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Course OQutline

1. Fundamentals
Equations of motions, continuity and energy. Rotaticn. Spherical
coordiantes. Hydrostatic equilibrium. Scaling. Isocbaric coordinates ——

natural coordinates. Geostrophic cyclestrophic and gradient flows.
Vertical motion.

{Holton, Chapters 1-3}

2. Yoredcity

Vorticity equation. Kelvin & Bjerknes circulation thecrems. Ertel
potential vorticity. Applications, Scale analysis of vorticity equation.

(Holton, Chapter 4)

3. Plsnetery boundary layer
Ekman layers and spin-down
(Holton, Chapter 5)

4. Linear wave theory

Internal gravity waves and Rossby waves, Phase speed, group velocity.
WKBJ theory. Wave, mean-flow interaction., 4 simple model of the quasi-
biennial oscillation.

(Holton, Chapter 7)

TEXT: Helton, An Introduction to Dynamic Meteorology, 2nd Edition,

Other (not necessary), Pedlosky, Geophysical Fluid Dynamics




MATHEMATICAL PRELIMINARIES

1. Stokes' Theorcn

(a)
I Beda = I v-Badv where dA = n dA, n is the outward unit normal

v ¥ on 9V

® [ ra-[agn-a
A A

where

2. 9,9, W in Cartesian and spherical coordinates (Holton, p. 369)

3. Substantial derivative

Consider some property ¢ of the fluid. Then
¥ = y(x, t) Eulerian descriptiocn
or ¢ = ¢(§, t) Lagrangian description

vhere E = E(x, t) is the position vector of each particle of the fluid.

Using the chain rule for partial derivatives

k] - Ju X
at at ax  at
E=const X=const Exconst

d D 3
i.e., -EE_'- (or-ﬁ%) -31"-+_v_- Vi

£
]

1f y=x v=

&h

Asaume pertial derivatives hold the respective Eulerian.variablan constant.
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1. Continuum
We treat geophysical fluids as conzinucus media: their properties are
agsumed to vary smoothly on the scale of interest. Om a finer sacle, the

media have molecular properties:

vir) repulsive potential

r vi1-2 %
o

7

V + r
r

[+

In air at STP there are 2.6% x 1028 moleclma(n),-} average space between molecules

1
18~ /(27 x 20°*) # n 3 x 1077 . n 20 r .

But the mean free path, A 1is

A= £ — = "(;4451'% 1077 mn 500 r (hence ideal gas behavior)
n -w{Zro)zc nmier, °

For Venus p ~ 100 p (Barth), T = 700 K ~ 7/3 T(earth)’ n % 40 n {Earth).

Mean spacing " Mean spacing(Earch) /40 ~ Gro, A(Venus) v 2 x 107% o~ 15 T,
Departures from ideal gas behavior may occur at the high surface pressures of
Venus.

For water n v 2 x 10° n{air}, Mean spacing is ~ 1.5 r and the concept of
mea;’}fee—path is no longer applicable. The molecules move as aggregates,

Liguids are not compressible, but they respond to applied stress with continuously

varying deformation., Rate of strain « stress, This is in contrast to

crystalline solids for which strain itself is proportional to Btress.
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The continuum hypothesis works because A is much smaller than the scales
of interest, and there are so many molecules in even the smallest measurement vo
that molecular statistical fluctuations are fully smoothed out for any measure-
ment (e.g., in 1 wr® of air at STP, tﬁet; are 3 x 10'¢ molec.). For this

reason, the fluid equations are applicable at the laboratory scale. But we

are concerned with geophysical macroscales. For example: radiosonde measures
& volume & km®. But it is assumed to represent a volume > 100 x 100 x 1 kn
over time 2 1/4 day. Hence all fluctuations at smaller secales are smoothed
out by the measurement analysis process.

However, there i an analog between the geophyiscal scale and the
laboratory scale. On the lab scale, tranaports of properties (mass, momentum,
energy) at scales below the measurement scale are assumed due to molecular
transport processes -- i.e., molecular diffusion, viscosity, heat conduction.
We can think of parcels of fluid in the lab which move and change shape with
the mass motion of the fluid. Properties of these parcels then change with

time as a result of processes other than the mass motion, ¢.g., radiation,

chemical reaction, and molecular transport across parcel boundaries. This is

the basic conservation prineciple of the fluid dynamics equations.
Now on the geophysical super macroscale, the same fundamental principle
applies, except that in addition to the processes which affect parcel properties

on the leb scale, we muat add: trangports across parcel boundaries due to fiuid

motions at scales smaller than the measurement scale, i.e., to geophysical

turbulence. These transports are in fact much more important than molecular

transports for geophysical flows. The difficulty is that the fluxes by
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turbulence are not well understood. Thus, in appl-ing the fluid equations
to the macroscale, we are implicitly assuming either that the turbulent eddy
transports are small, or that they can be in some way approximately characterized
in terms of large-scale processes. .

These considerations, in fact, help to specify the scale at which
measurements must be made. For terrestrial mid-latitudes the radiosonde
network works very well —- it measures at scales N 100-1000 kn above which most
the energy.lies. Examples of possible problem areas however are: the large
scale ocean circulation, the tropical atmogphere, the atmosphere of Venus.

We shall develop and apply the fluid equations to atmospheric problems,

but it is well to keep this basic limitation in mind.
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1. Continuity:  Fixed control volume, change in mass = mass flux

%Ipdv-J%%dv--fp&-;;dﬁ--!v-(pﬂ) dvé _g_%.'_v,(pg)-o

v v A v

] ]
Corollary: p %’- 5 {op) + E'(plbui), 'Ip(i,t) is any gcalar, vector, or

tensor field (substantial derivative form is equivalent to flux form).

2. Momentum: Consider a parcel of fluid. We must distinguish long
range forces, such as gravity, which act uniformly over the parcel .

and short range forces, due to molecular diffusion, which act only within

& mean free path length of the boundary of the fluid parcel. Let Pi(ﬁ) =t

stress (force/unit area) exerted by the fluid on the side of & surface
to which the normal n points, on the fluid on the side of the surface

from which fu_ points, Note that by Newton's third law Pi(ﬁ) - - Pi(—ﬁ).
We can write Pi(_xl::s) - Gijnj in terms of components, n

1

Uij = Btress temsor, ith component of stress across surface whose outward

N
y» of o,

th - o .
normal is in j coordinate direction. In general, O:I.j péij + TiJ'

Py
P=3 Ukk Pressure, Tij viscous stress, Properties of Tij'

(1) Its trace (= tk.k) =0, (ii1) les

components depend linearly on components of rate of strain temsor, du, /3x,,
=inearly 17 9%,

(A molecular interpretation of this relationship can be given for a fluid

which flows uriformly in the x-direction with a shear in the z-direction.

--------------- utu'

Fay A{
A ALy

) X A
————— u-u'

F+ ie the downward flux of x-component momentum on the surface z = Z
carried by molecules which have arrived from the surface z = 2 + Al
Similarly F+ 18 the upward flux of x-component momentum on z = E

carried by molecules which have arrived from z = z, - Al

1 Bu,, ot _ 1 L1 _ 4 Bu

F+ - %pc(u+u') - 5 pefut A az), F = 3 pec{u~u') 3 pe(u - A 3z
+ 1 — 3

New upward momentum flux = F+ -F = - 3 pch -—-a:. Hence the x-component

of stress due to this momentum flux is proportional to du/dz and the

1 -
constant of proportionality, U, is equal to 3 ped L)

(i11) It depends only on symmetric components of auilﬁxj:

Ju du

au du
1 ("4 S N - S |
eij -3 ﬁ + -a—;-:-] . (antisymmetric part, Eij 2 [ij BXJ'

corresponds to solid rotation, and there is no viscous stress in aclid

rotation}, Moat general form of Ty satisfying (1}-(iil) is:

i H =15 - H = kinemacic viscosic
Ty " 21.1(2ij -3 ekkﬁij) Pon=gech=pvi v ¥

Momentum eqn: ;E-J puidv - - J puiujnjdA + I OijnjdA + J pFidv

v A A v
£ surface bo
°2§E§§z32 flgm:ntum forces ggrcea
Du dpu aT
i i ] -2 -_ 3p + 41, ¥
S T TR P i Bl AT T~
(a) (b)
GM A _ ~ - 2
F = body force = - TEE- g*r ., g* g;(rolr) .

3
Dptional exercise: Show that BTulaxj = L.Vzni +-l§-§;;- (V-u_).

Reynolds Number, Re = ratio of term (a) to (b}, = pU¥/L: pcAU/L® = UL/cA
= UL/v >>> 1,
({for geophysical fl«
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2 1 . . ﬁr
3. Enerpy: F = gie = - 9, K-Eu . . Us
> s 3“1 3“1 R Rotating Frames: A = ACt~42) - A(E)
A —_— - — = —_— — w— | = +
KE + PE eqn: p Dt (K+¢) uy ij UU P axi 'r:[j ij + ij [ puj uiTi;‘ Q
(a} (b (c)
A
(a) = pV + u, pressure work (reversible), {b) = - pt, § 2 0 = dissipation /‘ A at times t and
rate/unit mags (irreversible), (c) = boundary work done by stress. .\Y A is a vector of t + &,
constant length
*® rate at which stress does work = S P u dA = f o, un dA =)V (0, 6u)dy oriented at an angle Y
(o rate A 1 A 134 I with respect to the axis
- - of {ts rotation.
Nj{u:l( pﬁij + Tij)}dv

Conservation of the total energy of a system (or first law of thermodynamics 24 s perpendicular to A (stnee fé.l = const)

states that the change of total thermodynamic energy of a system ie equal AA 1s perpendicular to 0 (since A rotates about )

to the net heating of the system + the rate st which work {s done on the AA 1s parallel to 2 x A

system by external forces, !Aﬂ aa
18a] = |8] stn y 20 —— = [allg] stmy - |2 x Al L Te0xA
Let e Zinternal energy/unit mass,
D D ? . . 4a Now consider a more general
pﬁ(totumergy)-pﬁ(x+¢+e)-_E(Ri+ci)+p(qn+qc) - vector B B=138
R
a - 2
+ % [~ Pu, + u:l.TijJ' . i
"ﬁ] -1 3
R:l and v:,:l are radiative and molecular conduction fluxes -2—2 de rotating 4 de
qQ, (’2 latent and chemical heating. Last term ism bounda work, : i
v i L T B PO
- 9t} snertia1 4 dt de 3
Subtract KE eqn. from total E eqn. basis 13 rotates
about axis with (dg] n
- |— +0x13
D . . gular it dt -
Poe PV ru - Te R4 o)+ o + Q)+ ps, or with o = 1/p smgular velociey 2 rot N
g
Da Dot [ - e [ - [— +fix3B
bt Phe ["Q+S ez, d2q +d -dviomeg, Wroe =

(n.b., Both observers agree on dfi/dt) n.b. Ifyis a scalsr, dg/dt is
For an ideal gas, I_e = cvﬂ, [p = RoT, o= nm, R = k/m ] .

coordinate independent.
where <, is apecific heat at constent volume, k is Boltzman's constant,

m ig the mean molecular mass.
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Du > >
Basic equations: _— . _ le +—1'V‘?+ F= --I-Vp + uvu + Hv(v.u) +F ,

bt R P - P = 3 - = :

P s P -— — —_— — —
Dp ‘u= IT, B DT _alp. g
pe ¥ PV u=0, e pr+rge~Q, or “par ~ %pe -9

A = viscous stress tensor, C.z‘ includes dissipation

Underlined terms comprise the Navier-Stokes equations. {c_=c¢_ + R) ~ 2 ~
P v We can combine g,r + Q°R into g2, thus defining the local vertical and

~ 2 1 q2p2
Rotation: Let A be any vector in a coordinate system roteting at rate Q. the local gravity, g. Note that g.r = - V¢ , Q'R = - W’c' ¢, = - 2 R,
Then the rate of change of A due to rotation alone is dAfdt = O x A, and the $. * ¢, = ¢. Surfaces of constant ¢ are slightly flattened spheroids and are

total change rate of 4, the level gurfaces. By defining g and z

da  da
5T T+ 0xaA
de, ., T =

in this way, we remove the need for further

specific consideration of centrifugal force.

where dldtr is the rate of change measured by an observer in the rotating

system, Let A = r, then

dr dr
9 "3 fexr=u +8xrx
dta ch:r =z

where r = distance from some origin. Then

d [dr dﬂa d 4 dr d-l-'l-r
E‘[EE"]' @, " ar at—*&xs] *ax [?1?‘"’9"1} ta tAxp8x@xp .
a T T T T
r.lgaldt:a can be identified with Du/Dt above. Hence
1 -
E" -E(VP+V"E‘}—3‘_r_-2§l_xgr -8x(@xx

Coriclis Centrifugal-

Force Force
where T is taken to be radially outward from the center of gravitation, so

that F = - g*g. Now @ x (@ x ) = -~ °R where R 1is radial dietance cut from

axis of rotation
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Curvilinear Coordinates

U=l +vf 4k
(i, i, f_n_) right~handed set of orthogonal
unit vectors. In terms of "spherical

coordinates (A, ¢, z)

u-g—':—-rcosq:g% n.b z=a+ z and

z << a=er and a are

ve %x - g
t de interchangeable, where a is
W= :—:- the radius of the earth, which
is taken to be apherical,

e au du , 2 dv _ » dw d-i- di d'E

E-l“;+l'—t+—k—--—t+“a+v-&?+vdt
and d..i ai . . h

i o ¥ (j_sin@-gcos )

af  of 4 .

= = = u ta s~ ¥

-é?-u—a;#-v-—--—;-"—i_j:—:_k_ } see Holton, p. 32-33

dk ak ak -

—_— = u__+v:-21+lj

dt ax Fl a= adl

J

Also . ~

fi=0cos ¢ j+Noingk Q- |

g=-sk

g, ]

V.P 3x1+ayj_+az-k-

n.b. k defined to be parallel to the direction of "effective graviry" g.

neglect any effects of the oblateness of the earth in calculating

3__2_/3:: etc.

Also let frictiomal force = ¥ 1 +% § + Tk .
T R
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E‘i_w+ﬂ--léﬁ+2f}vsm¢-29wcos¢+3-
dt a a p 9x x

d_"...w+!"_-_l§2-znusin¢+3‘
dt 2 a p By .y

2 2
d_w_y_.i.!_._.].zag_-sq-zmcoatbi-}z

"Primitive" equations of motion

{v cos ¢)+%§-D

ldp, 1 _3u,_ 1 3
pdt+acos¢3+acos¢a¢

Continuity equation in spherical coordinates

L1
cl:ndt'. & de q

Thermodynamic equation

n.b.
d _ 3, .2 ,.3,. 3 _ 3, uw 3.v
I'ﬁ‘*“a:*"w*“az 3t+lcos¢al+a

13
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1. Coriolis Force cam be though of either as the excess centrifugal force

acting on the zonal component of flow, or as a manifestation of conservation
2. Hydrostatic Equilibrium

of angular momentum for flow in the meridional plane.

Io the absence of any atmogpheric motion
(a) 1If a particle is given a zonal velocity, u, in the rotating frame, the .

centrifugal force acting on it 1is 1 ~ R
£ ;Vp+gf~0%dp/dz-—gp

u}? 29u uzﬂ
[Q + E] R= 92 R+ SR+ —— ST Define the geopotential

For motions where u << QR the excess centrifugal force 1s z

d(z) = I g d2 (= work required to raise unit mass to height z from mean

mui » - 20u ein ¢ § + 2u cos ¢ P ° sea level, MSL)
—_— AN ,
southward upward then dp = - pdd or d¢ = - RT @ fu p. {This is the hypsometric equation,)

acceleration acceleration Defi; ial -2
ne geopotential height Z = Wgn where B, = 9.80665 ms™" (average MSL value).

