ ,‘\ " N
AL L
R A AL gk g= 0

Fl 6" i t PO{"“ e (QK}'MQ'L}("




If the wave forci.z has phase speed -C (in the x direction), we can draw

the particle oscillations in the x-z plame from our knowlege of

é_

< \

. ' \ \
__ SR
’ ’ : ’ Y % - Zegewl
. T 5 ot
C ] P
z 1 % T 3
y

The particles however also oscillate in the ‘meridional' direction

Luoyancy waves

because of Coriolis forces. let us determine the meridional velocity

{qualitatively at least), from the geostrophic relationship

From this relationship, wé can see that P
when W =0 (at top of.oscillation). BP/.DL <O ) V<o
when W<o {at mid-point, going down), Bpjgx_ =0 )] V:: O
when W=Q (at bottom of oscillation), 25 >0y V20

I
/ -
when Uj>0 (at mid-point, going up), BP/{)L =0 } V=0

M

Putting all this information together we sec that the particles

R A I
paths are spirals (‘tg V"C“C& . e e Jresn e “““"(I‘

’ \u\\:_ S{‘i(l\\{J Y C‘(Hla.'\-‘.l-'y-.jj

Projecting onto the y, z plame (the 'meridional plane'), the paths

are cllipses '

|

whose sizes are relnted to the amplitude of wave forcing., 'Whea the

waves are steady, then ¢learly the averapge position of the particles,
marked by Xs,docsnot change with time. {Hote that since the particles
have meridional components of velocity, Coriolis forces are also felt
in the x-direction. This means that particle oscillations in the x-z

plane are more horizental than they would be if there was no rotalion.

4%



In other words,rotation  tends to supress the upward propagation of

buoyancy waves. It turns out that when bﬁ':\f + the waves are completely
suppressed). _

Assuning that j‘ << N » what picture does the Eulerian
mean formalism present for these steady waves? Consider first an

ellipse whose centre is at the 'latitude' of maximum foreing
’ 2 A

- ) 7 ,
At the top of the ellipse V <O « but so aleo in T

_‘_ \% ’T/ >0 + At the boitom of the ellipse vi>Q
7 . 4t /
Bo aloo is T ...VT'>O.ie,V

+
is positively
correlated with T./ throughout the particle oscillation. If we take
‘am arbitrary point A on the ellipse. then the zonal wean of V'T/ at
A muet also be positive, ie V’T > Q
v T’ > O

- Since A is arbitrary,
everywhere,

Heuce we have a somewhat paradoxical picture of an eddy heat flux
which is directed towards 8: O  ('poleward') everywhere, ever though
there is no nel heat transport towards the pole (becavee, on average ,
particley are not going anywht-re). In other words, even though the eddy

heat’ flux is poleward, the pole is not being heated! tHote the fnct

that V’l’> O

is independent of whelher therc exists a
positive or negative zonal mean temperature gradient hetween Y =b and

¥ = 0. Heuce, any attenpt to parametrize the eddics with a diffusive

type parameter

A3

N ?T
VT = W ‘b_g
is doomed to failure. The heat flux is related to the wave foroing
not to the mean temperature gradient.
If the wave forcing had positive phase speed then it can encily
be shown ‘that V' would be negatxve everywhere, implying en

sl oy D TR
‘equatorward' heat flux, umce/lparhcle trajectories are parallel

to lines of constant phase ( _l_A_-L‘ R{i&ﬁ‘g} e (LN_'\_{» = ‘_l- VJJ =0 -

(incompressibilily)% ,_lé-’ //‘lv _@':cc'\s‘* }, we have derived the well-known
relation that the phase lines must tilt west with height to get poleward
heat fluxes.

What is the resolution of this paradox? Consider the two ellipres

D

Y

At the point B, the particle of the large ellipue ia moving upward,

the particle of the small ellipse is moving downward. The net reault

is an upward velocity (the larger the amplitude, the larger the velocity)

Hence the Eulerian mean vertical velocity at B is positive. 1In fact at

any point *north’ of the.centre of the ellipse at maximin forcing, the

Bulerian mean vertical velocity ic positive. Conversely, at any point

'south’ of the centre of the ellipse, the Fulerian mean vertical velocity

is negotive,

o



Hence, the full Eulerian mean picture can be summarised by the

following diagram

The eddy heat [lux induces a mean mer%dional circulation, Adiabatic
ascent over the pole balances the eddy heat flux input, and adiabatfic
subnidence over 'low-latitudes' balances the eddy heat flux outpnt.
The whole system organises itself so that no net heat or momantum ie
transferred to the mean-flow, '

This result, that when waves are steady the zonal flow is not
acclerated or heated, has the status of a theorem in the literature, the
£o-called Charney-Drazin theorem (Charney, J.3., and P.G. Drazin 1961,
J. Geophys, Res. 66 83-109) and indeed it is a difficult result to prove
in an Bulerian-mean kinematic¢ description. Wevertheless we have sean
that for steady, non-dissipative waves, the fluid particles do not
on average get anywhere - a very straightforward physiecal result,

Surely there must be some kinematic description in whieh the Charney-Drazin
theorem is immediate? Indeed there is - it is the 'Lagrangisn wean’ -
desc;iption; Lagranginn because the averaging is related to particle

trajeclories, ns opposed to Eulerian where the averaging is related to

Fulerian where the averaging is related to fixed points in cpace.

B

Before describing a little of the kinematic formulation of
Lagrangian mean theory, it is worth spanding a little Lime discuesing
the meteorological relevance of the above considerations.

Dynamic processes in the stratosphere result not from in situ
inastabilities, but rather from tropospheric foreing. Of particular
interest are the mid-latitude tropospheric planetary waves. Occasionnlly,
the amplitudes of these waves reach rather high values - we refer to
the meteorological condition when this happens by the adjective blocking.
If conditions are right (which only happens in the winter), these high
amplitude wavec propagate up into the stratosphere. As the leading
wave front moves up, the manifestly transient conditions decelerate
the weoterly zonal mean flow. The effects of this deceleration are
felt most keenly at high altitudes nph high latitudes, firstly because
air is rather tenuous at high altitudes, and secondly the mass of air
between two neighbouring latitude circles decreases wilh latitude.

Because the zonal flow ie decelerated at the leading wave front, it is
no longer in geostrophic balance, and zir flows inte the low presaure rcgion

over the stratospheric pole. The result is a Lagrangian meridional

- edrculation wita descending air over the stratospheric pole. By adiabatic

subsidence, the elratospheric pole heats up very dramatically - sometimee by
4% in just a few days. The Lagrinpian meridional circulation is

illustrated helow

Ab-
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The magnitude of this Lagrangian cireulation has been quantified by Hatsuno
and Nakumara (Matsuno T. and K. Nakaraira X. 1579, J. Atmos. Sci. 36,
640-654), The Lagrangian picture gives a rather straightforward explanation
of thie phenomenon, named, rather appropriately, the stratospheric sudden
warming. By contrast, the Eulerian mean description replete with its
ficticious eddy heat Iluxes and mean meridional circulations, glves a
rather complicated explanation of the sudden warning - certainly one would
have little idea that the warming was due to mass subsidence. Consequently
mich of the literature on the subject is rather obscure as far as providing

an understandihg of the physical mechanisms of a warming.

Logroangian-mean kinematics

The Lagrangian-mean theory, recently developed {Andrews D.G. and
M.E. NcIntyre 1978 J. Fiuid. Mech..gg, 6069-646) is a hybrid kinematic
Qescription. lying somewhere between Stokes classical idea of taking the
time mean followinpg a single air parcel, ard the fulerian mean description

of taking means with respect to fixed latitude circles.

Counider a nuaber af fluid particles lying alﬁng a latitude circle at
an initial time kb. before the wave forcing ﬁus begun. Whzn the wave
propagates up the particles are displaced. Imagine the particzles are
attached by elastic bands to a 'magic' rod of zero mass whicly is constrained,
for all time, to be parallel to latitude circles. Initially the pu}ticlcs
sit on the rod. When the particles are digplaced, the rod is moved by the
tension in the elastic bands, from ites initinl latitude eircle, to another

one. This is illustrated below

o
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The position vector of the particles, E; » relative to the magic

rod satisfies Ef = Q0 for all time. The position vector of the
pointe of attachment of the elastic bands to the red, relative to their
initial positions, is written as X The Lagrangian-mean of gome properiy 4}

of the fluid is defined Ly

ESRICKIND
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i.e. each point of ultachwent assumes the value ybof its associnted
particle, and the Logranpian-mean is the zonal mean along the 'magic!
rod. The Lagranginn-mean veloeity of the fleid is defined to Le the
velocity of the pointe of altaclment,

I havedeliberately stripped this degeription of its mathewmslics;
if you are concerned that the formaliem lacksrigoury, I recommend you look
up the Andrews and Mclntyre reference. ( / )

As an exumple of the conceptual sinplicity of the Lagrangian mesnn
kinematical description, the Lagrangian mean potential temperature, E)
in an adiabatic atmosphere, satisfies

(22T 2)E = O
ot “)j dz

Compare this with the Fulerian mean equation

—_—

{
(G935 2)E =yt ) o2, (o

where @ is latitude,

The formslism has successfully been applied to such problems as stratospheric

pudden warmings {£ee sbovel}, baroclinic instability* and chemical tracer

transport+.

An important and immediate consequence of Lagrangian mezn theory 1s

that for steady non-dissipative waves in a zonal mean flow

Vi =R =0

Thie result, as we have éeen. is definitely not tiue of the Eulerian velocities

— T

vV o, W . If we write

* Uryu, M., 1979, J. Het. Soc. Japsn 57, 1-20.

* Dunkerton, T., 1978, J. Atmos. Sci., 35, 2325-2333.

iy

—
WY W

i

W
then  { Vs) WS) is called the "Stokes drift" in the meridionnl

plane. For steady non-dissipative lincar waves, the Stokews drift may
\ ! 6
+5 (7%
—_— Y
\r\!s - -.._—_.l f—-—- (LD(% A )
cosg 33
Hence, if we define the Eulerlan mean “res1dual” velocities
V= V- 2 (0 Yo%)
viz T, ¢ 9»67.
; A __H . »E
. W T c(:.s?ﬁ b‘j (C()S’Zg . 242
LY

then althouph (\/ ) K) are not Lagrangisa mean velocities in

be written

<
if

!

]

general they should be closer to them than the Eulerial mean pair (\J LJ)
Since the Lagranglan mean displacement vector is not directly
observable {rom radiosonde or satellite radisnce measurements, a kinematic
formalism beged on these 'residual’ velocities should be a nice compromise
between the theoretically important lLagrangian mean theory, and the
Fulerian mean formalism {which has the advantage of fitting rather
straightforwardly into an obgervatlonnl diagnostic scheme),

Indeed wave, mean-flow interactions in the stratosphere have been
diagnosed using measurements from the Meteorological Office's Stratospheric
Sounding Units, flown on the Tires-N and Noaa-A satellites, and they have
given interesting new insights into the dynamics of the stratugphere during

a sudden warming.

20
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and the second order solution becomes the WKBJ solution

v = 2 LiflElax
5] %

The solution fails if f changes too rapidly or
A convenlent form to express the WKBJ solution
space variable X = Tx, T << 1, over which f is
varfation. (i.e., |df/dxX| ~ £%). 1In terms of
1 (X) fr
36 = y et &/

1
where (X) = +[|f]dX, ¥, (X) = A/l £] %

Internal Gravity (or Buoyancy) Waves

1f f passes through zero.
is in ‘terms of a 'long'
presumed to have 0(l)
this

These waves exist in an atmosphere that is stably stratified so that
a fluid parcel displaced vertically will undergo buoyancy oscillations
with frequency N (see earlier discussion in the notes). We suppose that
the horizontal scale L of these waves is sufficiently small that Ro >> 1

and the equations of motion can be written as

Bu,  Bu, Bu, 13p_
at tu ax tw 3z + p 3x dx

i L AP L PR N

Bx 9z  p dz tem 6z

(1)

(11)

where, for simpliclity we limit our discussion to two-dimensional internal

gravity waves propagating in the x-z plane. The terms &y, &

z stand for any

additional terms {e.g., acceleration due to viscous forces) that may be present
in the momentum equation. We shall also suppose that the vertical scale of the
wotions is much swmaller than a typical scale-hedght, i.e., D << H, so that the

continuity equation can be written as

Ju w
T "0

Finally, the thermodynamic equation is

30 38 a0 _

st TV R TV, T
where p is a diabatic tepm.
First of all write

- A
p=op{z) +p

X

p=plz) +p 0= 8(z) +

(iii)

(iv)

feay )

ATMOSPUERIC SCIENCES 541

where ;, p, 8 are hydrostatic values for a resting atmosphere (note the new notation)

Now in the horizontal momentum equation (1), the pressure gradient must be
balanced against the inertial acceleration (Ro >> 1), i.e.,

V2/L & B/pL
where U 1s a measure of u. Hence using the gas law
POV M2 A 1075 if Un1ms™?

