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h is now widely employed for phase-conjugation. Because it is essentially an effect
that is nonlinear in beam energies rather than bgam powers, it can phase-conjugate low-
powser (even microwsit) beams, but taking longer 1o respond to the lower powers
employed. Barium titanate, for example, responds typically in tenths of seconds at one
Watt cm 2 lavels, depending on beam angies, applied tields, and other factors. This

crystal aiso yields large conjugate-wave gains.

A remarkable property of the photorefractive effect is that it can produce phase-
conjugation in either the manner and geometry of stimulated backscatiering, as dapicted
in Fig. 1.3, or in the manner and geometry of four-wave mixing, as depicted in Fig. 1.4, A
more datailed description of the optical nonlinearities of photorafractive materials is given
in Section 3.

2. Phase-conjugation By Stimulated Scattering

The remarkably simple device ot Fig. 1.3 is perhaps the most difficult method of
phase-conjugstion to understand. We will first review the basic nature of stimuiated
scattering and then show how the theory of the phase conjugator proceeds without going

through the details, many of which are best handled by numerical computation.

in its simplest form, stimulated scattering is the exponential power gain P
experienced by a weak monochromatic probe wave at w whan it traversas a sirong
monochromatic pump wave at a higher frequency v in a transparent medium having an

{(Raman-active} excitation whose frequency is v-w.

When this excitation is acoustic the process is called “stimulated Brillouin
scattering”; when vibrational it is called “stimulated Raman scattering.” eic. for a number
of ditferent physical processes. The rate of growth of tha gain factor G with distance £

along the probe beam is given by

dG/di=gl (2.4
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where | is the intensity of the pump beam and g is & stimulated growth coefficient often
listed in Tables (see Ref. 23). For example for sound in CS,, g~0.2 cm/MW for backward

scattared waves, and this varies little with wavelength,

in & device such as in Fig. 1.3, the input signal (which experiences the gain) is noise
from the spontanecus (Brillouin, Raman, etc.) scattering. This noise is relatively weak
and both theory and experience show that G~20-25 is necessary in steady state to make

the stimulated scattering comparable to the input |:}owtn'.l

2.1. Origins of phase-conjugate character.

The basic gain concept above refers to plane waves. Zel'dovich, et al.2¢ discovered
thet for multi-mode pump beams, the stimulated backscattering can be phase-conjugate
under st east some conditions with the arrangement of Fig. 13. When one must deal
with multi-mode beam; and expects phase-conjugation, the theory is altered in &
surprising way. To see how, let us consider an image-bearing beam focused 50 as 10
couple 100% into a multi-mode optical waveguide. In the guide {0<z<L) tha incident
beam field amplitude can be written (assume uniform direction of the elgctric field

throughout)

N

E= I‘A"c"(x,v.)e“‘n',ﬂ<z<L (2.2)

o=

where the sum is aver tha N guided modes. The transverse mode pstterns c"(x.v) are
normalized and obey

Jdndve ‘e =8 . (2.3)
The mode propagation constants k are obtained from guide theory. The mode excitation
amplitudes are obtained from the field pattern Eo("'\" at the entrance to the guide by

A =[dudyc E,. (24

We will assume the backscattering alters (22) negligibly. One now tries solutions for the
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backscattered waves amplitudes F(xy.z) genarated by the nonlinear polarization density of

the form

N -

] B c (xylenr-Y2, (2.5)

n=1
which differ from the normal guided soiutions to Maxwell's equations by Bsn axponential
growth factor. Clearly, if BnﬂAn' we have achievaed a perfect phase conjugator at the
sntrance plane z=0. Unfortunately, this process never achieves this perfectly and this fact

complicates the theory.

The nonlinear polarization density for stimulated backscattering of any type has the

form, in the medium in the guide;
-iqE”EF, {2.6)

whera q is a function of v-w which is real and positive at resonance paaks where gain is

highast.

Substituting (24)-(2.6) in Maxwell's equations, integrating over the guide intarior
after multiplying by ci'exp(lkiz+yzl2). and neglecting terms of order (y/k) smaller. one

obtains coupled linear aquations for the backscattered wave coefficients of the form

YB=U, 0 A A By @n

which is an eigenvalue equation for the gain parameter y. Since ijk,£=12..N. where N is
(R

the number of guided modes, there are N sats ot‘(ast,z....N) which are solutions, each set

having its own eigenvalue y, Numerical and analytical solutions of (2.7) for various

assumptions about the input-beam amplitudes A have led to the following conclusions

about the solutions. For details see Ref. 2 which is attached as Appendix X!

1. One of the solutions may be close to phase-conjugate. We label this the a=1

solution and refer to it as the “phase-conjugate mode”. I has a non-conjugate fraction f,

Bnd phases
that, for randomly distributed vaiues of the input nmplitudas}\is approximately

(%4
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t,~N" Y24 (NLAL/S)?/40 (28

where A is the Stokes wavelength shift 2nc{iw '-v™') and S is the area of the guide.
One can see from (2.8) tha main conditions necessary for this part of the backscattered

wave to be phase conjugate, i.e. that makes f,<<1.

#. The gain coefficient y, for the phase conjugate wave is, when f,<<l,

spproximately

Y,~26P,/5 ) (29)
where g is the usual tabulated gain coefficient defined above and P_ is the power of the

incident beam: E_|A_|%k c¥/8nv.

. There.are N-1 other solution sets B, , who non-conjugate fractions f, for the

“non-conjugaté modes" are '

Y, ~9P,/8. a=1 2.10)
or about haif that of the conjugate mode. The gains might be termed normal, since they
are the same as for s plane input wave of same average pump beam intensity. The
phase-conjugate mode gain may then be called "anomalous”. being twice that for a

plana-wave pump of the same intensity.

V. Any observed non-conjugate fraction f, can be expected to be mads up of f,
above plus f, the sum total of background emission from the N-1 solutions with lower
gain. in Ref. 1 (Ch. 7) it is estimated that

1
F,~2Ne™® FALY}

in the steady state. This limits the number of modes that can be usefully conjugaied by

stimulated backscattering.

it is hot entirely clear for what classes of pump-wave amplitude distributions A in

{2.7) that the above conclusions are valid. This question deserves more numarical study.
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We summarize some of these resuits in the following schematic Fig. 2.1 of the

powaer distributions in the guide of the incident beam and the scattered solutions.

Fig. 2.1, Schematic of the incident baamyP_, the
phase-conjugate mode power P, and the non-conjugate mode powers
P, 8s a function of distance 2 along the guide. Incidant

power flows to the right.
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22. Unguided Waves.

Experimentally it has been found that, nder some conditions that are poorly
understood, stimulatad scattering from an unguided image-bearing beam can be its
phase-conjugats, or, more pracisely, have & small non-conjugate fraction {. The theory
for this case is mathamatically more involved sand no reliable conditions have yel been
derived for it, i.e.. the non-conjugate frection f has not been estimated. Of course more
powaer is required when waves are unguided. However, the convenience of unguided

interactions when power is available makes this case wall worth further study.
2.3. Puise Shortening.

Hon has demonstrated simultaneously the compression in time and phase-
conjugation of a 20 nsc 1.06 micron pulse by stimulated Brillouin backscattering in

glass.?> The conjugate pulse amarged having about 2 nsc langth. Pulse compression by

WM
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transient stimulated backscattering has been studied theoretically and experimentaily,
(See Refs. 1 and 23 for some results and other references.) The combination of
conjugation and comprassion (or even transiont scattering) has not yet been analyzed,

and remains an interasting question.

The analysis of simple pulse compression of a plane wave shows two distinct useful
regimes. In one, gel  is much less than the natural bandwidth of the excitation, in the
other regime it is larger. Both regimes are now fairly well understood, the second case
producting the less dramatic shortening. Pulses shorter than s period of the
backscattering excitation are not expected.

3. Phase-conjugation By Photorefractive Effect

The photorafractive effect, as described in Section 1.3.2, has been observed in a
number of acentric crystals, including lithium niobate, bismuth siticate (Bi,,05i,,). barium
titanste, potassium tantalate, gallium lrs-enide, and strontiuin barium niobate.  Both the
beam geometries of stimulated backscattering (Fig. 1.3) and four-wave mixing (Fig. 1.4}
produce phase conjugation with the spacial form of the nonlingarity characteristic of the
photorefractive effact. Entirely unigue other geomstries perform aiso. The geomatry of
Fig. 1.4 has produced cw intensity gains in excess of 100, and has been used to make
new self-oscillating structures. This was done with single crystals of BaTiO, at room
temperature andtypically 10 mW argon laser beams, with which response times (e.g.
buildup times for light in self-oscillsting structures)are of the order of » second. (See
Ref. 26, sttached a3 Appendix IX, for details) The pump beams can actuslly be created
spontaneously by & kind of stimulated scattering from the input €E-baam, as we explain

below.2” This makes beam pattarns as shown schematically in Fig. 3.1.

N
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Fig. 3.1. Schematic of self-pumpad phase-conjugator using
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The generation of pump beams internally in the crystal is a result of two beam
coupling which occurs similarly as for stimulated scattering but without any shift in
frequency (as well as sometimes with a shift). This two~beam coupling also produces

phase-conjugation by itself. with beam geometry as illustrated in Fig. 3.2.28

To understand these effects, one must understand how two intersecting beams st
the samae frequency produce a rafractive index grating. A model based on the optichlly-
induced exchange of an electron between divalent and trivalent impurities has worked
well for some crystals. This is Hiustrated in Fig. 33, The segquential steps from lighi
intensity variation, to charge density variation, to elactric field variation, to raefractive

index variation {from the electro-optic sffect) are illustrated in Fig. 3.4.

The msthematics for deriving the charge density variation from the intensity
variation using the hopping model are outlined in Fig. 3.5 for no externally applied field.
The extension to a constant externally applied field is straightforward and introduces no
new parameters. This linearized theory is valid for smali fractionat intensity and charge

variations.

The refractive Index change, or more diractly, the change A“.i in the optical

dielectric tensor, is calculated for the electro-optic effect by the usual relation
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be o€ Rg ey (3.1}
where € is the unperturbed optical dielectric tensor, R“” is the usual electro-optic
tensor that is usually contracted to the e notation (ru-nm-ﬂ oy etc.), and the Coulomb

electric field is related to the charge density amplitude W at wavavector k. (in Fig. 3.5} by

Poisson’s equation {in esu}
ikE=amwaN /€, 3.2

where q is the charge value of the hopping charges whose average density is N, and €

is the static dielectric constant.

With the spatial index variation represented by (3.1), the scattering of any additionst
beam (or one of the writing beams) can be calculated by the standard methods of
hotographic anatysis. This analysiz shows that if a weak cw beam traversaes a strong cw
pump beam at the same frequency, over half the sngles in a photorefractive crystal, then
the wesk beam experlences exponential growth. (Over the other hatt of angles, it
experiences exponential decay) This is becsuse the spatisl variation of A i is not in
{spatial) phase with the optical intansity variations caused by the two superposed beams.

30d 31, and #lso Appendie VAN
{See Refs.ulor details.)

When optical pulses of much higher power but short (~nsc) durstion are used 10
write and read photorefractive gratings, it appears that the anelysis of Fig. 3.5 romains
assentially unchanged, at least for barium titanate.?® The potentiat of photorefractive
materials for high speed optical processing has not yet been explored and it promises

much.

The resuit of the hotographic analysis to obtain the steady-siate phase-conjugate
field reflactivity of Eqn. (1) in the geometry of Fig. 14, when the alterstion to tha E, G,

and H beams can be neglected, is strikingly simple:

K=wn’r_, k Tkimldcaq) +k2/kp 1) {3.3)
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Here r, is the effective electro-optic constant for the given beam directions and

polarizations, and ky, is the screening wavevector defined in Fig. 3.5. For interior write-
beam angles less than ~one radien in efficient materials, k<k, The magnitude of the
modulation indax m is less than unity. in BaTiO,, r."--lo'9 m/V, (depending on geometry)
so the possibility of large gain is evident for effective intaraction lengths L of only a few

The cw gain o' experienced by a weak probe beam counter-propagating along a
stronger pump beam in BaTiO, when both waves are extraordinary follows from (3.1) with

Fig. (3.5) and simplifies in the usual case where k> >k, and the r,, term dominates to
x=4%¥N%qr, N _sin“6cosd/e (O)esu, (3.4)

when the beams lie in the zx plane at angle & to the z axis. The static dielectric constant
€, varies with this angle, being ~100 st 6=0 and ~4300 at 6=%/2. One sstimates from

i
(3.4) with N_~3x10'® cm™3 that  maximum st 8~26° where
k~8ecm™. (35)

(It is likely that the higher-gain samples have No--w" em ) Therefore, the
backscattered beam can grow from the small noise present 1o attain intensity of the order
of the input beam with L~1 cm, as obsarved. The observed phase-conjugate nature of
this backscatter follows from arguments similar to those in Section 2 applying to
stimulated Briliouin haclmr.att.ﬂng.z‘

4. Usa Of Optical Beam Phase Conjugation In Physical
Measurement

Optical beam phase-conjugation has been of vaiue in physical measuremant of (1)
slectronic and excitonic properties of atoms, molecules, and crystals, (2} thermodynamic
properties, especially thermal conductivities, and {3) nuclear motions {vibration, rotation,
stc) in moleculss, liquids, and crystals. The advantage of phass-conjugstion beam

geomaetrsies, especially smong various four-wave mixing geometsies, are several in each of
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these aress. We review each area below.
4.1. Measurament of Electronic Excitations.

Most useful application of phase—conjugstion to siectronic measurements have been

the following.

4.1.1. Electron and hole transport.

When two beams, called | and 2, interfere spatially in a madium.:'spatial modulation,
or “grating”, of the optical intensity exists. This grating moves or is stationary depending
on whether the beam frequencies are different or the same. When the radiation is near
the bandgap frequency, free or bound electron-hol& pairs are created so as to create a
spatiaily varying density of these objects. This is illustrated schematically in Fig. 4.1. A
raading beam labeliad 3 Is aligned so as to scatter phase-matchad (i.e, as specified in
Fig. 4.1} into the beam 4, which is essentiaily phiso-coniuglto:‘:ho beam 2. The
refractive index variations arise from the newly-created elactron-hoie plasma. Thelir
magnitude reflects the density of excitations and, for unbound electrons and holes, their
effective masses. The decay of the grating reflacts the mobilities of the particles and
their recombination processes. How this decay varies with grating period and direction
gives a fairly complete picture of the diffusion of the excited particles, especially when
viewed in an external electric fisld. Bacause of the wide acceptance angle of the phase-
conjugate geometry, a wide range of grating wavevectors can be studied simultaneously,
often an advantage in accuracy and simplicity of measursment. Ses Ref. 1 for references

and details.

4.1.2. Excited ion potlarizability.

Similarly o5 do excited electron-hole pairs change the refractive index. so do
stationary excited ions, such as the laser ions in ruby or Nd:YAG. Phase-conjugation has

yielded the first measurements of this index change, and the altered optical polarizability
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of excited ion states. See Ref. 30, which is atiached a3 Appendix X, for details.

413 E igration.

Spatial diffusion of excited ions lﬁ solids causes s dependence on grating
wavevector k of the decay rate of the refractive index grating they cause. By measuring
beam polarization states in cw phase-conjugstion. a sensitive, seif-calibrating measure of
the k-dependence has besn devised. It is the resuit of interference between scattering
from the two gratings that can exist simultandously in cw phase conjugation. This is

illustrated in Fig. 4.2. Dstails are givan in Appendix X.
4.1.4. Measuramant of photorefractive parameters.

The discussion of Section 3 above, and the theory outlined there, make it clear that
the dependence of phase-conjugate signals and their decays on basm angies and
polarization can yield the necessary impurity parsmeters 10 calcuiste essentially any
optical intersction. These impurity parameters include the densities of filled and smpty
trap sites, whather slectron migration occurs in the conduction or valence bands {or
both), the optical cross-section for ionizing a trap, and the mobiiities and lifstimes of

excited casriers. Examples of such measuraments are described in Ref. 31.
4.1.5. Doppler-iree 1 pholon spectroscopy.

When phase-conjugation by degenerate four-wave mixing is mediated by 1-photon
resonance (snergy levels spaced ~Tiw} in a vapor, and the atsorption langth is not less
than the beam interaction length, the refiectivity shows s Doppler-trea resonance.’

Results using this technique are raviewsd in Ref. 33.
4.1.6. _Doppler—tr b Spaciroscopy.

The most accurate measurements of lavel spacings in the excited 50, manifold of

rubidium vapor have been made using the phase-conjugate beam geometry which
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axhibits Doppler-free resondances for much the same resson as does 2-photon ahsorption

from counter-propagating beams. A typical result s illustrated in Fig. 4.3.

4.1.7. Measurements of stomic collisions in vapors.

When absorption langths are¢ much shorter than the intersction length L of phase-
conjugate besms at 1-photon resonance in a vapor, the polarization dependence of the
conjugste signal in the wings of the resonance {where the absorption length has become
longer than L) shows surprising behavior thst reflects the rate at which collisions transfer
the atom between magnetic sut-levels. In this case it was observad, as calcuiations
predicted, that a refractive index grating is formed without optical intensity variations, but
with spatisl variations in the stste of elliptical polarization of the light only. These results

are summarizad in Ref, 34 and attached as Appandix Xii.
42. Measurement of Thermodynamic Properties.

When a maedium is slightly absorbing, e spatial variation in optical intensity causes 8
spatisl variation in temperature, and thereby, a spatial variation in refractive index. The
transient decay of a phase-conjugets signai becomes a very simple and direct way of
measuring the thermal conductivity of any nearly transparent suhstlnr:o,l 'as ilustrated in
Fig. 44. Other thermaily-induced changes, such as solvent concentration can also be
measured this way. Thermal contact snd barrier problems are eliminated. Daetails of such

measurements are given in Appendix V.

43. Measurements of Excitations of Nuclsar Motions in Molscules, Liquids and
Crystals by Raman-induced Phase Conjugation {RIPC)

Non-degenerate phase-conjugstion aHords another tachnique of coherent laser
spectroscopy that is comparable in many respects to Coherent Antl-Stokes Raman
Scattering (CARS), Stimulated Raman gain spectroscopy and other similar techniques. As

such it affords a way to study the same nuclear motions as might be studiad by these

r.23b
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other techniques, and it offers some interesting trade-offs in noise and sample

accessibility problems. Wa call this technique "Raman-induced Phase Conjugation”™ or

RIPC.

Figure 4.5 illustrates how a Raman resonance may be observed by RIPC. This
resonance has & non-Loremzisn line-shape in genersl which can be mada to coincide
with the spontanecus Raman lineshape by proper choica of beam polarizations. Howaver,
the complex forms of the lineshapes give useful data on the ratio of the Raman line

strength to the strength of a uniform background of optical Kerr effect which is more

sasily measured absolutely. Details of the theory of these lineshapes is given Ref. IE.V

which is attached as Appendix V1

A brief comparison of the geometries. advantages and disadvaniages of RIPC, CARS,

and thres other techniques is given in Fig. 4.6.
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Generation of time-reversed wave fronts by noalinear refraction®

R. W, Hellwarth
i Sciences Lab y. Ui ity of Southern California, U Park. Los Angeles, California 90007
. (Meceived 2 Septewmber 1976}
We describe & nonlinesr method for nearly & ly, & thwe. d replics of smy

monochromatic-bess wave patiern. mmmmmdm-nuh-nufm

wave fronl, with counter-propagating ples “pwmp” waves in a b

MdnlreshmvnwenlInt&hﬁmmﬂﬂnmmumﬂlﬁmm“m

later pump sources.

1. INTRODUCTION

For nn, electromagnetic wave that propagates through
an i beorbing, medium (having no
permmm nnqnetl-m), there can exist In principle a
time-reversed replica of thia wave. This means, for
example, than an appropriately patterned but irregular
wave fromt can travel through a randomly inhomo-
gensous medivin and emerge as a cohereat uni-
form wave front, providing ltis a replica, reversed in
time, of a coherent beam that |s deformed by the same
di Here we propose a new meth-
od for genernlxg, nearly Instantaneously, the time-
reversed replica of any monochromatic beam, Our
raethod employs the nonlinear refraction present in any
medium and Ia realizable with existing laser sources,

Rt is well known to be possible to generais a time-
reversed wave by nonlinesr effects. Zeldovich efal.’
showed sxperlmentally that  nearly “time-reversed”
wave was produced by stimulated Brillouin scattering
(5B8) in the backward direction of a ruby laser beam
whose phase fronl had been deformed by an inhomoge-
neous medlum. This wave was not perfectly time re-
verued as it was slightly downshifted In frequency by
the acoustic frequency. Nosach ef«l.? used 8BS to
restore the coherence of a laser beam that had been
amplified by an inhomogeneous amplitying medium,
Recently, Yariv has proposed (o “yndo” the distortion
of limages tranamitted by multimode optical fibers by
parametric mixing in an aceniric crystal.’ He has
shown that the mixed wave would be a time-reversed
version of the propagated wave that, upon further prop-
agation in the fiber, would evolve back into the original
pattern at the entrance face of the tiber.' This mixing
process couid aleo be used to produce an unguided,
time-reversed beam. In elther case, limitations are
placed on the beum-acceptance angies inthis process by
“phase-matching” requirements ¢n waves that can mix
efficlently in the crystal. In the case of the technique
using nonlinear refraction, which we discuss below,
neither a [requency shift nor phate.matching need play
a role, thus allowing a more accurate time-reversed
replication than is possible with SBS or parametric
mixing. Also, on the basle of nonlinear optical coef-
ficients known (o date, the effect we discuss here can be
produced with less laser pump power than either of the
other etfects.

In Bec. Il we will show how, In the presence of
counter-propagating pump waves, a beam will cause
the generation of Its time-reversed wave by the non-
linear refraction which exists in any medium. In Sec.

inho

] 1. Opt. Sac. Am., Vol. 67, No. 1, January 1977

1 we show that the pump power levels required for of-
ficlent Lime-reversad generstion are wall within tha
capabllity of avallable sources. We also suggest &
simple experimental arrangement for demonstrating the
generation of a time-reversed wave by nonlinear re-
iraction.

1l. THEORY

Consider a wonochromatic electromagnetic beam
that has a complex wave front and ia incident from the
left on a transparent slab of nonlinear dislectric, as
shown In Fig. 1. We assume that this beam has an
electric tield ReE,(r) e’ whose complex amplitude
Eli=x,y,2) Is known at every point r in space. We
will derive the amplitude F,(r} of the tield radiated by
the nonlinear electric polarization denaity RePyYr) e
that Is created in the nonlinear medium by the interac-
tion of this beam with strong forward and backward
plane waves at frequency uy, that also exist In the
medium. That i, we unume the [ollwlu eleclrlc
field to be L d in a h me-
dium;

RelE,(r) e7'% +.G g™ 0r-1n¢ o Jf p-ihor-lugt), (1)

By virtue of the (third-order) nonlinear susceptibility

that exiats tn any medium, we have, at ¥=2wy~w,

Pt-X,, By @)
Here, as throughout, the summation ¢conventlon is used
for repeated space indlces, and

Xy =0eipgl= ¥, =@, wy, W) G My, 3
where the c,,, are the nonlinear suaceptibility coaf-
ficients deflred by Maker and Terhune' and which are

known, at least approximately, for many matertals.’
We will call the oppositely traveling plane waves at w,

PEOS c

FIG, 1. Schematio and It
raversed wave Nelda.
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the “pump” waves, as their amplitudes deierniine the
magnitude of the nunlinear susceptibility X,,.

Now we wish to calculale the electremagnelic lield
amplitude F, generated at a point {x, v, 2) far in [rom of
the niedium by PYL, and show thut, when w -wy, F, is
propurtionul to the complex conjugale E? of the incom-
ing wave front ut the same point, That is, the generated
wave is the “lime-reversed” wave, We can, without
iuss of generality, tuke lhe transverse frontal pline, in
which we will demonstrate this relation, tobe atz 0,
a8 shown in Fig. 1. For stmplicily we will assume that,
gven though the nonlinear medium exists only between
z v z<z, (see Fig. 1), the linear relructive indices are
the sanwe inside and outside Lhe medium. (Correclions
for rellection and refracticn al dietectric imerfuces can
be mude later,) The incident wave winplitude al a
point (¢, 9, z) inside the nonlinear medium may then be
wrilten simply in terms of its “imitial” amplitude at the
point {x',¥",0). We assume Lthese two points tu be
separaled by a distance y much lurger than & wavelengtl,
The Freseael-Kircholl diffraction lormula gives

Eg, p 2} - ik I f ' ' E Xy 0) KT/ 2ar), )

where & -upw/e, ) belng e refractive index fur this
wuve, and X - (1 +c088)/2, ¢ being the wigle between
the ray along r and the 2 axis, as shown in Fig. 1. The
nonlinear polarization density, which resulls frop (4)
substituted in (2), will radiate to give an electric {ieid
amplitude ¥, at the point (x,y,0) in its far field:

iz
Futxr,y,00=¢ | d'zjj dEdnT, X, E L 0,2) 0" s,
*

(5}
Here ¢ =wp¥/c, v, being the refractive index for the
radialed wave at ¥, and ¢ i3 the distince between (x,y,0)
und (&, m2). The operalor 7, Likes the Lrunsverse
part of the vector source, which is es ally ils pro-
jection on a plane perpendicular Lo the incident beam.

After substituting (4) into (5), one (inds that the in-
tegral over £ and 7 can be pevformed nearly exactly
under conditions which are commonly obtained in prac-
tice. To see this, we expund the pluse function in
powers uf {the transverse incident-beam cvordinates
(£, n) divided by the distance z betwoen the rudiating
and initind planes |

ys ~hr = Ak 3yt - bpf iz lkx" —gx)- 3z
riaka?/z cOlhot/2?)- i6)
Here, &k =g~k and x, x*, and § are two-dimensional
vectors, whose coordinales are (x,y), (', '), and (£, 7),
and whose magniludes are p, o, und @, respectively.
The tirst two lerms in the rhs of (6) are wol functions of
£ and 7; the next is the imporiant term, So tht we
may negiect the terms in (6) of order a? and higher, we
will ausume that the incident beam is contalned inside

a circle of radius o in the £, g plane, and that both of
the following conditicns are sutislied;

£ o dtak (7}
and
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r,*
&

2 hdt/2®. 18)

It is scen that, since ak- &, these conditions require
that the soulinear interaction region be o minimwm
digtance from the initial plane at 2 -0, but not 8o lar

us the Fraunhofer diffraction region. I peviorming

the integral over £ and nwe will assume that ) does
not vary with £ and n within J amd replace it by its
average, which we call (75", We tecal K similarly,
replacing it by K. Then, with (7) wnd (), Lhe intepgral
over ¢ and 7 in (5) gives a della function, When (4) for
Ef is substituted in (5), the (v, v') integral may be per-
formed trivially to yield

P
Fix,p,0) - 2migik™ J e e T X"E:(% ¥, ﬁ— v, 0)
n J

9
where t=Kz3/F5. We have assumod thal the product i
M, of the amplitudes of the strong, opposilely travel-
ing, pump waves al w, was independent of £ und 1 al
given z, at leaut over the area of the incident beam E,.
lowever, the umplitudes G, amd H; tund hence, X))
may still vary with z and affect the integral in (9).

The boportant consequence of (8] is that F; is propor-
tiviad tu BT at the same poist (1 & -¢), or al o nearby
point (il k# ¢}, in space. Thalis, 1 & ¢, a time-
reversed or phase-conjugide wave is genevated in this
provess, When b rg, a magnificd and displuced replica
uf this wave results, There are no phase-nmatching re-
quirements here, s0 a quite divergent beam can be
“time reversed.” We proceed to estimale the beam
powers that would be necessary L obtain o given effici-
ency of geacration of the lime-reversed wave.,

HE NUMERICAL EXAMPLE

To estimate the pump-wive powers necessiay to pro-
duce a desired time-reversed wive, consider the prace
ticad cuse where (1) Lhe incidend beans s pearly colinear
withy the pump beams {8+ 1), 12) & -4, aud {3) the pump
ampliludes do nol vary uppreciably in the region of the
nonlinear medium where they overlap the incident beam,
Then £~ 1, ak 0, Ty~ 6, und (8) reduces to

Fir) -2mik X, E*{r). (10)

where L=z, -2y is e thickaess ol (he iwulinear me-
divm, and ris assumed W be e cooagh in froal of the
mdiam 50 that conditions (7} and (8} are sutisticd.
From {10) we see thal the vatio R ol conjugale-wave
power to incident-wave power is

R=LI B2, an
where
8= |96a%c2 mr.‘“,,fi‘f’: tuty ) (12}

dere, f, e,p,k arethe complex, nornialized, polariza-
tion veciurs of the waves (¢, - K, /| f:':}-,‘,l'”, ele.), and
Ie and £, are the intensities of the furward aod back-
ward pump waves, We have assumed thal e time-
reversed wuve has an intensity small envugh so as nul
o perturk appreciably the other wave intensities, i.e,,
LES N

For C§,;, one of the most optically nontinear of
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FlG. 20 sehemalic diqgeam of wpparatus deseribed in lesd tor
abygerving gen oo of i time-reversed wave by nunlinesr re-
Traction in micdivm A,

liquids, o, (-9, —w,@,u)~ 2% 10" esu.? AL 6943 A
this would imply by {12} that 4~ 8~ 10° ci/MW,
Grischkowsky und Armstrony have observed that for w
near the 2P, resvmance i rulidivg vapor, Whe ¢ co-
efficient Guw B8} was nearly four urders of magnitude
geaater, Implying g~ 30 cmi/ MW near 7850 A.% With
this lutter figure as an example, we see {rom (k1) that
to obtain 10%, conversivn Lo o time- reversed wave

G 0.1} in a 10 ¢m leagth of medium, the pump inten-
sHies requived would be I, - Lo~ 1 KW/ om?, The 2 mm
diameter dye-laser beam of several kilowalls, which
was used in Ref. (6} (o vbserve the nonhinear index,
would certainly satisfy this requirement.

