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By K. Thide, FLRS,

(Meicorotopizal Gifice, Brachnet)

Survmary

The regalar and irrcgulal non-zxiymmetric fow repimes of therea! convection in a toiating Auid anodus sehject 1o
differential heating in the hoiiconti] are chatacterizcd by the presence of upper-level jet streais, whete intense con-
centrations of vorticity amd gl oo neomitant harizontal temperatsie pradients are found, The main featvres of the
upper-level flow patiern cin be inteepreted by stewichiforward arpurcents Fased an getstal thermodynamie considera-
tions and the regiirement that t nw should be g s-geostrophic roardy everywhere. Thus, when the dintibudon af
applied hew od conbing 15 % that the convsponaing gradicn of the hnpressad b wemperature frold has tie
same sign at a? t. the muost copsprcuous feature of the upper-fevel flow pattern in the regelar non-axisvmustic
tepime v shgle jet streanr meandering in a wavy patlern between the boundme ovlinders, When, however, the
impressed radial mperatore ¢ nf changes sign near mid-radius fus in the case when beat is introduced throughout
the body of the fluid and withdraw s at both side-walle}. the corresprnding vpper-level flow consists of sevece | closed
edihies, each circulating “anticvdonically” with the horizants] fow litpeiy confined to a narrow jot sieam at the
periphery of cach cddy, Tnosome respects these stable closed ed-tics ate dypamically similar 1o long-hved anticyciosic
cihdios fmctud the Great Bad Spot) seen in Jupieer’s aimosphere in the southern bemiphere. Prosioas work on
stable barochiniv eddies #s now being extended in vatisus dircctions and supporting nemcrical worl. is also bring carrisd
out.

L. Itroducifiog

The motion of a fluid that departs but little from Solid body rotation with anzitlar velocity (s usually
geostrophic nearly everyihere, with the retative Eulerian veloeity u {as measured in # frame of reference
that retates with angular velocity £ relative to an inertisd frome) satisfying

2pL) g == — up b py T .. .. .. .. [{}]

‘_ Invited papee presented at the waint Internations] Union for Theoretical and Appried Mechanics/
17_Tmnn far Cendesy and Geoptn oo svmpaosingy oa Intense Amtespheric Vortiees, 14217 Juty 1981, Turrope:n
Centre for bledirm-range Wenthe Foreasts, Stuafel § Bark, necar Reading, England.
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Here p denotes density, p denotes pressure and U1 is the acceleration due to gravity and centripetal
¢lTects. Equation {}) is the teading approximation to the full equation of motion,

]:)-Er-+-29><u—rxgdg?I = —Up+ pv¥ — 9 X (vpy X ) .. . (2)

It 45 valid in regions where the Coriolis term 2p0Q) x  greally exceeds the relative acceleration term
P/ Dr=plon/at -} u vr) (where ¢ denotes time), the precessional term pr % dilfdr, the viscous
term § ¥ {vpy % #) {where v denotes kinematic viscosity} and any other terim that must be added 10
cquation (2} when further effects (e.2. magn~tohyvdradynamic forces) have to be tuken into account.

Now equation (1} is Jower in order than equation {2), so it cannot be salved under the complete sct of
boundary conditions. For this to be possible it is necessary to include every term in equation (2) in the
analysis. It follows that the flow cannot be geostrophic everywhere ; Lhe system must exhibit boundary
layers and detached shear layers where pDi/D? -4 ¥ x {pvy % &) is comparable in magnitude with
2pL2 % m, Within these highly ageostrophic regions the magnitude of the relative voriicity ¢ % w can
be comparable with or even cxceed 202, Many examples of such vorticity concentrations are found in
laboratory systems and in mature.  They are ofien associated with steep gradients of temperature
{thermal fronts), as in the case of jet streams and western boundary currents found in atmospheres and
oceans.

Jet streams arc a pronounced feature of the non-uxisymmetric flow regimes of thermal convection in a
rotating fluid annutus, laboratory and theoretical studies of which have etucidated many aspects of the
general circulation of the atmospheres of the Farth and other planets. This paper outlines the findings
of work on annulus convection produced by internal heating and mentions one particularly interesting
passible application (Hide 1950} to the interpretation of long-lived anticyclonic eddies (including the
Great Red Spot) scen in Jupitet’s atmosphere.