(b) If a particle inicrially at rest in the rotating frame is displaced Then the thickness AZ(pz,pl) between pressure levels p, and p
- 2 1
towards the equator with velocity v, conservation of angular momentum about axis ¢
rotation gives ' Py
ar? - o+ <S8 I (R + 6R)? = n+i“- B? 1+2‘SR 'i[ Tdinp = H fa {p,/p,)
R +06R, g, 1772
P2
where fu is the required gain in zomal velocity to balance angular momentum,
P P
LL’- - _ 1 1
wherel-l-a'rlgo and T = Tdinp [ d inp
%-—--293?-29\;51n¢ 8y P2 P2
SR = Sy sin¢
This thickness is proportional ro the mean temperature for a given pressure
If the particle is launched vertically with velocity w
layer. For an isothermal atmosphere H = const, and
6R = 6z cos ¢
o
Su &R _ -Z/H
Pe 20 SR - 20w cos o e p(Z) = p(0)e %/

H~ 7.8 km in the troposphere and 1s called the scale height. For an igo-

n.b. n the North. rn Hemisphere the horizontal deflection is to the right of thermal atmosphere pressure decreases exponentially with 2 by a factor e}

the pa:ticle’s velioity (Holton, p. 13). per scale heighe.
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Scaling

In this course we are concerned with finding a simplified set of equations
which adequately describe mid-latitude synoptic scale weather systeme in the
atmosphere. To do this we use a preconception of the qualitative nature of
the motions of such systems in terms of their scales and amplitudes. The

equations of motion do not dictate what scales we must choose; rather they
gulde us in deciding whether our choice of scales is consistent

We choose:
(1) A horizontal length scale L = 20% m
(2) A horizontal veloeity U = 10 ms™!

{3) A vertical depth D = 16* m (= height of rropopause and tropogpheric scale hetf
(4) A time scale U/L (equal to the advective time scale)
Also -- f, = 20 sin ¢, = 107" gt (6, ~ 45°)
v = 107% pla™!
g =10 mg™?
a=10" o
2

c? = (yRT) ~ 10% p?g—? (c = speed of sound; v = :plcv L )

S0 =~ Re = UL/v = 10'? (Molecular friction utterly negligible, In this
section we shall neglect all friction but cf, lecture 1

Ro = U/fL = 107!=0(c) (ratfo of inertial to Corlolis acceleration —-
Rossby number)

8§ = D/L =~ 10720(c?) (aspect ratio)
§=1/a - 107 up(e)
Ma? = (U/c)? = 107%=0(e*) (Mach number squared)
F= f:LzlgD = 10-1~0(g) {Froude number)
These dimensionless numbers suggest we scale the equations of motion according to:

(a) slow motions compared with the speed of sound

(b} thin atmosphere

(¢} slow motions compared with pPlanetary rotation and small scale compared
with planetary scale,

ATMOSPHERIC SCIENCES 541 v

Remeober that the total pressure {or density or tempe ature) at a point can

be thought of as the sum of the hydrostatic pressure 10{2) (the pressure field
of an atmosphere with no motfons) together with a hor zontally vaiying pressure
which is associated with the atmospheric motions

P = p lz) + p'(x,y,2,t)

o= p.(2) + p'(x,y,2,t)
T= To(z) + T'(x,y,z,t)

(5} Since the Rossby number is small, we shall assume that the horizontal
pressure gradient 1s the same order as the Coriclis scceleration (rather
than the same order as the acceleration dgh/dt)

i.e., p'fLp~ fou

2 fDUL oo 3
or p""ﬁT'RO Ma*= 0(c”)

{(6) We also assume that
Dl/po = Ro~! Ma2

We shall show that this assumption is consistent with assuming that motions
are approximately adiabatic.

We can now scale the continuity equaiton
1,1 13
pat  p p 3z

where is the horizontal velocity and Vh is the horizontal derivative, To
lowest order

Yy o (o) + {pw) = 0

L 3p' . i3 -
P ot +vh 9§1+po 3z (po') 0

If the horizontal divergence scales as U/L, then the ratio of first to second terms
equals

Ro™'Ma? U/L _ .2
—WI—:—-——- 0(e*)
and to 0e?) the continuity equation can be written as
1 3
LY cu, t o, 2z (pow) 0

1.e., w/n X un where W 1is an estimate of w.
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To the lowest order we have the geostrophic approximation (i.e., neglecting 0(g)

n.b. If the horizontal velocities tend to be non-divergent (which, as we corrections)

shall see, they do) the U/L is an overestimate of Vh . ~- hence the <
in the inequality for vertical velocity, We shall find that the horizont:

momentun equations demand that the horizontal convergence scales as Ro U/ i e+ 138 = v  sin
80 that the ratio of First te second terms in the full continuity equatio. A sin ¢ p 3x &= g ® 2
Now consider the vertical momentum equation is 0(e), rather than C + 0(£)
#(p_+p'")

dw  u?+y? 1 o 1l3p .-

e i m i - - = = 20u

I 2 @, 0 E g + 2Qu cos ¢ Xu sin ¢ pay( gsmfi’)

e, = +0 = v + Qe

Using the fact that the basic state is hydrostatic and expanding 1/(p +p') e, u u8 € v 4 €
to 0(e?) °

dv  ul4vy? 1 3p! N Note from this that since § = G(Ro),

it I '5— —P-'-az - -&&'p + 2 eos ¢ oL

-} o Vh " u Ro -
Scaling we have so that our eatimation of w cam be tightened to
f UL
- 2 - W/D = L.
,,EI..U_ UT c;) gRo™ 1Ma? £ 0 /D = Ro 1/
The geostrophic approximation is a useful diagnostic relationship but it cannot

2 determine the evolution of the motion, i.e., it is not prognostic. To have a

u N -1 - -1 e - prognostic system we must return O{g) corrections. The next order of approximation
.e. LU 1g~1 I Zp=lz-1 1
i.e., L [" 8 6 Ro™7$ Ro "Ma"F"=§ Re ] can be referred to as the 'thin atmosphere - synoptic scale' approximation.

Recognizing the improved scaling of vertical velocity demanded by the geostrophic

-1
0(ro™") approximation the thin atmosphere - synoptic scale approximation gives
_ - d 1
0(e?) 0(e) 0e™Y) 0(e~%) 0ce?) .- '5%5* v sin ¢
+ 0(?)
Hence the perturbations are to 0(8), hydrostatic, i.e., with small aspect
ratio, or in a “thin atmosphere” motions are hydrostatic. dv _ _1lap _ 20u sin ¢
dt p 3y

For completeness we note that if 0(e*) corrections are retained then we have

Now let us study the horizontal momentum equations the pure "thin atmosphere” equations

du_uveand, w13
dt s e T T ax Y Veln ¢ - 20wcosd _mviamg -~ 5524 20v sta g

+ 0(eY

%
| e |
-

[+ ¥

S8 re' R < Ro"'d] ,
Nyutang, -%%5- 20u sin ¢

v  wleang  ww_ _13p 2 oi

dt & a p oy u sic ¢ In vector notation the thin atmosphere synoptic scale equations may be written

in the form

g g 3 1 1 dv ¢ 1
. . < - - — [ —)
L[l 5 S8 Ro Ro ] Gctikxy pr

1 o) o?) oe"ly o™ where v = u_:I: + vj' ia the horizontal veloecity f =20 sin ¢
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Entropy and Potential Temperature

e, -g—: +p -g% ('1 (drop the prime on E{' for convenience)
dinl _ | dinp _ &
or cp dt R dt T

Let S(T,p) = epinT - Rinp + const = entro‘py/unit mass, Then d§/dt = 6/'!.
Writing 8 = eping + const, then § = T(ps/p) P 1s the potential temperature,
So dgng/dt = ﬁ/'l'cp. Pg 1s a (constant) reference pressure.

An atmosphere is gtatically stable, or stably stratified if 36/9z > 0,
For a neutrally stable atmosphere 36/3z = 0, i.e., dT/dz = - g/cp ~ 10 K km~l.
[Consider a parcel of air and displace it a small distance 8z without disturbing

its hydrostatic environment. The vertical acceleration of the parcel is
L R P | Ppar .. [Penv ™ %ar) _  (%par = Penv
dt  de? & Ppar o2 L Poar L 8

env
For ap adisbatic displacement potential temperature is conserved, 1i.e.,

e ™ es = const. Putting Bm_v(éz) - 8! + (dﬂenvldz)dz we have (d2/dt?)(8z) = -1

« (p

epn
where N -1/(8/62
troposphere. ]

nv) (demvldz) is the Brunt-Vaisalla frequency = 10”2 &~ ! in the

We can now scale the thermodynamic equation. Remember we scaled p'/p, as
Ro~Ma? to balance pressure gradients against Coriolis forcea. We also scaled
?'/py v p'/po. From the 1deal gas law we must have that T'/T, % RoiMa? = 0(e?).
If we put §'/g, = 0(c?) so that fnd = g, + (8'/8;) + 0(c") then to 0(e?) the
thermodynamic equation becomes

b (6'/8,) + w3 (m 9) = §/e 1 )

If we require that the equation should balance with purely adiabatic terms then
W/LY[0(e?) + w(N¥/g)(L/U)] = 0. Since W = URod = U0{c?), then a balance obtains
if N2L/g = 0(e™1), (¥ RZ A, 10" 8”2 ~ observed value) or, alternatively, 1if
dgg/dz = 0(€)(8,/D). (i.e., the basic state temperature has a vertical acale of
RoD). In terms of the Burger number B = N’“Dz/f; 1%, B = 0(2).

Equation (A) can be used to estimate vertical velocity from estimates of
diabatic heating, local horizontal velocity, the horizontal temperature field,
and the local rate of change of temperature-- betrer than con:inuil:y aee Holton v

1f é is assumed to be small, then the estimation of w from (A) is called the
adiabatic method.
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Isobaric Coordinates

By the chain rule

aF

dz

ar| _ oF|
Bxs ax%

az,
an
x

z 8

for functions F = F(x,y,z,t) 8 = a(x,y,z,t) with s a monotonic functien of z.

If F=g=p
ip_{ -- a_z‘ 3
ax 2 Jz x ax P

Divide by p and use the hydrostatic equation (ok for a thin atmosphere)
1ap| . 2 |
¢} 5:%' z Eax

iy
2V p=9v3
orpz P

39

% .
P P

and the horizontal (i.e., thin atmosphere, synoptic scale) momentum equation

ray be written as
dv

-E+ka!--vp@

where
4.8 . d8x3 ,dy 3 ,dpd 3 ., 98 .93, 3
dt at+dtax+dt3y+d:3p a:*“ax+"ay+“’ap

and v = (u,v) » horizontal velocity = u

The continuity equation can be derived by noting that the mass §M of a small

element of fluid can be written as

M = p dxdydz = - g dxdydp

i.e., M=-g ] dxdydp

v
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For a comoving volume

an 2w, dv, B
at SI[QX-"BY-FS] dxdydp

v
Since mass is conserved

é_a_w..
+ 55 0

wlw

density does not appear

n.b, '&QE 6x) = u(x + 8x) - u(dx) = uxtéx) - u@x) §x = g—-‘—"—ﬁx etc,

Sx

Thermodynamic equation

dT dp Q

p a - FT
dT
i.e., cp dt-m'ﬁ
or
3T aT 3T .
+ + - -
[ ety ay} spm Qlcp
where
s =RL _3T_ T3
P cpp ap 8 ap

which is the static stability for the iscbaric system. Unlike 38/3z,

increases exponentially with height.

The relationship berween  and w is given by
b BB gL
3z

Now

vav + O{Ro} and v
- g |

] 1
We can write %E--R—— w§£. - BPW . W= - gow [1 +f§—wg_] = - gpw{l + F)
Yo

L 3z

{remembor F = f;L’h,D = Froude number = 0{g}).

1.0
'VP'E(EXVP)'VP'O

To lowest order

22

38/ap

w= = gpw
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Wind in Natural Coordinates

Basis of unit vectors (_E_. _::::. _l;_) such that v = v£ where ¥ is the horizontal
velocity, & the path length along trajectories of v, _:'_;_ is positive to the

left of the flow direction, and _g is as before,

~

PO dt n
d-ndBPgs~x

t{s+8s) R 18 the radius of curvature of the flow.
St R is taken to be positive when the center of

curvature is in the positive i direction.

x(s)
at

v A yE E>0

= _ dv ~ — ds dv v° oA

dc EE-E v ds dt dt b+ R 2 ¢yclonic

where v = |v| 2 0. Also, fkxv~fn so
v _13p
dt P o8 thin atmosphere
12—+fv---la equaticna in R<Q
R p an natural coordinates anticyclonic
n

In N, Hemisphere

Special cases where the instantanecus fluid velocity is parallel to the isobars

{so that dv/dt = )
(a) Cyclostrophic balance v3/R = - % (fv is small here ~- applies to tornadoes,
i.e., Ro = 0(e” ).p/p e Ma?
(b) Inertial (3p/on = 0) v = - Rf (Can only be anticylonie, Inertial
oscillations have been observed in the ocean. see Holtem p. 60)

(c) Geostrophic (fRI + ) fy = - %%ﬁ- (Here there is no curvature in the ischars.
(d} Gradient wind .
2p2 7
v - 523_ . [f R? R g_R] 2

4 P 3n
For a regular low R > 0, 3p/3m <0 (+ root)

For a regular high R < 0, ap/dn < 0 and v < -fR/2 (- root)
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Thermal Wind

(d) Gradient wind (continuedy

In fsobaric coordinates

P13
ax B

There are two other 'anomalous' solutions 1
v ==
-1 £
For an ancmalous low R < 0, 3p/3n > 0 (+ root)

The hydrostatic equation 1is
For an anomalous high R < 0, 9p/dn < 0 and v > =fR/2  (+ root) 4

ad 1 RT
These anomalous highs and lows are not observed. As the wind fleld T - o - - ‘1’,‘
accelerates in response to an imposed pressure distribution a regular
high/low will result. Hence
. v
Note thac for a high £°R%/4 - R/p(3p/3n) 1s positive only if |ap/3n| < p|R|f P pr - «E—-aa—x (as/op) = - _fll_ (BT/BX)p
i.e., as R decreases 3p/3n decreases. It is for this reason that pressure .
u
3 R
gradients are weak and winds are slick near the center of a high, p T; - %w (30/ap) = T (a‘r/ay)p

The gradient wind can also be written as Vectorially we have the thermal wind equation

v v av
4y - =0 + =) = -_-R1
X v fvg vQ + ) Ve 5Tap Fk=x (VPT)
To O(Ro}  v/fR = vs/fR v = vgl(l + vslfR) = vg( 1- vg/fR + 0(e*)) For a barotropic atmosphere p = p(p), i.e., T = T(p) and 3v_/3inp = 0.

2y vs in cyclones v > vE in anticyclones. For a baroclinic atmosphere p = p(p,T), Bzglalnp 40
n.b. The curvature referred to is the curvature of the trajectories of
the fluid 1.e., the paths followed by parcels of f£luid overs finite

period of time. 1In practice R 1s often estimated by using the radius of
curvature of the isobarsz. However, the isobaras are actually streamlines
of the gradient wind (i.e., lines which are everywhere parallel to the

instantaneous wind velocity). If B is the angular direction of the wind

The difference in geostrophc wind between the top and bottom of a layer of
thickness AZ = so(tbl - @o) iy defined to be the thermal wind, v,, for that

layer. Hence

and Ry and Ry are the radil of curvature of the trajectories and streamlines v, mg Jfkxvaz) = 1 kx v -0)
respectively then ~T o' T = f 1 [}

48 1 8 _ 1 d8 _dB ds v 48 8, B _388 v

ds " R 38 R dt  ds dt " R d S5ty %R Hence the thermal wind blows parallel to the lines of congtant thickness

t 8 t b (lines of constant mean temperature),
Role of thumb: !
#ﬂ-v[i-il-} (= 0 1f and only {f R_= R ) nle o
at Rt 8 t 8 Wind backing with height = cold air is being advected by mean geostrophic wind

If a circular pressure pattern 1s advected eastward with velacity ¢, Wind veering with height = warm air is being edvected- by mean geostrophic wind

l.e,, 38/3t = —c *V8 and By = R, [1 - (|e]| cos ¥/v)] where Y 1s the angle
between ¢ and the stresmlines. See Holton, p. 67 for diagrams of the
difference this makes.