In arder to demonsirate the generation ol a4 Lime-
reversed wave with o single monechromatic luser
source, one might employ an arrangement as shown in
Fig. 2. A single-mode monuchromalic laser source
15 direcied into the nonlivear medium A, The mirror
M2 reflects this beam back through the medium creat-
ing forward and backwurd plane-punip waves of nearly
the samu amplitude. Beam splitter BS1 and mirror M1
direct a portion of the laser source through a phisc-
distorting plate P and 1 focusing lens £ into the pumped
region of the medium. Cameras | and 2 record the -
cident and backseattered bean pasteras it bean splitter
BS2. Camera 1 should show Lhe "single -tode” patiern
as ininsel (a). If the nonlinear medium 18 remwved and
a back -refleciiop mircor M3 placed a the Fucal point of
tens £, udistorted pattern, cuusedby double -pussing £,

3 b Opt. Suc. Ain, Yol 67, No. |, Junuary 1977

wilkbe recordedby camers 2asindicated ininset{b}),
However, in the presence ol the pumped nonlinear me -
diwm, cawmera 2 slould record the same single - mode
pattern {c) us recovrded by camera V. That 13, the back-
scatiered beam is re-formed by plate P o have a
smooth phase froat and appear to be the time -reversed
image of the incident beawn,

In an experimentad arvugement such as in Fig. 2,
e Lsear refractive uwex of the medivin A may not
mateh the index ouiside its (ront surface. In this case,
the length L uf the medivin must be long envagh so Wit
condilion (8) i8 met for most of the interactivn voluie
whea the compazrison pline z -0 is considered {0 be just
inside the entrance surfuce of the medium g.e., <, 0
in Fig. 1}. Then the time-reversed wave [ront will
aave become well formed before exiting the medium A
and continue back towird lens £ us a tinw-reversed
replica (except lor the small reflections at the dielec-
tric interface which cun be eliminated by coatings),
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We derive general npressions for the efficiency of cw phase
ing of cob

by & e min-

glasses in which (hese offects arise prodominaally from driven nuciear i {
' ion, elastic defi b ak.). Apart from their & d

di T, and reh

ic beamns in Muids snd

on besm freg -,

lnden n, these eapressions sre functions oaly of the integrated {po-

lerized and depowrzed) Kghi scatrering sirengths versus scaltering anght in the mediurm and the steaua-

ton coeflicient a. There is no other dependence on the scanering

h When W en-

tirely due lo scillering., the expressions simphfy and suggest thal wnprecedented low powers (in the mi-
crowatt regime for microwsves) can produce self-focusing and strong phase conjugation, s well ks other
besm mixing ¢fTects, when beam geometries are optimired in the scattering medium. In this case we find,
for example. P~ akgTw'/ca (kg is Bohzmann's constant and ¢ is the veiocity of light) provided thal

there is significant desm diffraction in kength o™t

sleciron plasma.
AWRZ21S 1983 PACS numbers 42.65 Bp 42.65 Gv

1. INTRODUCTION

The ion b p inel scaltering
of eleciromagnetic waves and coherent nonlinear propaga-
tion effects has long been exploited in nonlinesr oplics. Re-
cently, Smith, Ashkin, snd Tomlinson' demonstrated that &
liquid suspension of 234-nm lsiex spheres in  waier,
designed for high scattering (o ~ 15 em ™), hed & remark-
ably high nonlinear index { ~ 10° times that of CS;) at the
515-am wrgon laser wavelength. They observed cw phase-
conjugation efficiency of order 0.5% wsing degenerate four-
wave mixing with 1wo 50-mW pump beams in the "antificisl
Kerr medium.™ Ashkin, Dziedzic, and Smith? demonstrat-
ed cw sell-locusing of 5315-nm beams in less than the at-
tenuation length a~'( — 2 mm) in similst suspensions, ob-
serving a theeshold power of order 1 W, independent of
beam diameter as is expected il the refractive index change
equaly a nonlinear index #; times the optical intensity [
They noted importantly thal m; was groportional (o the at-
tenuation a cm ' due 10 scattering.? Smith, Maloney, and
Ashkin® estimated the constant of propontionality in terms
of the difference between the refraclive indices of a
suspended perticle and the liguid, finding satisfactory agree-
ment with experiment. We generalize their eapression in
the course of this paper, in which we study the quesiioa:
what limity, il any, sre placed on the phase-conjugation effi-
ciency and self-focusing threshalds of a fluid or glasa that
scatiers light with arbittery angulsr asymmetry and depolari-
ation function, by virtue of the competition between the

b pling (proportionsl 10 the scatiering strength)
and the negative effects of the beam stienustion from the
same scatiering. We obisin a general expression for all
components of the third-order optical pribill-
1y tensor in terms of iniegrated (pver frequency) scaliering
cross alone, independent of the scattering mecha-
nism. Using this expression in standurd treatments, we
conclude that the same cw aontinear effects will be found in

Ploasé ignore any black kines They ore
the result of copior and will mot gppecr
en final pages.

Our resubts slso apply to some other media such as

any NMuid or glass, having the same depolarized end polar-
ized scatiering coeflicients o, (#) and oy (#) cm™', regard-
lesx of the scatiering mechanism, be it orieniational or vi-
beational Muctustions, opalescence, concentration fluctua-
tions in mintures, serosols,' etc. For example, efficient
phase conjugation of L-cm radistion is predicted wilh pump
beam i less than a pi i pet Square centimetar.

Here, we show thal any transparent medium in thermal
equilibrium sl temperature T which sttenustes an elec-
yomagnetic beam more by scaltering than by absorplion will
phase conjugaic & beam by degeneraie four-wave mixing,’
schieving power reflectivity R of order unity with relstively
smsll pump powers. Specifically, we will show that, in such
scaiteting with the ususl beam configuration of Fig. 1, snd
with pump intensitics /; and [ low encugh 30 thet R does
not exceed —~0.5,°

R=ptim'ni il . {n

where £, is a dimensionless function of the degree of depo-
larization and anisotropy of scattering only, which we will
show is of ordet unity when light scattering is isotropic (but

possibly orders-of. itude larger for ani pic scatter-
1 ~
\
”
3{—‘/ \\2
4

FIG. |. Schematic nl’ bum geomeiry for phase conjugetion by
e IR S RO, All Correction:

Must Be Marked On The p
Not On The Manuseript,

age Proof,

2

27‘3‘

one

inp); _
Fo=n'keTo'/c! . L2l

where a i3 the refvactive index, ks Bolizmana's constant, »

the electromagnetic beam (angular) frequeacy, ¢ the veloci-
ty of gh illvmum, and

2z
A= He= oLl —est)ird (i )]

tength L in the scaitering medium is w364 equal

(i.e., 4we sttcnuation length, where o is the intensity a1- =

senuation coefficient for beams of frequency w. This may
be expressed as the sum of the parts o, arising from ab-
sorption and o stising from scatiering:

a=agta . 1}

Note that o, sometimes called the total scatiering cross
section per unit volume, equals the [raction of photons scat-
tered per unit length o photons which are geoenully of
slightly different frequency. When the scatiered photons

heve frequencies differing from « by shifts of order $A, -

the responsc time of the phase-conjugating mirror, or of the
self-focusing, will be of order 4~%,

From (1) we expect to schicve efficient phase conjugation
in scatiering media with lower intensities al longer wave-
lengths. For example, (1) predicts pump intensities of or-
der 30~ * W/em? for strong conjugation of 10-um radiation,
and predicts intensities of order 107" W/cm? for conjugat-
ing l-cm microwave radiation. Realization of media with
convenient scaltering lengths o”', and baving o, <o,
should be posible. For example, liquid chloroform has sn

i‘ it given by 5.14 ¥/ (w'wn;).* then

o L4k Tty
co ’
where ¢; is & dimensioniess function of scattering anisotropy
and depolsrization only, which equals unity for isotropic po-
farized acaitering (the case studicd in Rels. 1-3). From (5)

. (0]

[

we would expect for example, 1o produce self-focusing of 3 (‘,ﬁ

% band (3 cm) microwaves from s 2-m-diam antenna, in such
P medium baving o =5 km ™", with 14 uW of power.
schieves it maximum value of unity when inM i

y P

iI. THEORY

We will consider only fluids and glasses. These have the
simpiest, though nontrivial symmetry. To establish (1) for
such media we first write the usual formula for the complex
phasc-conjugste-amplitude reflectivity r, which is propor-
tiontal 10 #Xx'"/a. We then relate the appropriste third-
order nonlinear susceplibility x'”' 1o the real scalar response
functions a{r. ) and 8(1. ¥) which describe nuclesr motion
in the Born-Oppenheimer regime in which X'’ is negligibly
affecied by clecitonic excitations. (Putely electronic non-
Lineatities contribute negligidly to x'" in the regime of in-
terest hete.) I is well known that the a snd & lunctions can
be determined from the exponential “Raman* gain at fre-
quency w that is stimulsted by s “'pomp’” beam st frequency
v, if specified ut all w and for all relative beam directions
and polarizations.” It i3 also well known that this Raman
gein is lincarly related to ordinary Raman § CTOSS
sections.”® We will show that the nonlinesr x*¥ that
governs cw phase conjugation is proportional 1o & weighted

average 7, depending on besm polarization, of ordinary Re--

mak scaltering cross sections at angles # and #— ¢ The
“‘jsotropic scattering'’ limit, where these cross sections

absorption length ~ & mm at the b dioxide laser
wavelength of 10.6 um, snd, being a poler liquid, should be
capable of suspending encugh micron-size rods (e.g., gold)
1o sttenuate such & beam in less than & mm by scatiering
from orientationa) Mluctustions. A convenienl interaction
tength L of several miflimeters or less in such a suspension
should schieve phase conjugation with efficiencies approach-

ing those in (1), at heating rates 2a,f, much less than are.

me1 in dye lasers. The response time of such & medium will

depend only on besm polarization, and not otherwise on the
scattering wave veclor k, has been treated previousty.!
Here, we will sometimes be interested in media caused to be
highly scatiering by parlicles having size of the order of a
wavelength, for which we must extend the theory lo aniso-
wropic scaitering. Since a is slso proportione! to o in the
medin of interest here, the maximum magnitude of the re-
flectivity r=X'"/a does not depend on the scattering
hanism, and we find the simple limit of (1},

be the otienwational relaxstion time of the scaitering rods,
which shoudd be, for example, of the order-of-magnitude of
milliseconds for micron-size rods.”

We also show that, assuming the critical power Py for

We consider the plane-wave description of phase conjugs-

tion by degenetste four-wave mixing depicied in Fig. 1 and

the sngle b beams 1 snd 3 10 be much less

than one ndisn. The optical field &, (r~xp2) in the
dium can be rep d by

self-focusing of monochromatic linearly polarized radiati
]

.(%1) = ReleyErenplik, ¥ —ar/2) +epErexpliky X~ all —2)/2) 4 ey Erexpliky X —az/D)

teyEexplike- T +az/2)) .

The complex polatization vectors (which must be proper
vectors of the linear dieloctric tensor) are normalized so that
eiey~1, eic. (Repested space indices arz assumed 19 be
summed throughout.) Using the usual convention, the

P of the [ polsrization density # {L(X.¢)
along vecior ey, thal generstes the phase conjugate wave E,
has complex amplitude

Po=6XVEEES expli(Ry+ K- K5)-T—all +2)/2] ,
W

6}

r
where, i lerms of the ususl nonlinear susceptibility ten-
o e\,
Vel —w o, w, —wledeyeued . ()
In the absence of X'V, E\. E;, £,, and E, are constanis.
With X', transient and steady-state {cw} solutions for these
amplitudes have been found in & varicty of approximations,
with and wilhout nonlinear components other than (7)
which may be pertinent.! For cur purposes il will suffice 10

';'513;,‘_
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assume the conjugste wave E, disturbs the others negligibly,
nor do Lhey disturb esch other. This approximation has
boen found to be accursie for power reflectvities & =[]
={EJER up 10 ~05% We aleo consider only the
sinady-state solution quantitatively, For which Maxwel's
equations give directly* i

r- -E."-tuli]flnlﬂltn, (L)
A useful expression of the part of the third-order pola.rll

P TITY

The functions a and & may be cakulated directly from the

quanium svesrage, or its hydrodynamic or classical limits, in
the tradition of Brillovin, Born, and Plazcek. For our pur-
poses it is more uselul 1o use (10} to obum both an cxpres-

'Id’x'[ FZOBRHT S ali~r, T-3)+ [ACWDE AN AT INETS £ 9] 8

ration density # M arising from nuclear motions in Muids
and glasses is obuined by noting that it is the quanium
sverape (x,(X.1) ,(1.¢)) calculsted to third order in &,
using Ib¢ time-dependeni interaction polential

- fere oo
(in esu). Clearly # M-(%,1) will have only tetms parallel to

FAT.r) and F (T .0'He < 1), the only vectors svailable.
This average tesults in o #" of 1ke form

10

1
where @ is the angle beiween one possible incident (lincar)
polarization vecior and the direction of scatiering.

When the scatiering particles are much smaller than &
wavelength, the polarized and depolarized scatiering cross

sion for x'* and for the stimulsied gain fi
linking X" 10 the spontancous scatlering functions. Insert-
ing (6) in (10) and identilying P,, one has, by comparing
with (1), tbst

4x = (42, 13)124,(13) + B(13))
+{41, D) 24,020 + B 1D}
+{43, 1201 Be(13) + By(23)) , an

where (42, 13) melese, el eic., and Ag(13) represents
the Fourier transform

D)= [ & [Srexptite-iE-Dale 1) (D

0 8=0 and ¥=Fi-E, Similarly 8(23) (5:)
3), el —
In lhc mpm: of interest here, where the light scattering
ly 10 freq y shifis much smaller than both
kg Tll and the laser frequency o itself, the coefficienis in
€11) are celated 10 the 10ta) polarized and depolarized dif-
feteniisl light scautering cross sections per wnit volume
oa(#) and o, {#) st scatsering anghe # {and its complement
#ms~0) by the relastion (AS) derived in the Appendix.
Substituting (AS) in (11} gives

MM T (W T) (13
where _
Fu (42, 130y (0) - 20,00) + o, (D))
+ (41, 23 (@) - 20, (0) + o, (D)}
+(0, 2o (0} +a, (D)) . 14

Using this result in (9} for the amplitude reﬂﬂ:uon . and

{per unit vol per unit solid angle) oy and o,
are consunis independent of scatiering angle #, and (16)
gives the lamiliar expression 8wloy +20, 3. When all
beam polarizations are linear and paraliel in this “isolropic™
scatiering limit, {15) gives (pm o, foy)
fti(9+ 1301 .
PRI f..lp

"‘u—umly for the intetesiing case of scatieriog from orien-
- tational fluctuations in Nuids, for which p = §
ized plane wave is sasily seen from
rym Bt Aol0) + Bol0) Ha'e .
With the relations (A8) this may be expressed a3

am

Joct

P | L {19
BEnky To'

where the parameter

f1=3a/[8xa.{0)) . 20)

which is 8 function of scattering depolarization and anisolro-
¥ only, b unity for i pic polarized scatiering, the
case siudied in Refs. 1-3. The enact expressions (19) and
{20} reduce 10 the approximate expression (4) of Ref. 1 for
a suspension of small spherical pasticles, in the limiv where
£2 approaches unity and 1he refractive index of the particles
is close 10 that of the suspending liquid. It is (19) snd (20)
that give direcily our result (5} for the threshold power for
sell-focusing or self-irapping of s Gaussian beam when the
atienuation length o~ is much larger than the distance in
which normal diffraction becomes significant.

We noté that any nonlinear effect in transparent fuids or

wking the absolute square lo obtsin the phase
power rellectivily R, gives the result (1) with

6= ua-’ara..)'/.a'?- 1)
Noie, from the sngle dependence (A3) of the scaliering
cross seclion, we have that the ol scanering cross seclion
per unit vol o {the ing coeflicient) i
1elated 1o the dilferential cross sections by the inlegral over
solid angle 0;

o= [a0la,00(1 +cor'g) + o (@)sinte] -
- L
(ot J /27"

(16}

sl thet arises mainly from nucleas motions and can be
described with the nonlinear susceplibility tensos cul —w.
-, w, —w), can be predicied from light scattering data by
using (AB) to evalusie the nonlinear polarization density
(10). To obtain the lime dependence of such effects, the
dewils of the frequency dependence of the light scatiering
must also be known. Saturation effecis (ie., X' for # > 3)
cannol be obtained from ligh! scatiering and must be con-
sidered separarely for each materisl.

There are other classes of scatiering media, such a3 sa
electron plasma, of & muilticompunent plasma of churged

~
The change in refraclive index (?;'f for a lmeuly polar- R
10) w .wr, e nzY. where

an 3 5: ¢

A

particies, for which the nonlincar polarizetion denaity is ap-
proximately of the form (30). Since the relation (Al) does
80t depend on the Iype of axcitations responsible for the
scatisting, the resulis we have derived here spply 0 thess
other medis aa well.

In conclusion, we have derived expmmom (1) for the ef-
ficiency of cw phase conj four-wave
mixing, and {5} for the threshold of cw self-trapping of
beams in 8 Nuid or glass, in which electronic transitions and
ronliocarities bave no effect on light propagation (und siso
in ceruin plasms), and by which light is scattered with arbi-
trary function of scaltering angle and suste of scaitered po-
larization. The results suggest that these snd olher non-
Entar effects can be produced with wnprecedented low
powers with proper beam geomelry in any medium in which
beam aitenustion arises more from scanering than from ab-
sorplion.
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APPENDIX

When a material in thermal equilibrivm is transparent
enough so that there is a well-defiaed differential scattering
cross section 410,y /d(kdw [per unit volume per unit solid
angle per (angubsr) frequency intervall o scatier a photon
from proper polarization state ey, and Wave vecior k. to
Proper siaie ep and wave vactor k. theat *

Moy Sapfwininn,
dnd-, T - expl ~ ¥ {w, — wp) ks T}

(A1)

where g4 is the stimulsted exponential gain per unit hnll.l
experienced by the A beam due to the p of i

Here, Amy~ sy is_the Stokes shifl and the argument (ag)
vignifiea t- w— Kp Substituting (A2) in {AD) gives for
the lom-Omnheumer regime in Muids and glasses

o, T i imD(aB)
d0ide, " wc'll- expl—KAlksTI]

The usual integrated differential polarized scatlering cross
section is defined for scattering angle # in optically inactive
media by

wil0)= [ dupi@on fdndu,) . (A5)

in which both incident and scattersd polarizations are “'w,"
i.e., perpendicular 10 the scallering plane. The depolarized
cross section o, (#) is defined similarly, with one polasiza-
tion perpendicular 10, and the other lying in, the scanering
plane. Note that, for optically active medin, one may need
10 employ the cross sections for right-to-right and right-to-
left circularly polarized beams; this was one molivation for
wriling (A1} 10 (A4} for achitrary proper polatizations.
From (A3) we sec that, for optically inactive fluids and

l,

- d_;‘u.«;lmﬂ.(i‘)
vi®) I"' wc'll-eapl—na/k,T)) °

where we have recognized that ¥ is, in general, o funciion
of the scauered I‘reqnenqr w ot fixed scaitering angle #. We
can neglect this dep b sll shifis & of interest
bere arc bess than $u. Since Ba(K) is & funclion only of
the magnitude of_'k we can therefore use Bylke) in (AG),
where ky= Ik, ~ Kgly—0.

Strongly scanering medis of interesi here also scatier
mainly W shiflts A much less than bath ks T/F and w. Since
the Kramers-Kronig reistion between the real and imaginary
paris of 4, {and B,) gives (Red o= 4y}

(A4}

(AE)

I, inthe & beam. |k, |=n w/c, elc., l-bllw .
i onc uses Eq. (10) 10 cakculate the stimulated gain g,
in & Nuid of glass, one finds'? (T = A CF |Yen)

tus=Imre,Dulapf] 7 /ﬂ,o (A2
whate
Dulap)=24,0af) lepe, ) + B laBM1 + legea?) . (AD)

LA RE 7Ly T D (ap)

Ae= [ Imaudasus (AT
and similarly for By, we have from (A6) thal (amw,)
o (8) mutiyTBylky)ic* (AR)

The relation (A3) slso hobds for oy (@) but with Balkg) re-
piaced by HAalky} + Bolkgd] These are the desired rela-
tiops beiween the differentisl scaitering ¢ross seclions and
the nonlinear coefficients in {11) which we need to write
the important relations (13) and (H).

I

% W Swith, A. Ashkin, snd W. ). Tomlinson, Ope. Lett, &, 104
{1981).

JA. Ashkin, ). M. Driedzic, and P. W. Smith, Opi. Leu. 7. 1%
(1] 7i8

. W. Smish, P. ). Mulonsy, sad A. Ashiin, Opt. Len. 7, 347
(182,

‘A1 Paimar, Opt. Len. 3, 34 (1980}

YOpucel Beam Phase Conjugasion, wtived by K. A. Fisher {Academic,
New York, 193).

SGenernlizations of Eq (1) 10 inciude pump beam deplelion snisl.
These predicr, for examplc, gain (£ > 1) o5 has been observed in
& vanety of systems (see Ref. 5). However, wo generat tremiment

New York

#1isis that wakes into account sell-focusing. optical Kerr effect and
the oiher effects w b srong when
>

TF. Pernin, ). Phys Redium 7, | (1956).

"R. ¥ Chiso. E. Garnure, and C. H. Townes, Phys. Rev. Leit. 2,
138 (1945}, ibud. 14, 10S6(E) (1943).

"R. W Hetwanih, 1. Cherlow, and T. T Yang, Phys. Rev. B 11, 964
(19713),

WR. W. Heliwarth, Phys Rev. 130, 1850 (1963}

P D Maker and R. W Terhune, Phys Rev. 137, A0} (1965)

MR W Hellwarih, Progress »n Quenium Elecirons {Pubhaher, locs-
~pn, 19771 VoL 5. P

pfn’,ﬂmp\ Peeas i’



Appendix IIT

Generation of time-reversed waves by nonlinear refraction

in a waveguide
S. M. Jensen and R. W. Hellwarth

El Sciences Lak [ hern Callfi Los Angeles, California 90007
(lmwd 12 May 1978; lmqlld for puhbcmu 19 Sune Iﬂl)
We bave p d, ik y. & time-reversed replica (phase-conjugate) of a

mhmnopuuinu(ﬂﬂ‘!h)uw“lh“um-mmmmwhmn

intermess vin the third-order

ibility with

ing pump waves of the sume

frequency. This method is shown 10 have sdvintages over a IIII|I|.lr repk.mm procems which has been

obeerved with unguided waves in an infinite homogencous mediutn.

PACS numbery: 42.30.Va, 42.65.1x, 42.63.Cq

The time -reversed replica of any essentlally mono-
chromatic electromagnetic image-bearing beam can be
generated by the nonlinear interaction, in & unbounded
transparent medium, of the beam with two counter-
propagating “pump” waves at the same frequency. '*
This replication {or “pha jugaticn™) p
which i8 a form of "degenerlle lnur ~wave ml.l.i.ng", has
been previously studied with ungulded beams ((ree
waves) in “infinite” media, ™ Here, we report the
generation of the ime-reversed replica of an optical
beamn by coupling it into a dielectric waveguide where
it interacty with the counterpropagating pump waves
through nenlinear refraction. We find, as has been
predicted, ’ that (1) the pump power required is much
less than for free waves, (2) the guided pump waves

L]
S
- B 3

AEPLICA—

REFERENCE —=i8) ' ND
FP
-]
m
- 9; T

[l m———————
WAVEGUIDE” no)

wrcnsm!ﬁ
REFLICA

P
F1G. 1. Schematic of spparatus discussed in text. (a) Three—
heam urrangement with pump beams G and i interacting la
CKy-fitled hollow glass wavegulde with beam F tu generate ita
time -reversed replica F. fgolatlon s supplied by a 30-ngec
time delay ). Beamsplitter BSI reflects 557, Mirrors M1,
A2, amd M have radil of 1, 1, and 0.5 m, respectively, and
fucus the heams on to the ends of the 80-cm-long gulde.
About 81 of heam G is split by RS2 to form F. ) Two-heam
arrangement whereby image-hearing heam G interacts in the
aforementioned guide with beam N to generate its time-~
reversed replica F. Mirrora M1 and M} have radti of 16 cm
and focus the heams onto the ends of the wavegulde. Deam-
splitter BS veflects 557, and R reflects 757 while transmit-
ting 24'F,

*supported by the Air Force Qifice of Scientlllc Research
under {rant No, TH-1478,

404 Appt. Phys. Letr. 33{5), 1 September 1978
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can be multimode without spoiling the fidelity of repii-
cation {in fact, the beam to be replicated can serve

as one of the pump waves), (3) the alignment of the
beams entering the guide is not critical, and {4) the
anly requirement on the guiding structure is that it not
attenuate or scatter any of the beams too drastically,

Our first experimental arrangement, shown in
Fig. i{a), employed two pump beams, G and H,
focused into opposite ends of & dielectric waveguide
which consigted of a 0.4-mwm 1.d. by 80-cm-long glass
tube filted with Liquld CS,. An input (image-bearing)
beam F was focused into the same end of the guide ag.
was beam G. All beams originated [rom the same
@-swilched ruby laser. The beamsplitter R directed a
beam E backscattered along F onto photographic plate
FP where it was compared with a reference (raction of
beam F [as shown in Filg. 2(a), upper plate) to verify
that it was a time-reversed replica of beam F. A eriti-
cal test was the replication, recorded in Fig. 2{a}, of
the (ringes formed from the interference between te-
flectiona from parallel froat and back surfaces of
beamsplitter BS2. The absence of polarization scrambl-
ing {checked also with a polarizer) and of phase diator-
tions in the replicated beam are reflected In the fidelity
and high contrast ratio of the [ringes replicated, In
Fig. 2{a) the reference beam energy was 0, 42 times
that of the input F beam, showing that the energy in the
replica E was about 0.4 that in F. Here, a 20-naec
Iaser pulse supplied about 35 kW peak power to each
pump wave. The replica beam E disappeared when
either pump wave was absent, as shown in the lower
plate of Fig. 2(a). The F, G, and H beams were
focused to spots at the guide entrance which were much

latt

T

FIG, 2, hotographic images pro-
duced on Palargid 410 Milm ot 1ilm
J»}f pkate FP (see Flg. 1) iy a single
laser pulse. (a} Upper plate is
from same arrangement hut with
beam 1 Blocked. 1h Tpper plite
is fram arrangement of Fig. ithk;
lower ptate is from same arvrange-
ment but with beam 1l bloecked.

-
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smaller than the guide i.d., so that nearly all of each
beam (excepl for ~2% dielectric reflection) was coupled
into the guide. The G and H beams entered at about

10° to the gulde axis, They emerged from the gulde in
holtow ¢onical beams whose dimensiona showed Lhat
alout 10" transverse modes had been eacited by each
beam. [The total number of bound transverse modes
wag ~10% } Efficiency of replication was greatest when
the forward pump beam G was adjusted so as 10 enter
the gitide within the cone of the exiting H beam.

In another experimental arrangement shown In
Fig. L(b), there was no third beam F; the pump beam
G itself was observed to be replicated {phase conjugated}
by its nonlinear interaction with a counterpropagating
H beam when both are focused inlo the guide. A beam E
backscattered along G was directed on to ilm plate FP
by the partial refiector R, where it was compared with
a reference [raction of the G beam, as in the upper
plate of Fig. 2(b). That the backscaltered K beam was
essentially a phase-conjugate or time-reversed replica
of the i beam was verified by placing various objects
in the G beam |at position O in Fig. 1(b}] and observing
their replicas in the E-beam patierns.

The reference beam patlerns differed somewhat {rom
those of the replicas because the film plate FP was not
alt the same effeclive distance from the object O for
each beam. For example, one can see diffraction
fringes In the reference beam pattern in Fig., 2(b)
where none exist in the replica (E-beam) pattern, which
replicates beam G very near lhe object O. The refer-
ence-beam fraction was 0. 21 in this instance, showing
that the replica enargy was ~0.2 of that in beam G.
Here, the G and H beamis were 20-nsec pulses of about
25 kW peak power.

The efficiency, or elfective reflectivity R, of the
replication process may be defined as the ratio of the
power in the replica beam to that in the beam being
replicated. In both the geometries of Fig. 1, the effi-
ciency R would rise with increasing pump power to
about 0.5 before other nonlinear processes would inter-
vene to spoil replication.

According to theory,” when R <} In either geoinetry
of Fig. 1,

RIBLILP0,./5, (1)

where L and § are the length aod ares of the guiding
region, respectively, F; and P, are the powers of the
G and H beamns, respectively, and 8.y 18 the fraction
of the enerpy in the G beam that is phase conjugate to
the H beam inside the guide. Il z, and h, are the com-
plex amplitudes of excitation of guide mode b by the G
and H beams, respectively,’

Bon *‘PJLNn"olaf-‘Jcikclﬁh' (AL (2}

I all beams are linearly polarized along the » axis,

anh Appl Phwys. Lett, Vol 33, No. 5, 1 Sepieniber 1978

the coeflictent A in Eq. (1} is glven In esu in terms of
the conventienal nonlinear susceptibility tensot®
Comil-w, —w,w. wl by

8 19672ty (- w, ~w, w, W), (3

where i i3 the linear refractive index of the guide
materizl on aris and w is the angular frequency of the
beams. When polarizations are not parallel inside the
guide, other components of ¢, are involved. For the
CS,; medium used here at 6943 A A~6 em/ow !
{neglecting acoustic contributiona), and we estimate
from Eq. {1} that &,, ~ 10™ in pur experiments.

To approach theoretlcal efficiency, our ruby-laser
source had to give a stable output over the time {-4
nsec) required for Hght to teaverse the optical guide.
When we made the lager fatl this criterion by permitting
it to oscillate in several axial imodes {spaced by t/80
em') the replica beam E was not observed,

The pump powers required here were nearly an order
of magnitude legs than we required for comparable
replication efficiency R for free {(unguided} waves in
CS,." Furthermore, the number of resclution eiements
in a beam that could be replicated in our guide is al-
most the number of guide modes {~10°), This is orders
of magnitude larger than the aumber of (ree-apace
modes replicated at quoted power levels. ' Of course,
with guldes of smaller i.d,, pump-power requiremnents
could be further reduced |see Eq. (1] with & corre-
sponding loss in the number of resolution elements that
could be repticated.

In summary, we have demonstrated the genevation of
time-reversed replicas (phase conjugation) of mono-
chromatic image-bearing optical beams by the process
of nontinear refractive mixing in a waveguide with
counterpropagating pump waves of the same Irequency.
With this process much less pump power I8 required,
and the aligniment and mode qualily of the pump beams
is much lusy crilical than in the corresponding precess
with unguided beams,

'R. W, lellwarth, J. Opt. soc. Am. 67, | (1977,

1A, variv amd .M. Popper, Opt, Lett. 1, 16 (1977).
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Theory of Phase-Conjugation by Four-Wave MiXing
in a Waveguide

ROBERT W. HELLWARTH, re:LOW, 1erE

{Invited Papery

Abstraci-We how that ome caa generate fhe (ime-reversed replica
of aa “imput” mosochromatic, image-bearing beam by coupling it inte
a waveguide whese Ui inte with Propagating mwltinod
“'pump’ waves of the same [ y. The monlj eleciric polari
tion denaity that is third order in ihe propagating electric fiekds in the
guide medium genczates the replica by Ihe prucess of “four-wave mix-
ing.” We show sl that the inpui beam cam srve simul y as ity

ture uf enciusca meaiws have (0 be precise in dimension or wnifbrmity;
the main requirements on the guiding sirwcivre being that it not aeten-
wale the waves too heavily. Formulas mre detived for the replication
efficieacy and fidelity in the variows guided confligurations. We also
shuw how the process can be uscd: 1) W make 5 narrowband vplival
filser with a large acceptance solid angle; 2) to petfotm image-frequency

Own pump besm. If the freg y » of the back pump beam is
dilfesent from the frequency w of the inpui beam, then the “'phase
conjugats” w the input is generated sl the entrance plane 1o the guide,
and ihis sadiates a replics of the inpul fickl, magnified by w/v, back
song the input beas. The pump power quired per lefion &b t
0 phise-conjugate a bram in » ! it orders- of-magni lexs
thas for the corresponding process wilh free lwnguided ) waves interact-
ing in an infinite medium, Lialike the requirements for free waves, (e
pump waves do not aeed to be well Migned or single-mode to produce
high Bdelity in the replication process. Neither does the puiding struc-

Munuscript received August 18, 1978, This work was suppuried by
the Air Force Oftke of Soenntic Research under Grant 18-3479 und
the United Siates Army Rescarch Oifice under Grant DAAG 29-T6-C-
04295,

The author is with the Ekcironics Scienves Laboratery, University of
Svuthern Caliturni, Loy Angeley, A 90007,

i ) to cbiain Ramas and two-photon spectes of smail
sampies; and 4} 10 achieve Bromibaad uptical amplifi We exam-
ine the conditions under which phase conjugstion and these applice-
tions can be perk 1 al severnd i w3 simul ly. Limits
tions placed by the power-depend of p coastants are
devived.