2. Sloping convection in the laboratory

Laboratory experiments in thermal convection in a rotating fluid annulus which rotates about a verti-
cal axis and is subject te axisymmetric applicd differential heating were initinted by the writer over 30
years aga (for references see Hide and Mason 1975, Pfeffer, Buzyna and Kung 1980, and Tritton and
Davics 1981). They show that when the rotation rate {2 exceeds a certain critical value £2, (which depends
cn the acecleration due to gravity, the shape and dimensions of the apparatus, the coeflicients of thermal
expansion, thermad conductivity and viscosity of the fluid and its mesn density, and the distributicn and
intensity of the apphed differential heating, sce section 4 below) Corielis Torces inbibit overturning
mations in meridian planes and promote a completely diffcrent kind of motion. which has been termed
‘sleping conveclion’. The motion is then nen-axisymmetric and kargely confined to jet streams, with
typical trajectorics of individual fuid elements inclined at only very small but essentially non-zero
angles 1o the horizontal. The kinetic energy of the non-axisymmetric flow derives from the interaction
of slight upward and downward motions in these sloping trajectorics with the potential enerpy field
prodoced by the action of gravity on the density variations maiatained by the applicd differentiai heat-
ing. The kinctic enerey of the mation s dissipated by friction arising in houndary layers on the walls of
the container and in the main body of the fuid.

Provided that L1, though greater than (2. does not exceed « second critical vahue € (see section 4
below). the main features of the non-axisymmetric motion are characterized by preat regularity. This
regular flow is cither steady {apart from a steady drift of the horizontal Mlow patiern relative to the walls
of the upparatus) or it exhibits periodic *vacillation® in the amphtude, shape and other characteristics.
The number of ‘waves' b around the annulus is not uniguely deoiermined by the impressed conditions;
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the flow is found to be * ntransitive’ awing to the occusrence of what have come to be called ‘multiple
cquilibrivm slates’. But a quantity m, defined as the mast fikely value of niata peint in the tegion of
parameter space occupicd by the regular fiow regime (where 0y < L1 < €, see Fig. 1), tends (o increase
with incrensing €2, until at €2 = () the quantity rr has that value for which the azimuthal scale of the
horizoatal flow patletn {namely the mean circuraference of the annulus divided by ) is about [-5 times
{he radial scale. Then the motion undergocs a transition to the so-called regime of irregular flow, where
€2 o= ) in parwmeter space, which is an example of thermally driven ‘geostrophic turbulence’.

axisymmetric

steody waves
and vacillation

g€
inegula;

oxisymmelric

lg &

Figure 1. Schematic diagram illustrating the dependence of the mode of fiee thermal convection in a 1otating fnid
annulus under arisymmetric boundary conditions on the two dimensionless paramerers found 1o specily the system,
G and 7 (sov equations {12rand (13)),

Many laboraiary studics of virious aspects of sloping convection have now been carried oul. These
include measurements of heat wansfer, flow stiucture and regime transitions over a wide range of
mechanical and thermad baundary conditions. Numerical studies are playing an increasingly important
role in this work, and significant il more limited analytical studies have been made based on the essen-
tially non-lincir goverring mathematical equations.

These equations are the cquations of motion (2}, 1ogether with the equations of continuity and state
for & liguid, respectively

v = O .. .. .. .. .- .- [&)]
and
p =il — 2l — TN . .. A .. .. (4}
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where T denotes temperature, a denotes thermal coeflicient of cubical expansion and p, is the density at
the reference temperature 7y, and the equation of heat transfer,

2
%+(u.v)T:xV=T+q .. . - - . (5)

where « is the thermal diffusivity {equal to the thermal conductivity divided by the product of p and the
specific heal capacity €) and gpe is the rate of diabatic heating per unit volume, Across any cylindrical
vertical surfuce r == a constant, where (r, ¢, z) are cylindrical pelar coordinates of a general point, r=0
being the rotation axis (sec Fig. 2), and the rate of heal transfer is given by

H(r,r):fj?pc(xg—f-u,T)rdqﬁdz L ®
o9

where the fluid extends in the axial dircction from z = 0 to z = 4. It is important to notice that the
geostrophic contribution to the advective heat flow term on the right-hand side of equation (6) would
vaunish il the llow were axisymmetric, since by equation (1) u,, the r component of u = (u,,u.u,),
salisfics o, == (2pQr)~* 8p/cd. This result points to the raisen d"étre of the non-axisymmetric regime of
flow found when 2282 ; peostrophic flow cunnot convey heat perpendicularly 1o the axis of rotation
unless it is non-axisymmetric!