On the other hand, the adilabatic thermodynamic equation will balance if

by, o1
gL g 92

Now from (iifi), w A U(D/L) (u/3x ~ U/L)
hence the thermodynamic equation will balance 1f

2
o
1£ D << H then D € 10° m. With N? = 107 ™%, D~ 10° m
/8 ~ 1072
Hence - -
8/0 >> p/p
However, from the definition of potential temperature and the ideal gas law

np= % &1 p - n O + const, Y = cp]cv

Putting p = p (1 + o /p ) etc., then

oo

1B
Yy

DY

Hence for these buoyancy wave motions density fluctuations due to pressure
changes ave small compared with those duc to temperature changes.

. Thercfore we can put

P ~ o~
elp = - 0/8
and treat density
8s a constaat cxcept where 1t is coupled to gravity in the huoymey term in

the vertical momentum equation. This is known as the Boussinesq approximation.

We now fdefine the overbar operator as an average along the x-axis, and assume
that the deviations of fluld variables from their averapge value are small,

32
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i.e,, we write

W=

p=

-3 [--3 -
n L}

X

Notice we have assumed that the flow is horizontal to 0(1).

'\?o +;(El + ui) + ...
eloy +wl) + ...

p, teloy +pp) + .00
;o +g("§1+ pi) + ...
8, +el, +o) + ...

x

- @), el + GO+ ..

assume that the 0(1) flow is hydrostatic, i.e.,

a}'olaz = - gEo .

and that the Boussinesq approximation holds.

(ete, for 6: & W)

We shall also

To 0(1) in the expansion, equations (i), (ii) and (iv} become, respectively

au
o
at
0 -
3t

The 0(c) mean
not couple to

linearized perturbation equations and take the form

st
BWi

t

3ui

3%

- (gx)o

D) (because the flow 1s hydrostatic)

z°0

= Mg

flow equations are of no interest to us hore since the waves do

the mean flow to O(g).

u! Ju

— v_ o 1 "1 1 '
tuom Pl T 2 %y
Do
! ap! B’

- 1 1 11 _1 '
+u° 8x+- dz Eg 26"’1
[4] [+]

ow!
_1_
+ oz 4]
307 49
m 1 v_o 1
tu T 7 WO

(0.1)
{0.2)

(0.3}

The O(c) deviation equations are the

1.1}

(1.2)

(1.3)

(1.4}
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In equations {1.1) and (1,2) we have written

1 L] L] -‘.!'_
(6;)1 = - E—dul (Gz)l 2 ﬁwi

which is a common form of parameterizing the effect of eddy frietion. The
constant § is known as the Rayleigh friction coefficient. Similarly in (1.4),
the effect of diabatic cooling Wi has been parumeterized using the Newtonian
cooling coefficlent u. In (L.2) we have used the Boussinesq approximation to
put pi/po = Gilﬁo.

If we average (1), then, to 0(c?) the mean flow equation is
9 P . du
at 1

(o

- @,

i

s

z

To get this we have used the Boussinesq approximation to put p = B; in the
pressure gradient term. Remember also that

auolax = auzlax =0

and

su

X

[

2.
%

t 1 2 _
Y ax T2 M) 0

ar

Furthermore, using the continuity equatiom (1,3) we can write the 0(22) mean
flow cquation as

T

2Ty =

T PR A L CR (2.1
Hence, if the Reynolds stress u'w' varies In the vertical, then the perturbatfons
induce an acceleration Iim the mean flow, to O(CZ). The right hand side
of (2.1) represents the effect of mean flow viscosity.

A wave cnergy equation can be formed by multiplying (1.1) by u' and
(1.2) by w', adding these together, and averaging, 1.e.,

du ap! Ip w!g!
B B s > i -2 WPt ey w T T SN SR N St N i N S Poverr SR 2
230 Y YUY Y Bk TR ML ae 7 ° 2 Slu" t )
0
Using (1.3)
du Wi
13 v, o7y, oo, 13 oy J L) )T, o
2 3¢ (o0 T ) b uge B, 0 Culpy) 5 B 7 St ) 2.2)
Q
Multiplying 1.4 x O°
di 57 WY BF
13 oo - .0 1 —7 =, 1.8 1 11 1 1 )
7 3¢ (ljl-) + wi{\.l Pl "z-]mj‘* =5 % [Wel* 5 g= -5 N R (2.3
[+]
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where
— db 1 1.7 bstitute tl Xpr ions
B! = 61g/F, N ~ 2% Using ( )} we can subs u e expressic
1 1 e—dz v = Re (Y ei(kx-mt+mz)}
o 1
Adding 2.2 and_Z'_;J we have Bi - Re {B ei(kx-mt +mz)}
B Ju BIZ

13 [, =5, 01 13— —_ e B
79t [“1"‘ tw? ot ‘ﬁT] + 5—05; (w)py) *+ {ujw) 3—:= - % {ﬁ(uiz +u1T) 4y —ﬁlr} (2.4) into (1.5} and (1.6) which gives

“yk? 4 2 -
The number of variables in (1.1) to (1.4) can be reduced by introducing the - (@ - ku)(k® + m?)y + kB = 0

y component of perturbation vorti u
P n v city {w - ku)B= KN’y

1 = 9w!/ox - Ju!
"1 1/ Bullaz which can be combined to give the real dispersion relation

o = kN/V/RZ T2

so that iy = o - k'Jo is the wave frequency relative to the zonal mean wind,

and y component of mean flow vorticity (1.8)

Mg =~ auolaz
The vertical phase speed is
w/m = k—u;'/mi N/oik? + me

Then 3/3%(1.2} - 3/32(1.1) gi ;
z ) gives i.e., relative to the mean wind the vertical phase speed is

Ju_ du!  aw! 3u 3% a%p! a*p! !
247 2] 0l (S 1 o ' o 1°h 1 ¥ry) 3By zZ . p % i 5
[Bt Yo 3x] M 3z 9x ' 3z 3z "wl“m*‘:p:nazax -E—azax] ™ TTITM ¢ = afm =t W/l +
o
which, using the continuity equation, gives ¢ The vertical group velocity is
3 2
n, ' F ooan - = 3 Tan?y) R . B _m
[_a§_+: 53_] ni . Bno _ aBl ) én' @.s) u'.-g dw/dm = dwfom 7 mkN/(k® +m?) c e (1L.9)
t 0 3x - .
{ e o 2 Notice that downward phase propagation in a frame moving with the fluid
The thermodynamic equation, 1.4}, can be written Spupward group velocity, (and vice versa)
2 .= 3 o P 1
[at ty ax] By + Wy = - B (1.6)
Finally, from (1.3) we can introduce a streamfunction ¥, such that
ui " - alpifaz Other properties of note are
T oo g2yt .
' = ' } ! v ujl 1.7 (1) TFyom rhe dispersion relation wavelike solutions only obtain if
w 31!)1/33( > (,f,E} 0
and (1.5) and (1.6) are two eou led -
variables, q;]: aad Bf P equations for the two perturbation {2) when w -+ 0, then, according to the diSperslg\n relation, m + =
(i.e., the vertical wavelength + 0}, When @ + N then m + o,

i,e., phase lines become vertically oriented. In general if (32
decreases, then m? must increase, and the lines of comstant phase
become more horizontally aligned.

A straightforyard calculation gives 3(cZ)?/dn® < 0 1F w2 < 2/3 NZ.

To start with consider a fluid with constant {positive) static stability
and constant O(l)} zonal velocity u,. Suppose the fiuld is bounded below by
airegularly corrugated surface with sinusocidal variation in the x-direction (3)
with fixed wavelength 21/k, no variation in the y-direction, and moving in rhe In other words providing w’ < 2/3 N° then if w® iIncreases, f{c2)?
] - ey

?;:;rﬁczi:ne:i;? i:xzzr:?eed Wk > 0 (see earlicr motes).  Suppose also that decreases. Combining this with the result in (2}, then (c%)? Baries
directly with w° 1f @2 <2/3 N°. B

2c
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Now suppo:« that Instead of the basic state nean flow having no vertical
shear and thc waves are inviseid, we allow, in the spirit of the WKBJ approxi-
mation, a small amount of vertiecal shear yug/iz (i.e., a slowly varying mean
wind Up) and 2z small amount of Rayleigh friction and Newtonian cooling.
Formally, this can be achieved by Introducing a small parameter 1 << 1 and
introducing a lonz space variable

L= 12
s0 that

w=u() 6 =18,

ST (B = 0t)

and seek WKBJ solutions

¥} = Re {w(z)ei(kx-wt +¢/1)}

B = Re {B(z)ei(kx—mt+¢l1')}

where

- _123%
n{Z) @b /az [— T 5z ]
Now if we substitute these solutfons Iinto 1.5, 1.6 and 1.7, then, to lowest
order in t

%{w(Z}ei(b‘"wt"'MT)} o %‘52'4’(2) 1{kx ~wt +d/1) +T§y)_ 1{kx-wt +%/1)

-1 m(2) l,b(Z)ei(kx-wt +0/1)

i.e., to lowest order in T there 1s no difference between the WKBJ solution and
the elementary solution with m = constant, 1In particular, the dispersion
relation 1.9 and conclusions (1)-(3) will all hold to lowest order in T.

+ 0{1)

A difference arises; however, when we consider the energy equation, which,

since we assume a steady state (i.e., no time variation in wave amplitudes)
becones

1 3 ——r Yo THT 4 oI B
g__sg (v ' ') + (ulwl) % {é(ui2 + wiz) + ?%_ } (2.5)
[
Now since
ui = - BwiIBz
wi = awifﬁx
then 2
a¢l ! 2
i3 - 1
(7)) + @7) = [W + [a—:] = (& + m)p|2/2 (2.6)

Since y = O(T)uo, then, from 1.6, to lowest order in T

(w ~ kio)n- kN*Y = 0

27

. tudes must wvary with height.
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i.e.,

T Ppam y
__7 L@.L.. - _]_]{il_l‘_"\l, = (k? ¥ I“?)IU‘I{IZ (2.7)
N - 2?
using the dispersion relation (1.8},
Again since 6 = 0(1)60, then to lowest order in 7 1.1 is
ap,
a - oo 101
[a: * “oax] o R
o
i.e., Gu'=_JL .
17— R
Ps
or
0 & _
P ———— (- im}) where pi - Re[P(z)ei{kx we ¢/T)]
so that
wipy =-p mo|¢}?/2 (2.8)
Finally .
upw] = - uk|y|2/2 (2.9)
Substituting 2,6, 2.7, 2.8 and 2.9 into 2.5 and defining
1
a=3 @ +w
we get
3?:'0
£ @y |d+ aloP—2 = ol + ut)]¥|2 (2.10)

Now for the simple case with no shear and no dissipation then both sides of

this equation are trivially zero since m andlwzlwould be constants. With weak
shear and weak dissipation this equation gives an expression for how wave ampli-
Notice.that 2.10 can be written purely in terms of
the long space coordinate (since m, w, u, and Y are all functions of Z only) i.e.,

_q_ N 7duo 2 2 2
S ey | mkfoP = o (kP + w?)[u]? (2.11)

where g = ™, .

28
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Now 1f we define a quantity
A= (& +n?)|p|2/

called wave-action, then from the definition of group velocity ef we can write
(from (1.8) and (1.9)) &

cZA = - 2
g = - olyl
and 2,11 can be written as

d

|E)
d .z~ z o A
T (cgﬂw) + kch = oA W
But
ﬁ.:‘i"__kdu". kdu"
dz 4z dz T " 4z
Hence
d z
= (csa) =-aA . . . (2.12)

which 15 a differential equation for the depletion of wave-action due to the
combined effects of dissipation and diabatic cooling.

Writing 2.12 as

d z z

dz (CSA) = - (CSA)ID
where D = cgfuo, then the solution

z
—f D tdz

Ac‘
4

of 2.12 is easily obtained. Furthermore, since the wave momentum flux

=or .. 1 2 1,z
uwy = -3 km|pj 5 ke

171 4
then 2.6 can also be written as z
~f p ldz
uiwi = uiwi e ©
2=0

29
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and according to 2.1, the waves induce an O(e?) acceleration

z
~f D7V dz
_ B STy o pel T °
52 (ulwl) b7 uywy =0 e

to the mean flow.

The quantity D is a height scale for wave dissipatfon. If o is small or c

is large (8o that D is large) the waves propagate a large depth before

the momentum flux is substantially depleted. Consequently the mean flow is
accelerated weakly over a large depth of the fiuid, Conversely if a is large or
¢, is gmall then the waves are dissipated over a shallow depth of the fluid and
the mean flow acceleration is concentrated in that shallow depth.