Paga

L INTROBLCTHTON

HERE canexistin principle a time reveised reshive vl iy
Telcclrmnagnclic wave that propagates throvgh an inho-
hogencous, stalic, nonabsosbing medium having no permaneni
magnetism. Maxwell's equations are invariant 1o tine reversal
 Uus situation. This means, (oe example, that if a monuchio-
malic wave exists whose electric field is Re Eir)e "™ ina
portien of & medium, there could also exist the time-reversed
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replica Re E(r) " in the same region. Since thia replica also
cquals Re E*(r) £~ (i «., its amplitude is the complex conju-
e of the otiginal wave's amplitude) it is ahen called the
“‘phase-conjugate” of the original wave. A wave at another
frequency » can also have its complex amplitude F(r) be equal
1o £°%() in one plane of space. Such a wave is also called &
phase-conjugate 10 E. A phase-conjugate weve, once gener-
sied, hms & wide variety of possible uses, uch as restonation of
the input beam after i has been distorted by passage through a
randomly inhomogeneous medium [1], [2]. Several nonli

However, as we will show, the efficiency with guided multi-
mode pump beams can still be much higher than for free-wave
phasc-conjugation, with the added advantage that pump-beam
alignment s no Jonger critical and accepiance solid angles
become as large as the guide itself can accept.

in this paper, we will analyze two configurations by which
phase-conjugation may be effected by four-wave mixing in a
waveguide. The first, a “three beam configuration,” is illus-
trated schematically in Fig. 1(s). This is analogous to the free-

optical effects, in a variety of configuralions, have been dem
onstrated to be capable of g ting excellent app

wave figuration which employs thiee d beams: 1wo
counterpropagating pump beams G and H and an image-

bearing inpul beam F.

10 the phase- oon;upte of a given wave [1]-[14]. 1t will be
to 3 small subclass ol potenially uselul configurations that
this paper will be d d; ly, to the g jon of a
phase-conjugste of a free wave 3t the entrance plane of a wave-
guide, into which the wave is entirely couth and in which it
uwndergoes a form of **fi ixing' with
gating pump waves, If the phase- ounjugate wavk gcnented is
at the same 1, y w s the incident free wave, it will radi-
ate & timeseversed replica back along the incident wuve in
front of the guide in that portion of space in which propaga-
tion is reversible. If the phase-conjugate is st 3 different
frequency », it will resemble a time-reversed wave but with its
fleld patiern magnified by (w/v) about the waveguide axis.
The nonlinear optical p of *I mixing" which
we will ider here to mediate the replication process {oc
phase-conjugation) in the guide is 3 process in which three
waves (of amplitudes F, G, and H and frequencies », wg, and
wy) mix vis the third-order nonlinear susceplibility existing
in any medium Lo generate a polarization density proportional
10 FPGH and thereby generate a fourth wave st frequency
w=we twy-v [I5}. When, as has often been the case
experimentally, w = ¥ = wg = wy, then the process has been
called "degenerate four-wave mixing” [16]. We will show
that, in order for this process to generate lime-reversed replicas
in the guide, two o( these waves (the G and H waves) must be
counlerpropagating “pump”’ waves. The thicd Frwave then
can be replicated ln the fourth outpur wave. Whea the rephca-

The second configurasion which we will analyze is the “iwo-
beam configaration” ilustrated in Fig. 1(b). This configurs-
tion has no analogue in free-wave intersctions; here the image-
bearing beam which is to be conjugated also serves as one of
the pump beams. We will find that this configucation has
scveral advantages and uses not shazed by the first. The expec-
tations of the theory we will present here for the high effi-
clency and fidelity of phase conjupmn by both wnﬁgum
tions has Iy been confi exp ally [14].
plan of this paper is as follows.

In Sections 11-V1 we analyze the configuiation ol Fig. 1{s)
for the case that all beams have the same frequency w. In Sec-
tion I, we construct, and obtain a formal solution for, the
equations for the E-beam generated in 1he guide. We assume a
nonlinear polasization density thal is cubic in the optical field,
use the slowly varying envelope approximation fos the £-beam,
and assume the F-, G-, and H-beams are negligibly altered by
the process. 1n Section 111 we show that terms which apuil
phase-conjugation tend 1o cancel, and cancel more effectively
the longer the guide, the higher the number of modes in the F-
beam being replicated, and the more imperfect the guide; the
basic critenon for phase-conjugation in this case being that at
least one of the beams (F, G, and H) be well guided. In Sec-
tion 1V a formula for the fraction of the generuied F-beam
puwer that is not phase-conjugate 1o the F-beam is derived,
and i1 is noted that this fraction is very much Jess than unity
for conduu)ns commonly mel in practice. The efficiency of

tion process involves “free” waves in an unbounded

medium, the pump mm must be pearly single-mode Gaussian
beams which are p ing in order for the
pracess 1o be ol’ln.h ﬂdelny is1. [6| Yaciv ef ol [11}] have
pointed out also that, if one excites preciscly the same single
irangverse mode in a waveguide with cach of two counter-
propagating pump waves, and i this pump mode does not
change its shape slong the guide, then a third wave launched

the repli p is shown in Section V (o be propor-
lmml to the product of the following: the pump intensities,
the square of the effective length of the guide, the inverse of
the square of the cross-sectional area, the fraction of the H-
beam that is phase-conjugate Lo the G-beam, and the square of
a nunlinear susceptibility coelficient.  In Sectivn VI, it is
pointed out that in an ideal guide which must have mode
degeneracies, phase can still 1ake place by carelul

in the guide will be replicated (phase-conjugated) with high
fidelity.

In this paper we will study the replication process in a wave-
guide in which each of the two counterpropagating pump
waves is comprised of more than one tiansverse guide mode,
each exciting different transverse patterns in different relative
amounts and phases than does the other as is mosi likely in
piaclice. We find, among other things, that with multimode
pumps, the replication process mill has high hidelity, although
with reduced efficiency lrom the case of single pump modes.

JHBA

choice of polasization if the i d is of high-
enough symmetry.
The second “‘two-beam'’ figuration for ph hi

illustrated schematically in Fig. 1(b), is considered n Secnon
VIl where it is found that only a simple modification of the
theory for the first case Is required. A fusther generalization
of the theery is given in Section VIII where the lrequencies of
the Tour waves being mixed are ali alowed to be different.
Pi:ase conjugation still results. The potential usefulness of this
case for realizing a tunable narrowbund uptical filter with a
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Fig. 1. Schemaric illustrations of twu arrangements for generating an
optical bean & which s 1he phase-comjugate 10 an input lmage-
bearing beam, by the provess of “Tour-wave mixing” in a waveguide
wltll CUURIEIPTOPAgATIng pUmp Deams G and H {#) A thaee-beam

in which a sep beum F is phase- d, thus
pluduw\g an imuge replica as indicated. (b) A Iwo-beam configura-
tiun in which the phase-cunpegate of one pump beam (7 is generatod.

very lurge acceptance solid ungle is analyzed. The application
of two-lrey phase-conjuga 10 image-lrequency con-
version is exanuined in Section 1X where the number of resolu-
tion elemems that can be converted for a given uhlnge of
image wavelength is derived. The sb of image T$ion
is also pussible, and the condivions under which several lre-
quencies can be made 10 generate phase-conjugate waves inde-
pendently of each other, i, withuul appreciable interference
in the guide, s derived in Section X, Ia Section XI we note
that, because multiplke-fiequency phase-conjugation is sensitive
10 resoni in the nunli liwm, and b the inter-
activn volume in a waveguide can be quile small, the configy-
rations of cither Fig. 1(a) or (b) could be used for wnall-sample
spectroscopy, of either Raman or two-photon resonances.
Then in Sectiwsn XI we describe how the configurations of
Fig. | act as a broadband optical transistor. In Section X11
we dJerive the power dependence of the muode-propagation
constants tur the fowr waves involved and discuss how this
dependence affects phase-conjugation. A summary of the
salienl features of phase conjugation by four-wave mixing in
waveguides follows in Seclion XIV.

1. SErARATY IMAGE AND PuMp Beams

In the conliguration itlustrated in Fig. 1(a) for generating
the timeveversed replica of a separate image-bearing mono-
chromatic beam &, three waves (F and 1wo punip waves G and
H) are launched in a cyhndricat optical waveguide to produce
a wital impressed elecuic field

Eftrr) = Re [FAr)t Gy Hiele ™', i=xp,2. (1)

Inside the waveguide, we may express cach of the three
complex fielkd-unplitude lunclions in terms of the nommal-
mude functivns of the guide as follows. Hereafler cepeated
mode incides (a, b, ¢ - - ) or space indices (i), - =x,p, 7}
are assumed to be sumuned unless utherwise stated,

Fi= e, Ax, 1) fo exp (ik,z - $az) (2a)

103
G =eqp(x, y) g exp lik,2 - Laz) (2b)
Hy=eqilx, py by exp (-ikyz + Lag), @)

where the guide attenuation coeflicient is a.
The 1zangverse mode functions e, and £y, of any two modes
4 and b obey the vrthogonality celation

jd-" dy eniep; = Bap- 13}

The cigenvalue 4 associated with the function £, is assumed
tu be the same lor forward and backward modes. The prupa-
gavion vector k, of mode 2 satislies

k2 +u? =ntwte?, 4

where n is the refractive index of the medium in the guide w
its axis.

The complex amplitude of the nonlinear polarizauon
density has a term which is a backward wave a1 Trequency w
that is proportional 1o Ff. and hence may possibly geneiate
the phase-conjugate tu the F-wave. In terms of the nunlinea
susceplibility 1ensor ¢y defined by Maker and Terhune [15]

ML
Pl

(and sometimes called X7} ar x5 ),
P,M' = b0~ w, —w, w, W) FJ.UkHt- (5)

We assume that the backward wave generated by this non-
lincar polarization has the furm
Re £,b,(2) eq,(x, ¥} exp (ikge - ur + Laz), (a)

wheie b, (z) vanies slowly with the distance z alung the guide
We assume further that the generation of 1his wave does nul
disturb appeeciably the other fields. Then Maxwell's equations
for the coefficients b, may be tasily integrated Lo obiain

L
8,(0) - b(L)'( )hs.-'ldj dz explidkz 4az)

J]“-“ dY Cipni€aienit ek Cals [}

where the guide is assumed 10 extend ftom 2 =010 L, and the
baundary condition by (L) = 015 appiupriate. Here

Ak=k, - kytk, - ky (Ha}

= (ud +ul - ul - ulik, (8b}

where k=nwfc. The frequency arguments of ey are as-

sumed 10 be as in (5} unless otherwise stated, We now proceed

1o examine the conditions under which the solutiva (7} lw
b, (D) gives a time reversed rephea of the F-wave.

HL ContiTIoNs +OH REPLICATION
I will become evident that, in wider for the backward-
generated B-wave ol {7) Lo be approximately a time-reversed
replica of the input Fwave when all waves are guided, all
terms on the right-hand side (RHS} of (7) must be negligible
excepl those tur which cithe

a=d and b=¢ v}

or

%
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s=b snd c=d {10)

These are clesrly among the largest In (7), because both the
(x, p) integral is large and also the z-integral is maximum in
these cases. Let us examine the constraints placed on experi-
ment by the condltion that other terms are small.

First, note that the terms {9) in (7) give a contribution to b,
that is proportional 10 ik, (plus a fluctuating correction) and
these constitute mainly a nonlingar correction o the refractive
index experienced by the M-wave. This comrection is smaill
compared to other index cosrections (of order |H*H and
1GI*H) whoe effects we shall consider in Section XIII. The
terms arising from condition (10) contribute amounts 5, to
the backward generated amplitude at the guide entrance (2 = 0)
which gnay be written {(with no implied summation)

= l 2wed

b, = f‘v.csc o (12}

where the “effective’™” guide length / is defined as

IEJ;L exp(—-%az)dz (L1b)

and

Yac = qujd-f dy Crnieaicqecater a2

In the next section we shall show that {11) implies that b, is
geneu!ly nearly a cunstnnt times f. , Le., i the desired phlae

Here we d the conditions on the guide geom-
clry which make all the terms except those of (9) and (10)
negligible.

The main condition for high fidelity of replication is that the
guide be imperfect enaugh, or asymetrical, or its interior be
birefringent or inhomogeneous enough, that none (ur few) of
its modes are degenerate. That is, the k, values may be as-
sumed to be randomly spaced in any given small range. We see
then from (8b) that, fos terms in {7) not included in (9) or
{10), it is generally true that

Ak > kS ()]

where 5 is the cross-sectional srea of the guide. IT high mode
numbers are excited, the inequality (13} is & strong one. (In
practice high mode numbers may always be excited by arrang-
ing the input coupling appropristely.) But (13) implics that
Akl is lasger than unity, and generally much larger, provided
that there is significant guiding ol a1 least one of the beams
entering the guide. For significan guiding ol near-axial beams,
I must be at least several diffraction lengihs:

1> S\ (i4)

With (13) this gives the desired result for “mixed” terms not
included in (9) and (10):

AMD>> 1. (1%

Several factors help suppress these mixed terms. For these
terms the 2-integral in {7) is both reduced because of {15), and

fluctuates in sign to give a further reduction by a factor on the
order of the square root of the number of well-guided modes
involved, Also mest mixed terms have a vanishing, or nearly
vanishing transverse x-y mode overlap integral in (7), as one
can see by trying rectangular wavegnide modes in the x-y
integral there.

In summary, terms in (7) other than (9) and (10} will be
relatively small if the wavegnide performs significant guiding
snd has few mode degeneracier. The unwanted terms are
smaller for longer effective guide length /, for a higher number
of modes excited by the input or pump beam, and for more
guide irregularities and mode mixing. These make the un-
wanied terms add more incoherently while the wanted terms
(10) add cohetently, generating more closely perfect phase
conjugation, as we see in the next section, *1deal” conligura-
tiom. wuch as those with single-mode pump beams, coukd also

tin d replicas of high fidelity, as we discuss
ln' tion V1. In Section XII we di limits on phase-
conjugation placed by the power dependence of the wave-
vector mismatch Ak.

IV. FrpELITY OF REPLICATION
The solution (11) gives the main portion of the backscattered
wave which, when radizied from the front (z = 0) plane of the
guide, will lie outside the cone of the backward-pump (H)
beam. 1t is evident fram (1) that if

dy =Tekehe (16)

did not vary with mode-index a, then 5. would be a perfect
“phase-conjugate” to f, and woulkd generate a time-reversed
replica of the Fbeam in front of the guide. However, the
actuat mode-to-mode variation in d, causes only the fraction

e =B ful L F 5 BB an

of the backscattered energy to be the phase-conjugate to f,.
That this fraction is generally close 1o unity may be seen by
writing (17) as

O, = W N U, 1 (18)

where the average of any quantity m, that is a function of
mode-index “a* 1s defined by

Mgy = Ty mg I 1M Ey |1 (19}

The variations in o, are small because v, in (16) varies Litle,
For a iectangular, weakly guiding, dielectric waveguide in
which only modes of ane linear polarization are excited

Tac ™ CxxaxtlS, (20}

where £ = 1 for all pairs (¢, ¢) of modes except elther: 1) when
the modes have one of their two space indices malching,
whence £ =3/2, o1 2) when the modes are the same, whence
E=9/4. However, not only are the variations in the 4, small
in (£8), but the weighting function If,|* often vasies litile in
practice. In the case where all of the F modes excited by the
incident image beam have the same energy (If ] = ifp ), etc),
but arbitrary phase, then (18) shows that 8, =1, and the
backscattersd beam is a perfect phase conjugate. Model calcu-
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lations show that when the mode energies vary, 8, differs
from unity by s term which is of the order of the inverse of
the number of modes excited times the rms energy varistion.
In conclusion, the interaction comsidered here of monochro-
matic guided waves produces a backscattered wave that ap-
proximates well the phase conjugaie of an incident wave, of
which it creates thezeby 3 useful time-reversed replica.

V. EFACIENCY OF REPLICATION
The mtio R of energy in the phase-conjugate portion of the
backscattered wave to the energy in the forward F-wave conju-
gated is

Re=\f b fe ). (&)
This is also essentislly the rstio of powers in the conjugated
and F-wave, if the guide modes excited are not near cutoff,

We will assume that the Fowave excites a number & of guide
modes and that N >> 1, Then, to evaluate (21) we use

I, aPyee =72, It (22)

where 7,. has been replaced by an average value which, ac-
cording to (20), we may approximate by

F = ConnlS, 23)

its value for modes (2, ¢) in a tectangular guide that have no
common indices. The relation (22) errs by a term of order
N which model calculations show has a small coefficient of
order the rms NMuctustion in [A,1°. We shall not belabor this
here as it s intuitively clear that the accurscy of (22) is suffi-
cient for our purpose.

With (22), (233, and {11} in (21}, we have for the fraction
of the F-beam replicated

R~ Ilzmm,,n, d

neS @4

1t is instructive to rewrite (24) in terms of the energy frac-
tion 85 of the forward-pump {G) wave which is the phase
conjugate to the backward pump (H) wave:

Ocu = 180y I’I(gpg D). (25)

At 2=0 the power Pg in the G-wave is ncg g5 /8x and the
power Py in the backward H-wave is nch A% /8# (for modes
not near cutofl). From (2), the product P Py does not vary
with z in the guide. With this (24) becomes.

R“ﬂ,l’ﬂg};?g?’{j’s' (26)
where

1,3
- 960 W cpuyy

P [

We have assumed that all polarizations are parallel and are
not scrambled by accidental coupling among guide modes.
Phase conjugstion should occur just as well with scrambling,
but a modified value of the nonlinear susceptibility coefficient
Crzxx Would have to be used. if pump and probe beams are
not paraliel polarized, terms containing crxyy, ¢tc., may be
needed in (27).

08

The relation(26) neglects terms in b, that are of higher order
(than Brst} in £, and is useful for R < 0.5. The higher onder
terms probably can lead to real gain (R > 1) in the back-
scattered wave, withou! spoiling its conjugate property, as
occurs In phase-conjugation by degenerste four-wave mixing
without guiding {5]-[10], and in s guide if both pump beams
are in the zame single mode (g, = £ = g6 [11).

Note that (26) is very similar to the exprestion that applies
to freespace (unguided) phase-conjugstion except that the
plane-wave.pump beam intensities have been replaced by Pg/S
and Py/S and the factor 854 (<1) is appended. However,
now the effective interaction length [ is not limited by diffrac-
tion but by attenuation in the guide. One can expect, a5 has
been recently demonstrated [14), that a time-reversed replics
can be generated in 2 waveguide with much less pump power
than is required with unguided waves, even though in practice
the pump beams are multimode and have an oversp factor
84 that is much less than unity. As an example, consider
liquid CS, at 6943 A for which #~ 001 c/MW [5]. With
By~ 1072, i~ 1m, §~107* cm’, R ~ 107%, we see that
2 pump power of order 100 W is required. We proceed to
consider other guide conflgurations in which phase-conjugation
occuts usefully for a variety of applicstions.

VL IpEAL-GUIDE CONFIGURATIONS

1t is of interest for high efficiency R 10 obtzin a high pump-
overap factor B¢y in (26). This could only be done in »
guide perfect enough to make precise pump-mode patieins
excitable throughout its entire length. In such a guide, there
would be potentially troublesome mode degeneracies that
would allow terms other than those of (9) or (10} to be large
and spoil the Fidelity of the phase configuration process. In
most tong (I >> $/A) practical guides, imperfections remove
these degeneracies and suppress the unwanted terms, as ex-
plained in Section 1L, but at the cost of making Bgy, low.
Therefore we consider here an ideal-guide configuration which
may produce both @5 ~ | and high replication fidelity,
although fabrication of such a guide may be difficult. Here,
degeneracies are dealt with as follows.

In an ideal guide fabricated of isotropic media, whose cross
section hss low symmeiry sbout the guide (2) axis, mode
degeneracies are mainly “‘polarization degeneracies.” That is,
tp * 4y, while for example & =£f(x, ¥} and & = Pf(x, »),
except for small fringe fields.

If, in such a guide, both pump beams and the probe beam
are x-polarized, the iy tensot in (7) will not mix in other
degenerate polarizations and will generate an x-polarized
phase-conjugate wave, One may see this as follows.

For isotropic media, the nonlinear susceptibility tensos in
(7) has the form [15)

Cypaer = €1 BBy + €38,30px + €abiady. (28)

Clearly, if j=k=/=x, 0 must the scattered-mode polariza-
tion index  be x; degenerate modes of other polarizations are
ot excited or mixed in. Once degeneracies are removed, the
zintegral in (7) suppresses terms other than those of (9)

=3
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and (10} and phase-conjupation follows a2 in the p
discumion.

VIl Two-BEan CoNjucaTiON

Another interesting configuration in an imperfect guide is
ontlnwhichﬂuforwm-pumpmdpmhmumaﬂnde
multimode beam @ superposcd in the guide on the multimode
backward pump H 2 in Fig. 1(b). The pari of the resulting
noalivear polarieation density that ia relevant hese i obtained
by replacieg F7 by G is (S); end the resulting mode smpii-
tudes of the backward generated wave are obtained by replac-
ing £ by g 1 (7). The sguments of Sections HI-V] go
through unchanged, except for those substitutions, and (26)
becomes en sstimate of the energy fraction of the forward
(pump and probe) G-beam that appeass in the phase-conjugate
wave at low efficiencies (R < 0.5).

With this configuration, one might want 1o keep the pump-
overlap [maction 8y small in order 10 reduce the fraction of
the backward pumg that emerged in the cone of the phase-
conjgate wave. A coresponding penalty in efficiency R
would then be paid. An sdvantage of this configuration, aside
from mechanical siniplicity, is that the power in the conjugated
wave is a larger fraction of the total power involved (in ol
beams) for & given 0y, Fg, and Py, Alsa the fact that the
power in the conjugsied wave is prop | to the square of
the power of the beam being conjugated, rather than 1o the
first power, may have sdvaniages in some applications. Recent
experiments verify that this configucation is efective in pio-
ducing high fidelity replicas, and is 3 potentially useful config-
urstion in which the frequency of the phase-conjugate wave is
shifted fron: that of the wave being conjugated [14].

VIIL PROPERTIES AS WIDE-ANGLE Narrowmanp FILTER

Up to this point we have discussed only the case where ali
beams involved in the replication process are at the same fre-
quency w. However, if the input F-beam frequency in the
coafiguration of Fig. | is varied, replication will still occur in a
small band centered about the pump frequencies. Since he
scceptance angle of either metallic or dielectyic waveguides is
large (~ steradians), the replication process can act as a nar-
rowband opticel fles for waves impinging from any angle
whihin 2 wide cange. Such wide-sngle narrowband filters at
daser frequencies are difficult fo realize by other methods. We
examine here the spectral response of such a filler, and ways
by which its ceater frequency can be tuned.

Suppose for generality that the monochromatic forward (G)
and backward (H) pump beams in the guide of Fig. 1(a) have
different frequencies wg and wyy, and the probe (F) beam is
at & third frequency v. Then out previous analysis may be
repeated, but with ¢y (-w, -¥, we, wy)in (5}, in which the
mixed frequency w of & possible backward wave generated by
the nonlinear polarization becomes

WE WGty - W 29

Equation (7) is altered by reinterpreting Cyiki B8 just men-
tioned, and by noting that, insiead of {8), one has for the rele-
vapt terma witha = b, c= g4

Ak =2n(wg - #¥e - fon [ud(wd - »)
+ul(egd - wif)] (30)
10 order (3 {k?). We will assume that the pump modes are of
low enough order so that the 42 term in (30) can be neglected.
Then following the arguments of Sections 11-V again leads 1o
the following generalization of (26):
R ~B2PoPybcyl’s e on

in which the frequency arguments of the tyxs coeflicient in g
are modified as above. Here, ¢ is the phase mismaich reduc-
tion factor

L 1
f exp (iAkz - —az) da/l
o 2

in which &k is given by (30). (It i assumed that u? does not
vary significantly for the rays involved.) The function is a beil-
shaped function of u=v- wg which does not change its
quality as the guide leagth £ and attenuation & vary. The full
width at half maximum (FWHM) of this function varies be-
fween A (when al >> 1) and 2.8 Aw {when al << 1}
where

¢= (32)

8w =% {1 - /20 + 0[¥*]} ()

Tor a ray entering the guide at angle ¥ toits axis. Here it is
assumcd that ¢ <, 50 it is seen that the bandwidih for ali
rays is of the order of twice the axial mode spacing (c/2nd)
of an optical cavity whose length is the same as the effeciive
guide length / defined in (11).

The center of the band of replivable fiequencies can be
tuned by tuning the pump frequencies wg = wy in unison.
However, as we show below, phase-conjugstion can occur
within the same bandwidih (33) aboul ¥ ~ wg even when
twg ¥ wy. Having the backreflecied phase-conjugate £-beam
at & frequency < differing from » by (29) can improve filter
charscteristics. For example, » dichroic beamaplittler could
then be employed that avoids the factor of 4 reduclion in
replica intensity that results when an ordinary 50 percent
beamsplittier is used 10 separate the £- and F-beams, as in
Fig. 1.

Two-frequency operation of phase-conjugation in 2 guide

. also allows the posibility of image conversion (in frequency)

and specttoxcopy of smail samples, as we discuss next.

IX. laceE-FREQUENCY CONVERSION

The analysis in the pieceding section suggesied the pussibidity
of generating an E-wave as in Fig. 1(a} whose umplilile in the
entrance plane of the guide is proportional 1o the complex
conjugaie of the Fbeam amplitude, but whose fzequency is
different from that of the Fbeam, sccording 10 (29). The &-
wave emerging (1om the front of the guide would no longer be
exacly a time-reversed replica of the Fiwave but would be a
magnified (by »few) version of it which would still reproduce
the incident image at the detection plane P in Fig. |. We
derive here the maximum number of resvlution elements that
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can be successfully repli of “image
conversion."”

Suppose that the variation in the pump-mode indices ulis
less than the variation in &2 i (30), as will gencrally be the
case because the probe carries an image while the pump need
nol. Suppose alwo that the input probe Fbeam it centered
aboul the guide axis, exciting modes whose indices range up
to a maximum value u},,. The axisl Frays experience 2 band-
pass for replication centered about ¥~ wg (where ¢~ 1)
with a bandwidth (32). The skew Forays with larger values of
ud will also be well seplicated until their phase mismaich Akl
approsches . This sets a limit Ny on the numbes of incident
F-modes that can be replicated which is given by the number
of eigeavalues u that are lews than 1, :

Np ~8ul, j4x. (34)

Estimating u,, by equuting Ak of (30) w aff, one oubtains
for the maximum number of resolution slements at wg that
wan be replicated ai the shifted frequency Wy

Np ~ k3S dafluy - wgl, (35)

where k} = nwowplc?.

In this case, the pump modes need sol be tightly guided,
and one can increase Ny by increasing the guide area § up 1o
the point where & typical image ray entering at angle ~u,, /k
to the axis expericnces several bounces in the effeciive length
I Le., S can be increased to ouder 142, k. However | < 2/a.
Substituting these limits in (35) gives an estimate for the the-
oretical uppet limit on Ny, the number of resolution elements
that can be replicated with fidelity in a guide:

¢ in this p

Wed,, ~ wowufwe - wyP. {36)

Of course, with tree (unguided} waves, one can always defear
phase mismaich by having a shon enough intesaction region
(100 short fur any waves to be guided). Making up for the
small length | and large area § with more beam power snables
oRe in principle 10 obtain image conversion of arhivranly large
Ng over any frequency range Wg - wy with unguided waves,

However, in practice, the lower power requiremenis that
resull frum vsing guided waves may siill make guiding the
preferred configuration for image conversion when condition
(35} is not too restrictive.

X. MuLTIPLE FREQUENCY CORJUGATION
The converse of the case of the pravjous section is also of
interest, that is, where seis of pump and probe beams of two
or mote different freq ies are | imul ly and
replicating independenily of each other. We derived in th
previous section the conditions under which two fi i

o?

beam. That is, (1) becames a sum of terms for each frequency.
Following again the subsequent analysis, one finds that ihe
only mixeddrequency terms whose phase mismatch is possibly
small enough to caum intermixing e the termns for which
W we*sy and wy =wg =w, the ame terms which we

idered in the p section for image-frequency con-
version. The wavevector mismarch is again given by (30), and
to keep this mismaich large enough 10 avoid intermixing, one
sees that it is sufficient 1o excite such high-order guide modes
that

den ™ - @™ - vV i g, an

This is easily accomplished by having the pump beams, which
excite ¢.modes, nearly axisl while the input F-beams enier the
guide at an angle around & ~ugclv large encugh so that
ud >>ul and (37) is satisfied. That is

8>

2an (38)

which can be casily fulfilled in practice.

In summary: 1) if pumip (G, H) and probe (F) beams all
contain the same xt of wellsep d dis frequencies;
2) if the pump beams are near axial; and 3) if probe beams
consist of mys which enter the guide st angles # to the axis
which satisfy (38), then replication will take place at each fre-

quency independently withour i ixing.

XI. SMALL-SAMPLE SPECTROSCOFY

It is evident that the image-conversion elficiency R of (31)
varics when both the frequency v of the forward (Fand &)
beams and the frequency w of the backward (£ and H) beams
are tuned. If ¢ in (31) can be kept of order unity in this pro-
cess (as we found could be done when few guide modes are
excited) and if then, this variation is due only to the variation
in the nonlinear coefFicient Cyur(-w, -v, w, ¥) involved in #.
This coefficient has resonances when [ - ¥i is near & “Raman”
excitation frequency wy of the gwide medium or walls, as well
a5 when w of # are near an absorption frequency, or when
wt ¥ is nearly a two-photon resonance, and when either I,
I, (2w te), or (vt wl ave near a three-photon resonance.
The spectroscopic information 1o be gained by observing
phase-conjugation as a1 function of forward- and backwari-
beam frequencies is evident. Here we consider briafly its appli-
cation to Raman spectroscopy. The other forms may be
treated similarly, We find that spectra of unall, (~ nanoliter}

phes should be obtainable in this manner.

Suppome that, when ¥ - @ ~ twg, €yxt is mainly the imagi-

nary term thyt characterizes the Raman susceptibility at reso-

interact o perfurm image conversion. We follow similar reg.
suning here to determine when they interact negligibly while
replicating.

Suppose that each beam of Fig. 1(2) contained several dis-
crecl incommensusate frequencies: wp, We, Wy ®w, P, elc.,
#ll separated from one another by much mose than cfl. Iiis
sufficient 10 consider the interaction of each pair of frequencies
separately | we suppose thal only » and w are present in each

Rance, Assuming all polarizations are parall I{i=j=kaixy),
an examination of (27) shows that § is then half the commonly
used peak stimulated Raman galn constant {power gain per cm
Per pump intensity). These gain constants are typically of
order 1 cm/GW for allowed Raman transitions in liquids. For
3 small-dismeter optical guide (S ~ 1077 cm?), the small qum-
ber of accessible guide modes will allow 8.y 10 be at beau
0.1. Assuming » length £~ 100 cm, or a tample volume of
107 em®, we have from (31) that pump poweis of | W will
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produce R ~ 1072, With CW dye fasers and phasedocked de.
tection, R ~ 107* should be easily detectable, 30 that Raman
Tex of dilute solutions or gases in micmliler qulnlulu
should be observable with this techni

should be manageable because of the npld cooling pomble
with such high surface-to-volume ratio.

