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Introduction

It was with great pleasure that | accepted the President's
invitation 1o present one of the Union Loctures at this 18th
General Assembly of the International Union of Geodesy
and Geophysics here in Hamburg. This talk will be about
fluid motions that are strongly influenced by Coriolis forces
due to general rotation relative to an inertiat frame of referen-
ce. It will outline a varicty of experimental and theoretical
studties of basic hydrodynamic and magneichydrodynamic
processes in rotating fluids and mention various applica-
tions in Earth and planetary sciences and astronomy. The
lecture is based on my 1981 Harold )effreys Lecture of the
Royal Astronomical Society (Quarterly Journal of the
Royal Astronomical Society 23, 220235, 1982).

Several general results concerning “geostraphic’ flows
characterized by an approximate balance between dynamic
pressure gradients and Coriolis forces follow directly from
arguments based on the equations of motion and the
findings of certain laboratory experiments with rotating
fluids {sec beclow, “Geostrophic Flows'). These results
provide considerable insight into the nature of many natural
phenomena, such as the highly irregular meandeting jet-
streams that characterize mid-latitude flows in the Earth’s
atmosphere, the stable closed eddies (including the Great
Red Spot and three White Ovals) seen iz Jupiter's aimo-
sphere (Fig 1), and the equatorial jetstreams and western
boundary currents (such as the Guif $iream in the Atlantic
Ocean and the East-African cross-equatorial atmospheric
jet-stream) found in oceans and atmospheres. *

I shall also discuss flows that are strongly influenced
not only by Coriolis forces due to general ratation but also
by Loreniz forces duc to the presence of electric currents
in the fluid. [t is necessary to investigate a wide range of
such flows in the study of planetary and stellar magnetism.
OF particular interest are the so-calied "magnetostrophic”
flows, for which Coriolis and Lorentz forces can be com-
patable with cach other in magnitude but act in opposits

directions {see below, “Magnetostrophic Flows"}. The slow
and highly dispersive “magnetohydrodynamic inertial
wave"”, with 2 frequency which depends on the square of
the Alfven speed and inversely on the rotation rate of the
system, exemplifies magnetestrophic flow. It is very fikely
that such waves ocour in the clectrically-conducting fluid
interiors of the Earth and other magnetic planets, and also
in the Sun and other magnetic stars, including pulsars.
Finally 1 shall outline results of recent observational
and thearetical work on the distribution of angular momen-
tum within the Earth, including the recognition from
analyses of length-of-day data and meteorological wind and
pressure obscrvations of an apparently persistent fluctua:
tion in the angular momentumn of the Earth's atrnosphere
on 2 timescale of about two months (see below, “The
Earth’s Nonuniform Rotation”). Transfer of angular
momentum between the Earth’s solid parts {inner core,
mantle and crust) and fluid parts (outer core, oceans and
atmosphere] produces polar motion and changes in the
length of the day, which are monitored by astronomers
with increasing accuracy. The interpretation of these ob-
servations presents many fascinating and novel problems in
theoretical geophysics, meteorology and oceanography,
including several in the study of the hydrodynamics and
magretohydrodynamics of rotating fluids 2),
Hydrodynamics and magnetohydrodynamics are bran-
ches of classical physics, but they developed quite slowly
unti! comparatively recently. Useful advances in our know-
ledge of the behaviour of rotating fluids might have been
made in the last century had contemporary scientists
appreciated the importance of the discovery, from analyses
of meteorological observations, of “geostrophic” metion in
the atmosphere. [n the event, they evidently played down
the discovery if the attitude of R.H. Scott, as revealed in a
lecture delivered at the Royal Institution in 1869, can be
regarded as typical, A principle has been much before the
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Fig1 Longlived antlcyclonic eddies in Jupiter's aimosphere, namely the Great Red Spot, which is about 20,000 km fang and ar lcast
150 years old {and may have first been seen by Robert Hooke in 1664), and anc of the three White Ovals that were seen to form 44 years ago.

The arrows give the sense of relative motion. The “wind'* speeds, as determined by Dr, R.F. Beebe of the New Mexico State University, are

glven in kilometres per hour, For comparisen note that points on Jupiter's equator rotate at about 35,000 km per hour. The very existence of
these long-lived eddies has Important implications for theories of atmospheric predictability, There is no generally accepted explanation of the
eddies but the experiments illustraied in Fig 2 and 3 indlcate one possible line of attack

public of late which was first wrged by Professor Buys-
Ballot of Utrecht. It may be stated as follows: Stand with
your back to the wind and the barometer will be lower on
your left than on your right (in the northern hemisphere).
No matter how gently the wind blows, the law is feund to
be true. This fact, however, Is of no use to us in enabling us
to judge the coming weather {my italics). " Scott, who was

.+ the second hoad of -the. British Meteorolggical Office {in .

succession to its founder, Rabert Fitzroy), made pioneering
contributions to international co-operation in practical
fnetenrobgy, and the present World Meteorological Or-
ganization owes much to Scott’s early efforts. But it was
{eft to others to demonstrate, much later, that the concept
of geostrophy was of central theoretical importance in
dynamical meteoroiogy.

Geostrophic Flows

The motion of a fluid of low viscosity (and regligible elec-
trical conductivity, see on Magnetostrophic Flows, below) ¢
that departs but little from solid body rotation with angular '
velocity 12 is usually geostrophic nearly everywhere, with the

relative Euferian velocity u {as measured in a frame of referen-
frame] satisfying

29 0xu= - Vp+gg. (2.1)
Here £ denotes density, p pressure and g is the accelera-

tion due to gravity and centripetal effects, Equation (2.1)
is the tezding approximation to the full equation of motion

& that-rotates with angular velocity §2.relative to an inertial _
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SDufDt+2Rxu—rxdQjdy =
~Vp+pe-Vxlrg Vxal+jxB  {22)

it is valid in regions where the Coriolis term 2 €} xu
greally exceeds the refative acceleration term P Du [/ Dt =
S {bu /bt + (u-V)u) (where t denotes time), the preces-
sional term § rx d€2 / dt {wherer is the position vector),
the viscous term Vx (v £ Vx u) {where v denotes kine-
matic viscosity), and the Lorentz term j x B {which van-
ishes when there is no electric current, density j, or mag-
netic field B, see on Magnetostrophic Flows below).