We now recall the following pieces of information:
(1} For fixed a, the dissipation height scale D varies directly with cg.
(2} For 0 < 2/3 W?, cZ varies directly with @,

(3} For waves with positive (Doppler shifted) frequency G. wave, mean-flow
interaction throupgh wave-dissipation will decrease & (l.e., the wave
momentum flux will tend to accelerate the mean flow to the speed of the
corrugated boundary which forces the waves).

This gives us a positive feedback loop. If W decreases then from (2) e2
decreases, so from (1) b decreassea. The waves therefore dissipate over-a
smaller depth above the lower boundary. Hence the mean flow accelerates more
strongly in this region -- hence w decreases more strongly in this region:

so cZ decreases more strongly ~- hence D decreases still further...., until
finafly w is reduced to zero immediately above the lower boundary and no further
wave propagatior can occur.

A gurface where & = 0 i3 called a critical surface, and according te the
wave dispersion relation, wm® - o 5% c% >0, i.e., D 0. Hence for any
noen-zero value of a, critical layers dre (for lincar theory) strong absorbers
of wave-activity,

'If the boundary executes a standing wave oscillation

z = A sin k(x + ¢ct) + A sin ki{x - ct)
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where ¢ = w/fk, then even when the component moving with phase speed + ¢ 18
trapped, the component moving with phasc speed -¢ 1a not trapped — relative
to this phase speed the Doppler shifted freguency 1s 2w, Thils wave can induce
wave mean flow deceleration, resulting in the vacillating mean flow described
in the earlier notes, and demonstrated by the Plumb and McEwan experiment.

WKBJ analysis 1s, in fact, rather more powerful than we have so far been able to
show. It turns out that it 1s possible to carry out a WKBJ analysis to the full
nonlinear internal gravity wave equations. Under such circumstances wave,
mean-flow interaction would be sccounted for to all orders of T, and due to such
interaction the waves and mean-flow would be slowly varying in time. Under these
circumstances 2,12 generalizes to

3, 2 z

T (ch) R (2.13)
vhere A = A(T,Z)
and T =t

Equation 2.13 1s the full equation for conservation of wave action. In the
abasence of any dissipation or diabatic cooling then

A ) z
5t ez (ch) =0

80 that the rate of change of wave-action in any depth Az = zy -z, of the fluid

z P
2 2 2
3 oA 3 z
= EJ Adz = 1 I T dz=-7 J Fa (cg:‘\)dz

i.e., the wave-action in any depth Az will change solcly due to the advection of
wave~action through the boundary of Az by the group velocity cg.
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Appendd »
1. Bup acerl tat fon dhearos fo dLbe s T gravily waves.,

Multiply (1.6) by Bi and average

13 577 L STBT N2 = - L 77 (A.1)
23t B Yk ¥ ¥ B
Multiply (1.6) by n] and average
2B! oB!
1 .3 N e e SR S e a2
M3 M TV mt-IHhY (-2
Multiply (1.5) by Bi and average
ony n an
Lo Bt T 2= - Lawmy A3
Bi Pt + Yo B]'. ax + wiBi 9z 2 8 l1“1 (a.3)

: (A.4)

From (A.1}, will]'_ is zero 1f the waves are steady and non-dissipative. Hence,

from (A.4) wini is zero if the waves are steady and non-dissipative.

But

—_— R
wini - - wi'&uilaz=— 3 (uiwi

Hence (B/Bz)(ul'wl') is non-zero 1f the waves arc steady and non-dissipative.

From (2.1)
du.

Z 2,0 Ty

at + dz (ulwl) (dx)

Pi

Hence to O(e?) the waves cannot change the mean sonul flow if they are steady and
non~dissipative,

This is called the non-acceleration theorem for internal gravity waves.
There 1s a siwiliar theorem for quaslgeostrophic wives.

32
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2. Cor crvation of wave-action for a basic state which is slowly varying in
t .

{A.7) becomes, dividing by

Put T=Tt . ~ R ~
: %a—aT-(Aw)-A%E“T—J+%§i{c;m}-c;A%—§$zﬂﬁ~a0A
Z =1z T << 1 w w w w
u =u {z,T) o = 1Q vhich can be rearranged to give
o o o
and seck WKBJ solutions _g% + 3% (c;A) =-a A
i{kx +
V] = Re (p(2,De ( ¢(z,r)/r)}
L{kx +¢(Z,T)/T) which iz an equation for conservation of wave-action in the absence of
B] = Re {B(Z,T)e ! } dissipation.
and
w(Z,T) = - 30/aT m(%,T) = 3¢/32
n.b.

Bw/3Z + mHT = 0,

~
With w = w - ku_, then since, from the dispersion relation w = ﬁ(m)

0
aa_a(zam_ z om z W
T Eﬁ_cgﬁs-cgﬁ (A.5)

from the above relation.

The energy equation (2.4) 1s

3 2.2 2 3 ~ a“:o 2, 2 2

3 (OS]~ 52 (ol 3 moP2 ~ - o G2 +a®)[0l? (a6)
As be.cote define the wave-action

A= (x? 4+ m’)ld}]’/&‘: = c;A = - njyl?

Substituting this into (2.6} and noting that each term is 0(T) then

au
BT {Au) + o {c Aw} + chk —a— = ~g Am (A7)
But using (A.5) and the identity
a_ 3:1- ~ A
0 _ dw _ 3w _9o . _ 9% _ 23w
kA O g < g 32
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Fundamental %o dynamical meteorclogy is the equation for comservation of Since, also,

potential vorticizy,(} » In its most general form Ertel's theorem {see eg N = A(p, F)
Pedlosky) states -hat TA = %_—A W + %{& *p
1. Ifflis a conserved scalar (ie dA/dk=0) @ (Vpr9p) VA =0 . (VoxVp).dA =0
2, A=A(Qai’) or fluid is barotropic (1o VexVp=0 ) > 4L
3. HNo fric:zion ax ie the absolute circulation is conserved on A= A

then Now consider a small area SA (moving with the fluid) on A:Ao

Q=¢" W VA

L A ‘AcBo T is the unit normal

is conserved, ie d_Q fdk=0. Q. is callea potentinl vorticity, with (U= V"&n l

kS SA-n.-sa

the absolute vorticity. Here the subscript " o " denotes an absolute {inertial)
p

frame of reference. If (W= VxL_J_L is vorticity in a frame rotating with
engular velocity JI , W= +2J1 .

- and a small c¢ylinder with mass SM =f’ SA S'{ with ends lying on two _A surfaces.
Sketch proof

Since \VA\: SA/SL
Y Gw = p SA SN /1VA)

There is a very close relationship between Ertel's theorem, and Kelvin's

circulation theorem, as outlined below.

Suppose i terial surface (i f hich follo fixed set
ppo Alsama ial s ie a surface whie wa a fixed se ‘e ‘SA = ‘%‘IVAI EM/SA

) Kelvin's circulation theorem for the small area states that
3= A

oh * (w..nSA) = 0O £ (dp.nsA)
a2ty

of fluid elements)

b
Kelvin's circulation theorem (see eg Holton, ) states that
dn 5

L S W YA Smy L _
o7 Upxdd .-JVQ"VF|O\_9 . e di(_?__ ‘3:/&) (YA 019AL)

2A A *
where rm is the {absolute) circulation g But Smand SA are constants of the motion, by construction, hence required
! result ie
L= waxdd = [ o dp (by Stekes’ Haorem) CL(@.L.VA)zo
-9 - -— Ar— —-—
2A A Ai Q

Now since M/OH:—'O then A’.Ao is a material surface, Let A C._A_o s0 that d\_ﬂ

is paratlel to VA . For dynamical meteorology, most important application is when A = potenr'.al
0oL
temperature, 8 » For adiabatic flow Ae /At' G where e= T ('—r;_' )

where K ig the ratic of specific heats.

20




Can see qualitatively how Rossby waves are forced by topograrhy. For large

scale atmospheric motions
P we V6 x o (%+f) %

( §= vertical component of &J , J( = vertical component of Z.B = for further
comments about scaling, see below)

o b <

@,
- @
— e,..
%
02 @&
cytiommt
v.r'hub

y“hc‘ﬁ'y e’

. ¢
hawat
Tctecy

Suppose go.m’ =0

Since ( (i_i )“’

(%‘ez.)na, (JC*X)LL‘< cho.’

ie s the column of air acquires anticyclonic relative vorticity as it moves over

the mountain, a.mk moves south

37

40
Since ( 3—: )gc_' ( E )a..a."

then fcc_’ + gcc.’ f%’

But :,Cw <Fpor s0 Beee 70

cyclenic vorticity and moves back to its original latitude.

ie the column of air acquires

Hence the gradient Qﬁ Jc with latitude acts as a reatoring force for air

parcels. The concept of the Rossby waves is based on this idea.

An analytic model of this effect can be made using the quasi-geostrophic

scaling to the Ertel potential vorticity equations. We choose the following sacalest

1. A horizontal length scale L = 10% m.

2. A horizontal velocity U - 10me?.

3. A vertical depth J = 10" Me

4, A time scale U/L (equal to the advective time).
Also :f‘ - w07 st
9 =10 ms™?
Qe = 107 m {radiuvs of earth}

= BRT”IOE' m° &t
So Re = U/«fL =10t

(speed of sodnd squared)
Rossby number {ratio of inertial to Coriolis
acceleration)

-2

-3
8 = /L 10 aspect ratio

P~

¢ = LYo, =10
MoZ (/)

Suggest scaling according to

1077

1. motions slow compared with speed of sound Mo <<
» -
2. thén atmosphere S <
e slow motions compared with planetary time scale and small scale compared

Qo((l, §<<[

To lowest order in this scaling, the vertical momentum equation gives the hydrostatic

with planetary J2dsiagy radw.s.

approximation and the horizontal momentum equation gives the geostrophic

approximati on,

3K
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2 EA \
¥x P at) 4
where ‘F means 'evaluated on an isobaric level' and \P is the geostrophic
stream function ‘P = ?‘/f, . ( 5’, is some constant mid-latitude
value), From this and the continumity equation we can get an estimate of vertical
velocity W, ie 3/

W = Ro |9 [

The factor R,in this expression signifies that the geostrophic wind is quasi-
non-divergent.

In order tc balance the thermodynamic equation it is necessary that the static

4o, /d=z

stability . satisfies
% = Ru % (Olf( ‘.ffb-"l obmw&juws in MIM{M&AJ
or l
12 ; CaL,t RT Adind
R: N/ - 0() (e B )
where

[ )
e = 5o (2)+ 9 (‘xl'jl_".(t) (S'V"“-’L‘-JLJ#V ()HJ

and 60 is the potential temperature pertaining to an exactly hydrostatic
atmosphere (ie one with no motion). { (\7,_ : erp (-2/H ))

With this scaling the equation for conservation of Ertel's potential vorticity

becomes, to laowest order (see Pedlosky)

g,
T = O

where

Yo fergr 3 55 )

is the gquasi-geostrophic potential vorticity. 1In this expression 2-\3 is the

relative vorticity expressed using the geostrophic wind, 'f‘a ¥ {33 is
“r
the Taylor expansion for j- in terms of the small parameter £ L/ y and

&h/t.U: = a/z)t + ‘_’_"j N 5? Using the geostrophic stream function

2= - Hla (F/looo])

26 . _L _H Yy
¢ T TURRE

™

and the hydrostatic approximation we can write the equation for conservation of

potential vorticity as

¥ . T(y,q)-0
ot

where

da. b
T(Q)E)e -

a:j D

da b
B Bcj
: 2 +Df:;'lggb—f
Vv - 3[°+F3+VLP E:;;Z NE 2

and Q.= exp (-2/+)

H s 7 km is a typical scale-height.

Example of the use of the gquasi.geostrophic potential vorticity equation -

_e_J_(_citation of orographically forced Roigby Wwavess

Consider simplest case viz linearise about uniform flow.

Write each variasble as a sum of a zonal mean + a deviation

c,b_-@kq,'
LL‘CL' \A‘
V=<‘/+V'
etc,
Here V:O s U“'u‘-o 2
80 7 b-"
b_alqu,_%.t v’{3=O
>t ¢ dx

Boundary condition for steady orographic forcing. Let L\T = height of orography

with Ny = ke xp ( ckx)
W - (,{L\T /fd\t L\k 2'()

Lo
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_ LBA%*Y‘)M Gt v

= b\’\1' /3)(.
= thuhr

Lin (Mﬁcmuc( }&fM i seakd \:\r)

at z=o in linearised form.