The boundary conditions on « under which equations (2), (3), (4} and (5) must be satisficd are that
# = 0 at a rigid bounding surface and that the stress should vanish at 2 free surface. The thermal
boundary conditions require continuity of heat Aow which, at a bounding surface, is purely conductive
and proporticnal to «¢T. When the boundary conditions on the side-walls at r = r*, wherer* = gord
(say, with b >-a, sec section 4 below), are combined with the peostrophic relationship given by equation

R
Ta T

I .

LA

Fagure 2. Schemaiie diagram of a rotating Muid apnulus subject to a horizontal temprratuce gradient. (See Hide 1958
or Hide sl KMuson 1975 jor further details.)
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1Y and used in conjunction with the standard relationship for the radial (low in the Ekman boundary
Inyers on z = Dand z == o 1o evaluate the sadial heat flow at r = #* (see equation (6)), it is found (sce
Hide and Muson 1970) that:

H(r*g) == —~ (%)i{')'(r‘,d,r) - :‘r(r*,o,r)} {I'{r*,a‘,r)— T(r*, o,u}. .. ..M
2w
Here Frtoa) = él;fT(r‘_é,z,r)d:iv - . .. .. .. (8)
o
27
and I(r* 20} = jU,,(r‘,q&,z,!)r dé, .. .. .. . @
[]

where U (r*,¢,2.1) is the value of u, evaluated just outside the viscous boundary laveronr = aorr =4,
as the case may be. Now it may be shown that 7(r*.d.1)> ¥{r*,0,1) (when «>>0, scc equation {4}) and
that gither 1'(*0¢) = —I'{r*d,") or [ I'(r*,0,0)| <) T'(r*.d0)], according as the upper surface is in
contact with a rigid lid or is frec. Hence,

H(r*,r) = {negative definile quantity) x T(-*d,1). . o .o {10)

This relationship between the heat flow at a side-wall and the line integral of the tangeniial velocity
near the side-wall embodics the arguments used by Hide (1938) to provide a general interpretition of the
upper-level flow pattern in the case when g == ¢ everywhere (sce equation (5)), heat being introduced
into the system via one of the side-walls and removed via the other side-wall. The corresponding im-
pressed radial temperature gradient has the same sign at all values of r and the upper-tevel pattern of
motion in the regular flow regime consists of a single jet stream ncandering in a wavy pattern between
the bounding cylinders, with a positive (i.c. *westerly’) azimuthal component when heat eniers via the
outer side-wall and leaves via the inner side-wall (50 that the impressed adial temperature gradient is
positive} and a negative (‘casterly’) component when the radial heat transfer is in the opposite dircction,
from the inner to the outer cylinder (see Figs 3(a) and 3(bY).

As a further test of equation (10) Hide and Mason (1970) carticd out experiments using internal
heating, so that the term g in equa_ion (5) is not cqual to zero. This was done by passing an alternating
clectric current through the fluid. Heat covld be removed via the inner side-wall, the outer side-wall or
both side-walls. The observed upper-surface flow patterns (see Fig. 4) were found to be in good agree-
ment with predictions for these thrze enses made on the basis of equation (10 {sce Figs 3(c), (d) and (e)).
In the cases where heat (s removed via one side-walt only, H(r*,7) vanishes at the other side-wall and. by
equation (10). the quantity P(r* 1) must alse vanish.  For this to happen, Udr.d,d.r) wilt be positive
at some values of  and ncpative a. others (or zero at all values of ¢, as in the axisvmmetric regime that
occurs when £ U} Figs 3(¢) and {d) show how this requirement can be satisfied by adding closed
cddies 1o the wavy patiern found m the cases when ¢ = 0 (cf. Figs 3(a) and (b)),

The most striking case of all studicd in the experiments is the ene iflustrated by Fig. 3(e). Then, heat
is removed via both side-walls, inplying that the impressed radial temperature cradient changes sign
near mid-radive. The correspond.ng upper-level flow consists of several separate closed eddics each
cirenlating anticyclonically, in wecordance with equation (10) with the horizomal flow confined 1o 2
narrow jet stream st the periphery of cach eddy {see Fig. ).
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Figure 3. Schematic illustrations of the radial varintion of the impressed remperature Ueft columnd, of the radial
vatialion of the impressed radia? wmperature pradient (middle colimn, and of the correspanding upper-surface
relative flow patlern in the regular regime of thoermal eonvection in a rotating fluid annulus (right column), as pre-
dicted on the basis of equation (10). {See Hule and Mason 1970 for fuiiher details.)