Buys-Ballot’s law follows immediately from equation
{2.1}, which shows that the horizontal fluid velocity is
directed at right-angles 1o the horizontal component of the
pressure gradient, with an average error of the order of the
ratio of the ncglected {ageostrophic) terms of the Coriolis
term. This amounts to about 5 or 10% for large-scale
motions in the Earth’s atmosphere and much less for the
oceans,

Fquation {2,1) leads Lo the important result that {2):

The hydrodynamical motion of a fluid of low
viscosity that departs only slightly from rigid body
rotation will not in general be symmetric about the
rotation axis even when the boundary conditions are
axisymmetric, (2.3)

The validity of this result, which provides the most direct
explanation of the occurrence of large-scale non-axisym-
metric disturbances in the Earth’s atmosphere and other
natural systems, is readily verified by laboratory experi-
ments, The result can be deduced as follows. In cylindrical
co-ordinates {r, §, z) where £ = [0, o, §2} the second com-
ponent of equation (2.2) (cf. equation {2.1)} is:

u = - (2J’Qr)"5p;‘¢5¢+A¢ (2.4)
{since (g) ¢ = 0 by the assumption of axial symmetry in the
boundary conditions}, where Ag denotes the sum of all the
ageostrophic terms. Now, over any cylindrical surface of
radius r the rate of advective transport H {r, 1; Q} of any

quantity Q {per unit volume}, such as heat, angulas momen-
tum, etc,, is given by

y 2
H{r,t;Q}=ff uQrdgdz =

] o© "
I 1 ép

— = tr A de¢dz.
S NETEITINN B
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Since the contribution Ag to equation (2.4} decreases
rapidly with increasing §2, advective transport perpen-
dicular to the axis of rotation, a5 measured by H (r, 1; Q},
will be negligible unless the flow patiern departs significant-
ly from axial symmetry, In the axisymmetric base we have

-y

&p/8¢=0andH (r, 1;Q) of the order of the smail agco-
strophic contribution. -

This argument is the basis of (2.3). There may be sin-
gular cases when the flow remains axisymmetric and in
consequence advective transfer perpendicular to the rota-
tion axis is negligible. Indeed, such cases can be realized in
the laborztory by laking certain special precautions, but
the general conclusion from laboratory experiments is that
{2.3} is 2 correct inference fram the geostrophic equation.
Owing to departures from axial symmetry in the properties
of the Earth’s surface, it is not immediately obvious why
large-scate mid-latitude atmospheric motions, which advect
heat from tropical to polar regions, are highly non-axisym-
metric. But meteorologists now zccept that this lack of
axial symmetry in atmospheric motions is a dircct con-
sequence of the Earth's rapid rotation.

There is a further property of equation (2.1) that leads
to a useful general prediction. The equation is mathematic-
ally degenerate; being lower in order than the full equation
{2.2), to which it is a leading approximation when £} is
large, it cannot be solved under all the necessary boundary
conditions. For this to be possible every term in equation
{2.2) must be included in the analysis, which implias that

(1)

Regions of highly ageostrophic flow occurring not
only on the boundaries of the system buf afso in locals
ized regions (detached shear layers, jetstreams etc.) of
the main body of the fluid are necessary concomitants
of geostrophic motion. {2.5)

Within these highly ageostrophic regions g Du / Dt +Vx
{& v\/% u) is comparable in magpitude with 2p £ x u; the
corresponding relative varticity N/X u can be comparable
with or even exceed 212 in magnitude. Many examples of
such vorticity concentrations are found in' the laboratory
and in Nature. They are often associated with steep
gradients of temperature (thermal fronts), as in jet-streams
and western boundary currents found in the atmosphere
and ocezns. Western boundary currents such as the Gulf
Stream, Kuroshio Current and Somali Current in the ocears
and the lowdevel cross-equatorial atmospheric jet-stream
off East Africa arise as a result of effects due to the com-
bined influence of the Earth's rotation and curvature. Such
effects, which are readily produced in the laboratory, also
give rise to strong westerly (i.e. positive) equatorial jet-
streams in the atmosphere of Jupiter, Saturn and the Sun
and in the terrestrial oceans (1, 2).

We have seen that slow relative hydrodynamical flow

it retating, fuid.af dow. viscosity, will jn,generai=be nons. , . »

axisymmetric {sec {2.3)). Laboratory studies show that
there are two non-axisymmetric regimes of therma! con-
vection in a rotating fluid annulus subject to differential
heating in the horizontal, one highly regular (i.e. spatially
and temporally periodic) and the other, which is reminis-

cent of large-scale Mow in the Earth’s atmosphere, irregular
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Fig2 Sireak photographs giving owe example of the top-surfacc Tlow pattern in each of the three main modes of thermal convection in a
rotating fluid annulus subject 1o axisymmetric healing at the outer side-walt and cooling at the inner side-wall, according to experiments first
carrted out by the author in 1950(1). The character of the metion depends on a number of parameters involving the acceleration of gravity,
dimensions of the apparatus, therral coefficient of cubical expansian, viscesity and thermat conductivity of the working fluld, tc. In an
experiment in which L the angular speed of rotation of the whale apparatus about its vertical axis of symmctry, is the only quantity varied in
this particutar ex pe riment, axisymmctrc flow is found at low vatues of Tlcase 1), Atintermediale and high values od £2the flow is non-axisymme-
tric, with weildeveloped festreams (cases H and 111). At intermediatevalues the flow is regular — i.e. spatially and temporally periodic, with wave-
number ranging frem 2 to 5 as Qincreasesfor the geometry shown — asincase 11. The wavenurmber is 3 and there is little tendency for the flow to
“yagillate”, so that the pattern is effectively steady apart from an angular drift at constant speed relative to the walls of the apparatus. Al
high vatues of £2 [case [11} the flow s highly irregular; this chaotlic metion Is an example of what meteorologists concerned with large-scafe
motians in the Earth’s atmospherc have termed “geostrophic turbulence™, A wide varicty of fluid dynamical and other non-lincar systems are
now known to exhibit either ordered or chaolic behaviour depending on the impressed conditions, and important unifying thearetical con-