2028 v Stegia L]
Look for stationary wave solutions of the form { assuma - 4 vauieticn f-w Sinpia 435

gl v \T/ (2] exp (ox )

L V';q;/:”‘
in the linearised potential vorticity equation, giving ( %'-'Rlx'r"'-* %i_;_)?(%?;;
-1 . . . »
Fo 2 ((’oé__y): ¥ (R B/ T
P 2 INEREES L
Putting 2
€ - b exp (- */2n) 2)
gives 2
2 -
B8N Ryt )
Py A
where
y+ 7 /anH
It
RPe - B/& <0
_ B/ .
W O <m< ey

then vertically propagating solutions will exist ie

§ -5, axp (imz)

3)
with

. . '/2
meox M (T oK)

4)

<G
[+]

cf summer stratosphere G< 0O , no wave propagation from troposphere: winter

stratosphere, upward propagation for only low wavenumbers.

L

We can express 5 in terms of [’\r using the thermocdynamic equation together

with the boundary condition. From the thermodynamic equation (using the fact

: H o, ‘i
that from the hydrostatic relationship T= - ' te ékp/az )
. ; 2 ‘
‘ OV N ) -
AL -é* (——\P ) = — W = O
“ox \ 22 +.

From !OCWV\JAU conduhen
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Hence, the final solution is for a propagating solutien
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Generalisation for Rossby wave propagation in y and z plane with general basic

B8 4f the form

state and spherical geometry with wave so
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can show (see Palmer, 1982) that the generalisation of the dispersion relation 4)
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is the refractive index squared. Alternatively, defining a vector
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in the plane the dispersion relation can be written as’ )

(\3,2)
'_Elza(QL 5)
Q>0 :

Wave propagation only occurs if More generally we can

show that
1. F

2
2. From 5}, trajectories of E curve up the gradient of Q /S-v'\ ?L[

is parallel to the group velocity.

3. F: can e written in the form

ccosg (T, )

: car be constructed
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and is known as the Eliassen~Palm flux. In the stratosphere

from observations of satellite radiances + 100 mb geopotential height data.
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Conclusions

The most straightiorward interpretition'af the. jower spectrum
of total irradiance data is that the law-I psmodes behave like
independent. randormly excited harmonic oscillators. The damp-
ing time 7 =2 days of the multiplet subktates, inferred directly
from the line widths of the main [ = 0 modes and indirectly from
the scatter in the power of the modes, is incompatible with the
previous observation of rotationally split components. The com-
posite width of the unresclved =1 peaks in our spectrum is
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consistent with either the amount of splitting (0.75 uHz per
m-state) ¢laimed by Claverie er al, which we 1ake as an upper
bound. or with the splitting expected {rom uniforn . atation at
a rate of ~0.43 wHz. We conclude that the precise rotation rate
ol the solar interior is still an open question.
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Breaking planetary waves in the stratosphere
M. E. McIntyre’ & T. N. Palmer’

* Department of Applied Mathematics and Theoretical Physics, University of Cambridge. Cambridge CB3 9EW, UK
+ Meteorolagical Office, Bracknell, Berks RG12 2SZ, UK

Satellite-borne IR radiometers are turning the Earth’s stratosphere into one of the best available outdoor laboratories for
observing the large-scale dynamics of a rotating, heterogeneous fluid under graviry. New insight is being gained not only
into stratospheric dynamics as such, with its implications for poliutant behaviour and the ozone la yer, but also indirectly
into the dynamics of the roposphere, with its implications for weather forecasting. Similar dynamical regimes occur in
the oceans and in stellar interiors, A key development has been the construction of coarse-grain maps of the large-scale
distribution of potential voricity in the middle stratosphere. Potensial vorticity is a conservable quantity which has a
central role in the dynamical sheory, but is difficult 1o caleulate accurately from observational data. We present the first
mid-stratospheric potential vorticity maps which appear good enough to make visible the ‘breaking’ of planetary or Rossby
waves, a phenomenon ubiguitous in nature and arguably one of the most important dyramical processes affecting the

stratosphere as a whole.

THE flow in the northern wintertime stratosphere is often
thought of as consisting of an anticlockwise vortex centred on
the cold polar cap, disturbed by a pattern of ‘planetary waves',
Two examples are shown in Fig. 1a, b, which are conventional
maps showing the height of the }0-mbar isobaric surface on 17
and 27 January 1979. This surface lies in the middte strato-
sphere, at heights ranging between about 28 and 32 km. Because
there is approximate geostrophic balance between horizonial
pressure gradient and Coriolis acceleration, the air Bow is nearly
parallel 1o the height contours, as suggested by heavy arrows
in Fig. §. Velocities in the fastest parts of the stream may reach
about 75 ms™! (~90° longitude per day at 50° N). The pattern
in Fig. 1a comtains a wave-3 disturbance, consisting of three
pairs of ridges and troughs around a latitude circle, while Fig, 15
is dominated by a wave-1 disturbance, with a singie trough over
Europe. This wave-1 disturbance was observed to be nearly
stationary with respect to the Earth's surface, and had an
unusuglly large amplitude. It was the first of a sequence of events
leading several weeks later to a major sudden warming, during
which the circumpolar vortex broke up completely and tem-
peratures in the polar cap rose by tens of degrees in just a few
days.

The most prominent wave patterns at these altitudes in winter
tend to be more or less stationary and to be dominated by the
largest spatial scales, associated with waves 1 and 2 and to &
lesser extent with wave 3. As is well known. this fact is in

0015-0336/43/410593—0830] {0

qualitative agreement with the predictions of linear wave theory,
if one assumes that the primary source of the waves is in the
much denser troposphere below and involves processes tied to
large-scale geographical features, favouring the generation of
stationary waves. Linear theory predicts that those stationary
waves which have the largest horizontal scales penetrate highest.
The dynamical restoring mechanism, whereby the waves can
propagate westward relative to the stream 2nd remain stationary
on the polar vortex, depends on the existence of a cross-stream
geadient of Ertel’s potential vorticity in isentropic surfaces. Part
of this cross-stream gradient is due to the varying direction of
gravity relative to the Earth's rotation axis, the so-cailed
planetary vorticity gradient or ‘beta effect’, and there are further
important contributions dependent on the velecity profile of the
airstream. Ertel’s potential vorticity Q is defined by

Q=p""20+V%u) - Vo [§)]

where {1 is the Earth's angular velocity, u is air velocity refative
to the Earth, p is air density and # specific ¢ntropy, the gradient
of which is nearly vertical in the stratosphere because the isen-
tropic surfaces are nearty horizontal. One may equally well take
8 10 be potential temperature, or any other function of specific
entropy. The equations of motion imply that, it the motion is
adiabatic, that is, it

Dg/Di=0 2)
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res (numerically nearly the geometric alitude above sca level) of the 10-mbar isobaric surface on 17

(a} and 27 (#) January 1979, a1 00 b GMT. Contour interval is 24 decametses, Map projection is polar stereographic, The southernmost
latitude circle shown is 20°N.

then, provided also that the motion is frictionless.
DO/Di=0 3

(Ertel's theorem). D/Dr=3/ar+uw- ¥ is the rate of change seen
by 2n individual air parcel; thus, G and ¢ are constant following
the motion. For present purposes this is a qualitatively reason-
able approximation, for time seates Up to a week of so. Over
longer time scales, and in any case for quantitative work, the
effects of radiative heating or cooting would have to be included,
especially at the highest levels in the stratosphere. Equations
(2} and (3) imply that when ma-erial contours are displaced
nonthward and southward in a wavy pattern, the contours of
potential vorticity in an isentropic surface are similarly displaced.
The velocity field associated with the resulting potential vorticity
disturbance lags the displacement pattern by a quarter
wavelength, implying that the whole patiern propagates west-
ward relative to the stream, This wave propagation mechanism
was identified in 1939 by C.-G. Rossby, who recognized its
importance for large-scale fiow in the troposphere. It is an
essentially linear mechanism. Of course, equation {3) itself
applies equally weill 1o nonlinear as 1o tinear phenomena. A
time sequence of isentropic maps of Q provides not only 2 good
way of seeir_lg when and where the Rossby-wave propagation
mechanism is effective (and hence of judging the possible rele-
vance of associated theoretical concepts like group velocity,
refractive index, and so on); but also provides a very direct

insight into some of the more important consequences of non-
lineariry.

Data and approximations

C_onlnur maps of O on the 850K 1sentropie suzface in the
Northern Hemisphere, at daily intervals during January-
February 1979, were constructed at the UK Meteorological
Office. 850K is the potential temperature defined as the tem-
perature of an air parcel brought adiabatically 10 3 nominal
sea-level pressure of 1,000 mbar. The data used were 50- and
100-mbar height fields from conventionai meteorological objec-
uve analyses (NMC, Washington), together with IR Spectro-
sc.nplc rad:a_nces trom channels 25 and 26 of the prowotype

‘ratospheric Sounding Unit on bogrd the polar orbiting satellit
an_ns-N. Channels 25 and 26 rece ve radiation mainly from the
fegion abave 100 mbar, and theic weighting functions peak at

about 16and 6 mbar, respectively®. The 850 K isentropic surface
was chosen because it lies mainty between the peaks of the
weighting functions and is one of the most suitable isentropic
surfaces, in terms of signal-to-noise ratio, on which to estimate
the derivatives required for calculating Q. It is also close to the
10-mbar isobaric surface depicted in Fig. 1, and is centrally
placed for observing stratospheric planetary-wave phenomsana,

Te estimate Q, smoothed height fiekds on the 20, 10, 5, 2 and
I moar isobaric surfaces were derived from the hydrastatic
reiation and the IR radiances, using standard techriques sum-
marized in Fig. 3 of ref. 1; this is also how the maps in Fig. 1
were obtained. The 1- and 2-mbar fields were inaccurate through
failure of the third TR channel, 27, but we believe that this did
not materially affect the analysis near 10 mbar. The so-called
gradient wind approximation, which assumes geostrophic bal-
ance plus a correction allowing for the local curvature of air
parcel trajectories. was used to estimate the vertical component
¢ of the vorticity vector, V X u. on cach isobaric surface, A simple
centred-difierence formula having second-order accuracy was
used, the height fields having been interpolated onto a square
grid on a polar stereographic projection, the grid size being
about 580 km at 50° N. The pressure p on the 850 K isentropic
surface was then found ar each grid point by a cubic spline
interpolation procedure, and { was similarly mterpolated on te
that surface. ©Q was then found from equation (1), taking @ as
potential temperature relative 1o 1,000 mbar and neglecting the
small horizontal component of V8. In estimating the vertical
component 48/3z from the data. the hvdrostatic relation
aplaz =—pg was again used, giving

pladfaz = ~gadjap=—~gp~'ab/o(ln p) 4)

where 7 15 the altitude and g the acceleration due o gravity;
A8/a(In p) was estimated as the local slope of the curve defined
by the appropriate cubic spline, Al the vertical inerpolations
were carried out with respect to In p. roeghly equivalent to using
the true aititude 2. Further details are given an ref. 2.

It is emphasized that the satellite data can at best represent
smeared-out versions of the temperature and motion fiekds. The
harizontal resalution is limited. especially in the tropics, by the
number of orbits, about 14 polar orbits per day. The vertical
resolution is limited by the hali-widihs of the weighting func-
tions, just under 10 km. A fortiori, the data cannot resolve the
fine-grain structure in the # and O fields which is to be expected
for various reasons. and evidence of which has frequently been

B
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Fig. 2 Coarse-grain estimates of Ertel's potential vorticity J on the B30 K isentropic surface {near the 10-mbar isobaric surface) on 17 {a)

and 27 (b) January 1979, at 00 h GMT. The southernmost latitude circle shown is 20° N: the others are 30° N and 60° N. Map projection is

polar stereographic. For units see equation (5) onwards. Contour interval is 2 units. Values greater thar 4 units ase lightly shaded. and greatey
than 6 units heavily shaded.

seen in the stratosphere, including layers with small vertical
scales. Our neglect of the horizontal component of V6, an
approximation valid for large Richardson number, may not
apply on: the smallest scales either. Fortunately, there are reasons
for supposing that the large-scale dynamics ‘sees’ mainly a
coarse-grain, spatially averaged approximation to Q and 8,
varying on vertical and horizontal scales not much smaller than
those resolvable by the satellite data, and moreover that many
of the smaller-scale Auctuations in ¥8 and { are sufficiently
ill-correlated to be ignored, to a first approximation, in a coarse-
grain estimate of the right-hand side of equation (1) exploiting
the smoothness of the satellite weighting functions. If some such
coarse-grain approximation to @ were not dynamically mean-
ingful. numerical model simulations of the large-scale behaviour
cf the atmosphere would hardly be practicable. The particular
stratospheric wave events under discussion were, in fact, remark-
ably well simulated by a high-resolution numerical forecusting
madel’. as far as we can tel] from existing diagnostics.