3, Atmosplicric fiows

The meandering jet streams within which the upper-level trepospheric air flow is mainly concentrated
in the Tarth's atmosphere are manifestations ofsloping convection produced by dificrential solar heat-
ing, which mainiains a systematic {emprrature contrast between tropical and polar regions in each
hemisphere. These atmospheric motions are nuch less repular than those depicted in Figs 3(a). 3{c) and
4(a) (el Fig. 5), presumably brcause the Earth's anpular speed of rotation cxeeeds the critical value €,
although horizontal variations of surface conditions introduce complications which are not yet fully
undvrstood,

The atmosphere of the planet Jupiter is heated rom helow at about the same rate as its upper reaches
arc heated by solar radiation. Unlike the terrestrial case (where non-solar atmospheric heating is
utterly negligible). north-south temperatire gradients in Jupiter's atrposphere change sign several times
between equitor and pobe and there is no cyvidence of any signiticant systemadic lemperature contrast

—_
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Figure 4. Streak photographs iflustrating top-surface flow pattcens of thermal convection in a rc‘)!atmg ﬂu.ld annutlrl;:
subject to internal heating in the axisymmetric regime (when £1-2€,, see beft calumn) and rcgu'l.ar nfml-axlsiyn;m; ie
regime (when Qp < 02« £}, sz right columny, They show the dcperldanc of the pencral characteristics of the (n)
pattern on the way heat is removed from the system and conﬁ_rm predictions bas_cn_j on equation (10). 'll:hc c::(se)s ?ui.
(b}and (¢} correspond to cases {c) {d)and (o) :cspccuvell)' in Fi'.[!. 3. ]_:1 :heAmosl stnkl_ng case of all {see ngsd. (e}a i
Hc)) sleping convection takes the form af closed anticyclonic eddies with the main motion concentrated in a j
stream at the periphery of cach eddy. {Sve Hide and Mason 1970 for further details.)
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1y symmearic (M) sceady waves 1) deregular
(o Sy, (R = 19 rad 4 (O =502nd 1)

Figure 5, Streak phiotographs giving ane example of each of the main modey of thermal canvection in a rotating fluid
annulus sebject to a radial temperature ficld of the form given by equation (11), namely (1) axisymmetric flow, (11)
regular (steady) non-axisymmetric fow, and (I1D) irregular non-axisymmelric Aow,

between equatorial and polar regions (for references see Ingersoll, Dobrovolskis and Jakosky 1979),
Therc 2re abundant observations of Jovian atmospheric motions at the upper-cloud level, some of which
£0 back many decades and even longer, and the Pioneer and Voyager space prabes have added {; urther
details (se¢ Peek 1958, Smith and Hunt 1976, NASA 1979 and Mitchell er al, 193] ). Our knowledge of
what gocs on below the cloud fevel is meagre and this produces difficulties with the interpretation of
observations of upper-level atmospheric motions. Indeed, it has besn argued elsewhere that the main
task of the *Jovian meteorologist’ should perhaps be to use these observations to improve our knowledge
of the vertical structure of the planet {see e.g. Hide 1921).

But here is not the place to discuss these observations and review the many interesting though largely
controversial issues being debated by those of us who take an interest in the interpretation of the observa-
tions in terms of basic dynamical processes. There is, however, one striking phenomenon upon which

largest, oldest and most conspicuous of these is the Great Red Spot in the South Tropical Zone which
may be atieast 300 years old. Nextin size and age are the three White Ovals that formed in 1939 at the .
boundary between the South Temperate Belt and the South Temperate Zone, apparently as the residue
of the highly irregular South Tropical Disturbance that was first seen in 1901, The smallest of the long-

1980) that the eddies are manifestations of sloping convection in Jupiter's atmosphere, implying that
they derive their kinetic energy directly from the potential energy due to the action of gravity on density
variations preduced by internal and solar heating and that they transport heat from the interior to the
edges of the latitudinal bands in which they arise, (See Plate.L)

Preliminary calculations indicate that there is nothing unreasonable about this hypothesis so far as jts
implications for the vertical structure and other properties of Jupitet's atmosphere are concerned, but a
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detajled examination of these implications and a eritical comparison of the hypothesis with other
proposals as to the naturc of the long-lived anticyclonic eddies will have to be considered elsewhere. The
hypothesis raises a number o7 fluid-dynamical questions to be resolved by further laboratory and
numerical work and some of this is now in hand. Amongst these questions is that of the instability of
the strongly sheared flow in the jet stream itself, Experiments with a wall-heated annulus (Hide 1958)
provide some cvidence that when viscous cficctsare sufficiently smalk the jet stream develops local insta-
bilities on one side but not on the other. Pictures of Jupiter show highty irregular flow on a compara-
tively small scale just outside ths Great Red Spot (and the other long-lived eddies), but not on the inside.
Tt will be important to cstablish by experiment and theory (¢f, Narasimha 1980) whether this highly
irregular flow arises as a result of a *one-sided’ instability of the Jet stream at the edge of the main eddy.