XIl. BroapaanD OrricaL TRANSISTOR

As has been shown by Yasiv et al. [11], when the G- and H-
pump waves in the configuration of Fig. I(a) excite only the
same single t1ansverse mode of the guide, then the £-beam can
experience a power gain over the input F-beam power without
loasing its phase-conjugate peoperty (b, « /). However, it is
doubtful that this property holds for the multimode pump
beams of main concern here. There are, however, other ways
to achieve what is effectively linear gain, or “‘optical transistor™
action by phase-conjugation in a waveguide. Consider, for
example, the configuration of Fig. 1(b} which is known experi-
mentally 1o produce R = Pg/Pg ~ 0.2 with high fidelity repli-
cation [5]. According to (7) the Ebeam amplitude is propor-
tional to the G-beam amplitude, and from (26) one seea that
the beam powers are related by

Py = tPEPy. 39)

when P < 0.5P;. Here t is an obviows combination of con-
stants, Clearly (39) holds the possibility Px/Py; >> 1, that is,
power gain exists, when Py << P;. The outrs energy n Pp
musi come from the G-beam, so the H-beam serves 1o switch
much larger powers than its own from the G- to the E-beams.

The amplifier bandwidih in this configuration can be much
larger than that (~cfl) in the configuration considered by
Yarivetal [11]. Here the bandwidth is governed by Ak < nff
through the function ¢ in (31). From the discussion in Sec.
tion 1X it is evident that the bandwidih can approach the value
of the input frequency itself, making the device a brosdband
smpiifier with spatially distinct input and output channels:
that ia, a sort of “optical transistor.” Similar action is possible
with the conliguration of Fig. 1{a).

XIil. Power DEPENDENCE OF MODE-PROPAGATION
CONSTANTS

The third-order nonlinear optical susceptibility
(-, -v, v, W)

which s responsible for the generations of a phase-conjugaie
wave also causes an intensity-dependent change in the mode
propagation constants &,. Using the mode decompositions
(2) and (6} in the expression for the 10tal third-order polariza-
tion density, one can identify the leading corrections to the
k,. These corrections are first order in the powers Pg and Py
of the G- and H-beams, (We assume that the E- and Fbeam
powers are much smaller.) Let us consider, for definiteness,
the degenerate case (co = v} with all fields being linearly polar-
ized in the x-direction and having mode amplitudes b, £, £,
and h, which vary slowly with z. Then, for exampie, one finds
the derivative - 2ik, db,/dz arising from the Y1 E term in Max.

well's equation to be partly compensated by a term in the
nonlineatr polarization density

by 24mwtc ey o (gl + 1A IPYS, (40)
which clearly represents a correction
Ak, g =(Pg + Py} BIS 1)

1o the propagation constant k, for the backscattered wave.
Here B is the same coefficient as in (27) which describes the
strenpth of phase-conjugation, and S is the guide cross-sectional
area as before. Similarly, the mode-propagation constants for
the F-, G-, and H-beams cxpenience the following coreections:

Ak, = (Pg + Py) IS 42)
Ay =(4P; + Pu)BIS (43)
Bk = (Pc+ §P IS (44}

10 Jowest ordet in the pump beam powers.

The main question which arises in connection with the non.
linear nature of the mode-propagation constants is: how much
do they affect the phase-conjugstion process? Substituting
(41)-(44) in (B) shows that the nonlinear terms cause a wave-
vector mismatch which is, 1o lowest order in the pump fields

AK™E = L(Py - PG) OIS 43)

for the configuration of Fig. 1(a) with w=». This mismatch
will be unimportant to phase-conjugation when Ak™E <771
Comparison of (45} with {26) shows that the noslinear propa-
gation effects are easily made unimportant by arranging

e - Py)?

PePy < R 46
where, if P and Py are varying with z due to absorplion, one
should use their values averaged over the first { cm of the wave-
guide in the numerator of (46).

When the frequencies of the forward and backward beams
are unequal, bui (29) is satisfied, then the relation (45) remains
unaltered, provided that neither frequency is near a
and f is taken to be the single-frequency coefficient of (27),
which is the same evaluated at either v or w. Again the non-
linear phase mismatch need not be troublesome i Pg ~ Py,

The analysis of noalinear propagation constants may be
repeated for the configuration of Fig. 1(b). This is equivalent
to substituting the G.wave in place of the F-wave, and the
aiterations (41), (43), and (44} apply. When substituted into
(8), these give for the nonlinear contribution 1o the wave-
vector mismatch

ARML = 1p,pys, (47)

again, whether or not forward and backward wave frequencies
are equal. Here, clearly, phase mismatch will limit the effec-
tive reflectivity R of the phase-conjugation process to a lower
value than is powmible with the configuration of Fig. 1(a).
However, the possibility of transistor action in (39) is not
spoiled,
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XIV. SUuMMARY AND CONCLUSIONS

We have analyzed two ways by which optical beams can
be coupled into a waveguide and interact there so as to gener-
ate the time-reversed replica, o1 phase-conjugate, of one of the
beams. We showed that these guided “four-wave mixing”
schemes, illusteated in Fig. I, are superior in the following
ways to the corresponding I that have been used
to generate a phase-conjugate beam by interaction of “free’”
unguided beams in an infinite medium: 1) The pump power
required in the guide is orders-of-magnitude less. 2) Unlike for
unguided beams, the two counterpropagating pump beams
can be multimode without spoiling the fidelity of the replica.
3) Unlike for unguided waves, the pump beams need not be
carefully aligned with respect to each other. 4) Unlike for
unguided waves, a multimode pump beam will itself be repli-
cated (i.e., serve as both pump. and image-beams) in the pres-
ence of a counterpropagating pump beam in the guide. 5) The
medium in the guide and the guiding structure itself need not
be pecfectly homogeneous or ideal. The only requirement on
the guiding strecture is that it not attenuate beams too drasti-
catly in relation to the required nonlinear interaction length.
Thete predictions have been recently verified experimentally.

We have shown that 2 phase.conjugate beam can be gener-
ated that is either at the same frequency as the input beam
being conjugated or not, depending on the values of the pump
frequencies. When the frequencies are not the same, “image-
conversion™ can result, ie., the creation of a {magnified or
demagnified) image replica st one frequency of another at a
(highes or lower) frequency. Conversely, several frequencies
can be replicated simultaneously without “image ion"

109

wavcguide holds great promise for many beam-procensing and
spectroscopic applications.
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thermaily induced index gratings
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We have cbeerved efficient reproduction st visible wavelengtha of 1.06-u images. We
employed s phass-matched four-wave mising process is which three waves at v, v, snd
& mix to gemersie 2 fourth wave st &, with 0o resosast conditions o cither frequency.
The image conversion was seen with oach of the 14 liquids tried as 8 nonlinesr medium
and also with & glass. Thermal index changes weve the domiinant mochanisen.

PACS numbers: 42.00.Qy, 42.65.Jx, 42.40.Kw, 42.30.Vs

Itis well known that three beams of wave vectors kp, k,
and k, and froquencies v, v, and o, respectively, will gener-
aie 2 beaam of fraquancy o vie the (third-order) noalinear
polarization denaity aet up in any transparent medium. ' This
process is ofton called “fous-wave mixing.” The strength of
this generated signal is enhanced many orders of magmitude
if the input besws are “phase matched,” that is, if the magni-

tude & of the vactor defined by
he=ke— ket ky 1)}
is such that
kg =nm/c, @

where 4, is the vefractive index at frequency ». Here, we
show that, for the nearly cousterpropagating beams geowne-
try of Fig. 1 {and even for & much different from v) the input
wave vector k,(and beam k) can rotate by many dilftaction
angles without spoiling phase maiching over a typical beam
interaction lngth (~ mm). This suggests, as the experimen-
tal results we report show, that an infrared image in the F
beam can be frequency shifted by four-wave mizing (o yield
an optical image in the i beam that is » (demagnified) repli-
ca of the F image; the mizing peocess produces infrared im-
age conversion.

I termu of bolography concepta, this process is analo-
§ous i0 & volume hologram recoustructed st a shorter wave-
leagth. The optical 5 (resd) beam is Bragg reflected {accord-
ing to Eqa. (1)and (2)] from & transient index grating formed
in the nonkinear madium by spetial beats between the in-
frared F(image) and G (refevence) beama. Such effects have
beea observed for plane-wave beams in geowetries other
thaa thet of Fig. |.** However, it has not been previously
sppreciated that Bragg reflection of beans & a1 s consider-
ably different wavelength from that of the Fand G bearis can
occur over & wikke enough range of image-beam angles 50 a3
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1o yield uscful image conversion (provided the goometry of
Fig. | is employed). We shall derive below the beam powers
required to convert an image of a given number of resolution
elements over a given froquency shift with s given cliciency.
First, we describe the image conversion as we have observed
it

As shown schematically in Fig. 1, the infrared “write™
beams F and G originated from s repetitivaly G-awitchad
Nd : YAG luser osciliator. This produced 15-nsec polees st
up to 20 pps of sbout 4 m) enecgy each. The green “resd”
beam H ociginated from s portios of the Nd : YAG oscilla-

FIG. L. Sch ic of

i 10 Ol - d phase-conju-
#nted inages, and of the ing dingram for the waves imvuolved.
(Angles shown are discussed ia tese.) Infrared bepm F, bearing the image of
object O, bunis with infrired basm G and visé Hi ple 10 gen

sted visible phase-conjugeie rephics-besm E which it observed (aloaguide
vefironce finction of F)st 5. Disn b doulsler, AE s baa ‘

F1ina 532-am blocking Sleer, B8 is 2 hanm biock, 4 it sa sperture, Sis e
icreen or e paper, 7D is & varishle time delay, and O is & hole patiorn.
Mircor M | is 8 30% 1.06- reflector (4% im the grem), A2, M 4, and M &
rollact 99% at 1.06 ) (4% im che prowe) while M 3, 4 5, and M T are 99%
refloctors in the visille L | io s 300-mm loms, 2 2is a{ — ) 200-mm divesging
lens, and L1 is ¢ }OD0-mum main Socusing lens.

B 1979 American institule of Phyeicy m

FIG. 2. Paotographic images of the infrared-image (reference) beam £ and
the: plbie—comjugaiad (replica) bbas £ obinined by placing ordisary photo-
Sraphic prind paper st the observation plene Sia Fig. 1. The reference imige
'umbﬂhp-ﬂtﬁulhlﬁmdlﬂinﬁ. 1, the print
PAper being inpeneitive b0 the infoared. The Frasnel fringes the pokir-
ence beam paltern sould be, and are, sbecnt from the phase-conjugas
pattera sl the plase of oheervation.

tor output that was frequency doubled by & CD* A crystal m
several percent cfficiency. The angle ¢, between the infrared
Fand G beams was arbitrarily fxed sear 15, and the green H
beam adjusted near 176° to the G beam until phase matching
optimized the output E-beam: ismage intensity. The beam di-
ameicrs were shout | mm inside the 3-man-long sample cell,
Good images of arousd 10” resolution elements were
fmmnd,ofmpatlhhhmmlheimmlim:ﬁhnu
sample liquids tried as well as for & glass sample (an infrared
filter plate). The pure liquid samples tried were carboa disul-
phide, water, methanol, acetonc, trickloroethylene, cycio-
hexane, 1-2 dichloroethane, ethanol, hexane, carbon tetra-
chioride, glycerol, isopropyl alcobol, benzene, and toluene.
A typical optical image of a nine-hole pattern cut in a plate is
shown in Fig. 2, slongside the input infrared image carried
by the F beam.

To sec whether the refractive index grating established
by the infrared beams persisied measurably in time, the
green H pulse was delayed up 10 30 neec with respect (o the
infrared pulse. For the Rest several nsec of delay, the image
energy increased to s maximum, then stayed constant for the
longer delay times obtainable. This pecsisteace of the grating
was seen in allsamples. In order 1o determine the persistence
times, 20 mW of a 515-num cw argon-ion Jaser beam was used
10 supply the Gbeam in place of the green pulse. The image £
beam was moaitored by a photomultiplier and displayed on
& tcope. Exponential delay times of the order of microse-
conds were observed in all samples. These times were conaia-
tent with those calculsted for the index grating 10 decay by
thermal diffusion, except in cyclobezane and 1-2 dichlor-
octhanc. (The thermal conductivity of the glass has not yet
been measurad). The latter two liquids are the only ones
whoee molecules bave an optically and thermally excitable
isomer of different optical polarizability. In these the possi-
bility of an isomer-concentration grating exists in addition 1o
the thermal index grating. In CS: the grating of partially
reoriented molecules is also expected Lo contribute 1-10% of
the cbeerved signal. Direct evidence for this was inconclu-
sive. The persisience time of this “reorientation™ grating
{~ paec) ix 100 short 1o be messured in cur experiments.
Many other physical mechanisms exist which can mediate
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the image-conversion process efficiently, such s photore-
fiactive effects and impurity-ion excitation in solide.*?

The oumber N of image resolution elemients that can be
converted by the geometry of Fig. 1 is approximately the
solid angle £2, in which k is phase matched divided by the
diffraction solid angle 1. Phase matching is obtained when
4k kg — na/c|<u/l Here, Lis the elfective length over
which the nonlinesr polarization it generated; it is set by
beam overlap geometry, sample kength, or the infrared ab-
sorption length, whichever is lesst. An examinstion of the
geometry of Fig. | shows kg is unchanged when ks rotated
about the symmetry (z) axis of the -vector diamond. That
small deviation 5¢ of ¢ (about its average value 4,) which
makes Akl = ¥ is casily seen 10 be such that (for g} 12,
=l SfAn{kd || — kp/kg|), Taking the diffraction
solid angle of the inpul beam to be 47°/k 1 A, where A is the
beamn area, we have for the number X of phase-matched im-
age resolution clements

Noxdke/t |1 - kotke|. 3
As k,spproaches k ; this number approaches infinity, re-
fecting the fact that for degencrate four-wave mixing of the
geometry of Fig. | phase matching is satisfied for all input
beam angles (and the generated £ wave is the time-reversad
replica of the Fwave). Furthermore, s [0, one has the case
of a plane bologram, for which all angles can be ceplicated,
and for which the reading of & complex image at 4 shifted
frequency often has been demonstrated.* For & volume in-
teraction such as in our experiments, where &, = 4k,
~6X 10" cm!, A~ 107 con?, and /~ 2 mm, we eEpect
N~ 1 M , by decreasing the absorption length at v,
N can be increased without increasing pump-beam powers,
23 we see below.

Although several physical mechanisms seem to be in-
volved in the nonlincar index that produces the image con-
version in some of our cxperiments, a useful estimate of the
coaversion eliciency in these experiments can be obtained
by assuming that the Fand G beams create s transient spatial
“grating” of temperature variation’*** whose wave vectors
arenear § = k¢ — k. 1tis sufficient for our purposes to con-
sider only the case where the fractional rate of change in time
of the amplitude of this grating is less than the frequency of
souad of wave vectorq.‘l‘hm.mmic“vaequaliupm
sure everywhere in the medium nearly instantancously, and
the variation 8(x,¢ ) in temperature throughout the sample
obeys the diffusion equation

PCH — A 70 = (anc/4x) Re|GF* cxpligx)),  (4)
where g is the mass density, C, is the apecibie beat (st & con-
siant pressurc) per unit mass, 4 is the thermal conductivity,
o is the Joss (Np/cm) of the medium (a1 v),n is the refractive
index (at v), and G and F are the time-varying amplitudes of
the G and F beams (st v), respectively.

The thermal grating couples to the clectromagmetic
ficld via the nonlinear polarization denisity g™* crested by
the variation in refractive indea with temperature:
M) = Re[(nX /28)8 (0.0 JH exp(il,,x — it — fus)).

%
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FIG. 1. Photographic images of the infrared-image (refevemce) beam Fand
the phase-conjngaed (rephica) beas £ obtsined by placing ordiaary photo-
graphic priat paper st the oheervation plane 5in Pig. 1. The referesceimage
i made by the green light from the 4% reflectanceof M | i Fig. L, the prim
paper being ingenitive 10 the infrared. The Fresnel fringes sees on the refer-
ence beam padtern should be, and are, sbacni from the phase-conjugate
pattern ai the plane of observation.

tor output that was frequency doubled by a CD* A crystal at
several percent efficiency. The angle ¢, between the infirared
Fand G beams was arbitrarily fixed near 15, and the green &
beam adjusted near 176° to the G beam until phase maiching
optimized the output E-beam image intensity. The beamn di-
ameters were about | mm inside the 2-mm-long sample cell.
Good images of around 10" resolution elements were
formed, of comparsble intensities 10 the input images, for all
sample liquids tried as well as for a glass sample (an infrared
filter plate). The pure liquid samples tried were carbon disul-
phide, water, methanol, acetone, trichloroethylene, cyclo-
hexane, 1-2 dichloroethane, ethanol, hexane, carbon tetra-
chloride, glycerol, isopropyl alcohol, benzene, and toluene.
A typical optical image of 2 nine-hole pattern cut in u plate is
shown in Fig. 2, slongside the inpui infrared image carried
by the Fbeam.

To see whether the refractive index grating established
by the infrared beams persisted measurably in lime, the
green H pulse was delayed up to 30 nsec with respect (o the
infrared pulse. For the first several nsec of delay, the image
energy increased to a maximuimn, then stayed constant for the
longer delay times obisinable. Thia persistence of the grating
was seen in all samples. In order to determine the persistence
times, 20 mW of 2 315-nm cw argon-ion laser beam was used
tosupply the G beam in place of the green pulse. Theimage E
beam was monitored by a photomultiplier and displayed on
a scope. Exponential delay times of the order of microse-
conds were observed in all samples. Theae times were consis-
tent with those calculated for the index grating to decay by
thermal diffusion, except in cyclohezane and 1-2 dichlor-
octhane. (The thermal conductivity of the glass has not yet
been measured). The latter two liquids are the only ones
whose molecules have an optically and thermally excitable
isomer of different optical polarizability. In these the possi-
bility of an isomer-concentration grating exists in addition to
the thermal index grating. In CS, the grating of partially
reoriented molecules is also expected to contribute 1-109% of
the observed signal. Direct evidence for this was inconclu-
sive. The persistence time of this “reorientation™ grating
{ ~ pacec} is too short to be measured in our experiments.
Many other physical mechanisms exist which can mediate
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the image-conversion process efficiently, suck sz photore-
fractive effects and impurity-ion excitation in solide.***

The number N of image resolution clements that can be
converted by the geometry of Fig. 1 is approximately the
sofid angle 12, in which k is phase matclied divided by the
diffraction solld angle 12,. Phase matching is obtained when
Ak =|k; — nw/c|<n/il. Here, ! s the effective length over
which the nonlinear polarization is generated; it is set by
beam overlap geometry, sample length, or the infrared ab-
sorption |sngth, whichever is keast. An examination of the
geometry of Fig. 1 shows kzis unchanged when kis rotated
sbout the symunetry {z) azis of the k-vector diamond. That
small deviation &¢ of ¢ (about its sverage value ) which
makes A&7 = » is ensily seen 1o be such that (for 4,<1) 12,
e 2irddddn(hd || — ko/kg|¥'. Taking the diffraction
solid angle of the input beam 10 be 4w°/k . A, where A is the
beam area, we have for the number N of phase-maiched im-
age resolution elements

Nk /1|1 = kelkg]. TE))

As k, approsches kg this number approaches infinity, re-
flecting the fact that for degenerate four-wave mizing of the
geometry of Fig. | phase matching is satisfied foc all input
beam angles (and the generated £ wave is the time-reversed
replicaof the Fwave). Furthermore, a8 /0, one hias the case
of a plane hologram, for which ail angles can be replicated,
and for which the reading of a complex image st a shifted
frequency ofien has been demonstrated.” For a volume in-
teraction such as in our experiments, where k. = kg
~6X 10 cm™', A~ 107 om?, and [~ 2 mm, we expect

N~ 10°, Moreover, by decreasing the absorption length at v,
N can be increased without increasing pump-beam powers,
as we see below.

Although several physical mechanisms seem to be in-
volved in the nonlinear index that produces the image con-
version in some of our experiments, a useful estimate of the
conversion eficicncy in these experiments can be obtained
by stsuming that the Fand G beamis create a transient spatial
“grating” of temperature varistion’*** whose wave vectors
are nesr q = kg — k. Itis sulficient for our purposes to con-
sider only the case whete the fractional rate of change in time
of the amplitude of this grating is less than the frequency of
sound of wave vector ¢. Then, acoustic waves equalize pres-
sure everywhere in the medium nearly instantancously, and
the varistion H(x,!) in temperature throughout the sample
obeys the diffusion equation

pC,0 — 4 578 = (anc/4n) Re[G-F* expligx)), (4
where p is the mass denaity, C,, is the specific heat (at & con-
stant pressure) per unit mass, A is the thermal conductivity,
a is the loss (Np/cm) of the medium (at v),n is the refractive
index (at +), and G and F are the time-varying amplitudes of
the G and F beams {at v), respectively.

The thermal grating couples to the dectromagnetic
field vin the nonlinesr polarization density p™' created by
the variation in refractive index. with temperature:

V() = Re[(aX /2008 (x,0 JH exp(ik, x — it — L)),
&)
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where u is the loss cocfficient {at &), £ is the distance (L — 2}
the H beam has traveled in the sample of length L, and
X =(dn/30), is thecomplex change in index (a1 ) with tem-

perature at constant pressure. It is a straightforward matter

tocalculate with Eq. (5) the amplitude E(0, ) of the generat-
od wave st the front (z = 0) surface of the nonlinear medium,
assuming that field amplitudes change very little within a
wavelength or withina transittime L /c. [t isalso straightfor-
ward to solve for the important part of & using Eq. (4) with
the excellent approximation 0 = — ¢’6.

A useful way to express the result is by the “grating
efficiency” K definod as the ratio of E-beam power output (at
z = 0) to H-beam power in (at z = L). In our experiments,
the grating always decays very little in a time equal to the
{aser-pulse duration {~ 107 sec). Therefore, R will risc to a
maximum while the Fand Gbeams are on, and subsequently
decny slowly (if the thermal mechanism dominates). For
simplicity, we will give only this maximum R,, of R here,
which is found from Eqs. {4) and (3} to be

R, =TD'UUgn. ©)

Here, Tis the transmission coefficient exp{ — pl Yat e, U is
enetrgy per unit area in the Fbeam, U is the energy per unit
areain the G beam, and 7 is the phase-mismatch factor
which is defined as | §5° dx explidkx/a — x)|* and which
approaches unity when aLy 1 and e Ak. The coupling co-
cfficient D (area per encrgy) is defined as — aX /pC,. The
values of I for our malcrisls range (in cm’ J') from 130
(cyclohexane}, 48 (CS,), 46 (1-2 dichlorocthanc), and 33
(benzene) down to 27 (acetone), 16 (methanol), and 1.7 (wa-
ter). (The value is unknown for the glass.)

Clearly, the pump power required to achieve & given
efficiency is reduced by making the infrared absorption o
large 30 that 5 approaches unity, while the optical absorp-
tion g remains so small that the optical transmission T ap-
proaches unity. To this end, we added an infrared-absorbing
dye (Kodak No. 14015 Q-switching dye) to 1-2 dichloroeth-
anc. Then, we have T4, 7~ 1, and D ~ 10, With U~ 10
and Up~ 107 J/cm?, we expected R, ~ 55 107 and, in fact,
observed such a high efficiency. This clliciency is compara-
ble to that obtained by Stappacrts ef al." in up-converting an
infrared image by r fr ing in cesium
yapor,
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The ¢fficiencics with the pure liquids (no dyes sdded)
were three to four orders of magnitude lower. Ifal ~ 10 for
our 2 mm cell, this reduction would be expected from Eq.

,{6). Unfortunately, data on the absorption cocfficients a of

our media st 1.06 4 were lacking st the time this paper was
wrilten, but our observations were not unexpected.

For a thermal grating to mediate image conversion eff-
ciently, the phase of F *-G in Eq. (4) cannot vary much while
|FG | is large, or during the grating-decay time {(whichever
time is shorter). However, we expect that materials will be
found in which the index grating is both eficient and decays
fast (compared to thermal gratings), thus relaxing beam-—co-
herence requirements.

In summary, we have shown that four-wave mixing {or
» volume hologram) of a certain geometry can produce use-
ful image-frequency conversion, and can abso provide a sim-
ple means to measure relaxation times longer than
nanoscconds.
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Complete Raman spectrn of Lranspareat madis are obtained with s si 10 10-m7
mwn-mmmmmm:‘*mmﬁ'
mh:-nn-i:h.hahwllmv-

To obtain optical Raman (Brillouin, etc.) specira
dmmmmm 1072 K), or
static madis exhibiting strong fluorescence, o to ob-
tain spectral resolution of greater than | cm !, one
must generally employ somse form of coberent Ra-
man spectroscopy {CRS). The most widely used

mhiquethnahoanphyacobummmuuuly
.:wo.rw Thit is a form of four-wave mix-
ing in which fwo bewms at w and at @ —w (or a1
o+wlmi:wilhlthildhmnaloma
lnunhlbamun—w(nrua+w}. The generated
h-mun_lmypll-gemnemuuallhehum
at ». This effect, which we call “Raman-induced
phase cqujupﬁm" or RIPC has the following
characteristics. (1) The Raman signal is gemerated
unmbamwhkhhmﬂyphucmjupu
mmd‘thiudd-tbnm.ﬂ)upwlsindqm-
dmlmlinﬁmdbnmpohﬁmjoumm-
ble. (3) The Raman signal beam is nod coincident
with any input beam. {4) Phase ing among
thefqn!:umcnbenhievdfotuﬁhﬁmfu-
quencies in a wide range imany hundreds of cm—")
for a given boam peomotry. {5} Phase matching
lpmgthfwbmunahobeuhievd,l’or
given beam frequencies, for & wide range of input, or
lnlp,“bunlulu.thmlllowin.mnhnud
(or altered; phase-conjugate image st Raman reso-
nance. This spatial resolution can be used 1o
mlnu_elpemulmolutionoﬂofmmupanicu-
lllrr_enonoflhennplglﬂ'l‘hewavevmmotu-
cllations oberved in RIPC are sesrly (20 tuwin /¢
whugu_mhuﬂncﬁveindu. (7} If the input beam
containing « tw is broadband, and beam polariza-

Y]

lm,nmmllmmyhemiutodl
mwcnpufbiquhwmmhs,mchs
fum.ydmmmummm

Atypmlupuﬁnnulmﬂwmﬂiu
tlhmnueoﬂlhelmnmmwithainﬂe
10-nzec pulsc by RIPC is shown in Fig. 1. Here a
Raman vibeation(s) of froquency w in the medivio S
is excited by the simultaneous presence of the mono-
chmticbm!uonnduumrdmm
of the broadband beam 3 that is withia & Raman
linewidth of & —w (or of w+w if he broadband
ikion i e ot Py Tt

varies i izability scen

monochromatic beam 1 (st w), .cuuain;apon'::
ufnintobumll.whichbewnalheli'mluﬁe-
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lflG. 1. Schematic of apparatus used 10 observe RIPC,
Imdnnlbuml.l.mdhupduizedbypdldm?l,
P21, and P). Qupul:igmlbum‘innmly:edbvpduib
er P4. Polarizations are ither as shown (relative (0 the
s.lnephuinﬂcrmdﬁdud-ﬂihdinm. In-
udnlhnmmfwndhhuul.l(l-nfnullﬂﬂhl
x:!(nﬂfmlhumhmlhl-mhu“ﬂ'
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quency @ —w whose phase front is nearly conjugate
to that of beam 2 at the cell entrance plane. Some
typical spectromeier traces of beam 4 are shown in
Fig. 2. For these specira the beams | and 2 were
cach 10-mJ, 10-nsec pulbses from a frequency-
doubled Nd:YAG laser, hall of whose output was
used to pump the Rhodamine 6G dye laser which
supplied beam 3 with ~0.1-mJ, S-osec pulses of
broadband radistion spanning sbout 300 cm~'. The
angle @; between beams | and 2 was ~40 mrad.
Phase matching optimized the signal when beam 3
was al an angle of { to 3 mrad from the direction
counter to beam | (depending on w in the range
10003000 cm~'). The observed signal spanning
300 e~} in Fig. 2(e) is well within the limit of 500
cm ! set by phase matching. Also within limits is
the image signal of Fig. 3 spanning ~ 30 mrad. The
limits set by phasc matching can be cstimated as fol-
lows.

Signals fall to half mazimum whenever the mag-
nitude Ak of the beam wave-vector mismatch
Ak=K,—k,+K;— K, cxceeds cither 2.8/L (when
the absorpticn coefficient & times the internction
length L is less than 1) or a (when aL > §). Consid-
er nearly. collinear and counterpropagating mono-
chromatic beams at o and v (~w - w} aligned for
perfect phase match (Ak =0) as in Fig. 1. Then, if
only the angle of the input (image) beam 2 is varied

i

by A8 from the angle 8,; made with bean 1, the re-
sulting Ak is (ky=wn; /¢, etc)

Ak ~ | 3hylky kg — 118,288 | . m

For the case of Fig. 3, we expect from (1) that AG
within + 2} mrad will preserve phate maiching. If,
on the other hand, only the frequency v of the pump
beam 1} is varied by Av around perfect phase match-
ing, one obtaing :

Ak ~ {83 — L +ko/kymnsav /e, (¥]]

where 83 is the angle between beams 3 and 4.
From this, we expect in the situstion of Fig. 2(e}
thai phase matching is achieved for Av/2we within
the range +200 cm™". These ranges are one to two
orders of magnitude larger than are available in
CARS speciroscopy.

The strength of the observed lines in Fig. 1 snd
the abeence of background wave mixing off reso-
aance in Figs. lia)—1{d) can be predicted from the
dependence on the optical ekectric fild #(2,41 of
that part P'*4T,1 of the nonlinear optical polariza-
tion density that is third order in #. in liquids,
gascs, and glasses when the Bom-Oppenbeimer ap-
proximation is valid, i.e., when all optical frequen-
cies are well below the elecironic band edge, 3 is
of the form {with space argument T suppressed)'’-"?

#M=toR g0+ 10 [ dsat—a®in+ [ _asbu-—ndw #ndw. @)

(a} )
l_l

w‘-*z ulk
-1

L]
(o) ic) el
OS] U
o (3062, 2048 wz e

W

FIG. 2. Spectra taken with wpparatus of Fig. 1. Sam-
ples 5 were (a) cyclobcaane and (b)—ic) benzene. In
(8)—1d) lincar polarizers were fized as shown in Fig. |, but
in (e} polarizer £, was rotated clockwise by 8 - 10" from
direction shown. Spectra (d) and (e} were aken with
lower grating ocder. The cross sections of the three Ra-
man linea in (s) are comparsble. The cross sections of the
Raman kises in b} and (&} are in the ratio 0.00:0.1:L,
ively. S ded om Polarcid 410 film.

w, -(2930, 2923, 20%2)

Here o is 2 rea) number measuring the instantaneous
nonlinear electronic response or “hyperpolarizabili-
ty™ (that would be present if the nuclei were fixed),
and al(t) and b{r) are nuclear response functions
describing Raman-active excitations which alter the
optical susceptibility. These “nuclear” terms may be
thought of as of the linear form X(1)F(1) but with
X(£) modulated by nuclear motions {vibration, rota-
I.itlll, etc.) driven by the interaction potential
— 7X &%) at past times."""? In thermat medis, the

|

RCFELE!CE RAMAN

SHIFTED

REPLICA
FIG. 3. Image replicati Images ded on Po-
laroid 410 film at open exit shits of speciromeler when
four-bole image plate was inserted adjacent 1o P2 in Fig.
1. Reference image obtained with plane mirror in place of
cell 5. This frequency-shified replica was obtained with

x x L were
From ome to ten puises were used for exp P '}
on line sirength.

b in cell § and all beams as in Fig. 1. Image sub-
temched 30 mrad at sample.
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tesponse functions a(t) and b(r) are related t0 the
d’o(A)/d0dA

[em~ar~? (rad/w)~"] which give the probability per
unit lewgth for 2 photon to scatter from frequency o
to frequency v=w--A per unit (angular} frequency

per unit solid angle for scatiered polarization
cither paratiel (i =||) or perpendicular (i = 1) to the
incident beam polarization. Defining the Fourier
tracaforms

A= [ deatne'™
and similarly for B,, we have'!'?
wct dio,
B = v dDda
and a similar relation with 4, snd +oy o, substi-
tuted for B, and o), respectivdy. Here kﬂ

(1 —¢~ANAT) (4

Boltzmann’s constant times temperature. Because
of the causal nsture of @ (1) and (1) the real parts of
Ay and By unheulcnlnedfmﬂuimqinnr'y
parts (#) by the usoal Kramery-Kronig integrals. !
Given the Raman spectrum of a medium and the
electronic hyperpolarizability @, the noalinear polar-
ization density (3) is completely determined.