We further caution that a!l scales are subject 1o ill-enderstood
systematic errors frem the algorithms used to retrieve vertical
temperature profiles from IR radiances, and to errors in the
radiances themselves'. The difficulties in estimating such errors
are well known. being partly due 10 a paucity of independent
temperature measurements by other means such as rocket
probes in a sufficient variety of conditions. A preliminary assess-
ment of their effects an Q is given in ref. 2. A full investigation
15 beyond our present resources as it would require the careful
intercarnparison of all available data, including newly available
satellite data on other quasi-conservative tracers such as ozone.
This must be left as a major problem for the future, progress
with which could eventually lead to improved data exphuitation
hased on simultaneous estimation of the distribution of tracers
and potential vorticity.

One of the main points 10 be made here, however. is that
despite the data errors, the present couarse-grain O maps exhibit
certuin qualitative features which are strikingly in accordance
with expectations from well-explored lines of theoretical reason-
ing. supported by rational analytical modeis. by numerical
experiments of various kinds, and by direct estimates of relevant
material trajectortes based on the satellite-derived wind fields.
We feel justified. therefore, in claiming that thase qualitative
features in the O fields to which we shall draw attention are
almost certainly real. and that 1o this extent the data are dynami-
cally consistent—more so. perhaps. than hitherto appreciated.

This view has received still further support from unpublished
maps of another quasi-conservative quantity, ozone mixing
ratio, recently obtained from the LIMS limb-scanning satellite
radiometer®, Daily hemispheric ozone maps on the 10-mbur
isobaric surface for the same period were shown to us by
Professor C. B, Leovy after a first version of the present paper
was circulated to colleagues and submitted for publication. This
time sequence of maps shows qualitative (¢atures which, within
herizontal resolution, strongly support our interpretation of the
@ maps. They also provide more information in the tropics,
where our estimates of Q are completely unreliable. Alf we can
safely say about the distribution of @ in the tropics is that it
must go through zero near the Equator, For reasons of dynamical
stability™®.

Linear waves versus breaking waves

Two of the 850 K potential vorticity maps are shown in Fig 2.
for 17 and 27 January 1979, the same dates as in Fig. I. It
should be remembered that they are at best coarse-grain maps.
that some of the smaller visible features may not be real, and
that the real Q fields are likely to have unresolvable fine-grain
structure. Owing to data problems in the tropies, details in the
outermost conrtours are especially 10 be distrusted wherever
they extend south of 20° N, the southernmeost latitude circle
shown. 1t is probably reasonable to think of the maps as resem-
bling a blurred view of reality seen through a pane of knobbly
glass, the size of the knobbles being of the order of many
hundreds of kilometres. and more in the subtropics owing 1o
the Jarger spacing of the satellite orbits there! 2. The yuantity
plotted is

C.’:RilH(!_lFuO {5}

inunitsof 10K m 's™', b, being a standard sea-levet pressire
taken as 1.000 mbar and H, a standard pressure scale height
taken as 6.5 km. Values greater than 6 units are picked out by
the heavy shading. To obtain a feel for the numerical values.
one may note from eguations (1), (4} and (5) that. for a given
numerical value of €2 the vertical absalule varticity compo-
nent Z, which would be realized if #8/ip were brought 10 a
standard value a8,/ap. by means of an adiabatic. frictionless,
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rearrangement of mass, satisfying equations (2} and (3), is given
by

-Q _ -H0
S Falop Aptuiap ©

Convenicntly, this equals 0.2¢ in units of 107% 5™, for example,
2.03107*5™" on the contour marked 10 (which may be com-
pared with the maximum planetary vorticity 200 =1.458x
107* 57", when —a8,/3p is taken as 32.5 K mbar~). The latter
value happens to be close to the area average of —38/3p on the
830 K isentropic surface north of 45° N on 17 January, according
to the satellite data analysis scheme, albeit about 15% too high
for the 27 January data,

Comparing Fig. 2a with Fig, 1a, we see that the main circum-
polar vortex appears to be a region of substantial cross-stream
potentiat vorticity gradients, suggesting that it is well able to
support Rossby-wave propagation. That is no more than has
been shown from previous analyses using eulerian averaging
around latitude circles, but Fig. 2o gives a better idea of the
tightness of the gradients and their instanianeous spatial distri-
bution. A large part of the overall gradient between equatorial
and polar regions seems 10 be concentrated near the edge of
the heavily shaded region, while systematic poleward gradients
are comparatively weak throughout most of the surrounding,
unshaded region. It seems unlikely that this structure is a result
of radiative heating or cooling, especially when its observed
time evolution is taken into consideration (S. B. Felsand D. L.
Hzrtmann, personal communication).

A more likely explanation will emerge from the following
discussion, and will suggest in turn that the gradients near the
edge of the heavily shaded region may, in reality, be even tighter
than they appear on the maps. Taken at face value, as they
appear in Fig. 2a. the numerical values of these gradients arc
still quite large. Expressed as isentropic gradients of Z; (locally
equivalent to isobaric gradients of *quasi-geostrophic potential
vorticity”)”, they reach values exceeding the local planetary
vorticity gradient B =201a"" cos ¢ by well over an order of
magnitude, over Canada and eastern Siberia for instance, a
being the Earth’s radius and & the Jatitude. The largest con-
tributor is the gradient of { Gradients in #8/4 In P contribute
in the same sense, as daes the planetary vorticity gradient itself,
but appear te be numerically Jess important tor the coarse-grain
Q distribution in the main vortex. (This suggests that the balance
of terms discussed by Simmons" shoutd give a good first approxi-
mation 10 the wave structure, insofar s it can be described by
linear theory.)

Outside the heavily shaded region, there are clear signs that
the dynamics is less wave-like, and indeed highly nonlinear. This
is suggested particularly strongly by Fig. 25, and also by the Q
maps tor a number of ather days, omitted for brevity. Especially
notable is the gross shape of the *4" contour in Fig. 2b, picked
out by the lighter shading and emphasized in the coloured
version on the front cover of this issue. A long tongue of high-
air seems 1o have been pulled out from the main vortex, and to
be in the process of being mixed quasi-horizontally and irrevers-
ibly into the surrounding region of weaker gradients, As we shall
see. this can be accounted for in terms of clockwise advection by
the large secondary vortex centred north-east of the Aleutian
Islands in Fig. L& Like the rest of the pattern, this Aleutian
vortex was nezrly stationary in position. although growing in
size. during the previous few days. The Aleutian vortex. it
appears, was tating its way into the potential vorticity gradient
at the edge of the main vortex, systematically reducing the area
best capable of supporting Rossby-wave propagation.

Although this erosion of the main vortex, and icreversible
mixing of its material into lower latitudes. is a highly nonlinear
process, guite outside the scape of linear wave theory, it is
familiar from various theoretical model studies. Essentially the
same process is illustrated. for instance, by the time-dependent
theory of ‘nonlinear critical lavers™:°. An example is shown in
Fig. 3. in which x corresponds to longitude west and -v (o

Fig. 3 Analytical solution from the time-dependem theory of

nonlinear eritical layers™'°, exhibiting itreversible detarmation of

material contours due to advection by a twe-diensuamal (height-
independent) *Aleutian vortex* set wp by a stationary Hosby wave
on a shear flow. An equation of the form of equation (3) holds
exactly, 5o that the contours are both mareria} sontours and con-
tours of @, or equally its two-dimensional equivalent. the vertical
component of ahsalute vorticity. The shading picks owt valves of
© imermediate between the higher and lower values (unshaded)
at botiom and at top/centre, respectively. The solution i periodic
in £ The y scale is exaggerated. Intially the contuurs he parallel
10 the x axis and represent a monosonic gradient of Q. The initial
fow is in the x direction before the waves are excited, and its
velocity is proportional to { ¥ — ¥} so that there is a ‘critice! Line',
where flow speed cquals wave phase speed, at y =y The time
elapsed is 0157 of the time for an air parcel to make one complete
trip around the centre of the vortex or “cat’s eye’.

Tatitude (see Fig. 3 legend for further detail), This solution was
obtained analytically, using the method of matched asymptotic
expansions, thus avoiding any questions about numerical reso-
lution. 11 provides a dynamically consisient mode! example of
the eflect of an indefinitely persistent *Aleutian vortex™ on a set
of material contours. coinciding with Q contours. which initiatly
lie parallel to the x direction. The model Aleutian voriex is
twisting up the contours like spaghetti on a fork. destroying the
pre-existing, overall gradient of Q. The shading in Fig, 3 empha-
sizes the fact that long, thin tongues of material. like that
suggested by Fig. 25, are produced by this advective process.
The same process has been simulated in various kinds of numeri-
cal experiment’®**, Figure 3 also illustrates the well known fact
that such advective processes tend to produce @ fields of increas-
ingly fine spatial scale, exemplifying the so-called ‘potential
enstrophy cascade’ studied in the theory of geostrophic tur-
bulence'®. This. of course, is one of the reasans thar Q i Tikely
1e vary on much finer scales thar could pessibly be resolved by
observational data.

It might still be questioned whether the tongue of high-Q air
appearing i Fig. 24 is real, since for reasons already indicated
there is little hope of shawing this directly from the dats atone,
especially in view of data limitations in the suhtropics. Still less
% there any¥ point i trying to make ditect estimates of the
advection term u- VO on the lefi-hand side of cuuution (31,
because the extra ditferentiation involved in eutioadng TOQ
would make the effect of smatl-scale errors even worse than in
Q itself. A better check is to use satellite-derived wind fields
to calculate isentropic 1rajectories. which apart from errors in
the wind fields would represent the paths of material parcels if
equation (2) were exactly sausfied. A number of such trajec-
tories were calculated, integrating backwards in time from 2
seiection of paositions within 2nd neas the rongue as it appears
in Fig. 2b. The trajectories were found to extznd back around
the growing Aleutian vortex 1o positions clase to where the
tdge of the main vortex had been on the appropriate date. For
instance, an air parcel at 177.5° W, 35° N on 27 Linuars . near
the tip of the visible tonpue. was estimated to have been over
the Arctic Ocean about 4 days earlier, around 80° N and clove
to the 4 contour at the edge of the shaded region. The trajectory
cresses the north coast of mainland Canada near Victoria Island
before swinging cut over the Pacific via northern Califarnia. In
computing this trajectory we had to correct for the error m the
gradient-wind approximation duc to strong deceloration of the
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Fig. 4 Ertel's potential vorticity as in Fig. 2, but for 6 Februery
1979. The shading refers (o same contour valves as in Fig. 2, The
small area of the main vortex sugpests that the stratosphere was
highly “preconditioned’, that is, susceptible 1o a major warming.

parcel as it came out of the main vortex'®, Another air parcel,
at 117.5° W, 35°N on 27 January, near Los Angeles, was
estimated to have passed close ta the North Pole about 2 days
earlier, well within the shaded region at the fime. Such estimates
strongly suggest that advection of high-Q air from the edge of
the main vortex could, indeed, have produced a thin tonpue
having the length, position and gross shape suggested by Fig. 25.
They suggest, moreover, that the process would have taken onty
a few days, so that equations (2} and (3) are likely to kave been
relevant despite the possible effects of radiative heating or
cooling. )

The phenomenon seen in Figs 26 and 3 is analogous, in a
very fundamental sense, to the breaking of ocean waves
approaching a beach, and it is appropriate to speak of a breaking
Rossby or planetary wave. The basic criterion for saying whether
& wave of any kind is breaking is whether marerial contours and
surfaces are being irreversibly deformed, rather than simply
undulating back and forth as is assumed in linear wave theory.
Wave breaking, in this sense, is undoubtedly a ubiquitous
phenomenon and is one of the most effective means whereby
waves in naturally occurring flows can cause systematic redistri-
bution not oaly of potential vorticity, but alse of pollutanzs,
angular momentum and other quantities of interest, Other sig-
nificant examples include (1) the breaking, in the upper tropa-
sphere. of packets of Rossby waves radiated vpwards znd
equatorwards by occluding tropospheric depressions’ ™' (vital
to the global potential-vorticity and anguiar momentum bal-
ances. but less accessible to direct abservation than the present
example because the spatial scales ate smaller), and (2) the
breaking of upward-propagating internal gravity waves in the
mesosphere, revealed by noctilucent cloud patterns and by
modern radar techniques, and now believed on good evidence
to be the key to an old enigma about the global angular momen-
tum balance at altitudes above 50 km (see, for example, ref. 20).
Unlike poteatial vorticity and material tracers. momentum and
angular momentum can be transTerred between, and not mereily
within, the sites of wave generation and wave breaking. General
theories of wave, mean-fiow interaction imply that the distinc-
tion between breaking and non-breaking waves—defined, as
here, in terms of irreversibility or reversibility of the deformation
of material contours-—is fundamental to all the aforementionad
processes®!. The distinction scems 1o be more fundamental, for
nstance, than questions of detail such as whether local
instabilities have any role in deforming the material contours,
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or whether or not the breaking can be associated with a ‘critical
layer’ as in Fig. 3.