(abc: anticlockwise = backing = cold advection)

cold isotherm

33@1)
y_s('bo) ®

2]

¥

wvarm isotherm ——— o
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Vorticity

a=Vaxy

For solid body rotatlon u = § =x r $w =28 . Otherwise, consider the
- =T =-7F= —o

natural cocordinate system (i, fx_, EJ .

Ju-aa=-{ year
A dA
ARN
/ . N
\GB\\ Put dA =3k, (=w-k

fluid -

™~ :
\ k trajectories Then for the small area 6A of the

figure [8A = dc where

bc = v(ds+6n8B) ~ (v + g—:- n)és

= v &ndg - g—} Snds

E=v 3nés  9n Snds R on
curvature { shear
vorticiey wvorticit
In an inertial frame
w o=V x (u+8xr)=w+ 20
u 0 T X E 24 -
AP "'\l
relative planecary
vorticity vorticicy
Relative vorticity/planetary vorticity ~ 174 Ro .Lif Ro = O(c)} = flow has vort:

£ dominated by
planetary rot

Kinematic relationship Vew = V- @ - 0 (immediate from definitiom)

Define a vorrex filament as a line in the fluid which at each point is
parallel to the vorticity vector., A vortex tube is formed by the surface
consisting of the vortex filaments which pass through a closed curve c.

vorticicy tubes end only on the surface which
s bounds the fluid or else close on themselves

—
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= - = lut i lation = | &+ di
Define I"’:l {_tga da absolute circu {-—a ag
I' = [ w+dA = relative circulacion = f u-al c = 3A

i

<

I, T do not depend on the choice of cross sections of the vortex tube.
a

I' =T + 204 where An is the projected area of A normal to R (R = |0}
a n

Q' o~ 18(Q) - u(P) 14 = du bt

4L At + 6t) g&(:)p
(L) . _g_l'a_(t"-ﬁt)
&(t+6t)
L g = du [ u+du = I-%d ju|?2 « o (e is closed; f.e., ¢ = 3A)
[1] - c .
F nb. [VGsdl=f(VxVg)+da =0
f--Jeaxw - [Regsfsoa | e A
: € i.e., conservative body forces
@ @ @ cannot change T

where F= uv%u + % v (Vew Bjerknes circulation theorem

Similarly

dr v [

—2=-f2P.ap+ [ =+dF Kelvin's circulation theorem

dt P P =

€ c

(m.b. £, =%
Let us study the terms in the Bjerknea form of the circulation theorem
® -/ @@xwede a y

e -3

Coriclis force to the right,
produces a relative circulatio
in the anticyclonie sense,

Ie
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dA
Also, since T = T+ a4 we can write ~f(20 x u) »dt = - 20 d_tn
(subtracting Kelvin's circulaticn theorem from Bjerknes' circulation theorem},
So 1if An increases, the relative circulation decreases, i.e., as An expands
the flux of relative vorticity through A will decrease in direct proportion as

the number of planetary vorticity filaments captured by ¢ is increased.

@ -I%R.g&--jvx(%ﬁ)._dﬁgjm.g

If the surfaces of constant pressure and constant density do not ceoincide,

i.e., the fluid is barcclinic, then the 'solenoidal’ term will generate eirculatZl

O =const.
N

RN AN
N\
AN

\Fi Lighter £luid will rige more

rapidly than heavier fluid because

they both experience the same upwarr

preasure gradient force. .. The

acceleration varies as 1/p = cyclor’

heavy p = consr, “~light
circulation,

This term can also be written as

- fRT Y(In p)dl = - [ RT d(tn p) = R(T, - T}) En(poipl)
c [+
for the diagram on the left.

%\‘____p_pl

1 '1’.'-T2 {n.b., does not, without inclusion of
friction, give tealistic estimates.
ey- Holton, p. 83)

Sea breeze circulation

PPy
sea land
(cold) {(hot)
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®

f%._d_&-uj(vz!).ﬁ._\;f(vx_@.g&

b, V2 (W) =0 and ¥x (Vxu) =9Fu) ~ 7y
Consider a local Cartesian coordinate system
and supi)ose w = wﬁ, then locally

% VT x W dk = - v B dx, fee., the effect

of viscosity ie to reduce or increase the vortex tube strength encompassed by

¢ by a diffusion of vorticity down the vor:icity gradient. e.g., consider a solid

body impulsively accelerated from rest. Initially there 1s an infinite sheet

of vorticity on the surface of the body since viscesity requires that the

fluid in contact with the body has a velocity equal to that of the bedy.

Hence the initially irrotational fluid acquires vortiecity through viscous

diffusion and advection of vorticity from the viscous boundary layer (cf, thermal

conduction and thermal advection,

If the fluid is barotropic and frictionless, then
dr

-a-EE- =0 (Kelvin's theorem)

Conaider a vortex tube. The circulation around any area on the surface of
the tube is equal to zero. Consider the following 'blanket' A which initially

lies on the surface of the vortex tube, and is defined to be a material surface.

1"a is initially zero. The blanket is a material surface.
I‘a ig always zero by Kelvin's theorem, % absolute
vorticity filaments can never penetrate A. Therefore
A is always a blanket, and absolute vorticity- tubes
move with the fluid,

In the limit as the blanket shrinks down onto a vortex filament, we can infer

that vortex filaments move with the fluid.
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Consider an incompressible homogeneous inviscid fluid bounded above and below

‘f and two dimensional fluid motior

For eimplicity, suppose first of
that the vorcex filaments are
vertically aligned, Then we knot
from Kelvin's thecrem that a sma’
column of fluid which is initiall.
aligned vertically will remain
aligned vertically for all time.

Tha material tube has conserved mass and is always vertically oriented.

d d
il.e., it [pHSA] = 0. But EE-BA = ¥ Ty SA

n &
where b o= horizoatal wvelocity
i . since p = const., :—!:-i-HV-Eh- 4]
horfizontal
area

The above fluid s:ztisfies the conditions for Kelvin's theorem, i.e.,

*dA = 0 vhere we suppose that§A is a horizontal surface and

@t dA v ndA = (@t 2) -k da

sincedA 1s arbitrary eq- (ﬁ-) =0

Hence the vertical component of absolute vorticity increases as the vortex
tube 1; str:cched o the vertical, i.,e., as H increases. (cf. ice skater).

d
If H 15 constant t .en TS = 0,

ATMOSPHERIC SCIENCES 541
31

To show that in a barotropic d Cg"'f
—_ - 0
atmosphere for quasi-geostrophic flow 3¢ H

For a barotropic imnviscid fluid vorticity filaments move with the fluid.

Earlier we considered inviscid barotropic flow of variable
depth H. If the vorticity filaments of such a flow are vertically aligned
then fluid contained within a vertical column will always be contained in
& vertical column. The column cannot slant over as in the diagram,

ik

because the vorticity filaments which were initially vertically aligned
would subsequently become aligned at an angle to the vertical which, by
hypothesis, does not happen. It is this vertical alignment of a column
of fluid that is the crucial assumprion. That this is so cam be seen by
relaxing the requirement that vorticity filaments are aligned vertically but
demanding that the horizontal fluid veloeity has no vertical shear. If
the horizontal velocity has no vertical shear, then, once again a vertical
column of fluid always remains vertically oriented; the column cannot be
sheared out of the vertical. As the depth of fluid shrinks then the
herizontal cross sectlonal area of the column must expand to conserve the
mass of fluid within the column, i.e., for a small column of horizontal
cross section 84 and height H

d d Sa dH
3¢ (6am) = 0 = T T 1f p = conastant.

(Notice that if the colusn did not remain vertical, then its volume would
no longer be 6AH. This 1s why the assumption that vertical columns remain

vertical columns {5 so crucial.) Now Kelvin's theorem applies for a
barotropiec inviscid £luid

d
i.e., dt‘{gﬂ-g&-o

where A is a material surface. In particular we could choose for our
material surface a horizontal ¢ross section of our vertically oriented
column. So Kelvin's theorem becomes

d
ac @y 8 = 0

But A = k 6A, and y_-k = (z + £), hence

d
r [(g + £)6A] = O
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Notice that only the component of w, normal to 6A is important here.

Hence é%—(c + f) - jﬂ_%_{l %% = 0 using the contlnuity equation
4 [z+f
or ’ry [ N ] 0

In sumpary, if the horizontal velocity has nco shear, then the potential
vorticity (¢ + f£)/H is conserved., In particular, the geostrophic wind which
is by definitiom horizontal, has no vertical shear in a barotropic atmosphere,
8o that

g + £
é% {—31;——] =0 for quasi-geostrophic flow. (A)

It is important to notice that 1f the flow is geostrophic upwind of some
topographic ridge, then in order that the depth of the fluid decrease, or
correspondingly the cross sectional area increase there must be some
horizontal divergence of fluid. This cannot be accomplished by the geastrophic
wind. Hence in order to flow over the ridge the horizontal flow must become
at least partially ageostrophic, ot quasi-geostrophic as 1t is usually called.
This is why equation (A) is called a (barotropic) quasi-geostrophic potential
vorticity equation: the flow cannot be exactly geostrophic if it is to flow
over the ridge. On the other hand i the topographic feature was a somewhat
localized bump, then the fluid could flow around the bump rather than over it.
The fluid could then be geostrophic everywhere except in the Taylor columm
that would extend above the bump, If the density of the fluid varied with
height then the mass of the vertically aligned column could be written as

SAHP
H

I o dz

o

where E =

o=

and conservation of mass gives

:—tsa+§-i-%"tﬂ-o
B

and conservation of potential vorticity gives

;. + £
i{_a_.._}-o .
dt ﬁa

i3
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We can summarize some of our findings in the three Helmhcltz laws.
(1} Vortex lines never end in the fluid.

{(2) A fluid line which at any instant of time coincides rith a ‘7orte: line
will coincide with a vortex line forever.

(3) On a vortex of fixed identity, the ratio of the vorticity to the product
of the fluid density with the length of the line remaine constant in
time (i.e., 1f the vortex line is stretched, the vorticity increases).

Vorticity Equation

2| 4

lal?y 3 lu)?
— = 7 p1
Identity @ x u= (g-v)g-v{ 5 ]=}E+ (20 + w) xg-~~02+v{¢--2-] +

take the curl of this

dw,
etV x{u, xul .Y_Q_%‘T‘Z_E._,.Vx (#e)
Identity
Vx (AxB) =~A(VB) + (B+V)A - B(V-4A) - (A-T)3B
duy

ey -Yu - cu+ e xVp
EowcVu-w Veous o7 +V x (Fo)

This is the vorticity equation.

n.b. for a steady inviscid homogeneous fluid

uxw =2V @+ 7o [ul? - )

X870 Crocco's Theorem: The stagnation

static pressure is constant along each
pressure 4 streamline and varies between
stagﬁzzion streamlines only 1f vorticity is
pressure present.

In order to obtain a vorticity equation for the 'thin atmosphere, synoptic
scale' system we can either scale the above equation, or compute a vorticity
equation for the already scaled equations of motion, The former courae is

carried out in Professor Leovy's notes, For simplicity, I shall follow the

latter course,
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Thin atmosphere - synoptic scale vertical vorticity equation

3, %, du du_ o 13
3t+uax+v3y+"az fv 6 3% (1)
v v 3y v 13
E-Fux'l-vay"'ﬂaz*'fu -Day (ii)

In fact we could scale this equation further by neglecting wg—s- and putting

i 1 3p'

e o ryadt It i, however, illuminating to retain these terms for the

time being and scale them out later in the vorticity equation, after we have

examined their physical significance. (14 /ox -~ 3(1)/3y ang putting
§ = 3v/dx - du/dy we obtain

A N Bu,dv} fowdy 3waw . df _ 1 [op dp 3p 3
st TUOxTY gtV gpt @ DG e 4 SN A dy sz VVay * 7 1‘5‘3’% x

d
Y - cu —[22v Bwdd 1 fap3p 202
Le., de (:+f)f G+ew % [Qx dz Byé?J+pz [3:: 3y 3y 3x
df
(sinceva;-F

1st term on right = generation of vertiecal vorticity by vertex stretching

2nd term on right = generation of vertircal vorticity by the tilting of horizontal]
oriented components of varticity into the vertical by a
nonruniform vertical motion field

3rd term on right microscopic equivalent of the solenoidal term in the
circulation theorem.
=k xWp)/p? .

Scale analysis of the thip atmosphere-synoptic scale vertical vorticiry
equation, for low Rossby number.

] ] df v 3v 3w du| . 1 [3p 3p 3p 2
tu o9 [ rdw 2y, 9 cu ~[2923%_ 3w 3y 1 % 3p 9
“h Vh] STV Rty dy &+ v = [ax 3z 3y azJ -";:v2 [Bx 55 oy 5:1:_

O ®a © ®
T~ UL @m v2/L?

U u? 1 u®
@ meD'hRoé‘I?-é" '\.Roi?
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Define & coordinate y = a(¢ - ¢°) then f = fo + Boy + .... where

df 20 - -5 =
Bo "3 =G o8 ¢ Boy/fo < foL/afo L/a = & = 0(c)
¢ =4
f-f +By+ 0(£% = B-plane approximation

2 f1 2 ~
D o, L, U -1
@ muaomufo/a'\-i—r—-—u = E!-Ro §

2
@ T+HTu = @+ R -g—,- Ro

S 7 Ma~% » [Ro™'Ma?)2 - i“—:- Ro™Ma?
OO O @0 ®
R0 RN 1 Ro no“zua’]

1 [4 1 1 € €

Balance for small Rossby number is

f
2 - I
[3': +'!8] cs * Bovg - fov Eh po az("o")

v du
where Eg - (us,vg); Cs = —f - TYE since u = g_g +0(c) and [ = Cg + 0{c)

This is the quasi-geostrophic vorticity equation. It contains time derivatives

of geostrophic velocities, which are forced by the [ageostrophic|horizontal

divergence, This equation is central to much of dynamicel meteorology.

Taylor-Proudman Theorem

This is a result for small Ro which can be derived from the vorticity
equation without the prior restriction of the 'thin atmosphere' approximation
(i.e., would apply to rapidly rotating annuli),
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Suppose Ro << 1 go that g 21 and consider a steady inviscid incompressible
barotropic flow so the vorticity equation

&
ﬁ- %‘VH—%V'&+E%VB+V3(2/D)
hecomes
(22 Vu =0 . (A)

i.e., u is independent of the coordimate direction which
1s parallel to Q. For example, if a body, such as a sphere or ecylinder
is towed in a homogeneous fluid on a path perpendicular to the rotation axis,
fluid must stream arcund the object as it passes through the fiuid. If (A) is
correct the motion is strictly twe dimensional. Fluid above and below the body
must imitate the fluid parted by the body &nd allow a 'phantom body' consisting
of the fluid contained in the so-called "Taylor column’ formed by the projection
of the body along the rotation axis, to pass through the fluid as if it too
were solid.