In our experiments & in (3) is exsentislly the sum
of three incident beams &+ £+ &, which give
1ise 1o 2 term in the polarization density 3*'% which
genersies a fourth phase-conjugate beam #, Our
results can be understood by assuming esch beam is
a plane wave:
= KT -l

#,=ReEe
ctc. If one takes from (3) the part (R:i;'r"? |
of P which generates the signal (phasc-conjugate)
beam ome finds  that pmyv—a=—A4,
Ay=A_g=A%, Aymdgog, o)

By= HEE Eilo + B+ 2, + BIE, Evlo + By + B )+ BB} Eilo + 24, +B, )T (5)

With the polurizers arranged a8 in Fig. 1, the cffec-
tive polarization component is
Puuh-Py=(B, —24,)E E3E,/8,

where & is » horizontal unit vector. Since B, and
A,maﬂyhrlenwlmmmweob-
serve in Figs. 2(a)—2(d) narrow lines when A~w
and negligible signal far from resonance. I the
linear polarizer &, is oriented at = /4 +0 from &),
then one finds from (5) that the effective component
of By is Py = Poyucostd + Pysind, where

P..;[F-T'.
=lo+Bo+ 7By +ALEEIE, /4,

and § is & unit vertical vector {paraliel 10 &,). Evi-
dent in P, is the nonresonant (constant} background
term which is observed in Fig. 2(¢) to interfere with
the resonant B, and A, terms when A-—uw. Since
the output signal intensity is proportional to
}&5-P,1% in general, the detaiks of this interference
cnnubeuud 10 mensure the parameters appearing in
3.

If the incident beams are negligibly disturbed by
the mixing process, the intensity I, of the phase-
conjugate signal can be casily calculated from (3) in
terms of the incident intensities [y, I, and I,. The
result is often written in the form

Lo=PN\0I,, ()
where L is an effective interaction length (equal to

;cdl length in our case) and B is & nonlinear coef-
ﬁcimtwhichdepeuhmnllbumpohduﬁmnﬂ
the parameters in (5). For example, the magnitudes
of the signals seen in Figs. 2(c) and 2(d) may be es-
timated using the foregoing relations and the mes-
sured values for the 992cm™' line of benzene:
1.6 10~" for doy /dft, 1.2 e~ for the linewidth,
and 0.02 for o /0y.'*" These give f~1 cm/GW
at line center. For our besm intensities, this predicts
1, /T3~10~%, which is consistent with our obeerva-
tions.

We summarize the properties of RIPC a3 & Ra-
man spectroscopic tool by considering the following
task, for which RIPC appears to be better suited
than any other technique. Suppose one wished to
obtain the Raman spectrum of » crystal in a phase
that only exists at temperatures (2 10° K} that are
too high for spontancous Raman spectrs 1o be visi-
ble in the thermal background.'!? Suppost further
that the dispersion of the refractive index is un-
known so that the CARS signal could not be ob-
tained without & very tedious search for the phase-
maiching angle. Suppose also that the crystal is
birefringent. Then a probe beam having comparsbie
ordinary and extraordinary components (necessary
for RIKE) cannot be nufled by any practical polariz-
er to better than ~ 1%, This would make RIKE in-
tensitive 10 any but the strongest Ramanh lines. Sup-
pose further that the hot crystal is undergoing tem-
perature fluctuations. Ramari gain spectroscopy and
two-beam interferometry, which rely on many
seconds of processing of very stable beams, become

4
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inapplicable. Noise-initiated single-pass stimulated
Raman scattering {ordinary SRS) might produce a
signal, but only at the strongest Raman line, and
provided that the crystal is not damaged by self-
focusing before threshold is resched. However, none
of these impediments would preveni REPC specir,

such s thoge in Fig. 2, from being obtained.
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We d the jon of the 1i

] replica of an incident munochrumatic image-bearing aptical

beam that is noauniformly pol d. A form of d

four-wave mizing in liquid CS, of beama st 532 nm is

employed. We discuss sources of distortion in the vector replica using standard theory of nonlinear beam interac-

tion,

Introduction

The generation of a time-reversed replica (i.e., the phase
conjugate) of a monochromatic, image-bearing optical
wave has been demonatrated previously by a variety of
techniques, but only for cases in which the wave has a
known and uniform (usually linear) state of polariza.
tion.! Here we report the generation of a complete
time-reversed vector replica (or phase conjugate) of an
incident monochromatic image-bearing optical wave
whose state of polarization has been altered by a
nonuniformly birefringent window so that it is randomly
nonuniform over the wave front.

We employ a kind of degenerale four-wave mixing
process im which the incident wave is made to overlap
two counterpropagating plane pump waves whose
electric field vectors are rotating (circularly polarized)
in opposite directions. ‘Theory predicts that the wave
generated by the resulting third-urder nonlinear po-
larization in an isvtropic medium is the desired time-
reversed vector replica, provided that the incident and
pump waves are mutually temporally coherent where
they overlap in the nonlinear medium (CS,).2

The earliest demonstration of the generation of a
time-reversed replica of a uniformly polarized optical
wave {i.e., scalar phase conjugation} was by Kogelnik,
who used atandard holographic methods of still pho-
tography.? The first demonstration of nearly instan-
taneous acalar phase conjugation, by Stepanov et al.,
employed a degenerate four-wave mixing pmcess that
was described as a kind of transient holugrnphy

Our expenmemal arungemem for cumugutmg a

if m., larized wave is d d below. This
arrangement is similar to one prupnled by Zel'dovich
and Shkunov® for conjugating a wave front of uniform
but arbitrary polarization. The theory uf this vector-
image conjugation is outlined in the lechon on theory,
and the area of applicability of this process is described
in the discussion section.

Experiment

The experimental arrangement we have employed to
gsiudy vector-wave phase conjugation is shown ache-
matically in Fig. 1. A linearly polarized optical pulse
of ~15-nscec duration and ~1- MW peak power at
532-nm wavelength is g ted by a fi doubled
Nd:YAG laser. This wave is apht into three beunn by
beam splitters BS1 {35% reflecting) and BS2 (50% re-
fecting) of Fig. 1. The two beams from BS2 form
counterpropagating pump waves G and H, which are
circularly polarized (counterrotating) by quarter-wave
plates Q1 and Q2 and fucused into the interaction region
at C by lenses L1 and 1.2, The 100% reflecting dielectric
mirrors M1 and M2 do not affect the polarizations of G
and H.

The wave that is split off by beam splitter BS1 is
linearly polarized at angle ¢ (o the vertical by polarizer
P2 and expanded by telescope BE to a dinmeter of
about 2em. This beam F illuminates the object O and

Fig. 1. Schematic of apparatus for cheerving lat plane S)
backscatiered i images of incident beam F from region C. The
buhcluenng iu caused either by an ordinary mirror a1 C or
by ixing of the incident image-bearing beam F
with counterpropagating plane pump beams G and H in liquid
CS; (contained in a 2-mm-long cell ai C). The role of the
varivus optical elements is discussed in the text.

Reprinted from Optics Letters, Yol. &, page 185, May, 1880
Copyright © 1980 by I.Iu Opl.u:ll Suciety uf Americs and repnnted by permission of the cupyright owner,
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is then directed by mirror BS3 through phase distorter
Dt and polarization distorier 12 and is focused by lens
L3 into region C in the nonlinear medium (CS,), where
it crosses the counterpropagaling pump beams at an
angle of about 4°.  All three beams (F, G, and H) have
a diameter of ~0.3 mm in the cell, where they overiap
for the entire 2-mm length of the cell.

The phase-conjugate image is observed behind beam
splitter BS3 and is recorded on photographic print
paper at observation plane S, which is approximately
the same distance from the interaction region as is
object O.

Figure 2 compares photographic records at plane 8
of waves backscattered from the incident image-bearing

g

+

»

XN X X K

Fig. 2. Bachscattered images recorded at plane 8 (Fig. 1).
The images of column | were backscattered from beam F by
an ordinary plane mirror at C (the focal plane of lena 13 of Fig.
1). The images of column 11 were backacatiered Mrom beam
F by nonlinear mixzing with the counterpropagating plane
pump waves in liguid CS, (s depicted in Fig. 1). Various
conditions of phase and polarization distortion, as well as in-
cident and backscattered heam polarizations, result in the
images shown here in rows a-e, as is explained in the text.
‘The backscattered fraction from nunlinear mixing was of the
order of 1%. These images were recorded on FSC poly
trast G photographic printing paper. Images in column [ are
averages of a few shots. Images in col 1l are ges of
-about 50 shuts.

heam F either by a plane mirror at position C (column
1) or by the phase-conjugation process when the cell of
8, is at C (column 11). The pictures of rows a, b, and
c of Fig. 2 were taken without polarizer P under the
Tollowing conditions:

Picture la is the mirror-reflected image of ohject O
(a bent wire) with the distorting plates D and D2 re-
moved. (The image is inverted because of the presence
of focusing lens 1.3.)  Picture I{a is the phase-conjugate
image with the CSy cell at position C and distorters D1
and D2 absent. Pictures Ib and 1Ib are the corre-
sponding images but with phase distorter D1 in place.
Pictures Ic and Ilc are the corresponding images when
both phase distorter D1 and polarization distorter D2
are in place. The cross superposed on this image arises
from polarization distorter D2, which consisted of four
quadrants of quarter-wave retarding plastic, each of a
diffetent orientation. Pictures Id, le, [1d, and He are
taken with linear polarizer P3 placed ns indicated in Fig.
1: first, in row d, with its axis aligned parallel to the
initial polarization set by P2 of image-bearing beam F,
and then, in row e, aligned 90° to this direction.

Comparison of the pictures in column | of Fig. 2 with
those in column [T shows that our arrangement for phase
cunjugation not only restores phase distortions created
in an image-bearing beam but also corrects polarization
scrambling. To check the degree of the palarization
restoration of image-bearing beam F, we oriented the
F-beam polarizer P2 at different angles ¢ to the vertical
and in each case measured the fraction of the phase-
conjugate wave polarized orthogonal to the input di-
rection {e.g., we measured the ratio of intensities in
pictures lle and 1Id). We found the ratio to be less than
1;100 for all cases. Beam restoration was observed to
deteriorate as the pump-beam polarizations were al-
tered from circular.

Theory

Our experimental conditions are expected from theory
to produce a quite accurate time-reversed vector replica
of a nonuniformly polarized incident wave of amplitude
F,(x}, i=xyz Thiscan beseen from the expression
in esu (valid for small replication efficiencies) for the
vector amplitude E;(x), § = x,v,2, of the backscattered
wave at positions % in front of the region of nonlinear
beam interaction’:

Ei(x) = 12riw(nc) LT cjpamFa* }GH L. (1}

Here the summation over repeated space indices (J, k.
!, m) is assumed. The waves are all at angular {re-
quency w in a nonlinear medium having refractive index
n and nonlinear susceptibility tensor ¢y, evaluated at
the four frequency arguments (—w, —w, w, w}. The
incident wave Fi(x) overlaps two counterpropagating
pump waves (whose vector amplitudes G and H in the
interaction region have spatial components (; and H;)
over an effective interaction length L. The tensor T
yields the projection of any vector onto the plane
transverse to ihe F and E beams.

For isotropic media and optical wavelengths such as
we employ, the ¢ tensor has the form

cijt = afiybne + bBipdjp + cdirhyu, 2)

where the coefficients a, b, and ¢ may exhibit temporal
and spatiat dispersion. When the nonlinear polariza-
tion arises from a nonpropagating physical change, such
as the electronic and molecular reorientation mecha-
nisms that will predominate in our CS, medium, then
symmetry requires that b = ¢. For CSy, a variety of
exisling measurements gives values {appropriate Lo 532
nm) & =c~4 X 10" esuand a ~ 8 X 10~ esu to
within 10%, provided that electrostrictive and thermal
effects can be neglected ®

If the angle # between beams F and G (see Fig. 1) is
much less than unity, and if [b — €] <« |b + ¢|, then one
finds from Eqgs. (1) and (2) that having G and H oppo-
sitely circularly polarized gives the desired result that
E, o F;* toorder 2. O course, a real heam will not be
perfectly circularly polarized, so assume for the purpose
of evaluating Eq. {1) that

G = ¢y + €600 {3
and
H = (6, + ddp)H, 4)

where é; and é;, are the complex unit veclors repre-
senting right and left circular rolations, respectively, of
the optical electric vector [equaling (£ & (37)/2"2 for
waves direcied along +£'] and the fractions ¢ and 4 of
“wrong” polarization are assumed to be much less than
unity. Substituting Egs. (2)-(4) in Eq. (1) gives (in
vector nolation) for the backscatiered field

E = 12riwinc)-'Li{a + b + %c)F* + YfK|GH.
(5}

Here the error field K is defined a8 iF, — #F, soit is
orthogonal to the desited conjugate part F*.  The error
coefficient [ is

[ = (b+c)lfsin? 0 + (1 + cos? e + B)|F,*F,*
B — €) con 0 {F*F,* — F,*F, W/
F2—(b—c)em@(F.*F.* + F,*F,*}/F?, (6}

in which we have omitted terms higher than first order
ineand 8. In Eq. (5), terms in the coefficient of F* that
ave fractionally smaller by terms of the order of ¢, 8, (2,
and (b — ¢)/b have also been neglected.

The power [raction |//(b + ¢ + 2¢)]? of the “wrong”
polarization of the backecattered beam is seen Lo have
terms of the order of (1} the power fractions ¢ and 32 of
wrong polarization in the pump beams, {2) the broken
symmetry ratio |th — ¢)/{b + ¢)|% and (3) sin* 0, as well
as the three cross terms of the order of the square root
of the product of any two of the above. 1t isseen tobe
experimentally feasible to keep the fraction of wrong
polarization generated (at any place x in the phase
front) well below 1%, as we observed.

Discussion

One can interpret the three terms in the nonlinear
susceplibility Eq. (2) acting in Eq. (1) to produce the
backscatiered field E as a superposition of four gratings
of linear refractive index off which the beams G and H
scatter to generate E. The four gratings are {1) beam
G scattering off the scalar grating F* - H to give a letm
E = cGF* - H, (2) beam H scatiering off the scalar

May 1980 / Vol.5, Ne.5 / OPTICS LETTERS 187

grating F* - G to give a term E « 6HF* - G, (3) beam G
scattering off the tensor grating F*H, and (4) beam H
scattering off the tensor grating F*G, the last two giving
aterm E « aF*H - G. Consider grating (1) of ampli-
tude = ¥* - H and of wave vector ~2nw/e. The grating
must not move by an appreciable fraction of the grating
period xc/nw during the longest characteristic time ¢,
associated with the pulse shape and the physical
mechanism{s) responsible for the grating (mainly mo-
lecular reorientation in CS,, for which ¢, ~ 1 psec).
This is achieved if the frequencies of the F and H beams
are the same to within ~t,.~! {or if they are correlated
in a special way).

The grating also must not move hy an appreciable
fraction of its period during the time it takes the reading
heam G to propagate over the length L of the interaction
region. This is achieved if the frequencies of the F and
H bearns are the same o within ~c/L. In either case,
the frequency » of the reading beam G can be quite
different (hundreds of wave numbers) from the fre-
quency of F and H without spoiling the phase malching
for the finite lengths L of practical interest. However,
the hachscattered-image shrinkage factor {w/y) may
become a problem.  All these considerations arise in the
usual scalar-wave phase-conjugation experiments,
whether with photographic or transient grating media,
and apply to the other three gratings mentioned
ahove.

Aside from the obvious application to restoring a
beam reflected back through a birefringent distorting
medium, vector-wave replication may be used in
imaging microscopic inclusions in such a medium,
Inclusions that have a complex (nonreal) optical di-
electric tensor do not sustain time-reversed propagation,
and so they may be imaged by a lens at the observation
plane (S of Fig. 1) free of the distortion caused by the
surrounding inhomogeneous medium, which has a real
{though anisoiropic) dielectric tensor.

Tn conclusion, we have demonsirated. as was expected
from theory, the generation by a form of four-wave
mixing of a time-reversed replica of 8 monochromatic
image-bearing optical wave of arbitrary nonuniform
polarization.

The authors acknowledge the support of the US. Air
Force Office of Scientific Research under grant no.
78-3479 and the National Science Foundation under
grant ENGT8-04774.
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Photorefractive effects and light-induced charge migration in barium titanate
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We propose & new theoretical maodel for the light-induced migration of charges which mediates
the “photorefractive effect” (light-induced refractive index change) in barium titanare and other
crysials. We also present experimental results of various effocts of this light-induced charge
siigration in a single-domain crystal of barium litanate, specilically, (1) encrgy transfer between
two intersecting opticel beams, (2) optical four-wave mixing xad optical-besm phase conjugation,
(3)erasure of spatial paierns of photorefractive index variations, and (4) photoconductivity. The
theoretical madei predicts the observed dependences of thess elfects on (1) beam intensities,
directions, and polarizazions, (2) crystal arentation, and (3).on an externally applied de electric
field. Time dependences of transients as well as steady-sate magnitudes are predicied. In this
model, identical charges migrate by hopping between adjacent sites, with & bopping rate
proportional 10 the total light intensity a1 the starting site. The net hopping rate varies with the

local electric p ial tha! is calculat

d self-consistently from the charge migration pattern. In

barium titanste the charges are positive with a density of (1.9 4 0.2) 10" cm” at 514 nm. The
origin of the charges and sites is at present unknown. The hopping rate constant determined from
optical beam interactions is used to predict the observed photoconductivity of 1.3 101

em 27 W at 514 nm.

PACS numbers: 42.65. — k, 78.20.)q, 72.40. + w, 42.30.Va

L INTRODUCTION

‘When light is transmitiad through certain nonceniro-
symmetric crysials, it causes a change in the refractive index
which persists for hours or longer in the dark and can be
erased by Booding the crystal uniformly with light. This
“phaotorefractive™ effect arises from a light-induced migra-
tion snd separation of charge in the ciystal which gives rise
10 internat static electric fields. These fields produce refrac-
tive-index changes vis the lincar electro optic (Pockels)
olfect.

We propose 2 new theoretical model for the migration
of charges mediating the photorefractive effect in barium
ttansse. We also present detailed experimental studies of
vharge pattern erasure, and of two-wave and four-wave mia-
ing of optical beams (i the milliwatt range) in barium tita-
Male. Using our theoretical model we are able 10 predict the
Sbaerved dependence of wave mixing on the intensities and
Polarization of the waves, and on the wave directions relative
10 ench ciher and 10 Lhe crystal opical axis. Both the tran-
sieat and steady-siate cases are discussed.

Tt should be pointed out that the electric Selds caused
by light-induced charge migration are easily ohservable in

rics due (o their large electro optic coefficicnts, but
uch electric felds may also be produced in materials thay
Rave inversion symmetry and consequently lack s linear
electro optic effoct. Although the Selds would not produce
y first-order index changes (Pockehs effect) in such materi-
Ak, the Selds could peroduce second-oeder index changes
ert efect) or energy level shifts (Siark effect).

. “dMWWWMIW
-T‘..'J-.)z-'zxz"’(tl-m crysia! of barium titsnate (Ba-
wic wi 5 and 133 °C, barium tiamate is a ferroclec-
b tctragonal symumetry C,, . Our sample was slightly

L

4 A%l Prws. 143, Mavch 1960
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wedped with faces cut spproximately parallel to the (001),
{010), and (100) planes. The crystal has a pale yellow color
and gives 10 eatinction between cromsed polarizers.

1n our “four-wave mixing™ experiments, two beams of
light of the same frequency, called “writing” beams, inter-

sect im the crystat and create & periodic modulation of its
refractive index. This “index grating™ is monitored by dif-
fraction of s third “reading” beam incident on the grating (a1
an angle that satishes the Bragg condition) to produce &
fourth “output’™ beam. If the two writing beams and the
reading beam all have the same frequency (and polarizations
if the sample is birefringent), then the Bragg condition is
satisled by & reading beam which propagaies counter 1o &i-
ther of the weiting beasns. This geownetry is identical 1o that
commoaly used in phase conjugation experiments,” and our
outpm beam is observed 1o be the phase conjugste of one of
the writing beams. However, in coutrast to phase conjugs-
tion by ordinary nonlinear refraction, the fraction of the
reading beam thar is diffracted in the steady state depends
only on the relative intensity of the writing beams and is
independent of their sbeolute intensity. A certain optical en-
ergy {mther than power) must be deposited in the crystal in
ondex 10 “write” a grating with a given diffiraction efficiency.
The optical absorption of our sample was too small 1o mea-
sure (< 5%), but we cstimate that several microjoules per
image element are required to write & grating of bigh
eficiency,

H the writing beams are turned off, the grating will per-
mm.htia;a:tnedmmmdh.mmm_.
erames & with & decay rate which increases with the intengity
d’ihl-h.hn.'lhmduullhnhmﬂby'lmd-
ing the crystal with light incident from s arbitrary direc-
tion. Wavelengths from 477 10 ~ 900 am were uasd 10 erase,

with the longer wavelengths erasing st s considerably slower |
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intensity is varied from 10- 1o 1 W/cm?. Both the writing
,ndth:ermu;ulqincmdrmuhﬂywbnlhem
mllqdehlwenlhewriﬁuhamhilﬂuodumnl
Thediﬁmh.elcinnyldepnd-ontheorienm
_oflluctwdwithmpeqmlh-tidqb-mnfdbul
islargent whenlheru‘ud‘lhcctymlilﬂipdmntn
lheplmuol‘lheintuuitymmhnmﬂunﬁi
mmthuephmlium-unthmdtheinm—-
mmlcnglhofthebum,mdwhvemmd values of
Ruhighul!%n!l!mnwilhm inm'r:liollmﬂh(uyl-
tal length) of 4 mm.
. Onedth:mminmnun.lndenﬂyouerudelm
u.lhnthewn_mghmmfmlhmml with a
different relative intensity than when they entered it>*; eney-
g_yuc‘ludymwuredhnmouhn-mtheoth«.‘lh
dlru:lwnofuerutnul‘uildﬂetmimdbythnriumiu
fﬂ'thecn'ureluivetothcwrilin.hum No energy transher
is observed if the sample is slightly vibratad or when the
beams do not inlunctintheumpl; The magaitude of ener-

input intensities: one writing beam canerpes from the crysal
ﬂmulinmlnd.-unmammm.mm
with twice its original intensity,
Adcdactriclddnmuﬂyapplhdabn.lhcnhd‘
tthMMMMMyM.b
magnitude of the encriy-transfer effect. These effects will be
duuundindmilinthl'oﬂawin.ncﬁou

55

the probability that a migrant charge occupies the ath 5;
which is at pasition x,_. If the optical intensity st this u’r:i.
1., then the model may be expressed mathematically by

dw,
& T I W, apipy.)

- Wi, expiifd,,)], M
where the sum is over neighboring sites m.
The rate constant D, exp(}f¢... ) measures the ten.
dency oward light-induced bopping from site » to site 5,
We have written it in terma of the parsmetenn D, = D,
and of the static potential difference #.n between the n;;
Here ﬂ oquals g/(k, T'), where g is the charge, k, is Bolez-
MAnR's conatant, and T'is the lattice temperature. This form
makes e:phcu in Eq. (1) that the relative site occupation
thy in steady statc under weak uniform illumination
will obey statistisi mechanics, i.e., that W_ /W,
= e1p(B4,. ). Specifically, 4., is equal 1o $, —#, where
do=¢(x ) andd (x)is the quasistatic potential eristing in
lh.e crysial due to internal charge migration, externally ap-
i|:I|ed Iel:h ::d ull:'l:;lc ;hemical potentiais. Whenever light
Present, & ient of ¢ will cause a net drift A,
ol'&nrp:_niulime. away from a stationary bocmtfs
nenlrlln:n:. d;l'l.nrle (which we assume does not hop). In our
4 1] X i
mn‘mdelmm. governed by Eq. (3), for bopgsing in all
In berium titanate, the omission from the ing rate
ofanyj depend:me on the probability dmcummnh??p.uf'!he
?ul site is consistent with the experimental results. That is,
in aur experiments the site occupation probabilities W, ap-
peario be much less than unity, implying that most sites are
unoe:uqnd. 1t is straightforward to account for inat-site
occupstion by appending factors 1- W, 1o the rate to bop 10
site m in Eq. (1), should it prove Appropriate.
To nnlyu our present experimental results we will
neced to consider only the case where I, varies from the inter-
ference of two “writing™ optical beams of the same temporal

I Sec. I our model is developed, and is d 1o
our experimental results in Sec. LI1. Sectioa IV applies our
Wmmwwndmmdhcmﬂc
mmmmmmm

H. THEORY

We describe here & moded for igration i
torefractive crysials which, with I::‘r.= Mmﬂﬂlﬂ:r:'l::&
lbemrneuchnmm;twonrfwopcwmm
exchange, in boih transient and sieady-sate regimes, is
Mmdwmmmm&mmmmm
of_lheb-:nmn.undunu-plﬂiedmieehminleldfon.im
orientation of the crystal, Given the charge-migration pas-
temsl_’mc_nnurmdel.nncanduivemequnimﬁcdeclric
m:muucm.mrmahummmmx
chn;uuufedhytheeheuoopliceﬁn.

Amgwﬂnmrmodd.lhu:mnm-hnumhuo{
chumwhachcannccupyahrmnmnberoﬁitﬂinmyoh
large number of permutations. In darkness, each charge
smrnluduuile.bulwhenlchnp:ilupondmmop!i-
cqugilyl.hmm"hop"mmdj.oemn‘uwilh
Mwmﬂuhmhﬂmlhlﬂh
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f?-'; y whose complex electric Beld amplitudes at posi-
tiog xareé K, _ﬂp(l\:.-l)lndi,E, eap(ik;-x). See Fig. 1. The
ﬂ-:‘omplexpohnmian vectons &, and ¢, are normalized by
€4, = |, cic. Therefore, we may write

FIG. { Two wniing beams with mavevecion k, and k) intersece sy a angle
28n the crystal o produce an, intensity gronng with wavevecior
k=K, - &) The dicection of the PUSIIIYE £ BAtS i3 shiws.
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I, = Gy + ReG explik-1,). @
- 2
k=k, — k, Gm2E E 4 F, and GysaZ, |E,|* (the
:::r:alend: 'over ;he two writing beams plus any other
pearns that are present). An imporiant parsmeter is the com-
ple» modulation index m defined as

mmG /G, .

t 0 |m|<1. .
m]ﬁ:niq ll. itlit appropriste to try approximaie solutions
for W, end ¢, of the form

W, = W, + ReWexp(ik-x,)
snd
#. = do, + Red explik-x,}. &)
i ntia)ar 3, duetoany charges external to
;gmcrylul‘o. '.’:ph;lﬂeﬁeld:. or chemical pmetmah Note that,
according to Poisson's equation, the potential- and charge-
distribution amplitudes ¢ and W must be related by
= Wog/eek?, ()
where g is the average density (number per unit volum-e) of
sites, £ is the permittivity of frce space, and the screening
dielectric constant is, in general,
e=kek, o
is the static diclectric tensor and k s=k/k.
'hﬂ:n.lhe process of substituting Eqs. {2)-(6) iqto Eq.(Dto
solve for the smplitude W (1) of the charge-dentity wave, we
will make some simplifying mssumptions that are sppropri-
ate for our eaperiments in barium titanate. First, the direc-
tion of any uniform electric field { ~ M..)a_ndlufn_s—
sanved to be parallel (or antiparaliel) to the wllcll canigina
uniaxial crystal. In this case it will not significantly alier the
result to sssume that the sites are equally (nll.m lhm ran-
domly) spaced by the (rms) distance /in the 2 dlrecfm. Fur-
thet we take ki1, as is saggesied by our data. In tlmwe_the
form of the result is unaktered by sssuming that lhe‘ hopping
e D is zero excepl between nearest-neighbor sites when
it has the value D. Typically, /~ 10 cm, mdﬂ_eornspondl
to room temperature { ~ 1740 eV), $0 that if the intemal el9c-
tric Aclds arebelow S0k V/cm, §5¢.., is much less than unity
in Eq. (1). The Seld-induced electro optic effects we observe
suggest that in our experiments internal ficlds rarely ap-
Proach this value, and 30 it is justifisble to keep m!y the
terms in Eq. (1) that are of the lowest (first) order .md__.
With the foregoing spproximations, subsitution of
Eqs. (216 in Eq. (1) gives [by equating coefficients of
exp(ikx, )]

@)

“

m

dw ~Plw+mia’ +iaf)+w].

)

dt
Here

F DGl ®
8 & characterigtic hopping tate,

LA (10u)
s the normatizeg charge wave amplitude,

ok /k, O
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is the grating wave vector normalized by ko, and %)
S = (b — b0 VLD h(
i i electric field strength rwnmliudb?lc arac-
m::m The characteristic waveveclor k, is defined
by
kimpWeg'fecks T, " on
meter which, once determined by curve fitting to
:::eyriml. Sxes the average density oW, of migrating e
charges. (In our barium titanate llm_ple ky wla: fon’nd Ttg'e
~ 0.3, which ipplies a charge de_nnly ~ 10" em™)
characteristic field f,, in Eq. {10c) is
Jomkoh T /g {I.Z)
The characteristic field is seen 1o be of order ~ 2300 V/cmin
r " . -
™ uE:ualim (8) i a differential equation of s t'nmilur
form. Even when both theintensity 1 (r l)andthelpphedclu:-
tric fedd £ (1) vary with time, the :olullon_to Eq.(8) may l;
written in terms of simple integrals. We mll_ use solutions
Eq. (8)in special cases to analyze our clfpenubeb-:. In
these experiments, the charge distribution [pee Eq () is
detecied by scattering from it an oplical wave wlnch exper-
iences a spatial modulation of optical suul:epubduy of the
form ReX exp{i-x) due Lo the electro optic eﬂ‘cﬂ'l'he mod-
ulnted optical susceptibility is written by conventionin
terms of the third-rank electro optic lznsc:r!t u:d the ampli-
tude ¢ of the static p ial distribution inEq.(5)ms

X =iee, (RE)ed. FIJ)

ical diekeciric function ¢, is dingonal for Clrleﬂm
ﬂnmopl tes coinciding with the principal axes. In a uniaxial
cry!tlliuzzconwlentequllsni.lndilsnmd”cofnw
nents equal w? (n, and 1, arethe ordinary and extraordinary
refractive indices). In barium titanate (which has tetragonal
symmetry 4mm) the nonzero components of the electro op-
tic tensor are® R _wer,, =23, R, = R, ,=r; =8 and
R, =R, =r, = 820(in units of 10°'* m/V). Here I|I¢'FU
nr:’ the conventional contracted forms of the electro (:'p'.lc
tensor. Also, A, = 2.488 and n, = 2.424 (at 515 nm),* and
the de diclectric constants al room lemperature arc lt_lb and
4300 measured paralict and perpendicular to the ¢ anis.