Although the data resclution can hardiy be expected to be
good enough to reveal wave breaking events of smalier scale
than that in Fig. 25, we may note in passing that there is more
than 2 hint of such an event (as seen through *knobbly glass')
in the Z-shaped contour, labelled 2 units, near the bottom of
Fig, 2a. Despite the severe data problems in this region, the
feature is broadly consistent with advection by the observed
velocity field during the previous few days. Perhaps more sig-
nificantly, however, the theoretical considerations mentioned
earlier show that the ooeurrence of such breaking is more or
less inevitable in any case, given a few long-accepted observa-
tional facts. At most altitudes in the stratosphere, the eulerian-
mean flow d around latitude circles usually vanishes in at least
some part of the tropics or subtropics, as seen in a frame of
reference moving longitudinally with the waves of latgest ampli-
tude. The waves are often nearly stationary, or maoving stowly
castwards {as happens to be the case for the wave-3 disturbance
seen in Fig. 1a), whereas & goes from large castward values in
the winter hemisphere to large westward values in the summer
hemisphere. The kincmatics of the situation implies the existence
of secendary vorlices, in the waves' [rame of reference, some-
where in the tropics or subtropics, which for realistic wave
amplitudes and durations are capable af twisting up material
contours irreversibly in the manner illustrated by the analytical
solution in Fig. 3.

We therefore conclude (1} that the region of weak potential
vorticity gradients surrounding the main vortex is effectively a
gigantic ‘surf zone’, in some part of which planetary waves are
breaking most if not all the time, and {2) that the resulting
quasi-horizontal mixing is a likely cxplanation of why the
gradients in this zone are observed 1o be weak.

Encroachment of the surf zone

The analogy between the region surrounding the main strato-
spheric vortex and the surf 20ne on an ocean beach appears to
be both fundamental and useful, but like any other partial
analogy it should not be pushed 100 far. Two differences hay
be important. First, theoretical evidence has accamulated sug-
Besting, pechaps surprisingly, that the stratospheric surf zone
may be a fairly good Rosshy-wave reflector in at least some of
the conditions of interest (ref. I} and refs therein). This is quite
unlike an ordinary ocean beach, which is a good wave absorber.
Second, whereas ocear beaches are mare or kess fixed in position,
the stratospheric surf zone can encroach polewards whenever
erosion of the main vortex is strong enough.

Figure 4, showing ¢ for 16 February 1979, seems to be an
excellent illustration of this last point. The reduction in the
heavily shaded area is unmistakable when Fig. 4 is compared
with Fig. 2a. Indeed, the heavily shaded area in Fig. 4 is perhaps
more appropriately compared with the lightly shaded area in
Fig. 2a, 1l we define the area of the main vortex by referznce
to the owter edge of the region of tight gradients. We consider
erosion due (¢ wave breaking to be the most plausible explana-
tion. It can simultancously explain the reduction in the arca of
the main vortex, the corresponding broadening of the surround-
mg zone of weak gradients, and the persistently tight gradients
marking the interface between them {apparent in alf the avail-
able O maps for the period}. Gradients as tight as this, or even
tighter, are characteristic of the sharp interface between a well
mixed and a less mixed region when there is an overall gradient
of some quasi-conservable guantity across the two regions. The
phenomenon is familiar in several contexts, and has often been
demonstrated in small-scale laboratory experiments??, The idea
that vigorous quasi-horizontal mixing was occurring outside the
main vortex seems consistent not only with Figs 15 and 25 but
also with the entire sequence of daily Q maps for late January
and eatly February. Most of these maps show clear signs of
large-amplitude wave breaking, on a scale which seems ample
te account for the observed broadening and encroachment of
what we have called the surf zone.

I



Fig. 5 Ertel’s potential vorticity as in Fig. 2. but for 23 February
1979, showing the eflect of the suxequent major warming.

Additional supporting evidence comes from the LIMS ozone
maps shown to us by Professor Leovy. They show what seems
to be the same main-voriex, surf-zone siructure, evolving in
time in the same way. Lrosion br wave breaking can easily
explain this structurs and evolutior because. like @, the ozone
mixing ratio is a quasi-conservatrve quantity in the middie
stratnsphere, approximately satisfv ng an equation of the form
of equation (3) over time scales of the order of days, Alternative
explanations in terms of diabatic or photochemical gffects seem
less likely to be successful because. although such processes
cannot be expected to be negligible over the whole period in
question, thete is no obvious reason that they should affect
ozone in the same way as ),

Resonance, preconditioning, sudden warmings

The abovementicned differcnces between the stratospheric surf
zone and an ordinary beach may be significant for various
reasons, one of which is the much-discussed possibility'® that
the main vortex may behave like a resonant cavity, If so. changes
in its area induced by wave breaking coutd provide a robust znd
effective mechanism for the nonlinzar self-tuning or detuning
of the cavity. In 2 recent theoretical study, Piumb® has pointed
out that an approach to resonance via nonlinear self-tuning (that
is. ‘topographic nstability’)* can explain not only the growth
of stationary wave-1 amplitude. but alsa the simultaneous slow-
ing down of a weaker, westward-travelling wave-1 component
in the height field, such as was obs:rved to precede the large-
amplitude wave-1 event of Fig. 14%*"®, Whilst the idea of a
self-tuning resonant cavity fits clossly with such observations,
other explanations of the apparent travelling-wave behaviour
are also possible, and the very interesting theoretical questions
thus raised have vet to be scttled dzfinitively.

Another sipnificant aspeer is the ‘preconditioning” of the
stratosphere to make it susceptible to the occurrence of a inajor
sudden warming. From the present viewpaint, it seems aatural
1o regard major warmings as wave events which break up the
main vortex completely, advecting low potential vorticity air
over the Pole along with ozone anc other tracers. The accom-
panying descent of air parcels, due 1o the adjustments which
maintain approxitate geostrophic and hydrostatic balance,
causes adjabatic compression, and hence the large polar tem-
perature rises giving such events tieir customary name. This
notion of a major warming as invclving complete breakdown
of the main vortex does not guite coincide with the definition
currently adopted by the Worlg M:1eorological Organization,
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but seems closer to dynamical fundamentals and is consistent,
moreover, with views long held by some synaptic meteorol-
ogisis””. The idea that some kind of preconditioning process
precedes a nmjor warming goes back to the remarks by Quiroz,
Miller and Nagatani in 1975 {sec, for example, ref. 11 and refs
therein}, and! it & now widely beficved that such an idea is needed
to explain mamy of the observed facts, including the fact that
major warmimgs do not occur mote often,

Preconditieming has often been thought of in terms of changes
in the eulerizm-rmean state of the stratosphere, defined by taking

. averages araumd latitude circles. But it now seems evident that

& much more fundamental and practically useful measure of
preconditionimy would be in terms of the reduction in the area
of the main palar vortex, or degree of encroachment of the
stratospheric surf zone. The advantage of fixing attention on
the areu ~f the main vortex is that it eliminates from consider-
ation the Jarge but purely temporary dynamical eflects, on the
eulerian meam a1 high latitudes, of transient, reversible disturb-
ances to the main vortex, such as bodily migrations towards or
away [rom tize pole accompanied by littie or no wave breaking.
Instead, it fixes attention on the more permanent, irreversible
dynamical eflects, in which potential vorticity is being drastically
rearranged rather than simply being moved back and forth.

We predica that unususlly small values of the area A of the
main vortex, as it appears on daily stratospheric potential-
vorticity maps. will be found to be characteristic of the conditions
observed just before major warmings, The smaller the value of
A, the smaller the region best capable of supporting Rossby-
wave propagation. Small values of A may thus give rise to a
facusing effect. tending to concenirate any subsequent wave
disturbance irto a smailer and less massive region than usual (a
tinear mode! of the disturbance structure again mvolving Sim-
mons” approxmate balance of terms®). Evidence suggesting the
importance of this focusing effect in the events leading to a
major warmimg can de found both in the observational data and
in numerical skmulations'. An objective definition of A which
could be usechto mvestipate its day-by-day behaviour is progosed
inref. 16,

Experimest in stratospheric dynamics

When the area of the main vortex is as small as Fig, 4 suggests
it was on 16 February 1979 the preconditioning process is far
advanced. acrording 1o our hypothesis, and a subsequent maior
warming very likely. In this case s major warming did occur,
several days Bater. This warming was of exceptional interest for
two reasons. The first was that the wave event precipitating it
appeared tohe unusuaily simple in form, with wave 2 dominating
the eddy Auxes which measure the upward propagation of wave
activity frorm the troposphere. Very large wave-2 amplitudes
developed. sphirting the main vortex cleanly in half in the course
of a few gays. The resulting coarse-grain potential vorticity
distribution us indicated in Fig. 3, the map for 23 February. The
unusual wealemess of wave | during the splitting process provided
direct evidemce that large wave-1 amplitudes are not essential
to that process*",

The second Teason that this particular warming was especially
interesting was the fact that it did not cccur sooner, On the
basis of past case studies, one might well have expected a major
warming to- have occurred by mid-Febraary®®. In this case,
hawever, the preconditioning process was unusually well separ-
ated 10 time from the warming itself. These circumstances, the
lateness of the warming and the unusually simple wave structure
when it did occur, combined to make it one of the most useful
‘controlled experiments’ in stratospheric dynamics ever per-
formed by the real atmosphere. This has already been taken
advantape o m computer simulations which have successfully
‘repeated’ whe experiment, and also varied its conditions in
several different ways*?*, The possibilities of such numerical
expetiments are still far from being exhausted.

Mest of the othes major warmings observed during the past
two decades involved large-amplitude. complicated-looking
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mixtures of waves 1, 2 and higher. However, drawing on what
has been Jearned from the case of January-February 1979, we
may anticipate that much of this apparent complexity will dis-
appear as s00n as attention is focused on the main vortex as
the dynamica! centre of things, cather than on any analysis tied
to latitude circtes, such as the conventional Fourier analysis of
the height and temperature fields into separate wavenumbers.
For instance, in the celshrated major warming of January 1977,
the main vortex split in much the same way as in February 1979,
the only difference being that it happened 10 be diselaccd well
away from the Pole at the time, over Baffin Istand® Only the
Fourier analysis was complicated, not, it seems, the physical
phenomenon, Regarded as a wave-2 disturbance reiative 10 the
displaced main vortex™, rather than relative 1o latitude circles,
the observed phenomenon appears remarkably similar 1o that
of February 1979. Indeed, the whole sequence of events leading
to the warming, and no doubt those leading to other major
warmirigs, can probably be viewed in essentially the same simple
way as above, the main difference being that the preconditioning
process {erosion of the main vortex) may not be well separated
in time from the subsequent major warming. We await with
interest the potential vorticity maps which will hkelp to confirm
or disprove these suggestions.

Conclusion

Our understanding of large-scale dynamical and eddy transport
processes in the atmosphere would be greatly improved if daily
isentropic maps of Ertel's potential vorticity €2 were to become
available un a routine basis, For example, they would increase
our ability to judge the relevance of nemerical model experi-
ments and of theoretical concepts such as "wave propagation’.
‘instability”, *critical layers” and so on. The abave examples from
the middle stratosphere seem sufficient to show that the effort
would be worthwhile, despite the impossibility of resolving the
finest scales in the potential vorticity patterns.

The coarse-grain (F maps presented here used nothing maore
than standard data-processing techniques applied to routinely-
available meteorological data, but besides sharpening our
insights into stratospheric dynamics in general, they have already
suggested some specific, testable hypotheses. One such
hypothesis is that large-scale wave breaking, leading to erosion
of the main circumpolar vortex, will be found to be characteristic
of the circumstances leading to major stratospheric warmings.
The existence of long, thin tongues of material coming off the
edge of the main vortex, a process which we believe we are
seeing for the first time in Fig. 26 albeit in a blurred and distorted
form, may soon be independently verifiable in this and other
cases by means of data now becoming available from the newest
satellite radiometers. An additional check may come {rom Q
maps and air-parcel trajectories derived from high-resolution
numerical simulations. For_instance, the latest numerical
forecasting models have [ar better horizontal resalution than
data from polar-orbiting satellites, and should be able to rep-
resent a feature like the long tongue in Fig. 2k in considerable
detail.

The prediction that A, the area of the main vortex on a given
day, will be found to decrease systematically during the buildup
to a major warming, should be 1estable even with data whose
horizontal resolution is toe coarse to show wave-breaking
details. For this purpose the only demand on the data is that
ar objective measure of A be feasible'®, based on the anticipated
tightness of isentropic gradients of Q near the edge of the main
voriex. If time series of daily values of A, on some convenient
isentropic surface, could be obtained from long, homogeneous
runs of data, then other possibilities would be opened up. Such
time series should be very effective as indicators of the general
state of the stratosphere during a succession of winters. They
represent a good combination of simplicity and finesse, since
the use of daily estimates of A aveids the loss of infermation
incurred by taking eulerian space or time means. Time series
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of A might substantially aid curreat attempts 1o correlate the
interannual varizbility of the winter stratosphere with other
long-term variations such as the quasi-biennial oscillation in the
tropical stratosphere, or El Nifo und the Southern Oscillation
in the troposphere.

