n ™ Y A G@GENOTY ==

E R I
UNITRED NATIONA EDUCATIONAL BOIENTIFIO AND OULTURAL ORGANIZATION u.m.
INTER . CENTRE FOR THEORETICAL PHYSICS
A4100 T ,\‘),; gfb\-p. LLLE

» MIRAMARE - BTRADA CORTIRRA 11 - TELEPHONES: 324°A1/2'0/4/60
R rnﬂ‘:: CENTHRATOM - TELEX 480392-1

2
P

SMR/11% - i*%

e,

WINTER COLLEGE ON LASERS, ATOMIC AND MOLECULAR PHYSICS

(21 January - 22 March 1983)

Topical Meeting on Mult iphoton Pracesses

MUELTTIPROTON PROCESSES TN ATOHS

. MANLIES
CLF LML BACLAY
Upral Git-sur -Yuette Cedex

Frame e

Thr cie arc proliminary lectore neles

intended only for distribution to participants.
Mireing er extta (opies are available from Repm 229




(TRIESTL)

18 March - 22 March 1985

MULTIPHOTON PROCESSES [N ATOMS

C.Manus, M, Trahin, vy, Gontier, g, Mainfray

Service de Physique desg Atomes et geg Surfacesg
Centre d'Etudes Nucléaireg de Saclay
91191 Gif-sur-Yvette Cedex

t

MULTIPHOTUN PROCLSSES IN ATOMS

—_—_—

Historical background
General considerat ions

Theoretical description (Dressed Atom)

Resolvent farmalism, G(2) equation

Non resonant transition

Comparison with experimental results

Resonant processes (partitioning technique)

Application to a 2 photon resonant, 3 photon ionization
Crossing and anticrossing resonance

Popul ation of resunant states and continuum {theoreticat
applications)

Description of the effective Hamjiltonian method
Comparison with experience (af the 2 thearetical approaches)
Influence of the coherence of light

Comparisen with exper iment

Coherence effects in R.M. 1.

Bound-bound multiphoton transitign and spectroscapy
Transitions in the cont inuum

Appendix

Acknow! pdgement g

References

Paqeg

13
14
17
23

35

38
a4z
46
49
=1

54
59
66
69

7a

s

=

N

s
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If we caly o the crogs.

slate, [ the lifetime of the excited state

the absorpt ion prohabil1ty 1
If 2 phatong are ahsorbed tp,
photong wiii be:

3 Wy = F)oF - 0l.F2 ;

Far an N photon absnrbt;on:

section of gn absorbed photon on a virtual

s F the photon flux,

5 {0F).1, with V7N

€ overall probahijt

Fig. 1

Multiphoten absorption jg an extremely non-

Proportiona) tq FN.

Fig, 2

linear process,

ity of absorption gr the 2

ireal state
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THEQRE TICAL DESCRIPT IDN (Dressed atom)

Lation). fhijg method isg VEry powerful but fajjg in resonant Situation,

We will uge the resolvent operator method, operator technique

(Messiah, Golberger, Wataon, Mowar).

The Atom ig coupled to an .M, field {laser) -

-
- a Field of frequency w,polarizatiaon €, n being the occupation mode,

Relaxation

Hamiltonian
H We do npt consider

o
Hrep1 =0

wave vector

(4) e =) g e e
kE

™4 =y

polarization index

ck
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ey

e
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bEigenstates of Hg are | -ty ey, olky,ey)au.s
or | nike)> with n(ke) the number of phatens occupying

-+
the (kf) mode, (Foek states),

Non coupled states (For t = 0)

yw(t=0) = {i > g fnk£> sometimes written |i,n > in abbreviated way

v{t=0) = [1>

Frnergy of non coupied states: E; + 2: By (discrete state)
£

E +kza Mie®y

(continuun state)

Interact jon Hamiltonian
—-=rarrlon hamiltonian

In dipole approximation, valid if E . ; =<1, E'impulsion

> +

Hint =E . D with D = er (position operator} (%) 1)

-

L the electrical field of the wave in Schridinger represent at ion (Eo

being time independent).

From here on, let yus consider the case of s monochromatic wave of fre-
quency g.

of a and a*;

-5
If we express { in terms according to the well-known

relation:

1/2
In atomic units H, =y - j (-gl-w ) (ae - a*t").b (6)

L3

We have considered only one mode, the vceupat ion number betng "

WL
with F :-Eik {photon Flux) (7)
L

IF &% and &~ are the 2 aperators acting on the Fock states of the
fieid;
. + -
(@) <met |- 5myne
S \iyz
(9) a = Y—n‘é - = (Ll[-:—) &

(n = net) vsually n » 101?

£*65+]

(1a) at* - vn+l 8t =

1/2 o
an Hint = -] (%EmF) [tD(S' -

I intensity = Floay,

(12)

(Absorpt;?n of a photon) (Emission oF photon)

1/2f+ - >
Hint = [V =2V s v+ (?}?) [nﬁé‘ + nos*] with n= -
lo = 70191076 wen? - = qq20 Fa = 3.22 10%%/30c cm?