In our experiments, k was always alo.ng the ¢ axis, and
our experiments were not sensitive to motion of charges ex-
cept along the ¢ direction. However, if kand gnd.d‘,wmnm
paraliel to the c axis, then Eq. (8) for w [fmm which l'nll-u;h:
by Eq. (6) and X by Eq. (13)] is gencralized as foll:‘w'sh m
fight-hand side of Eq. (8) becomes the sum over j b; _
terma(j=x, ), z),uchoﬂhenmefnqn ssinEq.(8), l' in
each of which the symbols are altered in definition s fo of
lows: Dbecomes D, (j = x, . 2); k,becomsn.ﬁmcm;:. ft
lhedireclionofhhmghiudepem!eno:mem Eq.( )
becomes /3 (] = x, ¥, 2} in casc the sites are not spaced iso-
tropically, a, = k,/ky (j = x, y. 2); and f becomes com.
f=— f‘MJf.(I"Iich are the normlltud qnu‘n
ponents of the cxternally applied electric Seld). We will not
pursue this case, nor the further mnllu‘thmofﬁq. (3]'::
any of the following cases: &I, > 1, D, cmheyt_md [l

nearest-neighbor pairs; or randomly placed or multiple

Ferbargersl 1290

b

. . R (X "RE L)
~: Tasscs of sites. Such generalizations do not seem to be need-
ed to ireat barium titanate. We now spply Eq. (13) to the
erasure transients and steady-state-two- and four-wave in-
teractions studied in our experiments.
A. Graling erasure ime conetants

Suppose & charge grating is formed by twe writing
beams which produce a given grating &, wnd then are turned
off, leaving a given grating amplitude w expressed by Eq. (5).
A weak reading beam is turned on 3o that its Bragg-scattered
signal mouitors the relative magnitude of the grating with-
out erusing it appreciably. The crystal is simultsneously
floaded with a stronger uniform (m = 0} illumination (not
phase matched) which then causes the grating amplitude
to decay exponentially by Eq. (8). The signal is expected to
display an exponential decay, « |w|?, with decay rate A,
given by

A, =20 (1 +2Y), L]

Note that 4, is independent of any applied de Beld. The
dependence of this rate on a is experimentally verified in Sec.
1.

8. Stendy-state four-wave mixing

We consider here the special form of Four-wave mixing
that ia sl known us transient volume holography.” Two
- Optical beamsa cause charge migration, which in turn pro-
duces & sieady-state periodic electric feld and consequently
a modulstion of the optical susceptibility [see Eq. (13)]. A
third “reading” beam Ref,E, exp(ik, ¥ — 11 )is introduced
into the crysial snd Bragy scatters off the optical susceptibil-
ity vasiation. In other words, with the susceptibility this
hennmapohﬁmiondemityin the medium that is
equal 1o RefE, X2, exp{ik, — k, + k,)-x — ivr). The ratio
R of the power radiated by this polarization density (with
field polarization &,) to the input power of the “reading”
beam is {for R¢1)

k= If;e:-xur. )

where L is the effective interaction length of the beams, 0, is
therdnetiveindexoflherudingbum.uﬂciﬂhvehcity
of light. This ratio R is called the #rating scattering efficien-
cy. Ifé, = é,, if the third “reading’ besm is nearly antiparal-
ket to the two writing beams, and if the Iatter are unaffected
by the scattering, then one can write s more general formula
for R, valid for long interaction lengths, in which R can
=pproach uaity.’ Attenuation can be accounted for in Eq.
(135} by using complex k vectors in the foregoing analysis.
As an example, consider the optimum scattering con-
figuration in barium titanate where the applied electric Aeld
and the grating k are parallel to the crystalline (z) axis (as
above), and the reading beam is an extraordinary ray and the
writin;bumueordimryruyl. Let v =g, then

411, a+if L
R '!L 2 ] P L7 S
- OW+h+hPl tva piasl ! 9

.where!, ml,mlheinunsiﬁuoflhewﬁtin' besmsand 1,
is the intensity of the reading beam inside the crystal. Note
that when 7, is much wenker then I and I, the above expres.
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shonforkdcpendaonlyomheminl.ﬂ, and iai
of the total intensity 7, + £, of the writing beamy. Whey
optical intentity attenustion of 3 cm' exises, L is approy !
mately L — exp{ — 1))y for nearly collinear beams
mingmu!bectynﬂhmhl.mwem&au'inq
nearly, in this example,

Bom)ry, fld Ay e, i
which has a value ~ 2.4 cin-! for barium litanate 8 519 ngy
Mhllnlmninl(mn:humllerinhﬁum ti

propostional 1o 7,, when &, has a component along x o y It

aﬂfouursmdmﬁnarypohﬁnﬁm.lmldhm
Red by replacing a)7,,(8,-2)* by n? r,, which (at small writing
angles) is predicted tobe 3 times smaller, from previous mey,
surements of the r,, coefficients, just as we find in Sec. 11 by
measuring relative R values.

C. Steady-state two-wave coupling
We have seen how two intersecting optical beams of
wave vectors k, and k; create a quasistationary spatial wave
of optical susceptibility variation with wave vector
k=k, - t,mdeompleumplimdex;ivmhy&;(ll).“fe
discussed in Sec. I1 B how a third bexm scatters from this
refractive index grating. Clearty, however, this grating can
also “scatter’’ the two beams which produce it. The main
elfect of this scattering is, as we show now, 10 transfer energy
from one beam to the other, the direction of energy flow
being det d by the di of the ¢ axis. Since we have
been able 10 obtain an analytic solution of Eq. (1) for the
charge distribution in the case where one writing beam is
much weaker than the other (jm| 1), we will sssume here
that beam 2 is much stronger than beam | and hence negligi-
bly affected by the two-wave interaction.” The & cothponent
of the nonlinesr optical polarization density P has ampli-
tude |X-4,E,. Since X is proportional to G = 2E,E }) via
Eq. (3)in Eqy. (8), (6), and (13), this component is linearly
refated to E, (as in the normal linear polarization density)
and alters the dispersion relation for k(@) to produce a new
ki) 4 5 k,. Assuming that both the res! and imaginary
parts of the (complex) alterarion § k, are much smaller than
the unperturbed k,, one obtains immediately from Max-
well's equations that (for birelringent or optically active
media)

2\ 3 X4,E,
k, ok, = L) bl
o, = | =) as
Tlledinctionofdi.immllydetemimdbyboundnryem-
ditions and is generally not far from paralielto k,. Using the
steady-state solution of Eq, {8) with Eqs. (3}, (6), and (13)
one obtains the prediction of the hopping model for the 5)-
tered steady-state complex Ppropagation vector of the weaker
Wave:
N - (et )

l+a*+iaf
XU ARE Jo, 4)3,4)). 9

The mont easily chserved part of the change in the propaga-
tion vector is the imaginary partof 8k, which produces expo-
nential growsh or decay of the weaker wave through
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expl —20m{d k L } where L is the inicraction kength. The
wave will experience gain or loss depending on the signs of £,
{which has the same sign s the charge ) and of the appro-
priate clements of R. _

Comparing Eq (19) with Eg. (17) shows thal, when the
(w0 intersecting beams are extrsordinary Tays, the exponen-
nal power gain coeffiviend [ie., —2 Im(é I:,-z)! has a magni-
wude (when & = &, and /= 0) of 28, where B is |hc cocffi-
cient of Eq. {17) that governed the four-wave mixing .
efticiency. In barium tiwanate 28 is predicied to be ~5 cm’
at 315 nm, independent of the intensity of the strong m,
s wis easily verified The detailed dependences of gain on
beam angles, polurization, and applied fields that is prcc_hcl-
ed by Eq (19} have been verificd experimentally as described
in Sec. 1L

0. Moving crystal
I7 the crystal is moving with a uniform velocity v, then

. one can see that Eq. (8) for the amplitude u* of the ch

grating is aliered by aclding » term /k-wu' 1o the befi-hand side.
The equation s still immediately integrable. It is seen thal
small velocities ( 2 1 7k ~ 10 cm sec ') quench grating for-
malion, #s was cbserved experimentally. For a f3 ), a reso-
nance 10 R s predicied when w-k = — Fa f

E. Photoconductivity

If a uniform potential gradient {(in excess of any chemi-
cal putential} exises in the uniformiy illuminated crystal, and
Ohnic contacts allow a one-dimensional currend flow, one
can calculate from Eq (1} the photoresistivity g, . One finds
that p, 1 inversely proportional (0 the Inng’ylvelcng!h
(a—0) decay rate I of w. This decay rate is given under
special conditions in Eq. (9), or more generally, as explained
alier Eq. (13). Since this decay rate 1s a {photoinduced} di-
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s mends, the intessity of wiilieg beam i {after the sample) was monitored
o v g beam T wis blocked aad unbhecked For four- wave miung ex-
petiments, resding bean wallers 0ff the graing produced by the writing
beams and is deflecied by beam sphiner BS, wio 3 photomultipher (PMT}
For erase-cale experiments, the wniling beams arc boch hlocked snd an
erusing beam s suddenly turined oo The decay of the grating » monstored
with the FMT and ansiyzed by computer. The intensity of the erasing beam
1y vaomurolled by & Pockels cell fllowed by & hiear polunzer

electric relaxation rate, it is not surprising that the resolt is
the familiar formula

pes, =T, 0
where € is asin Eq. (7} with ¥ taken to be the direction of the
potential gradient. At | W/em’, I was oburvcdvm be ~ 5
sec ', (see Fig. 7)and Eq. (20) predictsp, ~ 5 % 10° £} cm (for
€ = 1), compared (o the measured resistivily of p,

= 8 10" £2 cm with the above iflumination.

. EXPERIMENTAL RESULTS
A_Steady-siate snergy coupling
ions of E Ily veni-

The predictions of Eq. (19) were expenimental
fied by energy-coupling expenments, in which wo beams of
equal intensity are crossed in the crysial and one is observed
10 emerge with more intcnsity and the other with less. (See
Fig. 2.) The predicied dependence of the magnitude of the
encrgy coupling effect on the gratng wave vector k {through
a = k /k,) was checked by measuning the steady-state cou-
pling as a function of the crossing angle 260 of the Iwo writing

Fannibar() of &/ 130

E —/‘- L:?..:__-_:*.‘
z \J}U
b I,
E !
i ! i
aQ as (v} [}
TIME [iec)

FIG. ¢ Lutensity of wivting beams as & funciion of Tine One beam is maoni-
tored, while vhe other heam 15 rurned on 31 the tme indicated by the firm
arrw and Luraed off ut The secund arrow. Each beam amvadly hasd an inten-
sigy of WD mW/om’ belore entenng the crystal. The nse ume of the Erating
15 ween 1 be about 1710 sec. For beams wirh equal incideny intensity

(m = 1), the mugnitude . the energy coupbed A1 ineo of out of the other
beam is wextn 10 be equat and opposse (here sbout 10%). The plott for the
1o beams are slighly displaced s clanty

beams, since k = 2nwc" sind, where Mg 15 the index of the
refraction appropnaie for the direction and polarization of
the writing beams. A multimode argon ion iaser® supplied
two wniting beams polarized perpendicular 10 the plune of
incidence. The optical path difference of the wriling beams
from beam splister i (see Fig. 3) 10 the sample was kept
within 0.5 cm, well within the approximate 5-cm coherence
length of the multimode luser. The beams were unfocused
and about 2 mm in diameter af 1he sample. The interaciion
length of the two beams was determined by the 2.2 mm
thickness of the sampie und was independent of crossing an-
gle fur the range of angles used.

The exitintensity £, of beam | was measured with beam
2 blocked (no grating). Beam 2 was then unblocked, and the
aliered intensity 1, + 47, was observed 10 be cither greater
or smakler depending on the orientation of the ¢ axis of the
crysial relative 10 the wniting beams. {Sec Figs. 2and 4.) The
fractional inrensity change A7 /1 was messured with ordi.
nary waves for a range of grating wave vectors (beam cross-
ing angle-}. The prediction of Eq. (19} for the steady-state
fracuignal gain for 31, </, is

BN = w a+if

= 2 imkiLy = — Lpppr,, At

I, i ) ¢ s l+atviaf
@)

Here a, is the ordinary index of refraction, a = & sk,
J=E ! o und f, = kokyT /. A plot of this function
and the experimentally measured values are shown in Fig. 5.
The oaly uaknown parameter is Ihe wave vector k;, which
was found 10 give the best least-squares fit tp the measyred
dars when &, = 0.312mw/c for & = $1% nm.
Encegy-coupling effeciencies measured with both writ-
uig beams at 633 and at 458 am peaked al ky = 0.3 2pngase
at each wavelength. This implics that ko is constant and,
frem Eq. (11), that the density of filled trap sites p W, in-
e -5 apgaimaiely 45 the square of the frequency of the
wrHing beams over the limited frequency range cxplored.
Physically, the peak cfficiency of energy coupling was
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FIG 3 Fractionof sicady-sare eheegy coupled 37 < { between twa beams .y !
undoped hanum tHanate av 4 funcion af graning wave vevtor &, Fhe 1nan.
ghes (4 1 are she caperimenial data with ng caternaily apphied d&¢ clectne

field, and the solid Line 1 the beast-wquarey 1 10Eq. (21 wib the character.
HIC Wave ventor given by &, = 0 32 Imw/c The open circles (2) are the
expermmnenial data with a voliuge of 100D V ipplicd across ihe crysial

{4 = 2 B pun between electrodes) paralleh 1 the ¢ ante. Solid lme 13 the

theorelwal B8 1o Eq. (21) ustng the ~ame value i k,, and the appliwd de
checind fiekd umsade the crystal as the adjustable parameter.

always found to occur af 1he same vutside crossing half-un-
Ble{217) of the writing beams for all three wavelengths tried
This suspicious coincidence was confirmed by determining

k, through ather experiments, as follows,

B. Erase rate

A uniform beam of light(m = 0)incident on the sample
at an arbitrary angle will erase any grating that may have
been previously sjored in the sample, causing the diffraction
efficiency to decay at a rate A, =20 (1 + a®) where
= DG ;1" and G, is proporticnal 10 the intensity of 1he
erasing beam (see Eq. (14)].

Ta venfy the dependence on & (through a) of this rate,
the angle between the writing beams was fixed while a weak
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raordi ng beam (/. < 107°1,.....). incident on
:: umpl:.:ty t't::in:: angle, monitored the grating. I..uov'
ing the reading beam on, both writing beams were turned
and the erasing beam turned on. Deuy cufves were sccumu-
jated for different erasing beam intensities 7, lndw;n: in -:u
on-line computer (Hewlett Packard 9823A with 69408 mul-
i }. The decay rate of uchlcu:rve n:a;::;:m
i the of aplot A, versus [, found. -
:nn:d::d tllen'::;lad for dilferent crossing angles of the
writing beams, thereby changing & (see l‘?ig. 6!. Aplotof;he
glopes as s function of k ? gave s good straight-line it {(sec Fig.
7) and yielded a value for Ky
ks = 0.3 Dag/c
- nem, in excellent agreement with the k, deter- .
:mu‘l" :;,ﬂlﬂ‘“ eoupling experiments. me Eq. (11) this
vduuol'k,p'vundmnityoﬂlle_d.lnp ulaof_ .
PP = 192X 10" em™. The origin of i_lne.e sites is un-
known and may be due to traps at impurity or defect sites.

C. 9ign of charge carrlers e e o the
There are many ways to determine the sign e
chu;eurrkrlinpl’l.otor,e‘frutinmlerilll.'""':rhemof
the charge carriers in barium fitanate was Fxmully
duemninedtobepoﬁtivebymymplm;wh.
-I’dloﬂtmeEqs.lll).(lJ).md{S),t:hed:md
-uumpﬁnguﬁlldepmdoﬂyonlh:monhfdnaro-
npicmﬁcimulbeoﬁenulionnﬂhecrynlheh.melmhe
'ﬁﬁn'humu.lndmthui;noftbcchlrue.u.nﬂ& ‘
lumﬂmnvoﬁwymMmianhm
d‘llnechnrgeurﬂemamﬂhudwudyhch-lndep.en-
dentofthedeﬁniﬁonoflhepoﬁtivedin;cuu’mﬂhrm.,

muysldmﬁﬂlpohdbypdnlmm*ctmdu
mmc-aﬂrmdmlyhuhgitmmlstpdowtk
Cmietcmpenmu(?‘,-lu'C).mdtl‘nnaw!mndc
poling field of 1.3 Ianmdunuheum."l‘bemu-alwu
then slowly cooled to room temperature with the poling ficld
uillnppliedlopmduccningle-dnmﬁna:yml.l‘ofepw
wience, we define the positive ¢-axis direction s pointing
mrdthgdeumdethnhdbemconmcldwthngn]ve
termninal of the applied dc voltage. (The final determination
of the sign of the charge carriers is independent of this
choice.) .

euthnimofﬂuekimopﬁccoelicnqlmdet_u-
Rined 1o be positive relative 1o the positive ¢ axis by plug:mg
the crystal between crossed polarizens with the ¢ axis orient-
ldllds‘lnlhedimctionofpohrinlion.l\m-s&_ul
Compensator, slso placed berweoen the polarizers, was adjost-
4 to null out the birefringence of the crystal s SllSnm. Ade
fedd was applied in the same direction as the previous poling
Bcld, and the compensator was sdjusted 1o give a new null
tha

responded 10 & d in the difference of the ex-
treordinary and ordinary indices when the applicd field was
. From (13),

AAE) =, — i, E,

Where n, (E ) is the extraordinary index with applied Beld E,
8. & the extraordinary index with no applied feld, etc. Since

L
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sec’/[w-cm?)
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o
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L
</ (%
slopes of Fi .ﬂu.:kdeuymemlild.wlk
mm.i':::cuhﬂuahl:imdl '.Tkmlnmtlnupemn_l-
Iymndmmmunkml'-:imwmmnmm
dlkhmmpllol’niopduh:abunmphy&ihnnlu:d_l o
Ky = 0,322, ar/c. The intercept gives s vabues 2 /G, = tsec” W o
waed ¢ Iate the ph ductivity in Eq. (20).

|airyl> Indryl. 2 deue;e inn (E) — n,{E) with increas-
e E’l‘hc pda;hl:y::;I)m then piaced st the intersection of
two optical beams, and the besm that entered the crystal at
an acute angle to the positive ¢ axis was always observed to
emerge with the weakes intensity (leg Fig. 2). From Eq.(19)
[wad Eq. (13) with ry, > O], this implies that /; and hence g is
itive.
P In similar experiments on LiN®O,, the duect'nlm of en-
ergy coupling was opposite to that observed ha'!: ! Au.nm—
ing that the pyroelectric determination of the positive direc-
tion of the ¢ axis used in that work'? sgrees with the
definition used here, lheimdthechnmm!ienmmbe
opposite in the two materials. However this point should be
checked.

D. Phass and sbeoiuts magnitude of index grating

magnitude of the steady-state encrgy coupling be-
twun‘r:obatmdtpenﬁmtheouw_oﬁ?c ipdex
grating that is 90° out of phase with the intensity distribution
ofﬂnlwobann(i.e..mﬂneiun;imrypmolbk.):Hmv-
¢t, the diffraction eficiency R with which the prating «cal-
ters a third resding beam depends on the ma;nmn?e. of the
mlingandno!oniuphuevithlupec'nolhwm‘m'
beams. Therefore, by separately munm;lﬂn fuc}m Fol
two-beam energy coupling and the diffraction eli_umcy de-
scribed in Sec. I1 B.mshndimn;inlrypmwf& inEq. (19)
can be determined. From Eq. (19) with no applied electric
field (£ = 0), the real part of 5k should be zero, and

F=u 1.2
when it beams have the same polarizations, m = l.m.d )
R<). The above relation was experimentally verificd within
l%mwamﬂdcroﬁl.u’h‘ndmm
Mth:h\dumﬁuwitbmvmk:’wt 10" out of
phase with the incident intensity distribution. )
Equation (19) for the fraction of energy wglphng

resches a peak at & = ko and predicts 18% coupling fora.2-
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nq.mm-numaiummmn--wmdwu
Wulmmﬁumu;ﬂmmﬂ.mm“,-ulmd
paraiiel to the ¢ axis. The crysial was 2.8 mm in width betwees the ¢-axis
facts. Th he eaperd l dita and the solid ine is the theoreti-
cal M to Eq. (16) (i the intemal appled Aeld wete 40% of the applisd
voltage divided by the srystal wideh).

mm crystal leagth using ordinary polarizations.'* This com.
puted value is 369 less than the peak measured value of 0,28
withm=x1 in Fig. 5, which may be due to contributions from
higher-order terms in Eq. (8) when m is near utity.

E. Energy coupling and diffraction eMclency with an
applied slectric fleid { 1 £0)

Toeonlmllupmdictiunafwrtheoryintheptuenu
of an applied field, both the diffraction efficiency R and the
smount of energy coupled between the two writing beams
were measured with and without +1000 ¥ applied across
the crystal paralle] 1o the + ¢ direction, and as & function of
the crossing angle of the writing bearns.

From Eq. (8) the photoinduced electric Reld with peri-
odicity k is

kT

E(x)= Rz(:—k.,m atif
q

m? elp(il-x)) .
n
The diffraction efficiency R is proportional to |E ]* [see Eq.
(16)] and has the form
a! + I‘Z

T T @

The dependence of R on applied voltage is shown at a
fixed crousing angle in Fig, 8. This cupve represenis a vertical
slice through the curves shown in Fig. 9 and shows that & is
approximately quadratic in ffor kk,(ie,agl). Thefit o
the measured data is excellent.

If there were an intrinsic field in the BaTiO, crystal, ay
suggested by Chen,"” then the slope of the sraph wouid be
nonzero when the applied field was zero. The shove dats and
the observed fact that R—-OMa—-Opuumupperlimitn-
such a field of E,, . . <300 V/cm. However, some assym-
metry was observed in R for eleciric flelds applied parallel
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and antiparallel to the ¢ axis and indicates that some inteing,

fi<id may be present in cur sample.
The results of energy coupling experiments are

in Fig. S.Milnothulﬂullihinuupddthecum ’

toward smaller crossing angles as the applied electric feld iy
increased, and an increase in the magnitude of energy coup.
Ted, especially st smal} ng anglcs. The best fit (o the
dain gave a value of the applicd field whick was 75% of the
actual field applied. This discrepancy is possibly due to the
Poor contact made by the silver paint electrodes or by
boundary layery "

IV. DISCUSSION

We here discuss the main differences between our the.
ory and previous theories and experiments o barium tita-
nate and similar photorefractive materials, A semiperman.
ent light-induced change was first observed in fithium
niobate and in other ferroclectrics by Ashkin.' It s00n be.
came apparent that this photorefractive effect or “optical
damsage” was caused by » redistribution of charges in the
material creating an eleciric field, which then altered the
index of refraction: through the electro optic effect." It was
first postulated that s large intrinsic electric field was neces-
sary toenable the charges to drift in the material," but it was
subsequently demonstrated that diffusion nlone could ac-
count for the observed effects.'® High-quality holographic
storage was subsequently demonstrated in these materials
using two optical beams of one wavelength Lo creste a vol-
urne hologram, and & beam of a different wavelength to read

it."” Many theories have been proposed to describe various
aspects of volume holograms in photorefractive _
materials '+

An important goal of these theories is to predict, from a
siven incident intensity distribution 7 (x), the resulting re-
fractive index modulstion n{x). The approach followed in
Pprevious papers was to first calcualte the number of charge

10
.o

>
(%]
z
wea
o
i
s 0.8
-
4
Tat os
w
[+ 3
w 0.4
22}
=
L3
I )
L
& J 1 L I L

o] ol 02 03 o4 08 0.6

Nt |
K/ (%
FiG. 9. Theoretical plots from Eqy. (23) of the four-wave mixing diffraction
efciency & 1 & funclion of gracing wave vector k for various applied ebec-

tric felds. The numbers on cach plot are the values of £(the applied de
ehectric fiekd in unns of £, u kA, T /g).
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- \otheconduction band, and then 10 compute

. gl escid of drift sad difusion, Ln all of
9 “’;u.:mmmmmmh
" guainetion

u“d“,‘ul::l::ind .""'lﬂ i
SSIMRIPRIOn igRores cl cari-
J T ot ensited in the high-intenity regions of the
o aad is w0t valid e10ept whon writing with short opti-
#WMMM&:Mydlﬂdﬁugu
wmwmprMu
T e el s
sssumed comstant. (Fora = ], mwl,
- of the Alled site density spproaches unity.) Con-
ﬂu,,hwtm.nmmnmlwm
i 10 the product of / (x) and the probability thas
s aite ot % is lled. . )
In addition most of the previous theories on charge
" limit themseives to the initial stage of grating for-
mation and avoid the cffects of the photoinduced Beld itself
o the equation of motion for the charges.™ However, it i
plhwmwcwmmumm!h_
force of diffusion and enables the aystem 10 reach equilibei-
om. This is described explicitly in Bq. (1) and results in the
ueady state a8 well transient solutions that are evident from
Eq. (§) aad is ss imponant characteristic of our theory.
A key parameter in our theory is the wave vector &, [see
Eq- (11)]. The valuc of &, will vary with material and from
sample to sample according to the density of Kiled trap sites

available for hopping when cxcited by light of s gives fre- .

quency. Alphonse ¢ al.” bave nosed s diffraction eficiency
w lithium siobate which, aa » function of grating wave vec-
tur k, has a distinct turning point similar 1o our Fig. 3 and
which they wote is s striking experimental departure from
{1heir) theory.” Applying our theary, the pesk of their plot
yickls s value of kg = 0.36( Jas:/c at 488 nre and a Rlled trap
denity of 7 10' con! st the optical wavelength employed.
s is quite close 1o the value reported here for our sample
of wadoped barium titanate. Data reported by Townsend
and LaMacchia’ on barium titsnate sleo show K ~& * for
smalt & aad & roll off st sbout k;, = 0.2ee/c at 458 nm which
smplics a Aitled trap density of 7 X 10" ¢on?. Two dats points
f R versus & reported by Peltier and Micheroa in a sample of
hewmnuth silicom oxide™ imply a illed trap demity somewhat
Steter than 2 10'* cm™, If the trap sites are due o impuri-
Viex of defect sites, it is not clear why the Blled trap densities
shuuld be similar within a facior of 2 in two differest samples
of barium titanate and in & sample of iron-doped lithium
nkibate. Further experiments may perhaps provide some
Physical insight as 10 why the concentration of Rlled carriers
" %0 umilar in different materials, snd why the density of
Irupe uppears 1o vary as the square of theoptical frequency of
the wniling light,
In Y. we have p d & pew charge-transport
mModel 10 describe e formation of volume-index gratings in
ive materials. Predictions of the moded for the

'igs
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diffraction eficiency of the grating and for the fraction of the
encrgy coupled between the two writing besms, both in the
transient and steady state, are well confirmed by experiment.
A closed-form solution is presented for small values of the
optical modulation m (and which fits the data well for mo=1)
and predicts the mazimum in scattering efficeincy R versus
srating wave vector k abserved by us and by others. This
moded also predicts the observed charge-patiern erasure rate
4 & function of k and the observed dependeace of diffraction
cificiency on the intensitics and polarizations of the optical
beams. The model also predicis the observed photoconduc-
tivity and pradicts effects of sample velocity.
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Aﬁerthepu'iodinlineliofp.l!’linunlhphm
“For alt ordinary beams,... " In place of the period ending
,..,W.phimm“butvithnllulmdinnnn.m
inollhemuimmionhinau;luelhminnmoum
for iniermediate angles.

The oplical susceptibility tensor amplitude X intro-
duced before Eq. (1) is defined by P = X-E in either (he
mionnﬁudll‘matthusm.ll'w!mm
semplex polarization-deasity and electric-feld amplitudes.)
I"uhmummm.mhkucgwhqul.lixlo"
F/min:lumlyuemlndqulwl/himheuu
tysiem. In accordance w1 ' this convention, the X in Eq. (15
lbm::‘rqﬂndby[ . Bats)
] lhefdbvh;uumnﬁulhpuﬂiﬂhlﬁl
hnefoﬂovinlﬁq.tllk"’l'hehulqnin!q.m.-m,h

4. Appl. Phys. 63(1), January 1981

multiplied by k I/k 2.»
. ltplmel:hclmndnnmbefmﬁq.(ﬁj with
mmwwhm,ulmuﬂmdrm"uim,thc
. Myskmhmnhd&m.hmhmud. with
appropriate wave vecion ki, ki, .., etc., which are complex
nund.ofrnl. The spatial integration required to calculate
l.hndnudwavemnillbepﬂformd ; i
Lc <I,.l,vhmthuelmhol;mhouinﬁdem {unat-
unwpvahu.mncl,.fwumph,l.-dexp
{—]ﬂ}ﬁr-mwd.hmnn.hwem.
el sothat Lud”
hﬂq.muumumwynam
e, mm&mmmhmmromw-
iqauzuuhmhewm:.mgmndi-
Calt & vector dot product.
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for a reading beam with extraordinary polasization in
the crystal. These expressions do not include the ef-

Phase-conjugating mirror with continuous-wave gain

Jack Feinberg and R. W. Hellwarth
Departments of Physics and Electrical Enginesring, University of Southern Gulifarmia, Los Angeles. Colifornio 90007

Recoived Aug\ut 19, 1980

di iy
We A phase

mirvur that hae &

~wave power reflectivity much greater than unity

{gain ~100). ‘This mirror Laes nonresonsnt degenersts four-wave mixing in a single crystal of barium titanate
(BaTiy). With ous mirror we have (1) cbsarved cw self-cscillation in an opiical resonator formed by this micror
and & nocomal mireor, (2} demonatrated s ow oscillator that, in spite of phese-distotting material placed inside the
resonator, will aiways smit 8 TEMos mode, and {3) demonatrated an optical image amplifior. This mirror will work
L any visible wavelength and with weak (milliwatt or weaker) pump beams.

Phase.conjugating mirrors were demonstrated previ-
ously with reflectivities that are grester than unity, and
self-oscillation observed, but only for a few nanosec-
onds.! The largest reflectivity reported to date for a
continuous-wave {cw) phase-conjugsting mirror is only
17%.2 In those experiments, sither resonant degenerate
four-wave mixing was necessary, which permitted op-
eration only over a small frequency range (~1 GHz), or
beams of megawatt power were needed. In this Letter,
we report the first known demonstration of a cw
phase-conjugating mirror with reflectivity greater than
unity. We employ degenerate four-wave mixing of
milliwalt beams, mediated by the photorefractive effect
in a single crystal of barium titanate of 2.2.mm X
2.8-mm X 4.2-mm di jions at room perature.

the crystal.® A third reading beam, also at w, having a

wave vector ks = ~k,, scatters from this grating to

create a fourth signal beam of wave vector ky = —kj,

;hich is a phase conjugate of the second beam.*5 (See
ig. 1.)