Assuming that our findings are confirmed, they also have
implications for the next generation of stratospheric tracer trans-
port models, with which the possible effects of pollutants on the
ozon¢ laver will be studied. Short of attempting to simulate the
three-dimensiona!_motion of the entire troposphere, strato-
sphere and above''. some success has already been achicved
with “two-dimensional’ models in which the materiat transports
are represented by means of eulerian eddy fluxes relative 10
latizude circles. A number of significant suggestions for improv-
ing models of this kind have recently been made™™"®, and the
observational picture now emerging should be a usefui input to
such modelling efforts. Indeed. it suggests that the most efficient
two-dimensional modelling strategy might, in fact, be ta aban-
den altogether the description tied 10 latitude circles, and instead
to partition each isentropic fayer in the stratosphere into several
regions on the basis of the coarse-grain distribution of O—say,
a8 main vortex, a surrounding surf zone. and other regions
representing the tropics and the summer hemisphere. From a
theoretical point.of view, this would amount to a low-resolution
‘moditied lagrangian-mean description™” of the stratosphere.
The mass of each region would change with time according to
observational estimates of erosion rates, in competition with the
rate of replenishment of potential vorticity by diabatic processes
such as IR cooling in the polar night. The detailed implementa-
tion of such a model has yet 10 be worked out.

For the troposphere, the best hope of cbtaining the nceded
Q maps may be to use dynamically consistent ‘data’ derived
from high-resolution numerical weather forecasting models and
analysis schemes. rather ihan making any attempt to use raw
observational data. We may anticipate that Q maps produced
as part of the daily numerical forecasting operation will prove
valuable in the routine assessment of the forecasts themselves.
since they make the model dynamics highly visible. For instance.
evidence now becoming available suggests that such maps will
lead to immediate insights into the formation and muintenance
of the mid-latitude *blocking’ situations which lead to anomaltous
spells of weather (B. ). Hoskins, G. J. Shutts, personal communi-
cation, see also refs 38, 39). They would also make it easicr to
see what dynamical instability mechanisms are likely to be
operating in a given locality. Another promising area concerns
the interaction between middle latitudes and the subtropics. one
aspect of which is the refiectivity of the subtropics to the packets
of Ressby waves radiated upwards and equatarwards by acclud-
ing mid-latitude depressions’”™'®. The theory of nonlinear
critical layers suggests that this reflectivity, whose cffects could
be important for medium-range weather forecasting, will be
dependent from day to day on the distribution of & on isentropic
surfaces in the high troposphere equatorward of the subtropical
jet. where the waves may be expected to break.

A longer versicn of this article, with more figures and a more
complete bibliography, is to appear as ref. 16. An extensive
bibliography and background discussion may also be found in
a recent review article by one of us'!.
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Note added in proof: For related work on larpe-scale ocean
dynamics, see ref. 40.
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Inhibition of RNA cleavage but not
polyadenylation by a point mutation
in mRNA 3’ consensus sequence AAUAAA

Craig Montell’, Eric F. Fisher’, Marvin H. Caruthers’ & Arnold J. Berk"

* Department of Microbiology and Molecular Biology Institute, University of California, Los Angeles. California 90024, USA
t Department of Chemistry, University of Colorado, Campus Box 215, Boulder, Colorade 80309, USA

A single U G transversion in the 3' consensus sequence AAUAAA of the adenovirus early region 1A gene was
corstructed and the effect of this mutation on processing of the 3’ end of the nuclear early region 1A RNAs was analysed.
The results demonstrate that the intact AAUAAA is nof required for RNA polyadenylation but is required for the cleavage

step preceding polyadenylation to occur efficiently.

THE AAUAAA hexanucleotide and closely related sequences
are the only primary structures common to the 3' ends of
mRNAs in higher eukaryotes, excluding histone mRNAs'
Betause most non-histone mRNAs are polyadenylated, this
ohservation led to the supgestion'? that AAUAAA is part of
a recognition signal required for proper processing and poly-
adenylation of eukaryotic mRNAs, This was confirmed by Fit-
zgerald and Shenk®, who showed that in a Simian virus 40
(SV40) mutant, deletion of the entire AAUAAA sequence
shifted polyadenylation to just downstream from the next most
proximal AAUAAA. The mechanism of polyadenylation in
higher eukaryotes has not been established. However, it has
beea shown that in the synthesis of Eapovavirus“’.
adenovirus®™* and several cellular mRNAs*>?%, transcription
proceeds beyond the polyadenylation site of the mature message.
An endonucleolytic cleavage probably occurs in these primary
transcripts at the site of polvadenylation to generate a substrate
for a poly(A) polymerase which polymerizes adcnlvlatc residues
onto the 3" hydroxyl group of polynucleotides!®1417-21 To
explore the function of the AAUAAA sequence in the RNA
cleavage and polyadenylation steps, we constrocted a point
mutation in this hexanucleotide in an adenovirus 2 (Ad2) tran-
scription unit, E1A and analysed the effects of the mutation on
processing of the 3" ends of E1A nuclear transcripts.

The mRNAs synthesized from early region 1A (E1A) of
adenovirus 2 are typical of mRNAs in higher eukaryotes; they
are_spliced®*, and contain a ¥-terminal cap?®, noncoding
Tegions at both the $ and 3° ends and a poly(A) 1ail*®. Figure 1|
shows the sequence of the distal portion of the ¥'-untranslated
sequence encompassing the AAUAAA sequence and extending
to the previously reported polyadenylation site near nucleotide
1,630 (ref. 26), Althcuzéh some variants of this hexanucleotide
have been reported®™®, the U in the third position seems to
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be completely conserved. Therefore, we constructed an
adenovirus mutant having a TG transversion at this position
in the DNA sequence.

RNA cleavage and polyadenylation

The T in the third position of the adenovirus E1A AATAAA
sequence was changed to a G by oligonucleotide-directed
mutagenesis of an M13-E1A done® ™. The mutation was
transferred into the adenovirus genome™ to generate a mutant
virus designated Ad2pmi6l0 (pml610=point mutation at
nucleotide 1,610 in the Ad2 sequence™).

To analyse the effect of the point mutation on the processing
of the 3’ ends of the E1A nuclear RNAs (nRNAs), we prepared
nRNA from HeLs cells'? infected with either wild-type Ad2 or
Ad2pm1610. Total nRRNA was fractionated into poly(A)* and
poly{A)~ RNA {that is, poly(A) tails shorter than 15 residues)
by repeated passages over oligo{dT)—cellulose columns® and
then anatysed by the hybridization/S, nuclease method®. In
this technique the RNA is hybridized to *P-labelled DNA
probes in DNA excess, digested with §; nuclease to hydrolyse
the single-stranded RNA and DNA and the §,-protected
RNA/DNA hybrid fragments are denatured and fractionated
en polyacrylamide gels. As the hybridizations are performed in
DNA excess and proceed to near completion, the intensities of
the 5,-protected bands seen in the autcradiograms are 2 measure
of the concentration of RNA in the analyses.

Figure 2a shows the §;-protected fragments resulting from
hybridization of the Ad2 E1A nRNAs to a DNA probe 3’ erd
labelled with **P at 1,337 in the Ad2 sequence. This probe
(prebe A, Fig. 2d} is labelled near the 3' end of E1A and
continues past the E1A polyadenylation site 1o include the 5
end of the next transcription unit, E1B. The major 290-nucleo-
tide band seen in the analysis of Ad2 nRNA is protected by the
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ABSTRACT

Properties of the quasi-geastrophic Eliassen-Palm (EP) flux for planetuey scale motions are discussed,
in order to clarify how these propertics generatize from their beta-plane counterparts when no restriction
on the variation of the Cariclis parameter is imposed. These properties include Lhe relationships between
the divergence of the EP ftux and the meridional Aux of potential vorticity, und between the EP flux, group

velocity and refractive index.

1. Introduction

Use of the Eliassen-Palm (EP) flux as a diagnostic
both of wave propagation and wave, mean-flow in-
teraction has been made by a number of authors {see,
e.g., Dunkerton et al,, 1981, Edmon er al., 1980;
Palmer, 1981a). While many of the properties of the
quasi-geostrophic EP flux are straightforwardly and
unambiguously defined on a beta plane (se¢ Edmon
et al., 1980), a eumber of possible ambiguities have
appeared in the literature when it is necessary to
consider the variation A(Inf) of the Coriolis param-
eter over some path segment of an EP flux trajectory.
For planetary-scale motions these trajectories are
observed 1o extend over a considerable region of the
meridional plane, from high to low latitudes (see,
c.g., Palmer, 198]a); hence such variation may be
somewhat larger than a typical Rossby number.

In this paper we consider some of the properties
of the EP flux for these scales of motion, in particular
the relation between the EP flux divergence and the
meridional flux of eddy potential vorticity, and the
relations between the EP flux, group velocity and the
zonal mean refractive index in the WKBJ limit. This
latter diagnostic has appeared in a number of dif-
ferent forms (e.g., Buichart et al., 1982; Karoly and
Hoskins, 1982; and O'Neill and Younghlut, 1982)
as that quantity whose gradient determines the re-
fraction of group velocity paths or EP flux trajec-
tories, and it is clearly of interest to ascertain which,
if any, of these forms holds for planetary scale mo-

! Contribution No. 618, Department of Atmospheric Sciences,
University of Washington, Seattle.

* Permanent affitiation: Meteorological Office, Bracknell, Berk-
shire, England.

tions. In this paper a planetary-scale motion is for-
mally defined to be one for which Burger's (1958)
quasigeostrophic theory is appropriate. In this theory
A(lnf) is taken to be O(1).

It is found that all the beta-plane results can be
carried over though a number of subtleties arise.
Firstly, with the usual form for eddy potential vor-
ticity on the sphere {e.g., as defined in Edmon ef ai..
1980), the meridional flux of eddy potential vorticity
is not proportional to the EP flux divergence, in the
geostrophic approximation. However, a modified po-
tential vorticity can be defined with the property that
its meridiona) flux is equal to the form of the EP flux
divergence as it appears in the zonal mean momen-
tum equation, The resulting eddy potential vorticity
equation s identical to that given by Matsuno (1970,
1971).

Secondly, the quantity that exactly describes the
refraction of either group velocity paths or EP flux
trajectories for planetary-scale motion is Matsung's
index of refraction squared divided by the sine of
latitude squared. A consequence of this form of re-
fractive index is that in low latitudes, EP flux tra-
jectories should have little or no vertical component,
even if the zonal mean wind is locally westerly.

Furthermore, the equation that expresses the re-
fraction of the EP flux trajectories in the WKBJ limit
cannot easily be written in a coordinate invariant
form and there is a unique coordinate grid in the
meridional plane (which differs from a latitude,
height grid} on which EP flux trajectories are straight
lines in the absence of a gradient in refractive index.
One consequence of this is that en a standard lati-
tude, height grid it is possible for EP flux trajectories
to look curved yet not be refracted. In practice this
coordinate distortion is not important because, in
general, refraction effects will be dominant.

- —
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2. EP flux divergence and potential vorticity flux

With beta-plane geometry, the quasi-geostrophic
EP flux, F, is given in the (y-z) planc by

F= e"-”"(—w, fo 1;_8’) .

z

Overbars and primes denote zonal means and de-
partures from zonal means, The coordinate y rep-
resents northward distance, and z denotes a log-pres-
sure coordinate with constant scale height 4, Zonal
and meridional velocity are given by u and v, f is the
Coriolis parameter, equal here to a constant mid-
latitude value f,, and 8 is potential temperature.
Static stability is given by 8, where subscripts x, y
or r denote partial differentiation with respect to x,
yorz.

Defining the quasi-geostrophic eddy potential vor-
ticity fAux on the beta plane as

4
Figy = Vs — H',+fo(aj e“"”)e"’", (2.1)
then
vl

-— _ oe _
= —(uv'), + u'v) + (fo T e"""") et %’ e
5

=V.-FeiH

since on a beta plane the geostrophic wind is non-
divergent, and, from the thermal wind relationship,
v} o #,. Here x is the zonal coordinate.