£epis are now beginaing 10 emerge

{1, 3). Thus, whzn the basic rotation rate £ of the fluid
annulus exceeds a certain velue Coriolis forces inhibit
axisymmetric overturning motions in meridian planes and
promote a completely different kind of motion, which has
been termed “'sloping convecticn™. The motion is then non-
axisymmetric and largely confined 1o jet-streams, with
typical trajectories of individual fluid elements inclined at
small but essentially non-zero angles 1o the horizontal (Fig
2}. The kinctic energy of the ncn-axisymimetric flow derives
from the interaction of slight upward and downward
metions in these sloping trajectories with the potential
energy field produced by the action of gravity on the den-
sity variations associated with the applied differential
heating. The kinetic energy of the motion is dissipated by
friction arising in boundary layers on the walls of the con-
tziner and in the main body of the fluid. The critical value
Qg of the rotation speed is of course dependent on many

- = - paramcters ipcluding-the acceleralion of gravity, the shape -

and dimensions of the apparatus, the coefficients of ther-
mal expansion, thermal conductivity and viscosity of the
{lui¢ and its mcan density, and the distribution and inten-
sity of applied differential heating. This dependence his
been determined by extensive ‘ahoratory studies and inter-
preted on the basis of stability -heory (1, 3,41, 5, 0).

Provided that £, though greater than §Ig, does not
exceed a second critical vzlue 2], the main features of the
non-axisymmetric motion are characterized by great
regularity and the heat flow is virtuatly indcpendent of
and some 20 % less than its value when £2=0. This regular
flow is either steady (apart from z slow steady drifi of the
harizontal flow pattern relative to the walls of the con-
taincr) or it exhibits periodic *'vacillation” in ampliwude,
shape and other characteristics. The number of “waves” m
around the annulus is not uniquely determined by the
impressed conditions; the flow is found 10 be “intransitive”
owing to the oceurrence of what are now cafled “mubtiple
equilibrium states”. But the mosi likely value of m tends 10
increase with increasing 2 and when §2 = £2, m has that
value for which the azimuthal scale of the horizontal flow
pattern is about 1,5 {imes the radial scale and the {Tow
undergoes a transition to irregu’ar flow or “geostrophiz tor-

“bulento’t. Whev §3 & 82 twe. han e the-irreguilar flow regime, ™. -

for which heat flow decreases with increasing £ (1]

The importance of these findings for theories of Large-
scale atmaospheric metions and their predictability and for
certain astrophysical studies (7, §) is now recognized. Many
laboratory studies af various aspects of slaping convection
have been carricd out, including determirations of heat

b

»equatorial and: polar repiomss (5.5, 10 There.ate abundat.:
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transfer, flow structure and regime transitions over a wide
range of mechanical and thermal boundary conditions.
Numerical studies based on the governing mathematica!
equations are now playing an increasingly important role in
this work and significant if more limited analytical studies
have also been made. It is notewerthy that, despite the
essential non-incarity of these equations, the main features
of the non-axisymmetric flow patierns can be interpreted
by straightforward arguments based on general thermo-
dynamic considerations and the requirement that the flow
should be guasi-geostrophic nearly everywhere. Thus, when
the distribution of applied heating and cooling is such that
the corresponding gradient of the impressed temperature
field has the same sign at all radii, the most conspicuous
feature of the upper-level flow pattern in the regular non-
axisymmetric regime is a continuous jet-stream meandering
in a wavy pattern between the bounding cylinders. When,
however, the impressed radial temperature gradient changes
sigh near mid-radius, as in the case when heat is introduced
throughout the body of the fluid (by passing a weak alter-
nating electric current through the fluid) and withdrawn at
both sidewalls, the corresponding upper surface flow con-
sists of several closed eddics, each circulating “anticyclonic-
ally*', with the horizontal motion largely confined In a nar-
row jet-stream at the periphery (7). .

These general characteristics have their counterpartsin
atmospheric flows. The meandering jetstreams within
which the upper-level trapospheric flow of air is mainly
concentrated in the Earth’s atmosphere are manifestations
of sloping convection produced by differential solar heating,
which maintains a syatematic temperature contrast between
tropical and polar regions in each hemisphere. These almos-
pheric motions are highly irregular (and therefore unpre-
dictable in detail over long periods of time), presumably
because the Earth's angular speed of rotation exceeds the
critical value 2| {which depends, amongst other things, on
the depth of fluid), although, as has already been men-
“tioned, non-axisymmetric variations in surface conditions
introduce complications which are not yet fully understood
(1)

Infra-red observations of the planct Jupiter indicate
that the fovian atmosphere is heated from below at about
the same rate as i1s upper reaches are heated by solar radia-
tion, Unlike the terrestrial case {where nen-solar almos-
pheric heating is utterly negligible}, northsouth tem-
perature gradients in Jupiter's atmosphere change dign
-several times between the equator and pole and there is no
evidence of any significant temperature contrast between

observations of Jovian almospheric metions at upper cloud
level, some of which go back many decades and even fonger
{9}, and the “Pioncer’" and "Voyager™ space probes have
added turther details (11}, But our knowledge of what
goes on below the cloud level is meagre and this produces
difficulties with the interpretation of obsvrvations of upper-