4. Appendix: Regimes of thermal convection in a rotating fluid annulas

The shnplest system in which controlled and reproducible experiments on sloping convection have
been carried oul is the annular apparatus illusteated in Fig. 2 when there arc no internal sources of heat
(i.e. ¢ = 0, scc equation (5)) but the bennding cylindrical side-walls in 7 == a and r — b are maintained
at different temperatures T, and T respectively, so that the impressed temperature field satishes

Iy = {DIn(rjay — T, ln{r/b) )/ in(b/a), .. .. [ ()]

which simplifies to 7, = Ty + T,) -+ (T ~ To) {r — Ao 4 BYH(b — a) when (b — a) <<U(b + a).
Accurate determinations of the srincipal spatial and temporal characteristics of the fields of temperature
and Now velocity over a wide range of preciscly specified and carcfully contrelled experimental condi-
tions led to the discovery of several fundamentally different free types of flow, only one of which is sym-
metrical about the axis of rotation (see Figs 5 and 6). The general character of the flow evidently
depends largely on the values of certain external dimensionless parameters,

6 = gdApfF00%b — a) .. o {12)
and
T = 40214 - (13)
2 <'QR e i e = e = AXISYMMETRIC
|
|
|
| i~ STEADY WAVES
: i—regulcr-: | = = wove form
‘QR<‘Q < 'QI : : L_ VACILLATION® —: ~ — wave omplilude
I— non- oxisymmetric —: I~ wove number
|
1
9> b~ IRREGULAR

qure 6. Aread ¢lassification of medes of free thermat convection in a rotating fluid annulus under axisvinmetric
houndary conditions, (See Hide 1958 or Hike and Mason 1975 for (urther details )
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Here g denotes the acceleration due to gravity (which is typically very much greater than Q2p), d is the
depth of the liquid in the annular contatner, Ap is the density contrast associated with the impressed
temperature difference, i.e. [p(T.) -~ p(T}}|, 5 is the mean density, £ is the angular specd of rotation of
the apparatus ahout a vertical axis, v is the kinematic viscosity and L. which has the dimensions of z
length, is equal to (b — a)¥¥/dt over a wide range of conditions.

When 7" is Jess than a certain critical value of about 2 x 10% (see Fig. 1}, viscosity ensures that the
motion is essentially symmetrical about the axis of rotation for alk values of €. Howcver, when &
exceeds this critical value there exists a range of @ within which highly non-axisymmetric sloping con-
vection oceurs. These non-axisymmetric motions are either regular or irregular (see Fig. 5) depending
on the values of @ and 7. The regular flows often exhibit periodic *vacillation” in amplitude, shape or
wavenumber, but under ceriain conditions these periodic varations are so slight that, apart from a steady
drift of the wavy pattern relative to the apparatus, the flow is virtually sicady. In sharp contrast {o this
behaviour, the irregular flows exhibit complicated aperiodic fuctuations in both space and time,

Consider an experitnent in which all the impressed conditions are kept fixed except £}, which is
ingreased in steps from low values to high values. This can be representcd by a series of points on a
straight line inclined at 45° to the 7 and © axes in the regime diagram of Fig. 1, moving from the upper
left part of the diagram to the lower right. The critical vatue (, of Q corresponds 1o the point where
the transition from axisymmetric to regular non-axisymmetric flow oceurs and the critical value € to
the point where the trausition from regudar to irregular non-axisymmetric flow occurs,
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Plate . Long-lived anticyclonic eddies in Jupiter’s atmosphere, namely the Great Red Spot (which is ahout 20 000 km
long) and one of the three White Ovals. The arrows indicate the sense of relative motion. The speeds tas determined
by Dv R. F, Beebe of the New Mexico State University) are given in kilometres per hour; for compzrison note that

points on Jupiter's cquator rotate at about 35 000 km per howr. (See NASA 1979 for further Vorager pictures of
Jupiter).