)

Ertel's Potential Vorricity

Let us return to the full vorticity equation and derive an important result:
the (Ertel) potential vorticity equation., Consider an invigcid fluid

dw dy
—2 . . px¥ 1dp
3t at _tga'Vy_-_tgaV-E-P-—%P- i.e., aince V'E---‘;a—-t-
4 [Fe) | (M Toxe
dt {p] [D'V]_'-l'f' P (¢8]

Consider some scalar fluid property A which satisfies dj/dt = 4
Now & straightforward calculation gives

Y 4a dh “a (2)
PR VA = o 'VIET' {-p_ ]E}-VA
(you may find it easiest to verify this using indices). The scalar product
of (1) with yp gives

Cop 4 [Ha) Vox 7
weae (5] {5 o o oo {onm)
Using (2) for lst term on the RHS

wek ) B 2tk oy frxn)

P p dt p?
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1f 1} p is conserved (_\]_J_ = 0}
1i) ©No frictional forces
11i) TFluid barotropic or A= A(p,p)
then
{w+ 20

- . 7A
L P

iz conserved, i.e., dII/dt = 0
The quantity I is called the Ertel potential vorticity. There is a close

relationship between Ertel's potential vorticity theorem and Kelvin's theorem.
Remember that

Ta 4

. - VpxVp
dt dt{Ea g4 {[ ]'-.':IA

where A 15 a material surface. If A is conserved then A = const. is a materizl
surface, Hence with A lying in A = !\o say
(Vo xTp) ~dA = (VoxVp) VA =0

(since IA = (31/3p)Tp + (3M/30)%p .o, o= [ <dA =0
4

e

5'1 ' osh = |vA|6e

Q

The cylinder is an element of mass bounded by two A-surfaces, SA is an area
defined by fluid particles .% dm = pdASL is conserved. f.e., pSASA/|VA|
is conserved. Hence

w. o *n
L [———“D oAl -gﬂ -0

Now consider a smell area 8A then

t
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and since dm and A are constants following the motion, and since VA = n |VA]
we have

d YA

It [a’e pJ 0
i.e., we can derive Ertel's potential vorticiry thecrem in terms of Kelvin's
theorem for a special (A = AO) contour,

Examples of potential vorticity

(i) Two dimensional horizontal flow w = dz/dt = 0, i.e., put A = z and
Ertel becomes

é% (T+f)=0 {c.f., Kelvin)

(11) Incowmpressible homogeneous two dimengional flow (e¢f., p. 5 of vorticity not

d [z'hn] .

ac [T R

This states that during the stretching or contraction of each columm of
fluid, the relative position of a fluid element in the column is unchanged.
Je put A = (z - hg}/H and Ertels pv becomes

d ;+f}
EZ[H 0

(111) Adiabatic fiow do/dt = O0,1,e., put A = 9

(c.f., Kelvin)

d [=a
at |3 VB] 0
{1iv) Quasi-geostrophic adiabatic flow. i.e., scale (i1i) for lowest non-trivial
order in Ro.
First of all remember that 4 _ d + w2
dt dr az
U U
v i 0(e) b
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Second
W (= g} = av/dx - dufdy ~ U/L
w® = 3w/dy - Bv/dz ~ U/D
W = 3u/3z - Jw/ax ~ U/D

But to lowest order

B
z z U o
w 88/3z v w deoldz % 0(g) T
* 36/ax ~ u® 20" /ax n Z 80, !f:'.(i'_)mg(ez)ﬂa_o
w x pL DT G D

Similarly
8
¥ 2, U _ o 3
w’ 38/3y ~ 0(e?) T Vo) £8 /0
Hence, to lowest order we can neglect the horizontal vorticity components
in calculating potential vorticity: even though w* can be two order larger than

w® (in a barocclinic atmosphere), 30/3x 1s three orders smaller than 30/3z.
It was for this reason we wrote

i (L + £196/3¢
pﬂ

when considering the qualitative effect of flow over a mountain,
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g0 that

d8
1 z 38"
I = -= ‘ + 9 L
5 (w £+ By) P + fo oz

o J + 0

] ]
[otor, ¢, o] o2 £,0e2) 2

(since 8'/90 ~ 0(e*)) and Ertel's pv equation is

d dg £ f dB
h |1 —o 4 038 Qe o .
dt |:p° (cg + By) az ey az] tw 9z [po dz] ¢ @

vhere 7 has been replaced by its geostrophic value cg'

d, £ de ds [}

h -
ln.b. W) 7 &&F =0, un o~ 0le) 5 (1) the term
0
fo d&o El ) 090
- -p—‘;-a-z— o ~ 0(ed) pon and ., does not appear to 0(g2) .]

If we now use the scaled thermodynamic equation

dh dﬁo
— t —
a v o0 g
to substitute for 6’ we have (using the commutivity of -&—2 and sa—z-; see appendix)

dh 1 a0 £ 3 de f do
hil of..0 9 o B - ) -
dt [po (cg"' BY)TZ"] Po 3z [w dz] tw oz [po dz] 0

£
tee., -=d -
¢ dat cg + ng Po Bz (pow) ¢

which is identical to the quasi-geostrophic vorticity equation obtalned by
scaling the full vorticity equation. Alternatively, if we substitute for
v in (@ from the thermodynamic equation we have

o [—1-— (c, + By) %?:—] +i F‘iﬁ'] B[%? a [de"ldzﬂ -0

d |p de {p, 3z ~ dc {dB [z 3z [ p,
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multiplying by Py and rearranging

d 48 d dé /dz [}
h ol , h ag’ o "~ 3 o -
at [(Cg + By) dz] * 3 |:fo [Bz + o, az {dao/dZ} ¢ H ¢

a a0 f de e 8"
h 0 ‘o_ o .§. L -
i.e., at [(Cg + By) ki Po dz 9z [deoldz]] °

Finally, dividing by dBoldz we have the comservation of quasi-geostrophic
potential vorticity

]
[at +\_rs V] q=0
where
[, 8
= (g, +8y) + 5 v [po deofdz]

This equation ranks as one of the most important in the dynamical theory of

mid~latitude synoptic scale metions.
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Appendix
Differentiating (1} and using the hydrostatic relationship we have
When we substituted for 6' in the Ertel potential vorticity equation from 8 d
the scaled thermodyanmic equation (page 12) we had to use the fact that 1l "o __ 8, _ 1 Po
' 6 dz Yp p,. dz
2 th . i 387 [ o [
dz | dt dr | 3z which, rearranging, gives
Writing L. 1 _ 1 1 deo _ 1 dpo
a0’ , YP, gp, 8, 4z gpl dz
- L1 +v v 8"
dt 3t —-g b Substituting for li\rp° in (2) gives
we gee that this implies that e __p 1 dao _ 2 dpo _p'
) F)
av Bo gpo Bo dz gpo dz Pe
&, [
3z Vh& 0

Using the fact that thin atmosphere motions are hydrostatic

1f we had been working in iscbaric coordinates then 8' . _ 3" l.‘m._° ) _E.:_iEP_ 13 . pt ‘dﬂ_o Ll (P_u) -
EXE.V o' = o eo g, Bo dz gpg dz Bp, H &, eo dz B3z pg
ap P Now since
immediately since dﬂo
ve' - Fﬁ]wcp v T R
P P p

the ratio of first to second terms on the right hand side of €3) is 0(g),
i.e., to lowest order

and
v ~ ;M 3 '
i - R 3 ' 5 ™3 (P'/p 8) (4)
» fpkx (1) 8 32 °
In height coordinates some analysis is required. Using the identity Now since
dv
-1 - ‘ —£ .1 2 {p"
in B 3 np-inop (v = cp/cv) 3z fo E x Vh {az [po
then then we have the desired result, i.e.,
' -t ' - ' av 1
ga{B (1 +8'/6 )} T dp 1+t e} - a0 {p (1 +p'/p )} T_za"’h [g_] -0
o
To lowest order Notice also that from equation (4)
1
ﬂ.neD-Yjano-R.npo (1) e'.e°f°§&
To the next ordasr g 3z
at 1 E_'. o' where ¢ is the geostrophic streamfunction. Using this the quasi-geostrophic
o - (2) potential vorricity can be written as
o YP, #, o3 {Poqy & %%
- 2 L4 J e ? - —9
q By + ¥V + P, 3z {Nz 32} [N Bo dz]

s0 that the equation for conservarion of potential vorticity can be written in
terms of one dependent wvariable.
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The equivalent B-effect

The quasi-geostrophic vorticity equation for a homogeneous fluid of depth H
(e.g., fluid in & rotating annulus) is

=59
If

H= Do + hB

where Dyis a constant and hB << DD then

b [z + £ hy
@[S a-P) -

A~

In a rotating annulus Q = £ & l.e,, £ = Eo; there 18 no f-effect., Rowever,

E3

since r << £ for ilow Rossby number,
d fh T "'_

VORTICITY AND ITS APPLICATIONS

Dlrse 2B,
dt o D° (x} Applications of vorticity concepts to the atmosphere
to lowest order. a 114 to keep upper (a) Vortex stretching in flow over large-scale mountain barriers:
$_ surface horizontal
If y = distance from the outer
wall, then
liquid 11quid b,
H=D - —y
H D [ a
°
l' and, with hD << Do' hB - - hoy/a and
_-:.- . ]
/ h £
o h
) , a GHi+ 22y w0 adiabatic flow with (w + 20) » V8 ~ n :—2
o
C——a—> C— 3
Hence the sloping bottom provides an effective B (1.e., linearly varying Suppase there is nearly uniform flow over the barrier in the layer between

Coriolis parameter) with 8 surfaces 8, and 8, (ez > Bl). Then the column of air aa' shrinks vertically
BEff - foho/ano as it moves to bb', with the result that 7N must decrease, This can be

and Rossby waves can be generated in the annulys, accomplished by anticyclonic curvature developing at bb' so that N becomes

negative there. At cc', the column has expanded again, so that the original
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vorticity is restored. However, because of moving anticyclonically at bb',
the column now is at a lower latitude, and hence has a smaller (positive)
value of £. The result is that { must assume a significant positive

value so that ([ + f)cc' = (L + f)aa' ~ féa" and to do this the flow

asgumes a positive curvature (see plan view below).

N
£, =f
aa o = E
G = 0) - ]~ anticyclonic
o curvature
R} \_/

L= fo ~f

Mountain Barrier Fi- cyclonic curvature

These factors tend to produce ridges over and to windward of large ranges

and a lee-side trough.

(b) Downstream waves - Rossby waves ~ In the example above n = (£ + f)

is conserved for 2-dimensional barotropic flow over flat terrain,

by
Dt

"

4 oL 3 -
8,;+uax+v3§;+vs 0 (3.26)

vwhere § £ df/dy, and we neglect terms of order L/a. Consistent with this,
we also assume B = const. = 20 cos ¢°/a at some mean latitude ¢°. {These

assumptions comprise the mid-latitude B-plane approx.). For the assumptions,

47
Vh -: - E% + 3 - 0, and the flow can be represented by means of a streap
Frp: fon
U= - %% , v - %% . : - ; x Vhw
Then
= %% - gf-- 2y, (3.27)
and {3.26) becomes
= 0 + 30,0 +8 L .o (3.28)
where
J-%&-:}, 73 -%%vw .

Suppose p = -~ Uy + " = - Uy + {A cos (kx - wt) * cos Ly} representing a

zonal flow with superposed traveling cosine wave. Nate that

JW,9%) = Ulk(k® + 2%) sin (kx - wt) cos fy], the terms J(W', V% ') vanishing
identically because the lines of constant P! and Vzw' superpose. Hence

solutions exist for

o - KUJ(K* + %) + k8B = 0, or e Zwk=0U-8/(k?+2%) |, (3.29)

Such wave solutions are Rossby waves. Notice that for the special assumptions

{B-plene, simple waves) the linear solution 18 the solution to the non-linear

problem. Rossby waves propagate only westward with respect to the flow.
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Stationary waves having ¢ = 0, k® = %Qi = B/U may exist, and can be expected
dovnwind of ranges producing a dis:ur:ance with wave-length component Lx'
The propagation mechanism for Rossby waves is as follows: a parcel
displaced poleward from its original latiiude which conservee n = f + f
will have to develeop negative {, or anticyclonie curvature to compensate
the increase of f with latitude. If the parcel is traveling eastward with
respect to the disturbance pattern associated with displacement, it curves
equatorward. In other words it returns to its original latitude, then
overshoots. The parcel then finde itself too far equatorward and has to
recurve poleward to conserve n. The process then repeats, the parcel
oscillating about its equilibrium latitude. The process works only 1if the
parcel is moving eastward with respect to the disturbance pattern (1.,e,, the

wave pattern)

£>F, £ <0 £>F, £<0 N(y)
=ty _ 7 _a___ T _:fv t=0 ;‘_f>(
t=0 o

£<E>0

arrows indicate motion of parcel with respect to wave pattern. When the
parcel moves toward the west with respect to the wave, it cannot balance f '

departures (f ¥ T) with § departures (z ¥ 0),
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For west to east flow over large N-3 aligned topography, stationary Rossby
waves can produce lee Rossby wave trains. Such trains are rot produced in
E W flow over topography. The wave response of flow to ste¢ady zonal winds

over tropography is much stronger in westerlies than in easterlies.

(e) Yorticity production by heating —- Heating in the lower troposphere

tends to produce vertical motion in the mid-troposphere, and hence vertical
stretching of vortex lines. This tends to increase vorticity despite the
fact that potential vorticity is not comserved. This allows latent heat

realease in incipient storms to contribute to storm development.

Active comma cloud system
viewed from above and right.
a,b,c represent stretching of
vertical column as it moves
toward cloud center. This

is only one factor which may

contribute to development.
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(d) Use of the Barctropic worticity eqnm. Eqn. (3.26) 1is sometimes

useful in forecasting mid-tropospheric flow where other terms in (3.21) are
sometimes small. The vorticity distribution consists of & large component
of planetary vorticity whose contours are latitude ¢ircles and a small

component of relative vorticity.

Q On this N. Hemisphere view, the thin
parallel lines are f-countours (latitudes).
The dashed lines represent the { field of
synoptic systems. The heavy solid lines

are contours of | = § + f,

The contours of N are advected by the flow and evolution of the Yy field is
predicted by eqn. (3.28) sincen = f + V). The evolution involves simple

advection and a tendency for wave dispersion according to (3.29).

(e) Vertical velocity and vorticity - We show later that the dominant

- -
terms in (3.21) are Dn/Dt and th- u, = fvh- w, since f >> { normally.
Consider a steady flow with a small amplitude wave superposed. Let the flow

relative to the wave be U, and the downstream coordinate x. Then the vorticity
eqn. is approximately
LN {3.30)
ax e

Then 1f U %% increases with height, as it generally does with cold troughs,

divergence (- Vh -:h) must also increase with height to produce compensating
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decrease of vorticity with height needed to maintain the steady wave pattern,
If divergence increases with height (large above and small below) the, by
continuity, pw must be positive through the region of increasing (- Vh ';h).
This follows from LA .;h 5 - %‘%ﬁ?ﬁ We have the rule of thumb: upward
motion is assoclated with increase of positive vorticity advection upward, or,
since vorticity advection tends to be small in the lower troposphere, simply
with positive vorticity advection asloft. MNote that for positive vertical
wind shear (from the west), and a vertically coherent wave pattern U %2
tends to be positive shead of the trough at upper levels, negative ahead of
the trough at low lavels.

Vertical velocity is also related to horizontal temperature advection.
For adiabatic motion, flow is along 6 surfaces. Where the flow is along an

upward sloping B surface, w > 0. Since B increases upward, this occurs

where warm advection is occuring Iin coordinates moving with the local @-pattern,

3ind
i.e.: U ax + w (v;lg) = 0 in adiabatic flow with assumptions analogous
to those In (3.30). Hence when U 3%22 < 0 {(warm advection), v > 0, and

conversely. The pattern of vertical velocity with mid-latitude storms

can be interpreted in terms of these twe factors,
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The Planetary Boundary Layer (Holton, chapter 5)

We have neglected the effect of molecular viscosity in the synop! ic-scale
thin atmosphere equations of motion because the Reynolds iumber was s¢ large.
Near the ground however transport of heat and momentum by turbulent ecdies
may have an appreciable influence on motions throughout the so-called planetary
boundary layer (= the lowest kilometer of the atmosphere). For a statically
stable atmosphere the lowest few meters of the boundary layer are known as
the surface layer, where the characteristic scale of the turbulent eddies is
observed to grow linearly with the distance above the ground. The region from
the top of the surface layer to the top of the boundary layer is called the
Ekman layer in which the characteristic scale of the turbulent eddies is
obgerved to be nearly constant with height, These eddies are generated primarily by
dynamical instability due to vertical shears of the wind near the ground.