~5-
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tevel atmospheric motions. Indeed, it can be argued that
the main task of the ''Jovian meteorologist™ should perbaps
be to use these obscrvations to improve our knowledge of
the vertical structure of the planet. But here is not the place
to discuss these observations of Jupiter in detail and review
the many interesting though largely controversial issues
being debated by those of us who take an interest in the
interpretation of the observations in terms of basic
dynamical processes (12). There is however ane striking
phenomencn upan which the above mentioned laboratory
experiments on sloping convection in a fluid annulus sub-
ject to internal heating might have some bearing {1, 13).
The highly stable ciased anticyclonic eddies, with the mean
motion concentrated in a jetstream at the periphery of
each eddy, that are found in the experiments when the
temperature  gradient changes sign at mid-radius are
rernarkably similar dynamically to the fonglived eddies 1o
be secn in Jupiter's atmosphere in the southern hemisphere.
Of these Jovian eddies, the largest, oldest and most con-
spicuous is the Great Red Spot in the South Tropical Zone,
which may be at least three hundred ycars old (Fig 3). Next
in size and age are the three White Ovals that formed in
1939 at the boundary between the South Temperate Belt
and the South Temperate Zone, apparently as the residue
of the highly irregular South Tropical Disturbance that was
first scen in 1907. The smatlest of the long-lived eddies are
clearly scen in the magnificent "Vovager” pictures as
about a dozen oval markings somewhat closer to the pole
{11). The motion in each of these jovian eddies is anti-
cyclonic and in the case of the Great Red Spot it is largely
confined to a narrow region at the edge of the eddy. 1t has
Leen proposed that the eddies are manifestations of sloping
convection in Jupiter’s atmosphere, implying that they
derive their kinetic energy directly from the potential
energy due to the action of gravity acting on density varia-
tions produced by internal and solar heating, and that they
transport heat from the middle parts towards the edges of
the latitudinal bands in which they artse {1, 13).
Preliminary calculations indicate that there is nothing
unreasonable about this hypothesis so far as its implica-
tions for the vertical structure and other properties of
Jupiler's atmosphere arc concerned, and 2 detailed examina-
tion of these implications and a critical comparison of the
hypotheses with other proposals as 1o the nature of the
long-lived anticycfonic eddies is now being prepared. The

" hypathesis {which aiso has implications for motions in the

atmosphere of Saturn) raises a number of fluid-dynamical
questions to be resolved by further” laboratory “and

these questions is that of the instability of the strongly-

sheared flow in she jet-stream itself. There is experimental
evidence that when viscous effects are sufficientty srall

the jet-stream develop local instabilities on one side but not
on the other. Pictures of jupiter show highly irregular fiow
on # cemparatively small scale just outside the Great Red

gt

Rl



s el \
Maghetostrophi

. "'.6'_

370

Fig3 Numerical simufazion of the top-surface flow patiern {Fig
3b) of thermal convection in a rotating fluid annulys subject to
inernal heating, with cooling taking place at both side-wails, as
produced in laboratory apparatus (Fis 3a}. Conditlons are such that
the flow [$ non-axisymmelric and regular with azimuthal wavenum-
ber 4 {cf. Fig 2, case 1) and #ittle vac llation; that is Lo say the flow
consists of 4 virtually idemiical steady eddies gach cizculating in an
anticyclonic sense at 1he upper level, with horizantal motion largely
confined Lo a peripheral jet-stream. Recent studies of the structure,
stability and energetics of such eddies strengthen the proposal that
they are dynamically similar Lo the leng-lived eddies in the atmos-
phere of Jupiter and Satwem, such as she Great Red Spot and three
White Ovals illustrated in Fig 1b {1, 13, 14). Of parlicular impor-
tance in this connection is the discovery that close 1o the transition
to axisymmctric flow, the regular mon-axisymmetric flow can be
characlerized by the presence of a single isolated compact eddy (14)

Spat {and other longlived eddies), but not on the inside
{11). 1t will be important 1o establish by experiment and
theory whether or not this highly irregular flow arises as a
result of a “onesided" instability of the jei-stream, at the
edge of the main eddy.

LRI LA
¢ Flows

The magnetic fields of the Easth and Sun, and of other
magnetic planets and stars, are thought to be due 10 clectric
currents flowing within their intzriors. 11 is how accepted
that these currents are largely maivtained against the effocts

-
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“of chmic dissipation by electromotive forces due to
motional induction, as Larmor first peinted out in his pion-
eering paper on self-exciting fluid dynamos {15, 16,17,18).

- The Aluid motions involved are produced in most (if not alf)
cases by the action of gravity on density variations (19, 20).

Application of the laws of Gauss, Faraday and Ampére,
together with Ohm's faw, to 2 moving medium feads to ne
follewing differential equation for the magnetic field B at
a general point at time t:

BBf5t = ~x {em"Wx{u ! B)) + /x(uxB) (3.1}
Here o is the electrical conductivity and i the magnetic per-
meability. This equation shows that a necessary (but not
sufficient) conditions for dyname action is that the mag-
netic Reynolds number

R=ULzg (3.2)
should exceed a certain critical valuz R* {say), where R*
depends on the boundary conditions etc. but is typicalty
about 10 or 102, Here U is a typical flow speed, L a charac-
teristic lincar dimension of the system and ¢ and o are
typical values of fi and & respectively (16, 17),

The mathematical analysis of theoretical dynamo
models is greatly complicated by the finding that suitable
departures from axial symmetry seem to be required for
dynamao action to occur. This follows from the existerce
theorems for seif-exciting dynamos (16, 17) and the recent
extension of Cowling’s theorem (21) showing quite general-
ly that: i

"1 The ohmic decay of @ magnetic field thal retains
~an axis of symmetry connotl be prevented by fluid

motions. (3.3)

This #esult (which suggests, incidentally, that palacomag:
netig sand archacomagnetic data might be expected to show
evidehce that departures fram axia! symmetry are systern-
atically iess during the decay phase of a geomagnetic
polarity “reversal® or “excursion” than during the growth
or,recovery phase {22) ) when combined with (2.3) pro-
vides a wscful starting point for discussing how rotation
affects:the gencration of magnetic fields by the dynamo
process. By promo ‘ng departures from axial syrmmetry
when the magnetic field B is so weak that the magnilude
of the Corialis foree per unil velume 2 £ Q x u far exceeds
that of the Lorentz force j x B (sce equation {2.1) above
and (3.3) helow) - where § denotes the current density
cqual, by Ampere's law, to N/ x (B/u) - the field wili be
amplificd by dynamo action [provided. of course, tiat

the Lorentz force j X B grows, thereby raising the magnitude
of the ageostrophic term Ag in equation {2.4).1f Loreniz
forces cventually match Coriolis forces in magnitude 1hy
flow becomes approximately magnetostrophic, satisfy oy

STprPe VUl ' BIaE. (34

2eQau ¢
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The study of magnetostrophic flaws, particularly of certain
classes of wave motions, sheds considerable tight on the
dynamics of the fluid interiors of planets and stars,
including pulsars, and on the origin of plangtary and stellar
magnetism (4, 8, 16, 23, 24).