Let I, Iy, I3, and I, be the incident intensities of the
writing reference beam, the writing image beam, the
reading beam, and the output intensity of the phase-
conjugate signal beam, respectively. Consider the case
in which all four beams are confined to the y-z plane,
with the z direction taken along the ¢ axis of the crystal.
(See Fig. 1.} According to our previous theoryé of
grating formation in BaTiO3, when [ $ 0.5/, the mis-
ror reflectivity, here defined as ratio R = 1,/I; of the

The effect is nonresonant and operates over a large
fraction of the visible spectrum. The main disadvan.
tage of thie phase conjugeting (pc) mirror ia its relatively
slow reaponse time, of the order of 1 sec at the nominal
milliwatt-power levels of common lasers, (However,
this response time shortens inversely with the pump-
beam power.}

By using our pc mirror, we have (1) obeerved cw
self-oscillation in an optical resonator formed by this
mirror and s normal mizror, (2) demonstrated wave-
front correction when a phase-distorting medium is
placed inside the self-oscillating resonator (that is, the
pc mirror alters the transverse-mode structure of the
reaonator (o compensate automatically for any phase
distortions in the cavity), and (3) demonstrated optical
image amplification.

To understand the operation of this mirror, consider
two optical beams, with wave vectors k; and kg, having
nonorthogonal polarizations and the same angular
frequency w. Call these beams the writing beams.
Where they intersect in the crystal, they form an in-
tensily-interference pattarn with wave vector k = kk =
k, — k. Electrical charges {of unknown origin) migrate
in the crystal from the peaks into the troughs of the
intensity-interference pattern and eventually reach a
siatic-charge distribution. These charges create a
strong, static, spatially periodic electric field equal to
£ RelE oxplik - x)}. This field in turn modulates the
index of refraction by the first-order electro-optic
(Pockels) effect to create a refractive-index grating in

intensities of the phase-conjugate beam to the image
beam, is well approzimated by

wlEy

2
Ropa = na3ria coaﬂl m

for a reading beam with ordinary polatization and by
wiLEn
46"3

Ro = cos @ {n, rax 9in o sin oy
i 2
+ 21,20, r g ain? @ + n, 4 ryycos ay 08 )

2

131 RE ADING
BEAM

¥

CRAYSTAL __z
Axi5 . 5T

141 PHASE

Fig. 1. The reference writing bearn {1) and the image writing
besm (2} interfere in a crystal of undoped BaTi0: to make a
refractive-indes grating with wave vector k. The reading
beam (3) Bragg scatters off this grating to produce the
phase-conjugate signal beam (4). The crystal is immersed in
ivlex-matching oil.

fects of two-beam energy coupling® ® or the phase mis- Ll

match that are due to the change in the index of re-
fraction from each beam alone.® Here, ¢ is the speed
of tight in vacuum, n = (I/F2)'72, n,, wnd n, are the or-
dinary and extraordinary indices of refraction in the
crystal (n, = 2488 and n,. = 2.424 at 514 nm), and nyis
the index of refraction for the reading beam. L is the
effective intesaction length and is approximately !
expl—1y1), where { is the beam length in the crystal and
7 is the optical intensity-att tien coefficient. The
r,, are the conventional contracted electro-optic coef-
ficients and in BaTiO (in units of 10-'2mV) (Ref. 10)
arerys = 8, ra = 23, and ryp = 820. InEqs. (D and (2),
#) is the angle between the grating wave vector k and the
direction of the ¢ axis, and «, and «, are the angles
formed by each writing beam with the z axis. From
Rel. 6 one sees that the intensity dependence of En is
contained in a factor £1172102/{1 + 1, + 1) so that, for
I, < f or Iy << I, the mirror reflectivity R given by ei-
ther Eg. (1) or Eq. (2) is independent of the incident
intensity /. and depends only on the relative intensity
1./1, of the counterpropagating beams. Otherwise, the
electric-field amplitude £ depends only on the tem-
petature of the crystal lattice, the charge and density
of the migrating carriers, the dc dieleetric constants of
the crystal, and the relative orientation of the erystal
and the optical beams.® In general, the writing image
heam will form an intensity-interference pattetn hot
only with the reference beam but also with the reading
beam® For the range of beam angles used helow, we
estimate that this grating contributes about 10% to the
observed reflectivity R.

Inspection of Eq. (2} shows that, for a {arge range of
angles, the reflectivity for extraordinary heams can be
larger than unity, owing to the contribution from the
unusually large £, coefficient. {Previous experiments
with BaTiO had k parallel to the crystal ¢ axis, making
# = 0 and thereby precluding any contribution from the
re:term.} For example, with £, = 0.4 cm (y{ « 1) 1,
=1y, f = 22°, or; =I#8°, vy =116°, and a calculated*!
value of £ = 4.4 X 102 V/em, we compute a mirror re-
fectivity of Rey = 3.2 for extraordinary polarizations
at 514.5nm. By approximating these conditions in an
experiment with [, = 0.dmWand I, = I, =6 mW
(heam area ~0.25 mm?), we observed R.x ~ 2. How-
ever, in this inslance we used vrdinary rays for beams
1 and 2 Lo write the grating and used an extraordinary
ray {(heam 1) Lo read the grating |which dues not alter
Fq. (2) it k), — k» = ky — ki]. When we used extraor-
dinary rays for all three incident heama, we observed
even higher reflectivities (R... ~ 100} because of the
added contribution of energy coupling between beams
tand 2. (With the abave geometry, this coupling is less
than 0.02 for ordinary rays but can exceed 50 for ex-
teaordinary rays, and the coupling greatly enhances the
reflectivity by increasing the intensity of the image
writing beam as it propagates through the crystal.)

The vptical setup that we used to obtain these large
reflectivities is shown in Fig. 1. The optical beams are
incident upon the harium titanate at a glancing angle
1o the surface of the crystal. The crystal is immersed
in index-matching oil (n = L51) in order o increase the

L] » 08 "o
Lyt I,

Fig.2. A plotof the mensured mirror reflectivity R = {.H‘-_.
as & function of the reading-beam inlensity {1 The abject-
beam intensity was fixed at f, = I)/4, and the angles of l!w
incident besms were &, =HI6°, : 24", and & = 20° (see F_lg.
1. 1n this pkot, [ 1 has been noematized by the fixed inteneity

I

A

L]

A

Fig. 3. Optical setup for shserving ew sell-oscillation. The
incident beams | and } are both linearly polarized in the plane
of the figure and are extraordinary rays in the crystal. Self-
imcillation is abserved 10 grow between Lhe crystal and a 4%
reflectivity plane mirror M. Here L.'s are lenses with a focal
length F = 100 mm, and P is a variable pinhole used to control
the transverse-mode structure of the oscillativn. The phase
aberrator A is furmed by hubbles of transparent glue on a
microecnpe stide, The angles of the heams are about the same
as in Fig. 2.

angle between the ¢ axis and k. The argon laser pro-
duces a TEMy Gaussian mode at 5145 mmina single
longitudinal mode.

"The following four experiments elucidate the mirror
characteristics. 1n the (irst experiment, the intensities
1, and Iy of the writing beams are fixed, and the scat-
tering efficiency of the grating is measured as the in-
tensity 7, of the reading beam varies. All the heams are
extraordinary rays in the crystal. From Fig. 2, it is seen
that the intensity of the reflected beam {ur signa! beam)
can he made to exceed the intensity of either of the
writing beams. Since this signal beam is the phase
conjugate of one of the writing beams (heam 2 in Fig. 1),
the system acts as a phase.conjugate mirror with
gain.

In the second experiment, iwe extraordinary coun-
terpropagating beams (beams | and 3) are incident upon
the crystal (beam 2 is blocked). A plane mirror is
placed within view of the crystal, with the normal to the
mirror directed approximately toward the crystal. Two
new counterprepagaling phase-conjugate beams are
uhserved Lo grow between the crystal and the mirror
with a time constant of the order of | sec. If the mirror
is tilted, these new heams will fade away, only 1o reap-
pear on whichever part of the mirror is closest Lo normal
to the crystal. 1n the process of finding the cavity maode
with the least loss in which to oscillate, the crystal finds
and direcls a beam at the most -reflective surface facing
it. Oscillator cutput fades slowly {~1 sec) if heam 1 is
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Phase-conjugating mirror with continuous-wave gain: errata

Jack Fainberg and R. W. Hellwarth
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Recaivad March 2, 1981

In Fig. 1 of our Letter,! the angles a; and ay should be
messured from the z axis instead of from the ¥ axis as
shown. Therefors, the 17th and 1Bth lines on page 520

values given for a) and ay should sach be increased by
$0°, as should the valuss of o) and as given in the cap-
tion of Fig. 2. This correction dosa not alter any of the
calculations or conclusions of the Latter.

Refsrsace
1. J. Peinberg and R W. Hellwarth, "Phass-conj

X -conjugating
(-m with continuous-wave gain," Opt. Latt. §, 519-521
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blucked but extinguishes instantly if beam 3 is blocked,
since beam 1 is helping 1o write the grating but beam 3
is reading it.

In the third experiment, two identical lenses (L} and
an aberrator (A) are placed in the cavity formed hy the
phase-conjugating mirror (ie., the crystal) and the
mirror M, as in Fig. 3. Self-oscillation is allowed to
build up, and its tranaverse-mode structure is photo-
graphed near both the real mirror and the wave-front.
reversing mirror. Figure 4 shuws these mude patterns,
both of which are severely distorted by the aberrator.
When a pinhole is placed at the focal length of the lens,
in the manner suggested by AuYeung ef al.,"? the mode
pattern becomes uniform. If the crystal were actling just
as an ordinary mirror, the light distribution, returning
1o the pinhole from this mirror, would be doubly dis-
torted from having paased through the aberrator wwice
and would spill out and be blocked by the face of the
pinhole, causing a large loss in the resonator. In fact,
we ubserved that when the adjustable pinhole is made
sufficiently small (800.-um diameter) so as to reject
high-order modes, the intracavity power in the reso-
natur decreases at most by about 10% and sometimes
increases, indicating that little light is lost on the walls
of the pinhole and that the crystal is acting as a high-
quality phase conjugator.

In the fourth experiment, an image amplifier with an
intensity gain of ~10 is constructed by using two
counterpropagating beams and an object beam, all ex-
traurdinary rays. When a resolution chart is placed in
the ohject beam, an amplified real image of the resolu-
tion chart is observed. (See Fig. 5.)

{a) ®)

Fig. 4. Photographs of far-field mode patterns of sell-os
cillation wilh a severe phase aberrator in the resonatur cavity.
(See Fig. 5.0 With neaperture in Lhe resonaor cavity: mode
pattern transmitted (a} through the back uf the crystal and
{b)through the 34% mirror. With s I-mm-diameter pinhole
in the cavily: mode pattern (o) from the back side of the
crystal and {d} transmitted through the 94% mirror.  These
mude patierns were displayed un a white card 2 m frum the
cavily, phutigraphed with Kodak Plus-X (ASA 124) tilm, and
printed un high-cunirast paper.

Correchiont Tram Erratd pdh‘slel

o pasT of M‘Y "SI iSsme haue been
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Fig. 5. Photugraph of the real image of a resolution Lest chart
(wheel diameter, ) cn} furmed in the vbject plane. The in-
tensity of the image beam was messured to be ~10 times Lhe
intensity of the chject beam, demonstrating vptical image
amplification. The bright spot seen on the left-hand side is
fram self-vacillation between the crystal and one of 1he faces
of the glass cuvetie that holds the crystal. This image was
photographed with Kodak Plus-X (ASA 125) film and printed
wn high-contrast paper. The angles of the beama are aboul
the same as in Figs. 2 and 3.

In conclusion, we have d rated a cw phase-
cunjugating mirror with gain up 0 100. 'We have used
this mirror Lo construct an image amplifier and an op-
tical resonator that self.cacitlates. With the aid of a
spatial filter, this vecillating resonator will correct phase
aberrations inside the resonator cavity and emit a
TEM,, Gaussian mocde.

We would like to thank W. Cooke for helpful discus-
sivns. ' This work was suppurted by the U.S. Air Force
Office of Scientific Research under grant nu. 78-1479
and by the National Science Foundation under grant
no. ENG 78-04774.
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A method is introduced that neeastires the spatial-nigration rate of o L itation in
distances of the order of 0.1 um. Twuwh-.w

jom resatlia in u reduced scatten Mdm.nﬂnadﬁohnvdnumhhtinﬂhnd\h.h‘sl-
::d—m:n;mm..?lpwulhihmplmdmmdmmhp‘nkmbyande"-dwndum

.

In this Letter we extend the analogy between degen-
erate four-wave mixing D‘.ndmhnlognphy '?umt.‘ e itll:
spatial-migration rate of & ic excitation -
pl::‘rity-dopod solids. The production of holognpllu:
phase and sheorption gratings innnlhatlm‘qedm
has boen well studied.i4  In these experiments it is the
Bragg scattering of an optical beam from the grating
produced by the interference of an image {Ey) and ref-
srence beam (E.,) that produces an object bum (B,).
Such & grating can arise from the modui_lhop'of the
index of refraction that is due to the polarizability dl!-
ference between optically excitod ions and ions in their
ground state. A process to produce and monitor two
such gratings simultaneowsly has been ducu-_ed by
Eichler® and, more recently, in a phase-conjugate
wave-generation® contest by several authors.”® The
formal analogy between conjugate-wave generation and
holograghy has been discussed by Yariv.? o
In this dusl-grating configuration, one grating is
produced by impurity-ion absorption of nearly copro-
pagating beams and hes a large grating spacing {~10
um}, while the other, produced by nearly counterpro-
pagating beams, has s much smaller spacing (~0.2 um).
When spatial migration of the ncitod-stau.populatwn
density is absent or bottlenecked, the lifetime of bol.h
gratings is determined solely by the sxcited-state life-
time and will be independent of grating spacing. The
effect of an active spatial-transport process is to make
the lifetime of the grating depend on ita spacing. Here
we show how this dependence can be measured by pb-
serving the state of polarization of the scattered object
wave rather than by studying the beam Lransients, as
has been done previously.3-55.10
The experimental geometry is shown in Fig. 1. Three
lightly focused (f = 50 cm) equal-pathlength beams
from an argon laser opecating at 514.5 nm (TEMoo) and
500 mW overlap in an absorbing sample. The wgve-
vectors of the two exactly counterpropagating beams
are K. and K_ (= =K, ), with associated electric fields
E, and E_, respectively. The image beam has wave-
vector K, and electric field E;, and the phase-conjugate
object wave, K, (= —K,) and E,. The counterpropa-

0146-9592/79/040124-02%0.50/0

ing beama E, and E_ are orthogonally polarized, and
E ia polarized at 45° toeach. In general, the cutput-
wave polarization will be at some different sngle ¢ re_l-
ative to the dim:tmnl'f E_,and we ﬂmpmm h&: angle in
terms of grating lifetimes, as explai 5

By im:lﬂin? the vector natute of the electric fields
and extending the discussion of previous suthors?478
we find that the electric field of the scattered object
wave is proportional to 7, (E; « E3)E, where r, is the
lifetime of the grating with wavevecior q = K; - K».
This output wave results from the scattering of E; off
the grating produced by E; and E,. In our geometry
there are two such phase-matched components, and the
output wave is

E, = e exp(-pi/2) (1 - exp(-At/2)

X Q@A) [rau(By - E))E_
+ rl(E_ ‘E:)E&]. (1}

where f is the ground-state absorption coefficient, lis
the sample tength, and @ is quantum efficiency. The
quantity A« is the complex polarizability difference
between the excited and ground states of the absorbing
jon. For the electric-field orientations indicated in Fig.
1, the output wave will be polarized at an angle

, , EL45%
. - :
4 “
E.(457) p P )1’
fom  HT
ALY

Fig. 1. The four bearns have their electric fields along the
indicated directions. The crossing angle between K, and K,
is 1* {outsid ple), and the polarization angle # of E,, i
measured from the normal of the scatiering plane defined by
K.,ond K,.

© 1979, Optical Society of America
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The grating decay rates can be written as 1, =L = 541
+ W{g), where ryis the lifetime of the excited state and
Wigq) representa the additional grating relaxation rate
from spatial migration of the excitation among the im-
purity ions. Assuming an incohersnt migration process
and a mean step length much less than x/g, the spatial
migration is then diffusive in character, and Wig) =
Dg?, where I} is the diffusion constant.

It is alse poesible to measure r, by obeerving the
temporal decay of E, after By and K, or E_and E; are
turned of.3-581¢ In situations in which the dynamica
are in the nanosecond range, out polarization technique
is especially attractive for observation of a spatial-
migration process, since picosecond lasers and probe-
pulse delay schemes are not required.

In particular, we have produced cw holograms in both
Nd**-doped silicate glasa and pink ruby and measured
the polarization character of the scattered object wave.
In the glass (2 wt% Nd;(,), the measured angle § was
less than 2°, indicating little diffusion over A/4n die-
tances.!! The radiative lifetime of the ‘Fy4 state of
Nd?** is about 0.3 msec, which gives an upper limit on
the spatial diffusion constant of I} < 2 X 10~% cm?/

sec.

In the ruby, the birefringence of the Al;O; host re-
quired careful atiention to sample alignment because
of phase-matching considerations and the poesibility
of elliptical field componenta inside the crystal. With
the ¢ azis along the direction of K, and K_, the mea-
sured polarization angle # again was less than 2° in
samples containing 0.01 and 0.08 at% Cr?*. This result
indicates that the spatial migration of the 2K excitation
in ruby has a diffusion consiant leas than 1 X 1010
cm?/eec or is strongly botilenecked because of trap sites
or spatial inhomogenieties.'2 In similar and much
higher {~1%}) concentration ruby, measurements using
a transient grating technigue® have also shown no spa-
tial migration over distances of the order of 0.1 um.

The magnitude |Aa| of the difference between the
complex polarizabilities of the excited and ground states
can also be determined from the magnitude of the
scattered object wave, as indicated in Eq. (1), At
514.5-nm wavelength, a power-reflection coefficient of
4% in ruby yielded a value of |Aa| =~ & X 10725 em3,
which is in near agreement with the recent measure-
ment of Liac and Bloom.® In the Nd?* glass, this re-
flection coefficient was 0.016%, which gives a similar
value of jAx| ~ 2 X 10-2 em3. From an oscillator
strength calculation,* this polarizability difference has
hfen estimated at 8 X 1072 cm? for Nd**-doped
glass.
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We have discussed the use of wave polarizations in
ew holography and phase-conjugate wave generation to
mensure directly the spatial migration of excitation in
impurity-doped ginsses and crystals. This technigue
can also be extended to exciton diffusion problems in
9r;mic systems and measurements of spatial dynamics
in gases.

This research was supported by the U.8. Air Force
Office of Scientific Research under grant AFSOR-78-
3479 and by the Department of Epergy under Univer-
sity of California, Lawrence Livermore Laboratory
subcontract 7508105.
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L NTRODUCTION

Whlmw“nm-)ihﬂlﬂmm
ammil“mummmu
mup-hanmﬁ-itﬁd:fmd&dm-
muﬁnm&mmﬁmhmm
W this axcitation is an acoustic wave, the affect is called
stimulsied Briliouin scattering (SBB), otherwiss it is called

mmMmmmﬁmuuummm
WMMMWﬁﬂ:mhmm
m_m.mwm:.~xhn-mm

ﬂ)hw&l“ﬂhsmm than the
oihem. ummmm&um
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performed in an aptical guide, Sidorovich? ined the
m&-mmuwmﬂ
with these conclusions, b y ining some “n v
mhﬁmhwwﬂhmn-
amples hore. Zal'dovich and Shirunov pointed out that, when
&-hnnhhmhﬁ-w(ﬂhﬁnh-wiﬁ).
rﬂ.innhttmthllun-hrp.uinm‘ Howaver,
&Mmﬂy.ﬂ'm«al.'mmmmm
m“annlin.ofCS.lohohmﬂyuphmmjnmhhn
incident beara comprising shout 300 transverss modes. Weng
andcidhmnﬁﬁodthohi;hdqmnlphnmiluion
peessnt in SBS.S
h&imuﬁﬂnﬂmhhdmmﬁm
pmenliunm-hichmw'muhud(honmilﬂina
mvmﬂabylﬂmmﬂﬁmhn.whmmm
ia d to be negligibly disturbed by the stimulated peo-
cosses and negligibly attenuated by linear losscs. Phase
mj_tuﬁonbyuinuhudmuﬁn'ﬁmmuqu&dhm
{Mmﬁmmmmdmthhdhyﬂ-b-
m.h%mlwhmhm
,@WMMM&MM&&
incident hags. We find that, even whaii a gap exista betwese:
lh.ninnfumlimion,ormuplmm,andthtnnb
ﬂnmli-un-nin-nhuionhmwnpnrfmph-
-conjugats 1o the pump (input) wave pattern. However, 2 veey
”m(maﬁmmmim
conjugate to the pump under conditions which are much less
rantrictive than thoss sugpestad by pravious workers. 4
mmmhwnuﬁulmhdMIM
hududlndthmﬁddumdthpmnd

© 1975 Optical Bocisty of America 1060

- shift, and the numb

c

stimulated mades isust be sssantially the same. This con-
stitutes very little rwtriotion ia peactice. Mors importantly,
the product of the waveguide leagth, the Stokes wavelength
of excited guide modes divided by
thair croes-sectional ares must be less than e number thet is
of the order of the square 200t of the maximum acceptable
fraction ﬂlll.'lnolph.amm\u' ts.

Unlike Ref. 3, we find (a) that large differences in the am-
plitudes of the axcited incident modss do not spoil phase
conjugation; (b) the waveguide doss not have to be much
longer than a diffraction length; (c) the incident beam solid
angle doss ot have 1o exossd the noclinear index changs.
The fres-apace {no guide) theory of Ref. 4 also produces
sornewhat different conditions that depend on the valus of the
stimulated gain.

Unlike p | our lusions sre hased on a
general parturhation theory for the non-phase-conjugate
fraction in the wave of mazimum gain, valid for any diatri-
bution of incident-wave amplitudes and phasss. We apply
thia theory to seversl models in & rectangular waveguide which
have arbitrary distribution of phase and arbitrary distribution
among four possible arbitrary smplitudes. What seems truly
remarkable (s that the many extraneous terma in the original
coupled-mode squations fail to apoil the phase-conjugate
nature of the guided wave with maximum gain, at loast in the
quits representalive classes of inpul waves in & reclangular
waveguide which we considered. A goneral proof of the con-
ditions for phase conjugation of all possible inpuis into all
possible guide shapes is still lacking. However, we foel that
our conditions are accurate for casss of intarsat in the labo-
ratory.

. FORM OF THE NONLINEAR POLARIZATION

We will ider the int ion in a straigh aguide of
4 multimode “pump” wave or input wave with stimulated
backscattersd “Brillouin” waves, L¢., waves genarated by in-
teractions with backward acoustic waves. Tha pump waves
will be sssumed Lo be monochromatic at anguler frequency
» and to be Fourier analyzable inside the quids ity terms of
plane waves whoss wave vectors jie mainly in & small cong of
balf-angle # about the waveguide sxis z. We will look for so-
lutions of the nonli Maxwell squations which are back-
ward-scattered waves of & single (Brillouin-shifted) frequency
w; solutions st different frequencies superpose. However,
fie in & narrow range about frequency

w " ruwg, [1V]

where
wy & 2nu,efc )

is the acoustic frequency. Here v, is the sound velocity, n is
the {linear) refractive index, and ¢ is the velocity of light in
vacuum.

We will find that the backscattered waves will have wave
vectors lying mainly indide a cone whose half-angle is alsc 8,
the angle containing the pump waves. {In fact, the back-
acattored waves will oftan be nesrly the time-reversed roplica,
or “phase conjugate,” of tha pump wava.) Here we will con-
sidar only the case

1061 4. Opt. Soc. Am., Vol. 68, No. B, August 1978

i 4 ‘(Q"l”‘
where @ = wa/Awp ia the “@ value” of the b
waves and Awp ia the linewidth of the resq -
sponse {and of the spontaneous heckward Brillouiis-say . -
light}. When Eq. (3) holds, it is readily verified the

magnitudes of the sound wave vectors, sxcited by pump and
scattersd light waves, lie within the bandwidth Awg/v, in
which the scoustic in nearly the same as
ot sxact resonance. The independonce of Brillouin response
mmvmh&hmmmmwmnud
the nonlinear optical pojarization density P2 (r} depands only
on the aptical field st the sume position r. That ie, we can
neglect spatial dispersion when Eq. (3) holds. }t is weill known
that on rescaance, the nonlinear Brillouin polarization st ¢
has the form '

P'=-iGE.E - E, “w
whare E, and E, are the (complex) amplitudes of the pump
and back d waves. On 7 isa real

which we will relate later 1o the usual plane-wave Brillouin
gain coefficient. {When  deviates from the resonance con-
dition (1), G becomes complex and of smailer magnitude.}
Other nolinear effects, such as SRS, give & third-order po-
lﬂhﬁnndlnnitythlti-lﬂulyimuinﬂyuﬂlpﬂiﬂlylﬂml
s in Eq. (4), and our theory here will spply to these also, after
powible minot modification of the tensorial character of Eq.
).

Although Eq. (3) has been well-satisfisd in all experiments
1o date, we note that it need not be if the waveguide-accep-
tance angle is larger than ¢-'/2.  In this case phase-conjuga-
tion properties can be predicted by idering subsets of
#xcited incident modes, sach of which intaracts with » dif-
feront subset of photon waves, the results of each subsst of
interactions being treated essentialiy as we will treat the case
obeying Eq. (3). ‘

M. FORMULATION IN A CYLINDRICAL
WAVEGLADE

We will that the nonli polarization d Y does
not distusb the incident pump waves so (hat their complex
amplitude E, (r} can be written inside the wavoguide aa

E = L Autula.yleitna, {6

Here the A,, are comples amplitudes for the pump wave 10
be in various normal modes of the guide, whose tranaverse
mode patierna 8,,{x,y) are normalized so that

f drdy s 8y = by (6

We will that the é ref] index varistions

or metallic walls, etc., forming the guide are such that the

transverse functions &, do not differ significantly for the

ous temporal fi ise (pump and Stokea-shifed) that

are propagating in the guide. However, the propegation
tants k.., are frequency-dependent and obey

AL+ ud = nlvticl, m

where ul, is the (frequency-indepondent) eig aaaoci-

ated with the function £,. Hare, n,, the refractive index at
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s, is aawamd 1o bs real, is., Hnver stienuatiod
e reglons ks assuzeed to be negligible.
¥ Ve will mot besd to digress hers ou the cheractarintics of
m-adnqu“-ﬂlhmmmﬁ
the detalled natues of the waveguide, provided that it prop-
agates & wumber of modes at » and » whose traneverse mode
patterns & are congrosat.

IV. NOMLINEAR MAXWELL
EQUATIONS POR

w, under the influsnce of the noalinear polarization density
gthwmnumahmmm

E - E By #u(x,y)e~ikeus — ya12 )

which ia similar to Eq. (5) axcept that the waves are both
mﬂjﬁmhﬂumm&xl. When
thnhnononlmmur-(iimdv-l),ﬂq. (8) satinfies
Mn.xw.l'a squations identically. When the nomlinear tarm
(4lndﬂunmlll|-rhwhtiu.llnﬂ‘uqmdmnm
satisfied in e length L of guide provided that

vk B, = 4:w’c“ﬂ£-’.f drdydl .42,
X Kouiin A;A] By, (9}
where

L
Kmijn ® J: eish: drff, {100}

lhdM'*.."'*.‘,—ﬁ,'.-k... It is useful to note that

iKmijn] = 2" sinx, (10b)
where x # AkL/2 equale zerc when i » j andm = n.
_lnEq.(BJ,uinﬂut’ollowin.fomdu.up-ud-pmin-
dices are seumed to be sunumed unless ctherwise stated. We
lnv_annpwtimnudﬂncml.,onunhnfhndwhoﬂ!i
by its average k; the ama!l difference i nagligible, as will be
seen bry an obvi xtension of the bation theory which
we will apply to more important terms below.

F&mﬁq.{?)him“ﬂumﬁmhﬂqm
lead to & coupled set of linear squationa for the backward-
scattered-wave mode amplitudes B,, when thewe are too small
m-ﬁ?ctlhnincident-‘mmlinﬂud_. We have not
satablighed the properties of B, for all possible sets of 4., but
we!uulolvudfnrﬂ..fulu-lmmrividﬂ.. We have also
dcm-dnp.orturhlionuw-ionfwlhmmph-n-ngiu-
gated feaction [ of that solution |B,) of Eq. {9) having the
largest valus vo of gain v. We aleo caleulate o, showing that,
'lun/«l.y..hhqwmduhnthﬂwmydhnlw
tion so that the near-conjugats solution can dominats in
peactice. The perturbation theory nesded to

Lot Ve 4 V) B = YRS (1D)

where the “effective unperturbed Hamiltonian™ is
Hup 5@y + o} a, 12)

lnllthl'ﬂntplm:hl.inullmihmm i {no implied sum.

Ve # E (ani = 5187 8y bun + (s ~Blal, 0. (13)
Hore the &, are normalised dinkensionless -
o punip-beam am.

0, = A, (}_:A.'. A.)-m. )

The tus and S matrices are derived h
; s e 10 are rom mode-overlap

..,_,,.‘”'.ud, [ - 8412 s
and (no implied summation)
Bon j‘ J‘ de dy (42 - £,)K mpme. ae)
Thair averages & and f are defined by
as Eﬂmluul’lﬂ. * an

and similarly for 5. One sess that the o terme in Eqe. (12) and
{13} are from the terma in (9) for which i = j and m = n; the
ﬁummfmﬂnmia['}forrhichi-nuﬂjﬂn
Note that H,,, and V., are Hermitisn.

The second perturbation Hamiltonian is (no implied
summation)

Unn = E o] J' ‘f dedydly 8,80 K, (18)
wlm-ﬂuprineontlumﬁon-hifmﬂnindmimd
mlyt!tmhmnotincludodinkm.llﬂmﬂ(lal. T
Konifn in Eq. (18) have Ak » 0 excopt when ios oceur
whichmlkclithrki.-k;,andk._-l..limulhmmly
or ki, = K and k;, w k,,, simutaneously? [ practios, the
Kuijs in Eq. (18) for which Ak = 0 can be omitted from con-
lidgnﬁmfuthldhwin‘ Firat, the comp of
E, in any degenerate manifold of guide modes can be taken
aa one of the basis vectors in this manifold. Then, no terms
will axiat in (18) with &, = &k;,. The second case is possible
wlnn?up.u.'-u.’,mdu,’-ui However, then it is usual
that 8, -4 we.0 =g In a guide with high symmetry, the
!ntmmramhhm.hnﬂmthx-ymrhpinhnd
|n(lﬂ_).nﬂobe¢rnf.lyu&uodmtthtin{lli)nhln;
ﬁoma-.ulmij-m;inflctitudmhumfnnm
'an'ulde Thiue we will neglect the tarma in (18) for which
Mhﬁn&nuymmeuﬂdoﬁumxluneﬂmonh

rum:mmamuqmm
if we rewrite Eq. (8) in the form of an eigenvalue tion,
with vigenvalue ¥, in & Hilbert space of dimension N squai
pmmummmmmuﬁum
in the quide. This reexpremion of Eq. (9) ia
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rem g terms.

If the difference between AkL values for various mode in-
duuhmrihnr.wumllmxﬁmogm.u
nndom!ylndn\namduldmnllnimmm
ll‘uun!rudthnﬂdniss,lndﬂmmﬂemiubhm
than ul ~ NS, |Kpin| < 1, and AkL changes by at least x
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 for mimt haniges In G, J, n, #5) when

NL > Sk. am

We sxpect therefore that U, can be neglected compared to
Hon when L > Ly/NVE, where L, is a diffeaction length
(~Sk/NVD, Thia condition is met by free-space intevactions
and sll practical guides. Therefore we p d to solve Fq.
{11) with Upyp = 0.