In the (incompressible) Navier-Stokes equations the effect of molecular
transport of momentum was written as uv’g, Hence for atmospheric boundary layer
flow the simplest assumption we could make is that in the Ekman layer geophysical
eddies can be parameterized in exactly the same way, and instead of a molecular
viscosity v we have & so-called eddy viscosity coefficient k., However, this is )
perhaps an oversimplification. The basic anisotropy of 1large scale systems betwe
the horizontal and vertical scales of the flow suggest that the mixing of '

large-scale momentum in the two directions cannot be expected to be the same.
Hence we define two coefficlents Ky and Ky called the horizontal and vertical
eddy viscosity coefficlents respectively. Using these coefficients we would
express the forcing by the eddies as

¥ (uy 9w} 3%u)
Ky [—5;3— + ns;r—] + Ky -
The Operator< is a suitable time average which will be defined to have
the property that if we write x -<x>+ x' then x') « 0. 1i.e., writing
t+AL/2
1
)= 2 ] X de
t-At/2
then over periods of time short compared with the natural tise scales of the
synoptic scale flow, (x) is time independent. Whether it is really posaible to
find averaging times iomg enough for this condition to hold whilst being short

enough compared with the natural time scales of the large scale is problematic.
We assume here that it is possible,

Using this decomposition in the thin atmosphere synoptic scale x component
monentum equation we have

[S?F+ {u) +u") 53;-» (OERS) -.%—+ () + w7 —%] (u) + u")

. 1 oalpy 1 ap!
e - 2EDda

(Remember that here p' is a turbulent eddy pressure.)
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Averaging this equation gives
3{u) 3uw) 3(u) 3} ¥p) 3
RS A E SSOTET - R s

3 9
@D L ey
with a similar equation for a(v>lat (and we assume, for silmplicity, that the

average fluctuation velocities are non-divergent (the boundary layer depth
is small compared with a scale-height). If we define the Reynolda stress tensor

Tiy = ofuju 1)

then our parameterization hypothesis is that

Tax = 20 Ky 3(u)/ox
Ty Ky Xv}lay

T,e ™20 ky (/02

= T ay
3<u> 3<w
Txz ™ Tyy * p[‘vTi-KH ax

a(v) 3<w)]

Tyz " Tay T "["v_a;"‘”n"sr

o |

3(v} 3(1.1)]

yz zy

which, apart from the anisotropic eddy viscosity coefficients, is completely
equivalent to the parameterization of molecular transport (stress ¢ to rate
of strain). In the following, however, we shall suppose that the flow is

horizontally homogeneous and PUt Ky = K, Because the eddies have a constant

8ize in the Ekman layer we assume ik = constant, For convenience we shall also
drop the bracket ( ) .

Including the effect of eddy viscosity in the thin atmosphere synoptic
acale gquations we have

du/dt = fv = - %%ﬁ- + k 3%u/faz?

--13p 2 z
dv/dt + fu 53 + Kk 3°v/3z

For small Roasby number the Coriolis acceleration is much larger than the
inercial acceler :tion so that

- fv=-fvs K Bzulazz + fu = f.ug + Kk 3%y /az?
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or, combining these equations

2
P Cht L) RPN 16 (e, +1v )

az?

For a barotropic atmosphere a particular solution of this equation is

(where 1 = =1}

u+tdiveu +iv
|4 g

Let us suppose that the flow is oriented such that v = 0, then for a
barotropic atmosphere g

1 ]
(a+1v) = & expl(1£/) #2) + B expl-(1/c) 22] + ay
vhere A and B are constants of integration. As boundary conditions we
require that far from the ground the flow becomes geostrophic, which can
only be accomplished if A = 0; and that, for simplicity, u = v = 0 at
z=0, {,e., B = - us. Hence

(u+ iv) = - uz exp[-(if/nc)llzz.] + ug

Since
(1£/x) = {(1 + 1)y}?

1
where y = (fIZic)lz. then the solution can be written as
u= ug(l - ¢ 7% cog ya) v = ug(e-Yz‘ sin yz)

which 18 known as the Ekman spiral.

z=1ly (see Holton p. 109)

When yz = %, v = 0 and u is glightly greater than u . Thie ig designated
the top of the boundary layer solution, i.e., the dBpth, De, of Ekman layer
is taken to be

De = nfy .
Putting De = 10% m, k n 5 m? ™1,

For molecular viscosity v v ch where ¢ was a typical (rms) molecular
speed, and A was a mean free path. For a geophysical eddy let us define an
analogous quantity L', the mixing length, which is the vertical distance a
parcel of fluid will carry the mean horizontal veloecity of its level of origin.
Furthermore we shall suppose that a horizental eddy velocity u' = - g! (a(u)/az).
For a neutrally stable atmocphere (1.¢., no buoyancy forces) we wouid expect w v u'



ATMOSPHERIC SCIENCES 541

Hence if we put

Kow'th v en)? _Qaa:

then with 3(u)/3z = 52 s~! Im™!, ¢ = § g2 sT', 2' = 30 m. This length is
indeed small compared with the depth of the boundary layer as it should be
if the mixing length, and eddy viscosity are to be useful contepts.

If, instead of the simple boundary condition {u + iv) =0 at z = 0 (top of
surface layer) we put
u+1v-coem at z =0

i.e., at the top of the surface layer the wind has magnitude C, and is oriented
at an angle o relative to the isobars, then the general solution becomes

6+ iy (Coeiu _ ug) e-(1+i)Yz + ug )

We can determine the constant Co by requiring that the top of the surface layer
match smoothly to the bottom of the Ekman layer. In the surface layer the wind

increases in strength with height, but does not change direction, i.e., in the
surface layer

3 8 .oaldu_ wdv_ o . 10u_1av sed ,
E(v) 0*\?31 v 3z 0%uaz v 3z t.e., (utiv) C'rz(u'i-iv,

where C depends only on height. Hence, to match the Ekman layer to the surface
layer we require that at z = 0 (bottom of Ekman Iayer)
(u+1v)-a-a—a;(u+:lv)

r’s ~

where € is the value of C at the top of the surface layer, i.e., € i8 a real cons
Substituting (A) into the above boundary condition and equating real and
imaginary parts we have

-~
Co cos g = YC[CD(s:ln o - cos o) + ug]
Co sin g = YC[—(Co(sin o+ cos a) + ug]
which gives (divide one equation by the other)
Co - us(cos a - gin &)
Substituting for this In (A) and taking real and imaginary parte

us= “8[1 ~ T etn o e % con(yz - g + -:.1)]

veu T ainge 12 sin(‘yz—u-!—%)

which gives the nodified Ekman spiral. The parameter o (surface wind angle)
along with x, can be chosen to give the best fit to observations. (see Holton, p.
Note in the Ekman layer the relative . § p

direction of the three forces, i,e,, the P -

flow is cross-ischaric towards low pressure. 7’ ffluid trajecto:-
It turns out that the Ekman layer wind profile ia -
generally unstable for a neutrally buoyant

atmosphere, though the vertically integrated . - xuy
horizontal mass transport in the boundary layer is - =
still directed toward lower pressure,
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Secondary circulation and spin-down

We have assumed v, = 0 so that the v component of wind ir €Toss isoba ‘ic.
Hence mass flow towards lower pressure integrated over ti - deptna of te
Ekman layer 1s for a column of unit width

De
M= J pvdz
o
From the continuity equation (with w = 0 at z = 0)
De
- 2 (ou) + 2 (ov)| dz
9x ay

o

(wp)

z=De -

Substituting for the Ekman gpiral solution we obtained in the previous lecture

De
I ouse-ﬂ'sze sin (mz/De) dz (3ug/ax = O when A 0)

o

3
(wD)z-De = - -3?

Hence the vertical flux at the top of the boumdary layer iz equal to the
horizontal convergence -IM/3y of mass in the boundary layer,

Since
= - 3u /3

Cs g y .

then neglecting any variation of p in the boundary layer, and putting 1 + e = 1
*h

Yoo ™ cg(ml:f)
(ege, 1£%107° 577, wn 107! cm 571). 1In this way the effect of friction
in the boungaty layer is communicated directly to the free atmosphere through
a forced gecondary circulation rather than indirectly by the slow process of
viscous diffusion (cf., the decay of circulation created when a cup of tea is

stirred). See Holton p. 1l4.

For a homogeneous fluld of depth H we showed that the potential vorticity
(£ + £)/H vas conserved for two dimensional flow, i.e,,

laH
Gz~ %y

For { << f and df/dy = 0 (i.e., ignore the B-effect), we can integrate
this equation from z = H to z = De to give *

d ow
&+ 0 (C*’f)g

d
ng He- ), 0
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where we have set w = 0 at z = H, Using the Ekman layer value (w)z_DE

e | _ £ % - 2y
Tl (/2f} 2 ¢ = - (fcf2m PR 4

i,e., y
L= L(0) exp {-(fc/20%) 2 ¢}

1
The time Ta = (28%/fk) 2 is the time it takes a barotropic vortex of height H
to spin-down to e~! of its original value. For a midlatitude synoptic scale
disturbance this time is on the order of a few days, which is much shorter
than the time scale for diffusion (H2/x) which 1is ~ 100 days.

than the environmental air, Hence the secondary flow will quickly spin-down
the vorticity at the top of the Ekman layer without appreciably affecting
the higher levels. Ultimately there will result a baroclinic vortex with a
vertical shear of azimuthal velocity just strong enough to bring ¢ to zero at
the top of the boundary layer, implying a radial temperature gradient by the
thermal wind relationship; this is brought about by the adiabatic cooling of
the air forced out of the Ekmanp layer. (Holten, p. 115)

For the quasi-geostrophic barotropic‘vorticlty equation
4.z
Blg N -
ac * vgBo Py 3z (pow)
multiplying by Po, integrating from z = LCP to z = De, and using the fact
that Lz and Vg are independent of z, then

top d.c
[oo dz ["—Ear. + vgﬂo] = - fpawfz_ne (w]z_t = 0)
op
De
But P
to
[ ? podz = & J > dp, = Foe since p_ 2> p
o 2 © -3 De top
be Prop
4.z fp
.% %t&d-v .30 = RTDe.-L"’z-De- -ELWI =De
& pe Ppe z

1
- - 2
where B RTDe/g. Hence dhcg/d: + VEBO cg(xf/ZH ).

Putting ¢ = - 1y + ey', where ¢ is the geostrophic streamfunction, U is
3 constant and Y' depends only on x, then ro 0{e)

1/ ]/
S g [ee )" ary dyt 1 (xe)®ay g
Vo * B g 20 axz T Gty En ax g v-o

which is an equation for a damped harmonic oscillator with damping length UH (2
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Waves

1. Mean flows, perturbations, and wave, mean-flow interaction

n he average of
Let J be any fluid variable and define § to be elther t

Yy around E circle of constant latitude, or the average of along a horizontal
Cartesian coordinare directilon {according the problem in question). We
can define ' to be the difference between § and Y, {.e.,

b=y ' (1
Suppose § satisfies the equation

djp/de = F .

Using (1) this can be written as
= Y F @) V@A) = Farr @

1f we apply the overbar operator on this equation and note that for any
quancity X

|51

- - — 3 - o
X=X (l.e., X'=10) -y X, W=¢9x

Qr

t
then we have the mean equation
%‘f+3-vﬁ+m’f=? (3)
Subtracting (3) from (2) we have the deviarion equation
%%'+§-v¢-+5'-v$+g'-vw'-g'-wwr' (4)
Now suppose that all deviation variables are small compared with their
meaned counterparts (e.g., §' << §), then we can Introduce a small parameter
€ << 1 and, for example, expand ¢ and §' in powers of & 1.e.,
V=9 m W, + .. (5)
U=, teh et v,
| - f 2 (6)
v ey + ey
with gimilar expansions for u and F.

Retaining terms only of 0(l)}, the mean equation, (3), is

3y
O LT LUl % 7
ETIE AR

and both sides of the deviation equation are equal to zero.
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Retaining terms up to O{e) and subtracting (7), the mean equation is
W -

1 — — - -_— —
Tt Tty W - ®
and the deviation equation (4) is
w _ , o
— - 1 ' - 1
Gt TVt W = Fy ¢

Notice that this equation is linear in the deviatjon variables. It is often
called a linearized perturbation equation. When this equation admits wavelike
solutions it is called a linearized wave equation. Sclutions of this equatiom
will depend on the O(l) mean state.

Retaining terms up to 0(c?), and subtracting {7) and (8), the mean equation is
352 5 -9l +o.YD. + 5 VD ST e F
et iyt W, Y u W o W) by Wy - F,

The most important feature of this equation for our purposes is that to o(e?)
the linearized perturbations can, through the term u; « V{3, react back and alter

the mean flow., If the linearized perturbation equation yilelds wavelike solutions.

then the process of these waves both being influenced by the mean state, and
inflvencing the mean state ies often referred to as wave, mean-flow interaction.
We shall not be concerned with the O(e?) deviation equations.

2. Representation of the perturbation variables

In a bounded domain of length L (in the x-direction, say) the perturbation
variables can be written as a Fourier series of =inusoidal components.

v Z (¥ (m) cos X 4y (n) atn X .

n=1

Since

gin 200X

BinL L

dx = % §{n,m)

(2212
° N,

2mnx

cos —— cos dx = % &(n,m)

(a1 [=]

Q ——
[

"l

sin =1 cos 21‘% dx = 0 for all n,m

B
Q ey
g
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(where $(n,m) = 0 if n ¥ m; =1 if n = m). Then

L
-l ' 2mx
¥, (n) L] V' osin =7 dx
(]
L
2 2mhx
‘[’c(n) --1-:[ Y' cos L dx,
o

Another useful way of writing a Fourier series is in the complex form
o
e

n=om

2ninx/L
e
n

Since §' is real we must have that ‘l‘_n = ‘1’"{, where * denotes the complex conjugate.
It {5 easily shown that

‘Pc(n) - 2Re(‘l‘n) ?!(n) - -21m(‘¥n)

Note that for two perturbation variables ' end ¢', then if the overbar is
defined as the average from L to O,
L =

¥'¢' = %I Z (¥_(n) cos ZTX + Ta(n) ain 21:“‘ )

o n=0

21mmx 2mmx
x Z (Qctn) cos =T + Qs(n) Bin = )
w0

- %—}: (¥ (@)8_(n) + ¥ ()8 (m)) = Z 0,

n=0 ne—=

using the orthonormal relations for sin and cos. When the bounded domain is
the latitude circle 0 £ A < 21, then L = 27na cos 4 and x = a) cos ¢, S0 that

v - z (¥ () cos (KA) + ¥, (k) sin KA) = E y
k=1 o

and k is called the zonal wavenumber.



ATMOSPHERIC SCIENCES 541 61

{In an unbounded domain, the corresponding Fourier integral representation
applies
(== (=]
Y - [ vk e gk, v = 311;{ Ve

—x )

X ax L)

1f the overbar represents an average ovsr X, s0 that all 0(l) variables ar:
independent of x, then the ‘elementary' form wkef will be a solution of the lin.
ized perturbation equation 1if the 0(1) mean flow is independent of time
there will be solutions taking the form wkei kx ~wt}, 1f the linearized
perturbation equation can be satisfied with real k and w then ‘eri(kx‘w':) is
a wave solution which oseillates at a frequency w(k), determined by a linearized
differential equation such as (9),
For example, consider a baretropic fluid and put u = EA +;p£, v = v, where )
is the zonal everage. If u, is independent of y so that L, = 0 then on the
B-plane the linearized barotrople guasi-geostrophic vorticity egquation is

3 U
[3%+E°53;] Ry 4 s;:—- 0
where ¥ 1s the geostrophic streamfunction., Putting wi - Re{?keikx}
[% + 1150] (-k’wk) + 4kBY, = 0
or
a, _ ,
5t + 1k(uo - B/k )‘l‘k =0
If ;; is also independent of time, then Wk ;(kxe_:r: where Ak is independent

of y,x,t. wlk) = kuo - ¥B/k? for waves Ake The equation

w = w(k) is the dispersiomequation (sometimes called the frequency equation).