The near alignment between the axes of rotation and
magnetic dipole moment of the Earth, Jupiter and Saturn
is almost certainly a direct consequence of the strong
influence of Coriolis forces on the fluid motions proaducing
dynamo action, as several workers have suggestes, but much
remains to be done in the way of detailed studies of
dynamo action, as several workers have suggested, but much
electrodynamics. In an attempt to set useful limits on the
strength of the magnetic field produced by dynamo action
it has been argued on the basis of general considerations
{2.2) and (3.1) that the magnetic field is anlikely to build
up beyond that value for which the Lorentz torque acting
on on individual fluid element balances the uppropriate
acceferation term (9). Whence, the average strength B; of
the magnetic field within the fluid satisfies

Big By R12 (3.5

where By is the “scale magnetic field strength” given by

Bs = [p{@+u/L)fa)liz,

[}

(3.6)

Chbserve that the ratio of the magnetic to kinetic energy
implied by equation (3.5} is < (I + L €2 / U) and may,
therefore, be very large when the basic retation rate s so
rapid that the so-called Rossby number

Y=U/LEe (3.7)

is. much-floss than unity. Equipartition between magnétic
energy and kinctic energy is to be expected only when Y is
very large; for the Earth's core the precise value of Y is not
knownbut (25 for the fluid interiors of other planets and
satellitﬁes) it is certainly very much fess than unity, possibly
~1078,

Now, afthough the raie of generation of total magnetic
energy by the dynamo mechanism, and hence Bj, is ex-
pected 1o increase with increasing efectrical conductivity
o, the strength By of the exrernal magnetic ficld produced
by the dynamo (and this is the only part of the field we are
able to observe) could decregse with increasing o when ¢
is large (1emembering that it is impossible to change the
magnetic flux linkage of a perfect conductor) (25). It can
therefore be supposed that v

Be/Bj = RO (3.8)

¢ e oovwherethe fndex 4 is essentially- positive-aad possibly close -

Lo unity. Hence
BeS B R-T 12 = @, (3.9)

Be is thus an upper limit to strength of the magnetic field
just above the fluid region where dynamo action is taking
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place. 1f9 = | then ﬁe satisfies

B R 2B BRI, 3.10)

Corresponding expressions for the equivalent magnetic
moment czn be obtained from the equations (3.10} and
(3.6) by multiplying by the cube of an appropriate length.
Taking as typical values for the core of the Earth

=10 %rads™!, p=10%kgm—3,
¢ 53x10°5m™ ", U210 ms" andL 5105 m,
we find that

Y=SU/LQ #1076 and By £ (#02/3)"/2 = 2x10~ 3 T(20gauss).
Accerdingly, by equations (3.5) and (3.10) we have:
BiS10-2 T (100 gauss), Be54 x 109 T (4 gauss),

if for the magnetic Reynolds number R we take a value
suggested by various studies of kinematic dynamos of the
Bullard-Gellman type (16, 17) namely R # 25. Now, the
mainly dipolar ficld of 5 x 10~* T (0.5 gauss) at the sur-
face of the Earth implies that the average field strength just
outside the core, Bg, is=51073 T (10 gauss). This falls with-
in the preferred range of By implied by the above discus-
sion. So far as the value of Bj for the Earth’s core is con-
cerned, this cannot be inferred directly from geomagnetic
observations. But various lines of evidence indicate that the
magnetic field throughout the main body of the core might
be largely toroidal in configuration, with lines of force
lying approximately om horizontal surfaces, and~10-2 T
{100 gauss} in strength, which is also concordant with the
above calculation (9, 26).

" Other dpprdaches Yo the problém of finding a tseful
cxpression for the magnetic moment produced by a
dynamo in a rotating fluid have been taken by various
writers. Levy and Roberts, for example, exploited a specific
dynamo model due to Parker in which a key parametet is a
“turbulence correlation length™ X, Brcause the dependence
of X on £ and other guantities is unknown it is hard to
compare this approach with the one described above.
Superficially ecquation (3.10} indicates 2 weaker £—
dependence for Bg than the expressions given by Levy and
Roberts, but because they involve A the difference between
the two approaches may turh out ta be more apparent than
real. By assuming that Bj is no bigger than B, Busse was
abfe o exploit a particular dynamo model based on the
assumption that Lorentz forces are small in comparison
with Coriolis forces, and thus obrain the result that
P F0CES L0 (REE) 2

. oy s

] Lns ot UL R

. e et TR AL AT W et a s
where & detates the thermal diffusivity of the fuid (9, 26).