In spherical geometry the EP flux becomes

F = r cosge ‘f"(fu'_u’.f Uﬁ—&‘), (22)
where » is the radius of the earth and ¢ is latitude.
With eddy potential vorticity on the spherc defined
(as in Edmon er al,, 1980) by replacing Cartesian
derivatives with spherical derivatives in (2.1), then

, 1 g
g=1 - coss {cosgu'), + f(sj e”"”) et (2.3)

where

& 13
$7$s¢ﬁ'
a4 &3
y rdp’

and A ts longitude. Substituting for the geostrophic
wind in (2.3}, then for planctary-scale motions vy
is no longer propertional to the EP fux divergence.
The reason for this is simply the fact that for such
scules the geostrophic wind is horizontally divergent,

If, on the other hand, a quantity gi,,, is defined by

T. N. PALMER

iy = Ve — Ef_(ﬂ u’),

+ f(g z""") et (2.4)

then
v o (cosefon
Vglan cos’d (cos?pu'n’), + {cose])
v f—
VU ] e _ L 5
+ (f 7, e )ze 7 fv,,
= V-F/(r cospe ") (2.5)
since (cos¢fv’), = —cosgfu, for the geostrophic

wind, and the thermal wind relationship v o #, still
holds. The quantity on the right-hand side of (2.5)
is simply the total eddy-induced forcing on the zonal
mean circulation as given by the transformed Eu-
lerian-mean zonal momentum equation in log-pres-
sure coordinates (see Palmer, 1981a)
%7 — fi* = V-F/{r cospe ™).

Here ©* is the meridional component of the residual
circulation {see Edmon et al., 1980).

The quantity g, can be considered as a modified
potential vorticity since the equation

a .4 -,
(a +u a)q’m, + g =0, (2.6)
with

. _Mﬁ,{L : } (?g -,,H) "
g, . cosai(u cos¢), y+ f 7 e :e s

is identical to the linearized potential vorticity equa-
tion used by Matsuno (1970, 1971) for studying both
planetary-wave propagation and the interaction of
planetary waves with a zonal mean flow. The dif-
ference between giuy, and ¢ is equal 10 #'din F/dy,
and arises because the meridional component of wind
which advects planetary vorticity must, by scating
arguments, include not only the geostrophic wind,
but also the isallobaric component

w=l(9+ai)-
AT ax”

(see Matsuno, 1970, Section 2; and Matsuno, 1971,
Section 3a, for details). Hence

(3+a2)a (2l nit
ot MaxfHe T g T g,
Matsuno argued that the form (2.6) was necessury
to be consistent with Lorenz's (1960) arguments on
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the encrgetics of approximate systems of eguations.
Equivalently, if (2.6) is multiplied by g{u) and zon-
ally averaged, then for linear conservative waves on
a steady zonal flow we have the local conservation
equation

Ao /ot + V-F =0, .7

where

1 .
Aus = 77 cospe g iin/d, . (2.8)

is an exactly conservable measure of local quasi-geo-
strophic planetary scale activity. In contrast, the
quantity

1 —F s
A= ircosv.te"’”q"f% )
is only an approximate conservable density. Follow-
ing the nomenclature of Edmon er of. (1980), 4,
may be referred to as the density of EP planetary

scale wave activity.
Finally, we may define a velocity

Conr = FfAun (2.9)
which, from (2.7), advects linear conservative EP
planctary scale wave activity in the meridional plane.
3. EP flax and group velocity

Consider a steady wave with zonal wavenumber
k, frequency w, and geopotential &. If ¢ is defined
by

@ = ‘xﬂﬂ RG{\PE’(-'_“)}.

then (2.6) can be written as the second-order dif-
ferential equation

( T | .
" rcospt | ay? r? cos¢
f_’i a1
Nz Tt
where N? = N(z) is the Brunt-Vaisalla frequency,
= sin’dp/cosd, » = (N/Q),

{1 is an arbitrary normalizing constant, and ¥ and
Z are coordinates defined by the transformations

dY = pdy, dZ = vdz,

which are intfoduced so that no first-order derivatives
occur in (3.1). Putting

¥ = et (3.2)

we can obtain locally wavelike (or WKBJ) solutions
to (3.1} in the form

t=1IY+mZ2, (3.3

where [, f and m1 are slowly varying functions (see
below).

14

kg,
—_——— =
} e ¥=0, (3.1)
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The dispersion retation for such a solution is, from
3.1,

w= (_"-k_ - _]fE_L) /
rcosp  rcosd
fZ kZ f:
22 e 2?2 —_—
{"’ PN Seas Vi
The compoenents of group velocity in the meridional
plane are defined in the (¥, Z) coordinate system by
dw _ 1
Cmr = I = 2,uqu,,l/{r coso‘a(pzlz + IV_Z ﬂ@’

I f: 2
*ros ——4H’N2) , (35)

Cao” = %1 = kg, mf 2/{r cosgN ?

212 fz 2l kl fz :}
= + + = :
x(‘“r TN Tty 4H2N=) (3:6)
(see, for example, Whitham, 1974). These expres-
sions may be simplified by using the equality

} . (34)

—_ 2
£ = eyt + £ e

ki H 2
+ ricosis + W) '
Now since uf = I, vm = {,, then from (2.8)
2
o= 3 o4 Loy
k2
* e T aHIN?
klgl*
2f%Aun #
klyl?
2N Ay

Hence, defining the pair {C,,", Cp,?) to transform
as a vector under a general coordinate transforma-
tion in the meridionat plane, so that

a
dy

2
} , {371
Cp' =

7
C(l) -

[

Co’ = 75 C"
dz
Co' = 4> Cies

then the group velocity in (y, z} coordinates can be

written as
_ K .
cy = T (1.8)
.kl
CF = Widny, [P (3.9)

5¢
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Finally, writing (2.2) in terms of |y| and ¢,

o1
F= Vzkﬂﬁ\’(f} o8 N fz) (3.10)
(a result which does not require { to have a locally-
plane wave form). Hence combining (3.8)-(3.10),

F = 4., Cy) . .10

If the EP flux is defined 1o transform as a vector
from (y, z) coordinates to any other coordinate sys-
tem, then (3.11) is a manifestly coordinate invariant
result, and F is always paraile! to C,,y. Furthermore,
from (2.9), Ciy = G, in the WKB limit.

From (3.7), (3.8) and (3.9), A, Gy and C,)°
do not depend on u and ». Hence, within the WKBJ
approximation, the EP flux is also parallel to the
group velocity derived from the eddy potentiat vor-
ticity equation

a 'a — [ —
(at+uax)q‘+q,v =0

For WKBIJ theory to apply, the phase function ¢
must vary rapidly in space compared with any factor
connected with the sphericity of the earth, On the
other hand, for planctary-scale waves, the slowly
varying functions {,, {, and |§| will, by definition,
have comparable variation with such spherical fac-
tors.

4. EP flux and refractive index

For simplicity consider 2 stationary wave so that
the dispersion relation (3.4) can be written in the

form
Lur-2, @1

)+ ¥

where
@ = riq,fu — K/cos’d — f2r/AH N,

is Matsuno's refractive index squared. Now there is
a unique coordinate system (%, 7) in which (4.1} is
essentially isotropic in horizontal and vertical deriv-
atives, This is given by the transformation

whence (4.1) becomes
(&Y + () = gfar?, (4.2)
O = O/sin’p.

It is important to note that the requirement that dy
and d# be exact differentials, a property which will

where

be used below, uniquely fixes this isotropic coordinate
system. Notice also that each term in (4.2} is slowly
varying, i.c., has variation comparable with the
carth’s sphericity,

The form (4.2) of the dispersion relation gives rise
to a simple yet exact relation between the curvature
of the integral curves of the EP flux {or EP fux
trajectories) and the gradient of ¢ This has been
discussed briefly in Palmer (1981b) and used as a
model diagnostic by Butchart er al. (1982); however,
in view of the importance of this relation it is worth-
while giving a mere extensive account here, empha-
sizing in particular the difficulty in expressing this
result in a coordinate invariant form.

Differentiating (4.2) with respect to 7 and 7 gives

Sl + Tl = $ &, (4.3)

t
$obor + ol = &t O {4.4)

Now defining a vector whose components in (p, )
coordinates are
P= (fys &h

then using the identity
r_n = fij )

(which, of course, only holds if dy and d7 are exact
differentials), (4.3) and (4.4) can be written as

»-vp =L vg, (45)

where V stands for the gradient operator (/7
a/af).

Now, since we have defined the EP fux to trans-
form as a vector, its components in the (¥, #) coor-
dinate system are given by

4y 1

P T — 2

Fre o= smhéll, @6
dz . |

Fre TP =cskilit.  (47)

Hence, in the (¥, 2) coordinate system (and there-
fore in all coordinate systems),

L U
F = oo kPP,

and F is paraliel to P.
Now the integral curves x{r) of P {and therefore
F) are, by definition, solutions of the equation
P = dx(t)/d: (4.8)

for some parameter ¢ along the integral curves, Sub-
stituting (4.8) into (4.5} we have
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Fra. 1. (a) Two (hypothetical} EP Aux trajectories on a (9, 7)
grit_:l, where ¢ = (1 ~ cosg) (so that dé = singud). Since the
trajectories are straight the refractive index gradient is zero. (b)
The same trajectories in (&, #) coordinates. There is no refraction,
yet the trajectorics are curvec.

a8t 2

% 1 Vo

This equation shows that { acts as a potential func-
tion, curving the trajectories x(¢} up its gradient.

Another way of seeing the rofe of (J as a potential
function is to consider the angle © that the EP flux
(or P, or G,;} makes with the horizontal in the (§,
7} coordinate system. From (4.6) and (4.7)

tan® = {74,
The rate of change of © with respect to'the parameter
t is given by
- (as-s)]
y 2 o [HE _ %y 2

sec’Q dr 4 & a & (fp) s
which, rearranging and using (4.5) becomes

40 1

e T
@ GG ety (49)
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If we write

V@ = (vgy + j(VO),
where i and j are unit vectors parallel and perpen-
dicular to P respectively, then (4.9) can be written

as
1 _ (VoY
dt 8P’

IP1? = (5P + (&)

Eq. (4.10) makes it clear that the integral curves
of F, P, or C, are refracted by the component of
the gradient of J normal o these curves. For com-
parison, the form of refractive index used by Karoly
and Hoskins (1982) is equal to {? cos®¢, and the form
used by O"Neill and Youngblut (1982) is essentially
equal to Q. Both of these forms are only approximate
for planstary-scale motions. For example, Karoly
and Hoskins define a Mercator coordinate y* such
that dy* = sec dy, and a vertical coordinate z* such
that dz* = N secg/fdz. In terms of (3%, z*), (4.1)
becomes

(4.10)

where

(G + (32) = @ cos’¢/r 2

However, the analysis following (4.1) fails if it is
applied to the above equation because

fyore # Lompm s

ie, dz% is not an exact differential [alternatively,
there is no function z%(y, ) satisfying dz* = N sec¢/
fdz). The effect of allowing full variation of f is
iltustrated in Fig, 2 of Karoly and Hoskins {1982),
Reference to that figure shows that ray paths cal-
culated using full variation of § are more strongly
refracted in low latitudes than if f is held at a con-
stant midlatitude value. This is consistent with the
rapid growth of i/sin’¢ as ¢ — 0. One practical
consequence of the singularity of 1/sin’¢ at ¢ = O
is that when refractive index theory is appropriate,
EP fluxes should have little or no vertical component
in low latitudes, irrespective of the position of the
subtropical zere wind line, i.c., irrespective of whether
(2 itself becomes large in the tropics. This appears
to be borne out by observation (Palmer, 1981a).
Hence the dynamics embodied in the governing equa-
tions require that in the tropics the meridional heat
flux of forced planetary waves should be very small,

The equations (4.5) and (4.10) only strictly hold
in the (§, ) coordinate system. In practice, however,
EP fluxes are plotted on a standard latitude-height
grid (usually scaled by f§/N3, where N} is a typical
value of A), With this grid EP flux trajectories may
be curved both because the refractive index gradient
is non-zero, and, independently, because of the dis-
tortion of the grid retative to (5, ) coordinates. In
the stratosphere, where the Brunt-Vaisalla frequency

o¢
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is nearly constant, this variation is due almost en-
tirely to the effect of the variation of the Coriolis
parameter,

Fig. | illustrates the effect of this coordinate dis-
tortion. We assume that N2 is constant 50 that the
vertical scales in Fig. la and b are identical (and
arbitrary). Fig. la shows two hypothetical EP Aux
trajectories under (unlikely)} circumstances where
the gradient of { is zero. Fig. 1b shows how this
trajectory looks curved on a regular latitude-height
diagram, even though there is no refraction. In high

latitudes this curvature is not noticeable; south of -

~45°N it becomes mote noticeable. In practice,
however, variations in the low-latitude refractive in-
dex (see above) would generally be dominant over
the effects of this coordinate distortion.

The technical reason that the curvature of EP flux
trajectories is coordinate-dependent is that in (4.5)
the quantity (P - V)P does not transform as a vector
so that {4.5) is not, as writien, a coordinate invariant
equation. The machinery necessary to describe the
law of refraction of the EP flux, or group velocity,
in a2 manifestly coordinate invariant manner is well
known in other branches of physics (see, for example,
Sommerfeld, 1964) requiring the use of affine con-
nection coefficients and the associated covariant de-
Tivative.
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