3. Phase speed and group speed —- The quantity ¢ = kx - wt is the wave
phase. It is constant at points moving with phase speed ¢ = w/k, since
o = 00x,t), 86 = dbx + 0,58, 6, = 3/3x, b, = 3¢/3t, (dx/dr)
and ¢p = -w, $x = k. A more important property of waves is the group velocity
{or in the one-dimensional case, the group speed: c, = Jw/3k. Consider

a disturbance consisting of 2 waves of nearly the same wave-number

k + 8k and k - 8k, and equal amplitudes, Then

Px,t) = Re {ell(E+SKIx ~ (w+bdwit] | 4[(k-8k)x- (w=-duyt]y

= 2Re cos (Okx - Gmt)ei(kx"“m)

tep- esenting a wave form ei(kx-mt) modulated by amplitude 2 cos (x0k - téw).
The modu ztfon  nvelope moves at the groupspeed Sw/dk. That is, the

mod laticr 1 c. astant for points for which x/t = dw/6k. In the limit

6k - 0, 1his gl es xft = cg(k).

—const_ = T Pe/b
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This group speed is therefore an appropriate measure of the speed at which

the 'energy' carried by the wave is propagating. This idea may be familiar

from the study of radio wave transmission where information (a low frequency
signal) 1s mixed with a high frequency ‘carrier' wave resulting in the
transmission of an amplitude modulated radio signal., The information or
'energy' will therefore travel at the speed of the modulations. It is

something of an act of faith to accept that these ideas are applicable to
studies of Rossby wave propagation but (see section 4) they have proved to be
useful in explaining some of the large scale features of the general circulation
of the atmosphere,

4. Generalization to two dimensions.

k=1k +38, ¢ mk-x~uwt. kis | to surfaces of comstant ¢; * = sk,
ef =i, c: = dw/ak, c; = 3w/3%. For example, for a barotropic fluid again
with E; independent of y and t, the elementary wave

1(kx + Ly —wt)
AkL e

will satisfy the linearized barotorpic vorticity equation with the dispersion
relationship

w = = Bk/(k? + &)
where
W™ w - kuo
is the wave frequency relative to the mean flow. The dispersion relation

confirms that the phase of these two dimensional Rossby waves always propagates
westward Telative to the mean zonal flow. The group velocity welocity

gg = (c:.cz) is given by
*. 0w, z _ g2 2 2y2
g " 5k u, + Bk 247/ (k" + 2%)

Y. Be_ dw, 2 4 g2y2
cy =31 3g - 2B KM+ )

For stationary (i = 0} Rossby waves, substituting for ;; from the dispersiom
relation into the expression for c:

c: - 2pkZ/(K? + 2%)% > O

The direction of the group velocity vector is given by tan ) = CE/CE = R/k

for a stationary Ressby wave, where X 1s the angle to the x-direction.
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Figure 1 is a schematic illustration of the hypothesized global pattern
of middle and upper tropospheric geopotential height anomalies during a
Northern Hemisphere winter which falls within an episcde of warm sea-surface
temperatures in the equatorial Pacifie. The shading indicates regilons of
enhanced rainfall. The centres of the height anomalies follow a great circle
path. Great circles are the ray paths for Russby wave trains on the sphere,
(A line of shortest distance between two peints of the surface of the sphere
1s a great circle and therefore the natural generalization of a straight line
for the §-plane.)

Figure 2 is taken from 500 mb height data over a number of Northern
Hemisphere winters. The contours are isopleths of correlation coefficient
between height fields at one fixed point (marked x in the diagram) and the
rest of the hemisphere. The correlation of point x with other points is not
a simultaneous correlation but is one with point x correlated with every other
gridpoint in the hemisphere two days earlier. The figure is characterized by
strong upstream centers of action over Scandinavia and the North Atlantic
indicative of wave-activiey propagating in the great circle route. The figure 3
an example of a so-called teleconnaction map.

Sip
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It has been suggested that Rossby waves can be generated in low
latitudes by thermal forcing due to anomalously warm tropical sea surface
temperatures, and that Rossby wave activity will propagate into mid-latitudes
along so-called 'ray paths' (lines parallel to the group velocity vector
and have a significant effect on the evolution of regular mid-latitude synoptic
systems. For such stationary forcing the direction of such ray paths must have
an eastward componert (see diagram).

5. WEBJ {or 'slowly varying') approximation (after Weutzel, Kramers,

Brillouin and Jeffreys}
The equation

diy/dx® + ¥y = 0 k = constant

has wavelike sclutions y = Aeikx. What about an equation like

d?y/ax® + £3(x)y = 0 Q)
under what conditions will this have wavellke sclutions? If we substitute
y = ei¢(x) then the above differential equation becomes

= (d¢/dx)? + 1(a*p/dx?) + £ = 0 (2)

If d2¢/dx? is emsll compareg with the other terms in (2) then as a first guess
we can completely neglect d°¢/dx’ and (2) becomes

ddfdx = 2] | (»
Hence we require

i /dx?
fZ

<< ]

for (3} to be a good approximation, or, differentiating (3)

|affdx| << £2  (i.e., f 15 slowly varying) (4)

(From (1)}, 2n/f is roughly one wavelength in y, hence we require that the change

in { over one wavelength in y should be small compared witn i),

From (3) we have
2
d—?- tilil
dx dx

Substituting this into {2) we have a second order (and hence better) solution
given by (d¢/dx)? = £2 + 1 dlf|/dx

i

i.e,, using (4), ddp/dx = = |f| + 2

1 i
HEreds ¢ =2 [ be! dx + 5 in|f|

it}
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and the second order solution becomes the WKBJ solution

A *if|f]ax
y, €
£
The solution fails if f changes too rapidly or if { passes through zero
A convenient form to express the WKBJ solution is in terms of a 'long'

space variable X = tx, T << 1, over which f is presumed to have 0(1)
variation, (i.e., }df/dx] ~ £2). 1In terms of thir

#(x) /1

y(x) = -l.

y(x) = y (Xe

1
where &(x) - *[}f|dx, YK = A/ %

Internal Gravity (or Buoyancy) Waves

These waves exist in an atmosphere that is stably stratified se that
a fluid parcel displaced vertically will undergo buoyancy oscillations
with frequency N (see earlier discussion in the notes). We suppose that
the horizontal scale L of these waves is sufficiently small that Ro >> 1
and the equations of motion can be written as

qu,  Bu, du,13p,

at tu ax v oz + p 9x 6x )
dw o Bw Bw 13,

ot tu ax tw az + p 9z te 6: (11

where, for simplicity we limit our discussion to two-dimensional internal
gravity waves propagating in the x-z plape. The terms §,, 8, stand for any
additional terms (e.g., acceleration due to viscous forces) that may be present
in the momentum equation. We shall also suppose that the vertical scale of the
motions is wuch smaller than a typical scale-height, i.e., D << H, so that the
continuity equation can be written as

du | dw
"X + 7 0 (111)

Finally, the thermodynamic equation is

3, 20, 38 _
e PuU TV = (1v)
where 1 1s a diabatic term.

First of all write

P=p(z) +p  pewoplz)+0 f = 0(z) + 6
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where B. p, § are hydrostatic values for a resting atmosphere (note the new nor

Now in the horizontal momentum equation (1), the pressure gradient must be
balanced against the fnertial acceleration (Ro >> 1), i.e.,

/L A p/pL
vhere U is a measure of u. Hence using the gas law
PP~ Maln 107% 4fF YA loosTh

On the other hand, the adisbatic thermodynamic equation will balance if

L
B L g 4z
Now from (111), w ~ U{D/L) {du/dx ~ U/L)

hence the thermodynamic equation will balance if

I£ D << H ther D £ 10° m. With N2 = 107 877, pa 10 m
8/6 ~ 1072

Hence

8/8 > p/p
However, from the definition of potential temperature and the ideal gas law
1
faop=>fn p ~ n 6 + const. =c fc
P Y P - Y P, v
Putting p = B (L+3/p) ere., then % = -
P
Hence for these buoyancy wave motions density fluctuations due to pressure

changes are small compared with those due to temperature changes.

=
o id>
Dy

Therefore we can put
plp = - /8
snd treat density

as a constant except where it is coupled to gravity in the buoyancy term in
the vertical momentum equation. This 18 known as the Houssinesq approximation.

We now define the overbar operator as an average along the x-axis, and assume
that the deviaticns of fluid variables from their average value are small,
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i.e., we write
=1 u L) T
u=u + E(ul + ul)
W= g(;i + wi) + ...

- ™ 1
Po + E(Dl + Dl) + ...

o
]

P"l;°+c(;1+pl'_) + ...
‘— B ! L. )
] B°+s(91+81) +
Sx = (ﬁx)o + s((dx)l + {5x)i) + ... (ete. for Gz & W)

Notice we have assumed that the flow 1s horizeontal to 0(l). We shall alse
assume that the 0{l} flow is hydroscarie, 1.e.,

39, /3z = - 80, »
and that the Boussinesq approximation heolds.

To 0(1) in the expansion, equations (i), (11) and (iv) become, respectively

3u_ _

T (5x)o ©-1
[ (E;)o (because the flow is hydrostatic) (0.2)
38,

-2 a (0.3)
at o

The 0f{c) mean flow equations are of no interest to us here since the waves do
not couple to the mean flow to 0(g). The O(e) deviation equations are the
linearized perturbation equations and take the form

au! Ju! Su P

i S-St NI IO U R R 1

3t T % 5x "Y1 R TT 2 .1

Ay

aw)  _ ow] ap; 6!

R . L
DO BO

du! ow!

1, 1. 1.3

x + az 0 .3

38! 38! a8

ey Jligeoe 1.

rral e 2 uel {1.4)
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In equations (1.1) and (1.2) we have written

1 1
1 -— [] [ - _ = ]
(Gx)1 7 Gul (62)1 2 6w1
which is a common form of parameterizing the effect of eddy friction., The
constant § is known as the Rayleigh friction coefficient. Similarly im (1.4),
the effect of diabatic cooling Ui has been parameterized using the Newtonian
cooling coefficient . In (1,2) we have used the Boussinesq approximation to

' = A'
put 91/90 Blleo.

1f we average (i), them, to O(c?) the mean flow equation is

To get this we have used the Boussinesq approximation to put p = Bo in the
pressure gradient term. Remember also that

aﬁ'olax - aEzfax = 0

and

Bui .

' 2
1 3x

3

u

[ ST

(u)? = 0

]

Furthermore, using the continuity equation (1.3) we can write the 0(c?) mean
flow equation as

3 —_— —
TR i Ll G Pt (2.1)

Hence, if the Reynolds stress u'w' varies in the vertical, them the perturbation:

induce an acceleration in the mean flow, to 0(c®). The right hand side
of (2.1) represents the effect of mean flow viscosity.

A wave energy equation cen be formed by multiplying (1.1) by u' and
(1.2) by w', adding these together, and averaging, i.e.,

du ' sp;  wiar
13 7. oy, o, 1 P 1 oY 1
-9 + + Dl g ek ot - o L 7 7
FETIL U R G A e B I A il S A
- Yo
Using (1.3)
13 &T + 77T 3_0 1l 3 —— wiBi 1
- o + W + e 2y = T - - = Ny L
736 Y v ) ww) + 5 2 (wlpl = g 3 6(u1 + vi ) (2.2)
[+]
Multiplying 1.4 = 8'
13 o = 3% 1 == laii—zwlel IF
29t (819 * Wbt - g M8y 953?(‘2“]* 3 <-gv R @
[+
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where

2]

d
[ 2 . B_©
Bl elgle, N oy
3]
[+]
Adding 2.2 and Z.3 we have
BT Ju 37

—_— 1 1

iﬁa_T 1 .4....1_.‘8_ Tt ll_o-_J_-_ T2 pgl2
T e U S T B P Grypp) + (upwy) 57 5 Bz +w?) +p 5

The number of variables in (1.1) to (1.4) can be reduced by introducing the
y component of perturbatifon vorticity
| - ] - r
iy Bwllax aullaz
and y component of mean flow vorticity

n, = - auolaz

Then 5/3x(1.2) - 3/32(1.1) gives

} (2.

o ] o 2% 2.1 2.t ]
_a._+—_a__ '_-3_':12311}.+h3_11.2 w'auo .|._l‘.._.ap1 -l.a_p.]..‘.-anl.-.gn
3t " Yo 3x) M 3z 9x z 3z 1 " 9zZ -  dzox = Bzdx ax 2

which, using the continuity equation, gives

an_  3m!

{3 .= 2] ., oo "1 6.

1ot + % ax] m ot ¥1 5z x 7™M {1.5)
The thermodymamic equation, (1.4), can be written

i _i_ ] 2!__!-_ ¥

[Bt + u 31] Bl + N ¥ 2 uBl (1.6)
Finally, from (1.3) we can introduce a streamfunctiom ¢, such that

u! = - /a2 )

1 YU vy .7

wi o= gy /ex

and (1.5) and (1.6) are twoe coupled equations for the two perturbation
varimbles, ¢i and Bf.

To start with consider a fluid with constant (positive) static stability
and constant 0{1)} zonal velocity ug. Suppose the fluid is bounded below by
a regularly corrugated surface with sinusoidal variation in the xz~direction
with fixed wavelength 2#/k, no variation in the y-direction, and moving in the
4x-direction with fixed speed w/k > 0 (see earlier notes) Suppose also that
¢ and y are equal to zero.
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Using (1.7) we can substitute the expressions

V! = Re {y ei(kx-—mt-+mz)}
1

B « Re {B ¢! (KX -wt+m2),

iate (1.5) and (1.6) which gives
- - kK + mf)y + kB =
{w - ku)B= KNy
which can be combined to glve the real dispersion relation
Bt /AT T R2 (1.8)
80 thar G = - K;}is the wave frequency relative to the zonal mean wind.
The vertical phase speed is
w/m = ky/mt kN/o/ET + oI
i.e., relative to the mean wind the vertical phase speed is
ef = /m = + WN/m/A? 7 of
The vertical group velocity is
c: = 30/m = dw/dm = 3 mKN/(k+n?) 2 . . * ﬁ%—? 1.9

Notice that downward phase propagation in a frame moving with the fluid
=upward group velocity, (and vice versa)

Other properties of note are

(1) §EomA£he dispersion relation wavelike solutions only obrain if
z > 0,

(2) When J + 0, then, according to the dispersion relation, m + =
(i.e., the vertical wavelength + 0)., When o + N then m -+ 0,

i.e., phagse lines become vertically oriented. In general if @?
decreases, then m? must increase, and the lines of constant phase
become nore horizentally aligned,

(3) A straightforward caleulation gives 3(c®y % im? < g 1502 « 2/3 N2,
In other words providing @? < 2/3 N® then if m? increases, {c2)?
decreases. Combining this with the result in (2), then (c2)? Baries
directly with w® 1f % <2/3 N2, g
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Now suppose that instead of the basic state mean flow baving no vertical
shear and the waves are inviscid, we allow, in the spirit of the WKBJ approxi-
mation, a small amcunr of vertical shear 3u,/3z (1.e., a slowly varying mean
wind Up) and a small amount of Rayleigh friction and Neutonian cooling.
Formally, this can be achieved by introducing a small Parameter T << 1 and
introducing a long space variable

Z =Tz
50 that
u = u(z) § = 18, T (Go.uo =001}

and seek WKBJ solutions
¥] = Re {w(z)ei(kx—mt +¢/1)} B - ke {B(z)ei(k.x-wt +¢/'r)}

where
1 9%
m(z) = 3dsaz [= ?EJ

Now if we substitute thege solutions into 1.5, 1.6 apd 1.7, then, to lowest
order in T

3 {q;(z)ei(h—wt +¢/‘r)} =4 %gg w(z)ei(k"'“’t+¢/7) . %_2'{! ei(kx-lut+®,

3z

s tmz) yzyelx-ue+d/n o

i.e., to lowest order in T there is no difference between the WKBJ solution and
the elementary solution with m = constant. 1In particular, the dispersicn
relation 1.9 and conclusions (1)-(3) will ali hold to lowest order ip T.