By Faraday's law, the magnetic flux linkage of a per-
feet conductor cannot change (Fig 4), so that effects dus 10
ohmic dissipation are central 1o dyname theories of the gene-
ration of the external magnetic field (16, 17, 18, 25). On the

1t

L
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N(S;)> 0 N(S;t)< 0

Fig4 1ilustrating the principle of the method inl:oduc.ed by the
author In 1378 for finding the radius re of the :IeclricaILy-cor.!-
ducting fluid core of a planet in which magnclehydrodynamic
dynamo action is laking place {see {25} and [34)). N{5;1) (see full
lines) and N{5 ;t + At} (see dashed lines) mcasure the total nurn.ber
of Intersections of magnetic lines of force with a general sph.erlcal
surface § wefl above the core a1 epochs tand t+ At rcspecllvellv,
and ﬁ{s;l} is the time rate of change of N([5;1). The ca!respundm-g
quantities evaluated at the sn.lrface of the core are F.\l[So;t:\, N(Sqst
+ M) and N(Sg;l), whilst N{(5;1) varies on the timescale of the

*“motions 17 the tnre”that produce self-eXisting dynafhd actlon,

N{5q:t) varies on the much greater time-scate or. ohmic decay,
which I about 104 years for the Easth and possibly very much
tonger for jupiter and Saturn. The value of 1o can tharcf(?rc be
determined from detailed measurements of secular changes th the
magnetic field in the accessible reglon near ar well above the surface
of the planet by finding, by downward extrapolatlon from the
measurements, tha: surface S, for which 1emporal_ch.ange_s n
N{Sg:t) are effectively negligible {on the sccul.ar frananon time-
scale). The method has been well tested by applying it 1o the Earth,
for which it gives the liquid metallic core radius to within 2 % of
the value determined by the more accurate methods of scismology.
1t will therefore be possible In dug cowrse to apply the method with
confidence to Jupiter, Saturn and other magnetic planets whe_n
more Is known about the structure znd time variations of their
magnetic flelds

other hand, such effects may not be of pfimary impértance
when dealing with secular changes, which occur on much
*shorter time scales than the time scale of free decay, and
# :-ikik Hegleet: feads o’ 2 eonsiderable simplifjcation-bf-the
governing equations, The mathematical difficuities invulvef:l
are stitl severe, especially when realistic Boundary condi-
tians are taken into account, and their discussion lies beyond
the scope of this article {4, 18, 24). Fortunately, su[ne of
the main processes are exemplified by the properties of

plane waves of angular freguency w and vector wave num-,

Geodowns! B.4/1484

ber & propagating relative to a fluid which rorates uniform-
ly with steady angular velocity 2 and is pervaded bv a
uniform magnetic ficld V (u 9 ) 2 where V is the Alfsen
velocity. The dispersion relationship for such waves is :he
hiquadratig equalion

w? - w? (2u3+w§2}+w: =0 (3.11)
where
wl = (VK2 and w}y = {70k lkP.
with solutions |
wte o] g o el zad a2 )

according as the upper or lower sign is taken. For wzve-
lengths so shorl that 2 w? >>w§;l — which for the Farth’s
core (where VS 1071 m sec—1) corresponds to motians
on scales much less than 0.1 times the core radius - equa-
tion (3.12} reduces to the dispeision relationship for or-
dinary Alfven waves, w? = “"3' which are nondispers ve,
linearly polarized and characterized by eguipartition
between magnetic and kinetic energy. At the other exireme,
when 2 wf, & wiby - and this is the case of interest when
dealing with waves in the core on scales = 108 m — Coriofis
forces are so strong that the two rools of equation (3.12)
have guite different values:

Wi = whdu? = wling. (3.43)
This extreme “freguency splitting” due to rotatior is
accempanied by other effects, notably wave dispersion,

. sizcular -or- elliptical - polarization, .of : the ..Uajecturie§ of.
“individual fluid elc?nents, and imbalance of kinetic energy
(the whole of which is now associated with the fast “imer-
tial mode™) and magnetic energy {now entirely in the 5 ow
magnetostrophic “magnetic mode"}.

When equations (3.13) are satisfied, the period of the
nertial mode 2w, is then typically Za/q (i.e. 2
few days), whilst that of the mognetic mode 2 7 [ wa_ i.s
~22 QL2 | V2, which for the Earth's core when i ¥
108 m is 10" sec {300 years) and, therefore, comparzble
with the time scale of the geomagnetic sccular variation.
This is the quantitative basis of the theory of the geormag-
netic secular variation that interprets its general time scale
and westward drift in terms of magnetohydrodynamic o~cil-
fations of the Yiquid core (24). The electrical conducti /ity
of the overlying "'solid” mantle, though weak, might be
sufficient to prevent magnetic changes in the core on the
short time scale of the inertial modes from penetrating to

T I P S R S DL L IR o
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The Earth's Non-uniform Rotation

In the absence of internal energy sources and mechan cal,
gravitational or radiative interactions with other bodies, the

KA
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selid parts of the Earth (i.e. crust, mantle and inner core)
and the fluid parts (atmosphere, hydrosphere and outer
core) would rotate together as a rigid body at a constant
rate about its fixed axis of maximum moment of inertia
through its centre mass. Positiona! astronomers equipped
with perfect telescopes and clocks {and 1he necessary life-
support systems all, together with the astranoamers, of zero
mass!) would find no variation in the latitude of any station
and the longitude of ali fixed stars would change at acon-
stant rate.

The suceessfu! use of the Earth’s rotation as the basis
of the carliest attempis to provide a practical unit of time
attests to the validity of the above aicture as a good
“zeroth approximation” to the truth {27). But over the
years, as clocks based on other physical phencmena were
invented and methods of pasitional astranomy tmproved,
tiny fluciuations in the “length of the day” {up to a few
milliscconds} and very slight movements of the Earth's pole
of rotation (up te a few metres) came to light. The inter-
pretation of these variations in the magnitude and direc-
tion of the Earth's rotation vector in terms of energetic
processes and angular momentum transfer within the Earth-
Moon system Is one of the mast fascinating problems in the
whole of the Earth sciences, for it brings together several
otherwise diverse areas of study, including solid Earth geo-
ghysics, metearalogy, oceanography, hydralogy, glaciology
and geomagnetism.

Such studies of the Earth's rotation g0 back to the fast
century, The first thorough review of the subject was
presented by Munk and MacDonafd in 1960, and Lambeck

. ;._(_231~bgs.giygn,_an.upszo::datg‘rjiscussion-ta’ni_ng into accpunt

receril improvements in instrumentation, international co-
operation and basic ideas in geodynamics.