Befors proceeding it is usefud Lo relate the sigenvalue Y for
any N-di ional vector solution {B,] of Eq. (11) to its gain
v and the ly defined stimulated gain cosfficient g (Np
cm/MW) for plane pump and scattered waves. The “free-
space” coefficient g o the same as that (vS + total pump
power P)in a guide that is excited in s single mode 2,, having
a unifoem intensity profile {#, = conat), and for which Eqs.
{6), (15), and {18) give 5 = § = 1/S. In this case Vo = Unm
= O and B., = a;, is the solution of (11) with eigenvalue

You = 25, (20)

Since £, | An|? is proportional to the power P in the guide, a

comparison of Eqa. (9} and (11} shows ¥ = /P in all cases.

Therefure the power gain v for any solution of (11) with &i-
genvalue Y is relsted to g by

ylem=1) = I Y(em~?) glem/MW) P(MW), (21}

wivere the most common units used are indicated. We pro-
ceed now to find solutions of Eq. {11) and their gains ¥ for
multimode pump beams.

V. FIRST APPROXIMATE SOLUTION FOR
ARBDITRARY INPUT

The “unperturbed” mateis Hm, in (11} is of the particularly
wimple form of & unit matriz plos a projection operator £, onto
the conjugate a_ of that vector whose componerits a, are the
complez mode-amplitudes of the incident wave in the guide.

‘Therefore, the eigenstates and cigenvaluss G of H,., are
easily soen 1o be a;, with eigenvalue
COuF4+f (22)

and any set of vectors b orthogonal 1o a, and Lo each other,
which complete the space of guide modea. The latter have
sigenvalues

Gi=g (23)

Note that when all guide modes have the sume linesr (ot
elliptical} polarization, and when o — «, 8o that by Eq. (10)
Ko — 1, a8 in practical 3BS experimenta, then

a-—-@ (24)
and
GO — 2Gv, [25)

That ia, the conjugate beckacattered wave, whose mode am-
plitudes are a,, would experience twice the gain an any other
mode, provided that V., can be neglected.

We will find that whenever the scattered-wave's energy is
mostly in the pheae conjugate to the incident wave, its gain
is nearly twite that of any other wave. Furthermore this
condition occurs whenever the slements Kopma of (10) are
always near unity, as they are for practical configurations
producing SBS. To see this we consider first a class of pump
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wcron o which . (11) ca0 b solved anactly, and thy
gonors]

. RS
o . R .

perturbation theory Lo aa even wider clam of J
wives. [

V1. SET OF EXACT SCATTERED SOLUTIONS

AND THEIR GANNS ) :
There is an important class of incident-mode patterns s
1 rectangular waveguide for which the sigenvectors of both
Hopw a0l Vi are the same set, provided K ~ 1 (sa for
SBS) which we sssums here. This is Ube clase of waves for
which all N excitable modes of ane polarization-of the guide
are excited with aquel energy but with grbitnryphuuﬁ
a, = N-12eg-it, (26)

For simplicity, assume the first M modes in both x and ¥
directions are excited (N = M) and label the modes by x and
y indices, (n,, ny} == n, such that

'

faurty = 0,12, M-1 an

in order of increating numbers of nodes. The integrals in (15)
and (18) are then easily approximeted (assume the mode
functions are sine waves vanishing at the boundery) to ob-
tain
Gt = Bar = [2 4 80 0,0 [2 4 800, 1, 0)/48,  (28)
where the 3 function is 1 if ita arguments are equal, and sero
otherwise. [t is easily verified by substitution in Eq. (11) that
the N = M? eig have ts {mode ampli-
tudes)
Balts, 1) = M~ Lexp lign + 2rilngl + n,LWM], (29)
where paire of the integers N
L, =0,1,... M1 {30)
are convenient labels for the & vectors. The i with
I, = |, = 0 s the desited phase-conjugate state (B, = a3}, and
it haa the largest vigenvalue: B
Yoo =a+p. an
Then there are 2M-2 cigenvectors having either i, = Oor |,
= 0 (but not both) which all have the eigenvalue
Yoo = & + {1 + 2M)/ASM=. 32)
Finally the (M-1)? states for which i, » 0and I, # 0 have the
eigenvalues

Y, = @ + LASM2. 33
For the sine-wave modes,
F=d=(1+ M+ M-14)/8. (34)
Therefore the “gap” in gain b Yoo of the conjugat

wave and Y, the next nearest gain is
Yoo — Yo = (1 — 5 N-V2)/S {35)

which, for & \arge nymber & of modes, spprosches the gap
between Eqs. {22) and (23} for Vs = 0. Also, for large N, we
see from {21) that the gain of the conjugate wave is the same
an for a plane-wave pump of intensity P/S in free spece.
Studies of pump beams that do not have equal power in all
modes have led us Lo believe that the gup between the highest
and next-highest mode gaina is quite generally & less a term
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ERRATUM

"Theory of phase conjugation by stimulated scattering
in a waveguide® by R.W. Hellwarth, J, opt. Soc. Am., Vol.
68, pp. 1050-1056, Aug. 1978.

A tarm given by

-

- = 2
wB, = “nulln' B, {El)

should be subtracted from the LHS of Eqn. (1l). We are
grataful to V.V, Shkunov {private communication) for

pointing out that this term was double counted in passing
from Eqn. (%) to Egn. (11), and therefore must be subtracted
again. This term however, makes only negligible correc-
tions to our results, as follows. It causes a fractional
correction of order N-l in our calculated stimulated gain
coefficients Y (and y) of Eqns. (11} and (21). Also, an addi-
tional contribution of order N 2 is added to the fraction

£, defined in Egn. {40}, of non-conjugate power in the (nearl\ly)
conjugate) backscattered wave of maximum gain. Bacause the
number N of excited guide modas is assumed to be much

larger than unity, these corrections are negligible.

However, the following changes in text should be made to

acknowledge (El} and to establish its insignificance.

(please turn over)

ERRATUM

P. 2 of 2

"Theory of phase conjugation by stimulated........"
by R.W. Hellwarth

Raplace the quantity “a“ in Egn. (12) by “& - w",
Replace the gquantity *a®™ in Egn. {13) by 'E+unn|an]2-au|a£]2".
Before the sentence beginning in the line following Egn. (17),
insert -;E:n“nillanl". (This method of subtracting the ternm
(E1} from the LHS of Eqn. (12) preserves the important
property of Eqn..(38) for the term vm which will be treated
as a small perturbation.)

Oomit the factor "2" in Eqgn. {20).

Omit the factor "%" in Egn. (21).

Subtract "Ww" from the RHS of Egqns. (22) and (23).

After the “and" following Eqn. (24) insert ", since
W a/Ne< L.

Subtract 9/(45N) from the RHS of Eqns. (31), (32)
and (33).

Replace *"a" by "a-w" in the second line before Eqn. (36).

Replace "a" by "Ed-u“'lallz—ummmlz' in the line follow-
ing Egn. (41). ‘ ‘

Ingert before the sentence beginning in the second line
above Egn. (44) the additional sentence: “"We also neglect
the terms umianlz-aulallz in 8 _ of Eqn. (41) since these
contribute to terms in r of order N} smaller than the
other contributions."

Replace "N°* by "N® in the last line on p. 1052.
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Nnbl‘ﬂbwhm
solution deminats in sxperiments

h—hummmuwm»
n-ﬂ_-lpl?nomhthms}hmnw

VIL PERTURBATION SOLUTIONS FOR
SCATTERNNG FROW ARBITRARY PUMP WAVES

Having sssa from the sxact solutions for B, in the special
cane of the previous ssction that the effect of Vi, in Eq. (11}

w.un_mmdnh-maahw-lhpd
pump beams. “n

-

VIE. WMODEL CALCULATION OF
NONCONJUGATED POWER FRACTION

We calculats hare the nonconjugated powst ratio r of Eq.
{41) for n realistic st of complex pump-beam amplituches ap,
sach member having acbitrary phase and one of four possible
magnitudes, in the ideal rectangular waveguide considered
inSec. V. Expressing the mode label n in terme of the s and

ode-i 1, and L, of Eq. (30). we take for the square

was small whea the number N of pump-wave vodes sxcited
waa large, we ure wncoursged 10 treat V.., o o small pertur-
hdnnmﬂ...mnmuthwm(u}(h
-tiehmmunuhmu..-olwm.mnd
praviously). Let us dencte the sxact sigenvector of Hew +
Ve, having largest sigenvalue Yy, by Bey. Sincs we have
MMm(ﬂ)Mtluwb“dH..hﬂu
highest sigenvalue G = (% + B} wen a;, bet us write the exact
wolution ae

. Bon = 0, + ¢a. (38)
andudpmhuonmnmlumm
£n (reposted mode indicss are to be forth)

eam L BB Vim aRHG ~ G an
om0

to loweat order in the perturbation Vi, Racall that the b
is the sigenvector of H,,, with sigenvalue G*. From Eqe.
(ﬂlﬂ(ﬂ)nuﬂ“hwmc"‘—ﬂ"'
in Bq. (37) is a constant 5. Sincs, from its definition in Eqe.
(13)-(1T), Vo hae the proparty

O Vn oo =0, (38)

the sum in (37) may be extended over all » {with constant
denominator), and closure invoked to obtein the sapression

tn = Vam0W/B, (39)
which is simpler for calculation. The most important quan-
tity to caleulats for our purposes i the fraction f of power in
thluhnmuwluﬁm&.thtlm hﬁ-w

wavea.. Sincsala, =1by {14},

f=ri(l-r), 40
wherer = ¢}, c,. From Eqe. (39} snd (13) we have
= ) i O] 2 Oen Jaal3/Bt, 4D

where i & Opm + Pim = & — 5. This i the most important
result of perturbmtion theory for sesessing the fraction f of
stimulatad backward scattoring that is not phase conjugate
to the pump wave. 1f 7 is not much lees than 1, the process is
uselens und it is pointiess to calculate further corrections to
Eq. (39). 1fr 4¢ 1 then (39) and (40) are accurate eough. 1t

¥y g
magnitudes required in Eq. (41)
l“nl' - ':.us)‘y“ ) (43)

mndpuunﬁnm-g,ndl,md\ﬁndwmm
vahue g+ for « number N of the M values of their intager
muwmmml_lhthnulfwhr of thewe
M valuss, and 1o have the value zero for the remainder. The
particular mambers of each of these three sets nesd not be the
same for g, and £, 'I'huumlulnfmpudhhni_lm
loal:

sods. B4-, Bl 000
depending on n ++ {I,.1,). The total sumber N of excitable
modes equals M2 (=N, N_).

Again we sesusne all modes 10 have the same linear polar-
ization ¢, paraliel 10 £ o # 80 that dpm = Bam in #om are piven
by Eq. (28). The required sume in (41) are then easily done
to yield

ro=4fiu]) Vg - 1), (44}

where the aversge { } is to be parformed over the two-valued
function

uy =1+ %ga/(Nuge + Ng-) (45)
with the two-valued, normalized probability
wy geN AN + Ng2) (48)

Cloarly r in Eq. (44) is  function of three independent ps-
ramsters, which we choose sa N, N., and g./8:, whose
ranges are

OSN,sM, OSN_x<M 0sg/g.s\ (47)

Let va conaider r for various possible parameter seis rep-
resenting various possible classes of pump beams.

AN_(org.)=0;1 <N, 5 M. Thisisapump heam with
N modes excited with equal amplitude and arbitrary phase,
In this cane Eq. (44) reduces immediately tor = 0. To this
order in perturbation theory, the j wave with
Bom = g, in exact. We saw sbove that when N, = M, thia
solution is exact to all orders in V. In any svent we expect
this case 1o yield maximum gain for a wave that ia indistin-
guishable in practics from the phase conjugste.

is of minor interest to note that the guin Yo of the important

L

wave is somewhat larger than G*. From nondegenerate

perturbation theory for sigenvaluss,
Yo= GO & rf 42
to second order in V,. [The corvection linear in V., van-

ishes because of Bg. (38).) Thn_gi-.unnini-inae-odby
the fraction r of the gain “gap™ 4.
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B.2. =g+ Thinisobviouly squivalent to case A and gives

r=0.

C.N_=0,N,=1. Thisis the single-mode pump, which we
saw shove had the conjugate wave as an sxact sclution to Eq.
{11); and Eq. (47) gives r » 0 sn expectad.

D.N, = N_ = 1. This is the worst case in the model {four

R W. Hellwarth 1064

%

modes with three smplitisdes), giving the largest nonconjugate
ratio r for given £./g,. Simple numerical analysia shows that
the maximum of r is

Tas ~ 00669 8t 2_ ~ 0.20¢ 4. us)

That is, in the worst case, less than 8% of Lthe backscattered
energy should be different from the pure phase-conjugnate
wWave.

E. N, = N_» L. For many modes excited among three
amplitudes this way,r = N;2  Plois of Eq. (44) show that the
maximum r is

Far ~ B INGE 49)

with little change in the range 0.1 < g_/g, < 0.2 and rapid
drop off when this ratio is smaller than 0.05 or larger than 0.5.
A more ¢x0cl treatment is not useful ne clearly the noncon-
jugate fraction f ~ r becomes insignificant when the number
of excited modes is large.

F.N, ¥ N.,N,>» 1. Thenr = N;*asin Eq. (49).

n conclusion, we see that for any pump wave that is dis-
tributed among guide modes with arbitrary phase and any
distribution among four amplitudes obeying (43), there is
nevet more than 8% nonconjugated power in the stimulated
wave with maximum gain and generally much less, We are
led 1o conclude (comtrary to Rel. 4} that the stimulated
backscatiering wave with the highest gain has an order-of-
magnitude more power in the phase conjugate than in the
useless background, for any distribution of pump-mode am-
plitudes whatever, provided that, as in SBS, r-w < wso that
Konma — 1. 'Wea consider next the relaxation of this condi-
tion.

DL PHASE-CONJUGATION N STIMULATED
RAMAN SCATTERING (SRS)

When the scattered frequency w is significantly different
from », then K ,amn in Eq. (16} may not be nearly unity, as we
have sssumed. We will find that phase conjugation disap-
pears 88 | Kmnmn | declines, but this need not happen, even at
sizable Stokes shifts, provided that the guide interaction
length L is short encugh. Before deriving the conditions w,
v, and L must satis{y, we consider the possibility of stimulated
forward scattering (which does not occur in SBS).

If the B, in Eq. (17) were to represent amplitudes of forward
traveling waves (i.e., k,, — —k,, ), then one sces immediately
that there is again often one solution having about twice the
gain of any other (when Kmmea ~ 1), but that solution he B,
~ g, That is, this sohution i 8 sort of replics of the incident
wave, hut not Lime reversed or phase conjugated. This pos-
sibility may be of intarest but we shall not consider it further
here.

To consider the effect of reduced Kpnma o0 backward
scattering, we consider again the model of Sec. V1 in which the
firat M modes along both the x and y axes of a rectangular
guide are excited with arbitrary phases. Inasmuch a8 thn

jnlize to & square ide for which the tzansversh
;mvnlnelu.. of Bq. mm . :
ul= st (nf 4+ nl)/S (50

with the mode integers as in Bq. (27). 1t is sufficiently accu-
rate to expand Ak of Bq. (10) to lowest order in the u} to ob-
tain for the {m,n) slement

Ak =q(m!—nltmi-nl) 61}
where .
q = xAM4S {52)

and A is the difference between the wavelengtha in the me-
dium at w and »:

AN = (¢/2x) (Linw — Ling). (53)

Here n, and a, are the refractive indices at w and ».

‘We uge these specific forms now to calculate the noncon-
jugated fraction r, using the perturbation expression (41), and
to find the conditiona necessary to keep this below some de-
sired maximum valuery.  With Eqa. (50)-(53) in (10) and (16),
the 8,ma matriz we will need in this calculation is given by

ASfnn = j;L dzjzernsmt —nd) 4 4(m,, n,))

x [2eivimS - adt & §(m,, n,))/L, (64

which is seen 1o reduce to the previous form {28) when ¢ =
0. 'The ama terms in (41} for r cancel exactly &s before, leaving
only the 8,n, Lerms 1o be eatimated. This we do by calculating
the corraction Ar that is lowest order in ql., by expanding (54)
in powersof g. Higher-order corrections are not interesting
a8 they only iell more prtcmely what hlppenu after the

phase-conjugated fraction haa b tingly small.
We mli also nppmnmte the suma over integers in the re-
integrals, since the accuracy of this is

quite gwd upulally alarge M. This gives directly for the
increase Ar in r from its value when Kpnpn ~ 12

2 swANM2LY 2
- — | - 1.1 =1
ar ‘5( = ) (1+0(qiLY)+ O IM-1]), (65
leading Lo the condition on the interaction length L
L £ 8r{?SINAMN (56)

in order that the ponconjugated fraction be kept lesa than rg
for N equally excited modes in @ rectangular waveguide of area
5. We foel Lthat Eq. (56) can be applied usefully when there
are W unequally sxcited modes of arbitrary phese, provided
that the required nonconjugated fraction rq is amall,

As Ar increases by (55, 8o dosa the gap in gain between the
nearly-phase-conjugate wave and its neatest competitor de-
crease. An estimate of this can be made from Eqs. {22} and
{23). However, it is not very interesting to calculate this gap
when the waves are already degraded.

In the SRS phase-conjugation experiment of Zel'dovich et
al.,® the incident heam was focused into an “infinite” medium
of C83. This was roughly equivalent to employing a wave-
guide whose Jerigth was a diffraction length ~S)—! N-1/2 8
We may use Eq. (55) then to estimate the nonconjugate frac-
tion Ar arising from thia finite length, obtaining Ar ~ 0.7%,

mode) produced results close 1o that of the variabl
model when Knpmn ~ 1, we expect it to do so here lho We
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in ag t with the qualitative report of excellent conju-
gluon. (Set parameter summary shove.)
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o wave at . irvegardiem of the distribution of the
N mode amplitudes of the incident wave, provided that the
Wuhunmmﬂvhd_mmm
as to violate Eq. (68). Forsome incident besms the noncon-
jugste fraction contained is the backward wave with highest
stimulpted gain may be of order 10! but i generally much
amaller, decressing as N—' se the number of modes N in-
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Naw component in degenerate four-wave mixing
of optical pulses in sodium vapor

5. N Jabr, L. K. Lam, and R. W. Heliwarih

£i 1 Scarnces Lab

S5C 303, U v of S

hern Califorma, Los Angeies, Californm 90007

(Received 24 March 1981}

We have observed & new componens in the signale produced by degeneraie four-wave mising
of 5-nsec optical pulses by she D-line resonances of sodium vapor  This componen) is compar-
able in inlenaily 40 Ihat previously obscrved from a graling psuiern of excaed sodium sioms, bul
arises rather from a grating of coherently niigned (bui not optically pumped! ground-siate
nioms. This componenl exists when Whére sfe 50 spatial intensity besis between inpul waves.

This Communicstion reporis the observation of
two differnel components in the coberent signal from
degenerste four-wave mining by the third-order pon-
linear polarization i sodium vapor, aL apucal fre-
quencies w near the D-line resonances. The first
“scalar™’ component arises because one of the input
beams scatters from s grating of excired sodium
stoms that is creaied by spatisl intensity beats
beiween iwo other inpul beams. This *'populstion
praliag™ has besn siudied theoretically by Wandzura'
20d in sodium by Bloom er ol ? Here we examine a
second “'iensor” component which arises from ihe
acsitaring of one beam from a grating of unescited
atom3 in coherent superpositions of ground-sisie
sublevels. This "'cob graking’’ d by sps-
tial beaws between two other inpul beams, even when
they are orthogonally polarited snd hence create no
significant iniensity bests. Gur observations are
made with dyc laser pulses (—5 nsec) much shorier
than the decsy time { —16 nsec) of an excited atom.
Tn this transicnt situation there is negligible oplical
pumping of ground-aiate sublevels (ic., negligible
population redistribution), an effect which ahens
sready the characier of four-wave mixing in the
sicady state.? We find that, in this transient fegime,
the wave scalsering occurs primatily from the
coherent grating.

We employ the degenerate four-wave mixing
scomeiry, ususl for phase conjugsiion, described in
Ref. 4. One inpu1 *'probe”” hsam 3, represented ap-
proximately by ReésErenpUl)- X - rwt — Jai), in
caused to overiap (st small angle) two counmtprop-
agating pump besmas, represenied by Red £,

#

®explikyz ~ iwt — +ar) and ReésEyeupf—ikyr
—iwt = $alL - 1}, over the lengih L of the non-
linear medium whose linear absorption coeflicient is
o (Polarizstion-saie vecions are normalized 50 thal
# dy=1. o) '
These (hroe inpul waves create a third-order polari-
zasion density ;1 {w, —k1) which generstes the
mixed-wave signal and whose complex vecior ampii-
tde P in any isotropic medium musi bave the
form*

PV« (dsiy b1+ BoEy by Cody 60E\ BT
n

The cocfficienis 4, B, and C for sodivm vapor
have resonances al the D, and D; line whose nature
we study here. 1 is easy 1o spprecisie how, near res-

spatial i ity beats by beams 1 and 3
(wé,; #3 ) cresic a population grating of excited sodt-
um stoms from which beam 2 scaiters. Chearly this
process conltibutes onty 10 A (and nol 10 B ot ).
Similacly, intenvity beats between 2 and J creaie a
population grating from which beam | scatters, and
this process contributes only to 8 Besis between |
and 2 are both wmporal (st 2o) and spatial and
cresiet no population grating in sodi These
P have been di d previously ' ** Here
we point oul that, even if ¢, is orthogonal Lo é, snd
7, gratings of coh ly slighed ground-yisse aioms
will be formed (e both k;— &k, and ky - k) which
acatier with efficienci P o populati
pratiangs, i.e., creaie C ~ 8 ~ 4. By using different
polarizstion combinations we observe ncar the Dy
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resonance that A :B:C 81:1:—1, os we calculsre for
pure coherent graling. tking into sccount washou! of
the gratings by atomic motion. We calcutate that
mear the D, line » pure coherent graling would create
A:B:C m55:-1. Here, relatively greater background
noise {from self-Tocusing and blooming of the re-
vetse purnp beam) has only permitied us to verifly
that |4 + 8 +C)? is much larger than |C[*

Our experiments employed a nitrogen-laser
pumped dye laser of the Littman” type (grazing im-
cidence) which produced $-nsec pulses of about 2-kW
peak power, and of bandwidth ~0.05 cm™. Mont
pulses had most of their energy in 8 TEMy mode.
The laser beam was firsl split 10 form two supetposed
counterpropagating beams (pump beams 1 and 2) of
equal intensity and focused {0 2 mm diam in & bast-
pipe-type cell ining sodium vapor (concentrated
in the central 2 cm) at an average density — 4 x 101
cm™ and —~3 torr of argon bulfer gas. About 4% of
the laser boam was also aplit off and used s the
probe {beam 1) which propagated at an angle of
sboutl 1% relative 10 the pump beams. The wave
backscatiered slong the probe (beam &) way detected
by a pholddiode whose outpui was digitized by a.
Biomation transieni digitizer and fed 10 ¢ competer
programmed 1o operaie as & boxcar inegrator.

Figure 1 shows the observed energy in the back-
scaitered wave a2 a funciion of the laser frequency
fot the thrde combinations of linear polarization. (a):
ENENE, (B): #yHér0éy, and (c); #Nip1é) Case
{a) is that swudied by Bloom er ol } who obisined
trace similsr o Fig. 1(a). Beam self-focusing (aad
defocusing) sccompanies all signals but is much
wironger neat the D; resonance. The other iwo
cases, however, exhibin very difTerent frequency
dependences. In case (b) there is no signel o the
low-frequency side of the lines presumably due o
differential self-focusing and defocusing.® The wax-
imum signal obtained in cese (b} was about half &2
srong as in case (a) for the same pump-beam imien-
sity. In case (c) the signal could stso be obyerved
only 10 ibe high-froquency side of the D line, snd
reached & maximum of about } of the maximum »ig-
nal in case (a) fof roughly the same pump intensity.
The maximum power reflection efficiency |EJ/E)|*
never excoeded 1% with our apparsius. Self-
Tocusing, absorption, and saturstion played stiong
roles, sacept for [rom the centers of the lines, where
the signal was low. Maximum eificiencies, theref
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FIG. 1. Beckscatisred pulte energies a1 2 fusction of

have no simple interpretation; only in the wings can
we make meaningful predictions.

To complete s determination of the ratio A:8:C we
fined the dye-laser frequency in the blue wing of the
D, line, nest A, of Fig. 1. We lixed #)11éy, and
varied the angle # of linesr polasization of ¢; with
respect 10 &, We observed 1he backscaitered signal
to be sl icant 90% linearly polarized n1 an angle minus
# (10 within an unceriainty of ~5%}. This implies

ngth for three cases of beame polarization as shown.
Ralative encrgy scales are descvibed im the ex1. In e
wings, thest signais are proprotional 1o () [4 + B +C2,
1) 12)2, and () |C[? of dhe vext. The tick marks on the
horizonist axes correspond o the ) and DY) lime comers.
Siudies using polarization combinations other than the (s},
1), amd {c} cases were costied out at the wing wavelangiky
marked by A; ond A; sod determined the ratioy 4-8:C
govarning AR polaritation tases. Intensities nesr ke center
ore 0t sasily predicied but are shown hare for comphes-
[
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AB:C 3 1:1:—1, as we expect for  cohereat grating.
Repeating this procedure at ); ie the wing of the D;
" lins, we found that the backecetiered signel was
mainly (a1 least 90%) polarized parael to #,. This
shows |C} << |4| or {B] st &y Comperison st A; of
Figs. 1(a) and 1(b) showed 4 ~ B (and of same
sign). Togeiher, these resulls are consisient with &

' 1, but nol population, grating slso st Ay for
reasons discussed above and further below.

Varying the buffer gas pressure botween | snd 500
totr had little effect on power reflection efficiency in
the wings, as we predict for & coherent grating. As
expected, the signal in the wings increased roughly
propottionally with sodium density until sbsorption
intervened. In the wings the backscattered signal en-
ergy varied with the dyec-laser-puise enargy U/ as
37293 consistent with & third-order process. Such
& dependence has been provicusly reporied for
sesonant four-wave mixing in rubidium vapor.!

Owr theory of 1hie coherent grating treals the stom-
ic vapor in the impact spproximation, and neglects
hyperfine structure. Afier each sudden coltision, sn
atom is left with equal probability in the ground sub-
levels, and then interscts as a froe atom with the
eloctromagnetic fickd until the next collision. We cal-
culale the expected thitd-order eleciric dipole mo-
meat at time 1 for an atom of velocity 7 whose last
collision was at time 1 — . The coniribution of such
stoms to the polarization wave at (w, —ky) is sver-
sged over Tand 7, and used in Maxwell's equations.

If one assumes & backscattered wave Red Ey(1)
xexp(~iky K—~iwt + Jaz) then this nonkness po-
larization generates an amplitude £, which obeys, in
the slowly-varying-envelope approximstion,

ﬂ - z, IHNqu(?r +ii’u‘ v
L1 20ct’ N\ D, DaDcD,
¥}

Here L is the path length in the vapor, ¥ is the
atomic density, » is the refractive index ol w, and I'
equals the interatomic collision rate 'y pluy the
sponlancous emission rate y. The energy o

)E.E,E;o""‘” )

.}
normulized sveruge over the stomic velocity 7. The
estimate given elsewhere of this average™ is not
valid for frequency. shifts cutside the Doppler wigih
in which we are inlerested here; behaviot in thig re.
sime is casily seen direcily (rom {2}, The polsriza.
tion dependence is contained in
Kipa =l - (AEpés -+ BéE 1+ CETé- 60 | )
where for both terms in 3
A=Bmgl Slalt .

-

(5}
Cumgi' Flladllagl +lazsl’lalir-a .
-
where g¢ is the ground-state degenerscy and
ad =2 m 12| M, £iM,|md) 3]

are mairix clements between ground |m./) states and
excited [m £1.7') states of components of the
electric-dipole-moment operator M of an stom. Note
that aZp=al. For the D, line afy = uf -:- M7 and
afn=0. For the D, line m‘n-n(%}'" wnd ofy=pu
Here u is the usual redial dipole matrix element. A
useful solution of (2) is immediate if one takes E,,
E3, and E, 10 be peak amplitudes (in time) having
negligible variation with 2. The independence of £,

from the pressure of the buffer gas lie, Ton) s evi-

dent in (2) provided that I' >3 | ik~ Kjlv {v=rmy
velocity) a9 in our experiments. The 4:8:C ratios
quotsd esrlier for a coheren: grating follow directly
from (5) and {6). The D; ratic implies a signal at A,
in Fig. 1{a), that is 16 times greater than at A; in Fig.
L), consistent with ihe low signat observed in the
latter case.

To understand the spparenily minor rolke of 1the
population grating here we have exiended our modet
0 that afier u collision an atom has & probability
w(¥_T)/g; 10 be in esch excited sublevel, and »
probability {| — w)/gy to be in each ground sublevet,
The probability w depends on 1he (assumed unchang-
ing) velocity ¥ of the motecule and the position ¥ in
the intensity grating st the time of the tasi velocity-

" !

tory are {agsuming a single transition dominates)

DymT+ia-iky, ¥, (Ja}
Dy =T+ iy~ %)) -7 4171, (3b}
De=i(ad+k; ¥ +T ’ 3e)
Dp=-ilA+K,-F)+T , (d)

where A = wy—w; wy it the frequency of the dominant
(Dy or D)) transition. The ¥ indicates that &
second term is to be added which difTers from that
shown by interchanging beam subscripts 1 and 2
everywhere. The effect of finite pulse length + in ac-
counted for by the =L in (3b). The { } indicates

ging collision. This probability has lerms propor-
tionsl to E,E7 and E,E7 cottesponding 10 the 1wo
poasible gratings discussed earlier. The different
linear susceptibility of these excited atoms causes
scattering of the third beam. Aflter averaging over ¥
we find thai these additions) scaitered terms give
another contribution to (2} that is the same as in (2)
except for the Tollowing:

(i} The Ty in Eq. (3b) is replaced by the rate al
which collisions or pholons deexcite the upper level.

(i} The unpermuted 1erm in 37 has B = C =0 and

1 |2
A=—_I5i2| . m
ol I.Zlﬂ ! I
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liii} The permuted () ~2) term in 3 has
A= C=0and 5ihe same az in (7).

{iv) A factor equal 10 the [raction of ell upper lev-
el excited (3 for the D, kine snd.J for the D, line)
should multiply X35 when Ty exceeds the radiative
decay vaie; i.e., when collisions rediswibule excited
aloms smong all upper levels.

Based on X3y alone of this revised model, the
population grating contribution 10 the signsl is never
more than ¢ that of the coherent grating, and in
most cases it much less, or zero. This sccoums in
large m Tor the app iy small ibution
of ihe population grating.

We identify the iwo wrmt in the sum I of both
model raguhis above, as arising from graticgs of wave
veclors k' — kyand k; - &k, respeciively; this is be-
cause of the velocity depend of the domi
Dy of (b}, In the ¢ regime of main i
here, |if)— Eslv << T << |3~ E3}v 90 that the
velocity average in (2} causes the second term in by

L

N7

{(deacribing the larger wave-vecior grating) (o be re-
duced relative 10 the first. This effect, referred 10 as
motional washout,* is predicied 1o make B << A for
the population grating bul lesve A4 = B for the €0-
beteni grating. That our experiments show 4 & §
At A and 4~ Bal A; is further comobotalion of the
dominance of the cohetent praling.

In conciusion, we have observed and explained »
Hrong sew component in the resonant degenerate
four-wave mixing signal from sodium vapor. This
composent doss not involve exciting any sodium
atoms, but rather arises from a grating of coherently
aligned, bul oot opiically pumped, ground-sisic
sloma.
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