A difference arises; however, when we consider the energy equation, which,
since we assume a steady state (i.e., no time variation in wave amplitudes)
becomes

13 — —~— Y 1 7T, 7T 31'2
=3z Gpp ¥ QD 52 - - 2 Sap? + wi%) + w3 (2.5
p
[+]
How since
ui = - awi/Bz
wi = BWiIGx
then —_—
—— AN
) + a7y - [W} [WJ LAY IRV 2.6

Since | = O(T)go, then, from 1.6, to lowest order in ¢

(w - kﬁo)a- KNy = 0
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i.e., =7
B 2 2252 .
i, 1B|° _ ¥| kN7 _ k2 + m?)|y!2/2 2.7 Now if we define a quantity
NZ & 2N 22 1

- (k2 4+ o 24
using the dispersion relation (1.8). 4 & m el
z

lled -actjon, then £ the definitd f locit it
Again since § = 0(1)60. then to lowest order in 1 1.1 is ?;ro: (Y?;? ::d ??.9))en vom the celinition of group velocity cg we can write
ap.
_3_ __i_ ] 1 1 ZA = - ?
[a: “bax] Ut ‘s wlv!
° and 2.11 can be written as
i.e.
. - k du
wu! =— p! 4 .z~ z, _ 9o _ _ ~
1 —; 1 az (csAm} + kcsA iz qu w
or _ But
p_w 1 Tl
o 0 - we + 0/1) & du du
P o= (- dmyp) where p! = Re[P(z)e di odw L _ o, _ L,_0
k » L5 [B(z) ] iz"az " @ k3
so that
Hence
Vol o 2
WIP] " ~Bgmu|¥]2/2 (2.8) 4
Finally az (ch) ok (2.12)
uiwi - - mklwiljz (2.9) which ie a differential equation for the depletion of wave-action due to the

combined effects of dissipation and diabatic cooling,
Substituting 2,6, 2.7, 2.8 and 2.9 into 2.5 and defining Writing 2,12 as

1
o=3 @ +w 4 =z z
iz (csA) =- - (csA)/D

we get
— where D = ¢ /o , then the solution
3 auo R g o
= _9 z 2
32 @d¥]d+ ale P2 = a(x? + u?) [y (2.10) -J’:n"dz
z z
Now for the simple case with no shear and no dissipation then both sides of Acg - Acg e®
this equation are trivially zero since m and|y?| would be constants., With weak z z=0

shear and weak dissipation this equation gives an expression for how wave ampli-
tudes must vary with height. HNotice, that 2.10 can be written purely in terms of of 2.12 is easily obtained. Furthermore, since the wave momentum flux
the long space coordinate (since m, w, u, and ¢ are all functions of Z only) i.e.

1 1
« -5 ka|y|? -Euc;

u,w

Tt
171

du
d s
az (wolv]*® mky=2 = o (K + n?)|f2 (2.11)
then 2.6 can also be written as =z
where o = To _I Dz
o uiwi = u]'_wi e O
z={0
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and according to 2.1, the waves induce an 0(e?) acceleration

z
- p7l4z
o

w! e
z=0

= -]
[

to the mean flow.

The quantity b is a height sczle for wave dissipation, If & is small or ¢

is large (so that D is large) the waves Propagate & large depth before &

the momentum flux is substantially depleted, Consequently the mean flow is
accelerated weakly over a large depth of the fluid, Conversely if o is large or

¢y 18 small then the waves are digsipated over a shallow depth of the fluld and
tﬁe mean flow acceleration is concentrated in that shallow depth.

We now recall the following pieces of information:

(1) For fixed a, the dissipation height scale D varies directly with cs.

{2) For w? < 2/3 N2, c; varies directly with a.

(3) For waves with positive (Doppler shifted) frequency G, wave, mean-flow
interaction through wave-dissipation will decrease 4 {i.e., the wave
mementum flux will tend to accelerate the mean flow to t
corrugated boundary which forces the waves}.

This gives us a positive feedback loop. 1If o decreases then from (2) c2
decresses, so from (1) b decreases. The waves therefore dissipate over”a
smaller depth above the lower boundary, Hence the mean flow accelerates more
strongly in this region -- hence W decreases more strongly in this region:

60 ¢Z decreases more strongly -- hence D decreases still further.....until
finaily w is reduced to zero immediately above the lower boundary and ne further
wave propagation can occur.

A surface where i = 0 is called a critical surface, and according to the
wave dispersion relation, m? + o S cZ + g, i.e., D > 0. Hence for amy

non-zero value of @, critical layers are (for linear theory) strong absorbers
of wave-activity.

If the boundary executes a standing wave oscillation

Z = 4 sin k(x + ct) + A sin k(x - ct)
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= w/k, then even when the component moving with phase s:eed +eia:ive
wheree: the ;omponent moving with phase speed =-c is not trazpe -; zan e
E:agﬁis'phase speed the Doppler shifted frequen:yiii if-g Eza: gi;w e
i he vac atin
flow decelerarion, resulting in t d o
::v:h:ezzrliet notes, and demonstrated by the Plumb and McEwan experimen

WKRJ analysis is, in fact, rather more powerful than we ha:e s:lf:;sbzsntizlzuii
h It turns out that it 1s possible to carry out a WKBJ analy Lot

nonli internal gravity wave equations. Under such circumstances s o
Lo in:eraction would be accounted for to all orders of T, and duedto s§ n
T:::;itz:onnthe waves and mean-flow would be slowly varying in time. Under the

circumstances 2.12 generalizes to

2.13)
JA i 4 - A (
SE-+ 3z (CSA) - o

where A = A(T,Z)

and T =yt

Equation 2,13 is the full equation for conservation of wave action, In the
a:aence of any dissipation or diabatic coecling then
3—31‘%“2“ -0
- f the fluid
so that the rate of change of wave-action in any depth Az = Z, -~z 0

i.e., the wave-action in any depth Az will change soleiy :ue t: the advection of
8., k.
wave-action through the boundary of Az by the group velocity H
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Appendix

1. Non-acceleration thecrem for internal gravity waves.

Multiply (1.5) by Bi and average

L Ry s A R S
230 0t N 7 M B
Multiply (1.5) by n{ and average
oB! aB!
v L -y v 1 2 Il-'_i —_
M3 ¥ Mm PV v m-FRED
Multiply (1.3) by Bi and average
an, an, an
-_]; . 1 1 t 9o
e R L 2 8By
Add A2 and A3
i(rl'lif)-'-w’li' Yo +wn N* = - a BIn,
at ‘P 11 3z T Y™ HH

From (A.1), wiBi is zero if the waves are steady and non-dissipative.

from (A.4) wini is zero If the waves are steady and mon-dissipative.

But

o1 o T 3 - l T
1M wyduf3z = - 3 (uyvy)

79

(4.1}

(4.2)

(A.3)

(a.%)

Hence,

Hence (a/az)(uiwi) is non-zero if the waves are steady and non-dissipative,

From (2.1)
Bu2

S+ G = @,

Hence to 0{t?) the waves cannot change the mean 2onml flow if they are steady and

non-dissipative,

This is called the non-acceleration theorem for internal gravity waves.

There 1s a similar theorem for quasigeostrophic waves.

ATMOSPHERIC SCIENCES 541
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2. Consetvation of wave-action for a basic state whi.-h is slowly varying in

time,
Put T=T¢t
Z=1z T << 1
u =u (Z,T @ = Ta
Yo © uo( /T ]

and seek WKBJ solutions

o) = Re {p(z Tyl (K +0(Z,T) /1)y
1 ,

Bt = Re (p(z,me X HOEDID),

and

w(Z,T) = - 3¢/0T m(Z,T) = 3%/3Z

3w/3Z + 3mfAT = 0.
With w = w - ku , then since, from the dispersion relation w = w(m)

~

o
W JGwdn _ zoam o? dw
5T T %m T g 9T g oz

from the above relation.

The energy equation (2.4) is

u
{(k2+m2)lwl }- -— ~ {uiify{ %} - mkIlM"‘"—g = - a (kK +o?)|u}?

As before define the wave-—action
A= (k2 + u?)|y|2/0 »

Substituting this into (2.6) and noting that each term is 0(1) then

z 2
A -
cg m|¢|

2 g
-f'{A“}"' {cAm} +chk az-—amn
But using (A.5) and the identity
30 Bu ~
Bw _ suw
Lt %’“‘ “aT ¢

"N
sl

(A.5)

(A.6)

(A.7)
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(A.7) becoucn, dividing by

1.3 ..~ 130 .19 [z~ z, 1 9
Toar (A) - AT e+ X {ctAan) - cta xS e g
3 aT &9 53 g 8 5 9z o

which can be rearranged to give

2A 3 2o
a1 T3z (egh) <-4

which is an equation for conservation of wave-action in the absence of
digsipation.

Final Exam 82

ATMOSPHERIC SCIENCES 541 March 17, 1982

Show from the vector momentum equation in a rotating frame of reference
that for an atmosphere which is motionless in the rotating frame, the
pressure and density fields py and p, must satisfy the equation for
hydrostatic equilibrium

Vp, = P8 (1}
where g is effective gravity.
By taking the curl of (1), show that a state of exact hydrostatic

equilibrium is impossible unless there are no variations of density on
surfaces of constant geopotential.

Assuning that the continuity equation can be written in the form
1
Vh u o 3(p°w)laz 0

show that the ratio of the terms dw/dt and p~'3p'/3z in the verrical
momentum equation is of order e

(a) &6%Ro® 1f Ro << 1
(b) 6% or less if Ro >> 1

Here p' 15 the pressure deviation from a motionless atmosphere, & is
the ratio of vertical to horizontal length scales of the fluid motioms,
and Ro is the Rossby number.

Explain what is meant by the statement that fluld motions are hydrestatic
in a thin armosphere.

State the conditions under which the Ertel potential vorticity
w +VA
W

p

is conserved, where w, is the absolute vorticity and A is some scalar
property of the fluid.

Il =

Consider homogeneous incompressible fluid flow of variable depth H{x)
over a lower boundary given by z = hp(x)

z
S
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2. (continuved)

If there is no fluid motion perpendicular to the (X-z) plane, and the
x-component of fluid velocity is independent of height, give a physical
explanation of why you would expect

z - h_(x)
4 .___:3__ =0
de H(x) )

flence show that with A = (z - hB) /H the Ertel potential vorticity is

1= () (2)
and satisfies dll/dt = 0.

A uniform and steady west to east flow of magnitude U, with vertically
and horizontally uniform flow impinges on a large-scale midlatitude N-S
extending mountain- range. The height of the mountain renge is 5 lm
above mean sea level, and upstream of the mountain range the flow extends
from mesn mes level to a heisht of 10 km, Putting (w,)% = E:h: imi:il(:zis

ure near
uzgovffh::smunine;t%ﬂ-:?tgz ;eh:iggg::i gifﬂg‘t'iggrg?the streamlines from
thgir upstrean laritudes to the gummit is small,

3. Give a physical explanation of the mechanism for Ronsby wave oscillations
and why their phase speed in the x-direction muat be westward ralative
to the basic state flow.

Writing the geostrophic streamfunction
V== Uy+ e’ g<<1l, U = const,

the barotropic vorticity equation for stationary perturbatioms §' = ¢'(x)
in the presence of Ekman friction can be written, to O{c), as

H []
£ v () 2o
where de is the depth of the Ekman layer and H is an atmospheric scale
height.

Show that for synoptic scales with de = 1 bm

-i-sl%] 7%& ~ 107!
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{continued) B4

Hence demonstrate that equation (3) has solutfons

1
¥ = Re (ael((B/D) "+1fdel+nu)x}

Using this, find an expression for the number of observable wavelengths
produced in a steady and wniform west-to-east flow dowvnstream of a N-S
extending mountain range of unbounded latftudfnal extent. Assume that

waves can only be observed within one decay length 2HU/fde of the wountain
Tange.

For ateady non-dissipative linear Boussinesq internal gravity wave
oascillations propagating im the (x-z) plane on & basic state u, = constant,
the streamfunction "'i can be written

¥ = Re {"o e:I.(lnr:s:+mz-m:)}

vhere k, =, & and to are cosntants,

Show that the group velocity relative to the basic state flow is
Poran.m\. to lines of constant phase,

Show that
—=T z
wvy -51:.«'
where
- 13 2 2 -
A= +ahle T - k)
is the wave-action.

1f the phase speed of the wave in the x-direction ia posaitive, what sign must
®m have to ensurs upward propagation of wave-action?

If the baaic state flov has a small verticel shear and the waves are

weakly dissipative, the equation for depletion of wave-action by the (amall)
dissipation coefficient a is

d 4

3z (csa) - -0A
Show from this that the eddies induce a change in the basic state mean
flow proportional to

-gz D~1dz
X=D"1 g

where D = c;Iu. Why is the restriction of weak vertical shear and small
diassipation necessary.

Treating ¢ and o as constants, sketch the function X as & function of 2z
(a) for large ci (b) for small c:.

Explain why critical lines are good absorbers of wave activiry,
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A study of the mechanics of wave-like motions in the atmosphere can

Kinematics can be

ook Wt [T I ST .
9% Ba the format in which You input and output information

HERTE I

i.:nvestigation. to and from the dyncmics, the

latter being a kind of 'cantral processor?’,

A Einpngtn‘cpl sj;p#i{icatinn is :i.mporta'nt.-' It can make the differcroe
l;etween -
1)  mathematical analysis ;oing easy or intractable
2) observational diagnostice being straightforward or impossible
to calculate )
3) physical interpretation being obvious or abscure,

Unfortunately 1), 2) and 3) are not nlways compatible,

Since the earth's rotation plays ap important role in the dynamicg

of large scale atmospheric waves, one kinematical specification of an

atmospheric fiuiq variable lP is to write it ag the sum of g zonal mean

and a deviation from the zonal mean

Y@= Bz, 8) + yi(z,8,))

lp Tound the latitude circle
ﬂ n constant, k being longitude, 7 height above the eaptnt
In analytical mo ials,

8 surface,

it is often assumed that \P’ is a small
. pel :tur ha-t:.i.on; i=
/ -3 ’E i i. E

We call the primed variables, eddies.

To OCE.) the dynamics mre linearised, and thel__Ei}a}.g_!r&f ‘=s'i'~?.;5.’-1ra

i

kinematical description takes the form Ssnidiany o

o1 1
T n g Irniy 13
EE ST A

specify zonal

mean flow

FEEES I 0 SRV RN g , O(G)

. linearige dynamical_ i

equations about

- this mean f{low

[

to salve eddy equation -

Waves are created (eg by instability)} or modified (eg from wave-like
forecing at a boundary) by the specified mean flow.
.z . R
Since terms like ‘,U-'}-_?f Q , then to O(& ) + the waves .

react back on the mean flow, ie

masdal
specify mean flow

OO0

| zonal mean flow

Y Oce)

Oer) —

linearise dynamical

equations about

specified mean flow




For finite amplitude waves {ell wave amplitudes are finite in Dractice)

we have a continuous feedback system, comprising the probles of

wave, mean-flow interaction

(i) How the waves change the mean flow

{ii) How mean-flow profiles react back on the waves.

Vhether (i) comes before (ii} or vice-versa is really g chicken-and-eg,

argument

In these lectures I hope to show that

a) Wave mean-~flow interaction is important in the atmosphers,

and can result in some rather surprising fluid motions.

b)  Blind use of the Eulerian mean kinematic description in rotating

fluids can lead to results which are difficult to interpret physically,

and only until recently have caused some confusion in the literature,

In order to convince you of pointe a) and b}, I ghall consider rather

simple examples - the internal gravity wave, and the inertio-gravity wave,

These waves illustrate the essentials of wave, mean-flow interaction

occurring in the more complex atmospheric wave motions.