The magnitude of the principal moment of inertia of
the atmosphere 1, is abour 1.42 x 1022 kg m?, which

* should be compared with that of the whale Farth 1 = 8.4 x

107 kg m?. During the development of the three-dimen-
sional and non-axisymmetric global atmospheric circulation
following the imaginary “switching on” of the main source
of energy for atmaspheric motions, solar heating, the
angular momentum of the atmosphere My (say) would
-erease by an amount M, (magnitude # 1.5 x 10% kg
m2 s~ 1), This increase is a measure of the "super-rotation”™
of the densest parts of the atmosphere, the troposphere and
lower stratosphere, at an average angular speed

[6Ma]/1a # 10-6 rags=1 =

1-5 x10-7]@) (4.1)

egyevsrebitive T NG hederlying Plamet, e cHrrésporting Tt

speed being about 10 ms™", Here §2 is the angular velocity
of the solid Earth, which is very close to the total angular
momentum M {magnitude 585 x 1032 kg m2s~ 1} divided
by I thus| 1) £ 728 x 1075 rad s~

Solar radiation provides the kinetic energy of atmos-
pheric motions, but it cannot provide the angular momen-

m \:-% o
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tum. This comes largely from the underlying planet which,
Lo conserve anguiar momentum of the whote Earth, would
undergo a change - &My, largely manifesied as a change -

[sal: — fomy )i 2 —3x 1080}

in the magnitude of Q; the corresponding increase in the
fength of the day {1.0.d.) would be about 3 x 103 s, This
simple calculation shows, as Munk “and Miller were
evidently the first to realize (28), that fluctuations in the
general anmospheric circulation could produce changes in
the length of the day of up to about l.o.d. It also implics
that since the biggest of the observed irregular I.o.d.
changes — the so-called "'decade variations” — are about
Sx 107, they cannot originate in the atmesphere. The
decade variations are now generally supposed 1o originate
largely in the Earth’s liquid metallic core, where the main
geomagnetic field is produced by the magnetchydrodynamic
dynamo process (see Section on Magnetostrophic Flows
above),

Length-of-day fluctuations of meteorological origin
are largely zssociated with displacements in the mean
latitude of the major jet-streams in the troposphere, The
cancomitant vertical transfer of angufar momentum at the
Earth’s surface is due to a slight imbalance between the
positive couple exerted on the underlying planet by the
average surface westerlies in mid-latitudes and the negative
couple exeried by the surface easterlies at low and high
latitudes, the net couple being K. Monitoring the angutar
momentum "budget” of the atmosphere with the aid of

»y improved data on Jo.d. is ngw. beginning;-io;.,int__ere_sl_-‘

metéorologists ‘concérned with fluctuations of the atmos-
pheric circulation on time scales upwards of a few days.
Direct determinations of K cannot be made with
acceptable accuracy, Cven with a complete set of surface
wind and pressure abservations, an understanding of boun-
dary layer processes and airflow over and around mountain
ranges that goes well beyond present knowledge would be
required (2). The value of K 3 best obtained indircctly
from the rate of change of the total angular momentum of
the atmosphere, which depends only on the distribution of
velocity and pressure throughout the atmosphere. But even
this guantity is subject to large uncertainties owing 1o the
paucity of regular meteorological data from the southern
hemisphere ang tropical regions. ’
During 1979, meteorologists made a special effort 1o
monitor the whole atmosphere, providing for the first time
data sels that could be used with confidence in the assess-

mEng: o hctliatons Tl 1Yol B DS fromhese

data sets that observed shart-term changes inthe l.o.d.
during 1979 can be fully accounted for on the basis of
angular momentum exchange with the atmosphere {29},
This demonstration improves the meteorological usefizlness
of the data set on rapld changes in the |.o.d. since 1955,
when "atomic” clocks were introduced, This data set
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b day number from 1Jan. 1881
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1981 — 1982 —

Flg 5 Demonstration that short-term non-tidal changes in the length of the day during the interval from | January 1981 to 30 Apri! 1582
can be accounted for in terms of angu'ar momentum exchange between the atmosphere and solid Earth, without having to invoke significant
non-metecrological excitation {29, 32). The disgram cempares the atmospheric axial effective angular momentum function X3 with corres-
ponding flucluations in the quantity X3 [m3] = AAf Ay - CAAFAG Y, defined as the value of X3 implied by the observed changes in
Icngth of day AgAg+AA=2m/ 9.(1 *+ m3), assuming these changes to be due entircly 1o metearological processes. The full line gives the

" daily vaiues of € £ X3 and the broker line peniad vafues of © £2 X3 [m3]the constant of integration CAA LA o Heing taken s 0.4F X7 1 2

10—3 £ 27.C is the lasger of the two pringipal moments of nertia of the Earth (7.04 x 1037 kg m2] 12 is the mean angular velocity of

rotation of the Earth (0,7252115 x 10—4 radian per sidereal second},and A o= 2md

seveals a pronounced fluctuation on 2 time scale of about
50 days with an amplitude comparable with the better
known seasonal variations {30, 31). ‘The elucidation of this
fluctuation should greatly advance our understanding of
the general circulation of the atmosphere and might lead to
improvements in longrange weather forecasting by a com-
bination of statistical and dynamica! methods {Fig 5).

All components of M, exhibit fuctuations. The non-
axial components give rise to pola- motions of a few
metres, including a contribution to the so-called Chand-
lerizn wobble with a period of 14 months {28). The excita-
tirn and damping of the Chandler wobble are still con-

trou:rml 135;155 a,mqnlst geophyslctgﬁ, but any atfempts ..,

10 tnfer mantle motions preceding earlhquakes from Chand-
ler wobble observations will require in the first instance a
full asscssment of atmospheric effects, This should be pas-
sible soon when a new coflaborative programme involving
a number of institutions is fully operational. According to
a very recent detailed study of fluctuations in all three com-
ponents of atmospheric angulzr momentum during the

period 1 [anuary 1981 to 30 April 1987 (32), exchange of
angular momentum between the atmosphere and solid
Earth during that period {when there were no earthquakes
exceeding 7.9 in magnitude) accounted adequately for the
observed variations in the length of the day and polar
motian (Fig &).