Internal gravity waves

We congider 2~dimensional steady, adisbatie buoyancy waves generated

by a slippery boundary moving parallel to iteel! with constant velocity €

{ = phase speed of waves). Acsume initial *zonal® velocity (spacial average

along "7 = constant) g zero,

(.9 7

T

e
| - " \/

< —
EC

/I’\
-

In order that buoyancy waves are generated anc propacate u wards,

the foreing freguency L)<= C&I must satisfy
O<WLN

where hd is the Brunt-vaigallafrequency. These i equali‘ies  an be
derived from the dispersion relation of the eddy wave equation, but can be
seen by considering the analogy of a pendulum with natural frequency hJ '
being forced by your hand {say) oscillating with frequency (J . If W)=0
nothing happens; if LJ= N the bob oscillates at the nateral

frequency of the pendulum; if LI> N you destroy the oscillatory motion

of the bob. So with the particles of the fluid. MHote that if the

initial zonal velocity of the fluid, I:L ' ;f () then the condition for

no wnve forcing in

(-’\);Dcm.ea = (C——U:) h = O

With a little thought, we can draw the eddy velocities of the fluid

particles as tley reapond to wave forcing and buoyancy forces

Farticle A is at the top of its oscillation
Particle B is at the nid-point of its oscillation travelling up

Particle ¢ is at the bettom of its oscillation

Farticle D is at the mid-point of its escillation travelling down.
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hence
——

The temperecture perturbation at A is negative (adiabatic ascent)

"n n n "

B is zero (neutral point)

C is positive (adiabatic sulsidence )

" L1 " "

D is zero (neutral point)

Note from the dimgram that the zonal mean temperature perturbation

is zero, The general temperature and pressure perturbation structure for the

sleady wave can easily be Jdeduced

The smaller the (Doppler) frequency of wave forcing, the flalter the
particle oscillationaqndthetemperatureandpressuxe phase liues,
Another result we shall need concerns the‘eddy velocity Eﬁf:-(LU,UJ').
Note that \J ig positively correlated with W' je witen LLf) 0,
w0 y and when W< o . WL e
In a region of st:ady wave forcing with no wave dissipation, the eddy

velocities increase as the fluid gets more rarified, keeping the upward

flux of eddy momentum Q SEAWE constant with heignt, (Kere, of course,

. 50 that Ww’ >0

(? is the zonal mean density of the fluid). Put anotlier way; in ine

absence of wave transience and dissipation

2} : . ) (:}
E;l ( Q? W wW =

If the waves are diseipating, then the eddy momentum flux will dncreace
EREN
with height, Wher: does this momentum po? Tt Foes into accelaratin,

the zonal mean flow, This information g contained in the zonal! meis,

momentum equativn

oW 12 KQ&».’N’)T g-\_
DT T R az

whers >§ is a mean dissipative term. HNote also that at the leading

wave front, eddy momentum is injected into the mean flow, eausing mean

flow acceleration, We ascribe such a situation to wave traasience,

We could of course have obtained all the preceding information from

the wave equation and resulting dispersion relation. Here I wish to

emphacis what the particles are doing. The reason for this will become

apparent in the nex: lecture.

Let us suppose Eome‘ﬁiesipation is present in the steady waves,

and represent a 'dizsipariva height scate' tv s, Loen, eddy monentum fluxes
decrease as exp (-z/7). ¢ turms our thar the move Lorizontal Particle

vscillazions are, tie smuller will he the aige

pacive betgbe o, ), {la
shov thig rigoreusl we woauly Necd te discuns the sorcalled con ovrvag jon of
FdVe=aciion equities, aud the dnrotiated prong veloagiry ar ci Hatves, )

Let us exazine the complete wave, mean-flow interaction frr thnis

system, The diss;:ating wAVEe will irdduce i meali-flow acreleratin,

taroupiout x denth Lo Bui now the Loppler-shifted freaueney of the

wave becormes lezs *nag, it was before the menan-ipw acceisratiog,  lippce

the particiaeg oiciliate 1p EL1ghtly more horizontaliy tilted inng.

Qv



Therefore the scals height ¢ decreases, and further mean-{iow
acceleration occurs throughout a smaller depth. This feedback

brocess continues, and a sizeabie mean flow will develop near the
bottor of the fluid. Eventually *he mean flow vejucity becowrs equal
to the velocity of the slippery corrugated bouridary, ie tha Lypsier
shifted frequency of the waves becomer equal to 2ero, and ar .. Save
seen, when this hanpens, the waves can ne ionger wropagate Up - we jlave

reached impasse! Pictorially the mean-flow evolves as

NN

Ve have aseumed that mean-flow dimsipation is unimportant.

I we now add to the input of waves at 2Z=0 ,a component
travelling with equal and opposite phase speed - C, something very
interesting happens., If the two waves, with phase speeds + T, have

equal amplitudes, then the boundary executer a standing wave

L= & sn R(x-ct) + o sinkix rct)

= 2& Sw bx (LSRN hc.‘t

Low, as we have &*en, the wave travelling in the pocitive x diresction
cannot proragats ur, but tne on- travelline 1n the nepative x ddirection

ca:, (;:nviéing its Jopplar gifred STeAuency 2wc ir lere thar Hle  Hepes,

Gareznien,

this wave crarie t RECelarate ‘he ranr flow ir the neprative

Fecauss ire Dagales phified Dre quee sy COTTOITUIVTY atie, A Lepecjue

PeAn ATealeration le yngired throuen ut g compaTative)

1F deep _qvap,
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it demonstrates in the laboratory, an analogue of the stratospheric
quasi-biennial oscillation {for more details of this, see the course on

the stratosphere)}. Plumb and FeEwan's film of the simulsted jajtte)

beautifully demonstrates wave, mean-flow interacrion! Who would

have thought that downward bropagating eaaterlies, then westerlies, then

easterlies was due to the input of a steady standing wave from below?

Inertia-gravity waves

Let us now congider steady buoyancy waves with the added complication

of rotation. Again I shall be rather descriptive, and not bother

too much with mathematical analysis. We shall find that the Eulerian-mean

description of these waves is somewhat mislemding, and this has led to

the recent formulation of a "Lagrangian-mean” description of such motions.

Such a description of fluid motions has proved useful in the stratosphere,

"both in understanding its dynamical behaviour, and in understanding how

e
passive chemical tracers are transported.

We consider the idealisation of an inviscid diffusionless fluid of

congtant buoyancy frequency N, rotating about the z-axis with censtant

i
angular velocity \51_:1'3: « The fluid is contained in a channel ,

between rigid vertical walls at = C), b and a moving lower

boundary 7 = "\(I,\j,‘t) with, as before, T\ =0

Let's also suppose the forcing from below has maximum anplitude at

mid-channel

T
y=b Je

) ‘ Gttualcr b

¢ Pol:..‘ D

If the wave forcing has phase speed -C (in

the particle oscillations in the x-2 plame from our knowlege of

buoyancy waves

the x direction), we can draw

Ty

Z et

The particles however also oecillate in the ‘meridional’

direction

because of Coriolis forces. Let us determine the meridional velocity

(qualitatively at least), from the geostrophic relationship

From this relationship, we can nee that B
when W =0 {at top of osciliation), .bp/bx‘ <O J V(’O
mmii<0(umm¢nm.$mgmmnbﬁﬁxto) VFO
wvhen W=0 (at bottom of oscillation), BP:/ax>O ) V,> ©
whea W Y0 {at mid-point, going up), BPI/@L =C ) V=0



Putting ail this information together we cee that the particles

paths are spirals (\:S ‘v'Ul“'-’C{ e a grese

S

Projecting onto the 7+ z plame (the 'weridional plane'), ths paths

(D |

are ellipses

whose sizes are related to the amplitude of wave forcing. When the
waves are stesdy, then clearly the average position of the particles,

marked by Xs,doesnot change witn tine, (Hote tiat since the particles

have meridional components of velocity, Coriolis forces are also felt

in the x-direction. This means that particle oscillations in the X=2

plane are more horizontanl than they would be if there was no rotation,

RS
He  Srocwa nooled
fr oy

In other words,rotation  tends to supress the upward propagation of
bunyancy waves. I% turns out that when L&:'j: + the wases are completely
suprressed),

Agzuming that 3’ < N » what picture :ices the EZulerian
mean formalism present for these steady waves? Considrr firet an

ellipse whose centre is at the 'latitude’ of maximum forcing

A

4 /
At the top of the ellipse Vi< O » but so0 also is T

.‘- v ’T, >0 + At the bottom of the ellipse V' >0
. e X /
80 aleo is T’ o VT>O.ieV

/
correlated with T throughout the particle oscillation. If we take

. is positively
4

an arbitrary point A on the eilipse, then the zonal mean of V1 at
e

A must aleo be positive, t¢ V' T » QO

VT, > O

- Since A 1s arbitrary,

everywhere,

Hence we have a somewhat paradoxical picture of an eddy heat flux
which is directed towards Ej«'— O ('poleward!) everywhere, even though
there ig no net heat traneport towards the pole (because, on aAverage,
particles are not going anywhere). In other words, even though the eddy

heat flux is prleward, the pole is not being heated! Ilote the fact
that V'T/> 0O

is independent of whether there exists a
positive or negative zonal mean temperature gradient between Y = b ang
¥y = 0. Hence, any attempt to parametrize the eddies with a diffusive

type parameter

T6
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+is doomed to failure. The neat flux is relnted to the wave forging

not to the mean temperature gradieat,

Ir the‘uave foreing had positive phase speed then it ¢an eagily

be shown that V'T’ wou}d be negative everywhere, implying an
LI L LY R ST
‘equatorward’ heat flux, Sincglparticle trajectories are parallel

to lines of constant phase { L,*-’= R{gﬁqeg} > (LW!U = ‘-‘-.’”f' VSZ"' o
(incumpressibility)$ l;\.’ //4;_ §=CO"\\'{' }, we have derived the well-known

relation that the phase lines must tilt west with height te get poleward

heat fluxes.

What is the reselution of this paradox?

=

At the point B, the particle of the large ellipse ia moving

Consider the twa ellipses

upward,

the particle of the small ellipse ig moviag downward, The net result

is an upsard velocity (the larger the amplitude, the larger the velocity).

Hence the Bulerian meap vertical velocity at B jig Positive. In fact at

any point 'northt of the centre of the ellipse at maximun forcing, the

Bulerian mean vertical velocity ig positive, Conversely. at any point

'south' of the centre of the ellipse, the Eulerian mean vertical velocity

i negative,

Hence, the full Eulerian mean picture can be summarised by the

following diagram

The eddy heat flux induces a mean mer%dional circulation. Adiabatiec
ascent over the pole balances the eddy heat flux input, and adiabatic
subsidence over "low-latitudes' balances the eddy heat flux output,
The whole system organiges itself so that no net heat or momentum ig
transferred to the mean-flow,

This result, that when waves are steady the zonal flow is not
acclerated or heated, hag the status of a theorem in the literature, the
so-called Charney-Drazin theorem {Charney, J.G., and P.G. Drazin 1901,
J. Geophys. Res. £6 83-109) and indeed it is a difficult result to prove
in an Rulerian-mean kinematic description. Hevertheless we have seen
that for steady, non-dissipative waves, the fluid particles do not
on average get anywhere - a very straightforward physical result,

Surely there must be some kinematic description in which the Charney=Drazin
theorem is immediate? Inderd there is - it is the 'Lagrangian mean’
description; Lagrangian because the averaging is related to particle

trajectories, as opposed to Eulerian where the averaging is related to

Fulerian where the averaging is related to fixed peints in space,
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Before describing a little of the kinematic formulation of
Lugrnnéian mean theory, it is worth spending a little time discuesing
the meteorological relevance of the above considerations,

Dynami¢ processes in the stratosphere result not from in situ

inetabilities, but rather from tropospheric forcing., Of particular

interest are the mid-latitude tropospheric planetary waves. Oceasionally,

the amplitudes af these waves reach rather high values - we refer to
the metecrological condition when this happens by the adjective blocking.
If conditions are right (which only happens in the winter), these high

amplitude waves propagate up into the stratosphere. As the leading

wave front moves up, the manifestly transient conditiens decelerate

the westerly zonal mean flow. The effocts of thig deceleration are

Telt most keenly at high altitudes and high latitudea, firstly because

air is rather tenuous at high altitudes, and secondly the nass of air
between two neighbouring latitude circles decreases with latitude.

Because the zonal flow im decelerated at the leading wave front, it is
no longer in geostrophic balance, and air flows into the low pressure region
over the stratospheric pole. The result is a Lagrangian meridional

circulmtion witn descending air over the stratospheric pole. By adiabatic

subsidence, the stratospheric pole heats up very dramatically - sometimes by_

(- 2 ) N P : - .
40" in juat a few days, The Lagrangisn meridional circuiation is

iliustrated helow
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The magnitude of this lLagrangian circulation has been quantified by Hatsuno
and Nakumara (Matsuno T. and K. Nakaraira K, 1979, J. Atmos. Sci. 36,
640-054), The Lagrangiap picture gives a rather straightforwsrd explanation
of this phenomenon, named, rather appropriately, the atratospheric sudden
warming. By contrast, the Eulerian mean description replete with ita
ficticious eddy heat fluxes and mean meridional circulations, gives a
rather complicated explanation of the sudden warming - certainly one would
have little idea that the warming was due to mass subsidence. Consequently
much of the literature on the subject i= rather obscure as far as providing

an understanding cf the physical mechanisms of a warming.

Lagrangian-mean kinematicr

The lagrangian-mean theory, recently developed (Andrews [.G. and
M.E. ilcIntyre 1978 J. Fluid. Mech. 39, 609-646) is a hybrid kinematic
description, lying somewhere hetween Stokes classical idea of taking the
time memn following a single air varcel, and the Eulerian mean description

of taking means with resprct to fixed letitude rircles.
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Consider a number of fluid particles lying along a latitude circle at

i.e. each point of attachment mssumes the value }dlof its associnted

an initial time '&o. before the wave forcing has begun, When the wave

particle, and the Lagrangian-mean is the zonal mean mlong the 'magict

Propagates up the particles are displaced, Imagine the particles are

rod. The Lagrangian-mean velocity of the fluid ig defined to bLe the
attached by elastic bande to a 'magic' rod of zero maes which ig constrained, velocity of the points of attachment

for all time, to be parallel to latitude circles., Initially the particles

I have deliberately stripped this description of its mathemalics;
8it on the rod. When the particies are displaced,the rod is moved by the

if you are concerned that the formalism lacksrigour, 1 recommend you look

tension in the elastic bands, from its initial latitude circlé, to another

/
up the Andrews and Helntyre reference. ( : )
one. This is illustrated below

As an example of the conceptual simplicity of the Lagrangian mean
o
e / kinematical description, the Lagrangian mean poteatial temperature, 9
E © in an ediabatic atmosphere, satisfies
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| Compare this with the Eulerian mean equation
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; / >x where @ is latitude,
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/ / ! / The formalism has successfully been applied to such problems as stratospheric
i i . !
/ ' o sudden warmings (mee above), baroclinic instability® and chemical tracer
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tra.nsport".

: An important and immediate consequence of Lagrangian menn theory is
“he position veciio_r of the particles, E » relative to tne magle that for steady non-dissipative waves ip g zonal mean flow
red satisfieg E:"— ] for all time. The position vector of the "\‘/‘L - WL _ O

poin's of g tachment of the elastic bands to the rod, relative to their

init:al pos. Lions, ia written am X. The Lagrangian—mean 5 sone property LP This rmilt. A8 we have geen, is definitely not true of the Eulerian velocities
of tie flui: 1o defined by Voo W e e
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then  ( V , W ) is called the "Stokes dri ft" in the meridional

plare. For steady non-dissipative linear waves, the Stoles d1ift may

be written

v o= sz(eve/e')
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Hence, if we define the Eulerimn-mean "residual™ velocities
v*z\/‘gaﬁ(? Ae/)
— % = V'B
N cos¢ BJ (C‘Q’S}ﬁ ~58 z)

then although vtk are not Lagrangian mean velocities in
V)

general they should be closer to them than the Buleriad wean pmir. (\v LJ)
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Since the Lagrangian msean dinplaca-en_t vector is not directly '
obeervable from radicsonde or satellits radiance measurements, a kinematic
formaliom bewed on these 'residual’ velocities should be a nice compromise
between the theoretically important Lagrangian wean theory, and the
Bulerian mean formalimm (which has the advantage of fitting rather
straightforwardly into an obserrational diagnostic scheme),

Indeed wave, mean-flow interactiona in the stratosphers have been
diagnosed using measurements from the Meteorological Office's Stratospheric
Sounding Unita, flown on the Tiros-N and Noan-A satellites, and they have

given interesting new insights into the dynamics of the stratosphere during

a sudden warming.
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