We have seen that, at several millisecends in amptitude,
the so-calied “decade fluctuations” are loo great to be
accounted for in terms of atmospheric (or oceanic) proces-
ses and that geophysicists generally agree that, in the
absence of a reasonable alternative, the fluctuations must
be largely duc to angular momentum transfer between the
Ea.rr.l»s,\sohd‘ mantle of thrclsncss 2900 km an,d under-
Iysng fiquid outer core of thickngss 3 200 km. The distor-
tion and displacement of the geomagnetic 'ﬂe\d pattern at
the Earth's surface, including the well-known westward
drift of the nondipote ficld at some 2 x 10~ *ms—1, can
be taken as manifestaticns of core motions, but the
accurate determination of all but the broadest features of
these motions from geomagnetic observalions is an impos-

R
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Fig6 Demonstration that polar metion during the interval 1 January 1281 to 30 April 1982 can be accounted for in terms of angular

momentum exchange between the atmosphere and solid Earth, without having to invoke significant non-meteorafogical excitation (32]. Fig
53 compares the observed polar melion m [BIH] {thick full line}, as deterntined by theBureaulnternational de I'Heure in Paris, with the
expected polar motion m [X] (broken line), assuming the excitation to be due entirely to meteorolagical processes. m [X] was calculated
with the equaterial effective angular momentum function Xas input, Fig 5b shows the smoothed values X of the atmospheric effective angular
mamentum function (see (32) for further details). m = mq + imz and X = Xq + iX3. The units of both axes are radians; 10=6 rad is equi-
valgnt 1o a displacement of about 6.4 m over the Earth sutface

sible task {33, 34). Nevertheless, the guantitative require-
ment that the time scale and r.m.s. value of fluctuations

zzimuthal flow speed of the core material relative to the
mantle, and Cy, is a ‘viscous drag coefficient’ which on

in zonal speed of core motions be generally compatible
with the amplitude of the decade variations in the Tength
.of the day i not particulacly restrictive (28}

The principal quantitativé difficulties cmerge when-

the nature of the horizontal stresses that couple the core
to the mantle, across the core-mantle interface, are con-
sidered {28, 33). These siresses must suffice both quan-
titatively and gualitatively to account for the fluctuating
couple at the core-mantle interface implied by foregoing

‘interpretation of the decade variations in the fength of the

day. We can write

F=Fy,*+F +Fp #004NmM 2, 4.2

where F is the average magnitude of these horizontal stres-
ses, the corresponding magnitude of the unbalanced couple
belween core and maatie being 1019 — 1020 kg m? =2,
Fy, Fg and Fy arc the contributions to F associzted with
viscous coupling, electromagnetic coupling and topograghic
coupling respectively.

If & is the thickness of lhc viscous houndary layer at
the surfite ohthecore thet = =

Fy = CyvpaUfs

rm e M e

(4.3

where ¢ is the density of the core (= 10* kg m™3), vis the
coofficient of molecular or cddy kinematic viscosity,
depending on whether or not the boundary layer is tur-
bulent, & U is a typical magnitude of fluctuations in the

< diry laey 8 R Erelated o R0V TRe Sxpresitad -

general grounds should be around unity,

The electric currents responsible for the main geomag-
.netic field leak out, of the mellic core into Jhc weak!_y
mnduct\ng iower mzntfe and thesc togethef with currents *
induced in the lower mantle by fluctuations in the main
geomagnetic field give rise to electromagnetic coupling
between the core and mantle. If B, is-the fluctuating
horizontal component of the magnaetic field at the core-
mantle interface and B, the veriical component, and »
denotes the magnetic permeability (not significantly dil+ -
ferent from 47 x 10~7 Hm™7, that of free space) then the
term Fg in equation [4.2) is given by

FE = CE 81 82 fu (4.4}
where Cg is the "electromagnetic drag coefficient” which,
Tike Cy;, should be arcund unity.

The third term in equation {4.2), F, arises if irregular
topographic features are present on the core-mantle inter-
face and h, a vypical value of the vertical dimensions of
these fcalurcs, cxceeds the thickacss of the vncous bo

Fy = C; QA Uh—8)

{4.5)

where © is the angular speed of rotation of the mantle
(# 10=* vad s™!) and Cy is the 'topographic drag coef-
ficient’. Cy is unlikely to exceed unity but {unlike Cy and
Cp}it may in same circumstances take on very small values.
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Viscous toupling is almost certainly Inadequate but
eleclromagnetic  coupling (proposed by Bullard) might
suffice and topographic coupling {propesed by the writer)
could be important with bumps no more than about a kilo-
metre in height {15, 33, 35). But high topegraphy does not
necessarily imply strong coupling, owing to.the complicated
dependence of C; on h, with C; decreasing rapidly with
increasing h when h exceeds a certain critical vafue h*,
dropping to values at h>>h* that are typically very much
smaller than those attained when h <h*. The determination
of h* and the investigation of the detailed dependence of
€+ on h and other parameters are matters of considerable
‘importance in the study of the dynamics of atmospheres,
oceans and planetary cores, where the influence of topo-
graphy on fluid flow can in some circumstances be con-
siderable, Preliminary studies of magnetohydrodynamic
flow aver and arourd topography in a rapidly rotating fluid
have now been made, They indicate that, owing ta the
presence magnetehydrodynamic inertial waves produced by
interactions involving the magretic ficld at the core-mantle
interface, the appropriate vaue of Cr- might be com-
paratively high, around unity (36}, The correspending 1opo-
graphy coupling would be adequate to account for the ob-
served “decade” variations in the length of the day,

Concluding Remarks

N N T Y S BRI
'6cv'clop?ncnts i maty ‘areas of b'asic‘phisitﬁ ¢an be stifniil-
ated by the demands made upon them by geophysics,
planctary sciences and astronomy. An important weapon
required in the theoretical armoury of these subjects s a
deep and extensive understanding of basie fluid dynamical
processes in rapidly rotating fluids. Our knowledge of hy-
drodynamic processes though far from adequate, still greatly
exceeds that of magnetohydynamic processes. Whilst the for-
mer can be studied and insights developed through the use of
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