RESOLYENT FORMAL ISM
——— 17 TURPALLISH

Let us consider the interaction of an atom with an electromagnet ic
wave. At t = 0, the initial state Pit=0) is:
(14) plt=0) = |1 - |q>9|....nm...>

at any time:

Qs) werz uit) |1»
Ut} is the time evolution operatar, it satisfies obviously Schrodinger
equation:

(16) W UCt) = 3 ()



IF H is independent of time UCt) = e-dHt (o)
fherefore  y(t) = o=iHt |, (18)

let us introduce, by definition, the resolvent operator G(2}, z

being a complex variahle-

1
(19) G(2) - FRTi

(20) H 6(2) = .G(Z) - 1

uit) is simply related to G(2) through an inversion integral:

=1 -iZt
(21) Ute) = LT j{-e G(Z)dz

where € ig the following contour of the complex plane

— e ‘6

——
—

- | E:o IL __.ﬁ_hféx—" H‘/’E‘

Fig, 3

It can be shown quite generally that for positive valyes of t, nne
can replace 7 by x+ic and carry out the integration

over the real varjg.
ble xfrom _w g +o 3

4o
. -ixt
(22) ult) = E"_x- f e”1 G{x)dx

- ¥ -

Proof jg given by the Fu[]uwinq calculation:

ks - 1 ~1
(30 H W) - w7 ’. H G(Z) e-ilty,
"

with H 5(z) < I6(Z) -

1 _ ‘e
(24) H Wy - mf ZG(7) ety _ J—f

~iZt
70 e"itt g,
-0 -00
=0
From (22)

(25) ideey - zer S e ey

N 1 i
f26) lU(t} = m—f Z.G(ZJ . e-lztdz

-

From (24) and (26) n.y(e) - iU(e)
¥e have Proved that y(t) expres

sed through the inversion integral satis~
fies Schrijdinqer equation,

—_—
From Gba' it jig Possible tgp deduc

With I<blufa>|2 = Jubalz -

Lime |

e Uy (t).

(r‘ba

Closjng relation ancerning atom with discrete statesg

i 8nd contanuum E
(27) ZEiin + dydE'h'E'KYE' =4
i

ensemble oF Quantum numberg,

-

'y

Y



_ 9 _

I xample: ﬁbh(l) = (b'G(Z)Ih) = (bl 3—1; |b>

using the claosure relation -

kole 12 7 B YNINE
(28) Byp(7) = 2—mi dE.I“L_ﬂ_L_
1
£

Iy Z-£"

Egy ionization threshyldg

(29) , 62D = 0(2) + Gy Y G(Z)VJ

Very analogous expression tg the one obtained by Feyrman in quantum

electrodynamics.

This famous equation can be obtained by different means. The
simplest demonstration uges operational identities.

Let us use the following expression:
1 1

iy (B-A) =

1
(30) e 3

1
B
If we choose for A = 7 - HD

and B = 7 - Hp - V

Then Go(Z) - G(Z) = -Gy(2)¥e(2)

(31} Therefore G(2) = Gg(Z) + Gg(ZIVG(2) ’

C =0 M|
i Z -~ Ei
By iteration 1 = Gp + GV + GoVGpVGy + GUVGUVGUVGD

G2 6 =g [1 . (VGDIJn]
n

=1

with obviously Gy zp = (Z-wgy-1 6AB Gg has anly diagonal elements.

- 10 -

NON RESONANT TRANSITION

An N arder process (N photon) is represented, to lowest order, by
the Ny term of the series.

A 2 photon transition is represented by the matrix element:

e {1

Grp = <FiGgVGgv6gl I

(2) 1 S VeV 1
(33) Gpy = T Z[——

—u!F (Z—wm) .E-{AJ[

Let us use the expression of G to derive the NP grder probability
of trensition.
The NP order term G(N) is:
6y 6N = 6oty ep) (V) ... (V)
e e e i

N terms

-
(35) We recall that v~ - g n.n.s"

Let us consider the transition between two states |q> and |F>, 158

may belong to a continuum

Hrg(l)
 E———

(36) <flcNlg = (ﬂ'a)wzdlcﬂ fDSGy- - - Ggnds Gglas
e —r——
o

Let us consider the action of the &6,
(37) Ueg(2) = < £| 78 ¢ (N_l%ﬁ... G, m?.’ﬁ lg>
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- 12 -
with g (1) = The calculat jon Tequires the know
1! Z—Hat—hub

(N-l) ’ Mafr “lementg
(38) g, S Ao S

Z'H.qt‘(N‘”h"b Summat jon

cluding continuum myge be perfgr,
T hydrogen that thege calculat jong can b

Accnrdmg to the Telatibn ( 5, )

form the calculat jon of M q
The 2 most Successive approac
1 I N/2 1 .
SEONTNTSI L 1 izt
fg 2m 21y az £ "fg(n Z—Eg & and Tieman technyque
S | I ~iE b ~iEct
N N/2 | e g e~itr
{am) y = — T N — N
rglt) = 33 (zru) Bg-tp) Mrg(Ep) + T~ Meg ()
g g
1089
with MN E =
re ) = o )
0
@ dug eyjz . 1 LN n 2, L= cosm With = ¢ ¢ s
g an? |21, fo n? - o
Probsbility per ynst time is w¥ 10°%e
sec
N N a] 1 I N .L,_*J\—l\,\__lk —«-l—.__‘_;______l.
4. N 4600 800 3
(42) y secf‘ 'Uf-g(t” - 2 — (_.._ (Mfg)Z 5([9__Er) . 000- $200 5400
T an V20, A 4
| . ht;é(}emrarmdcm:sktnun for 8-phoion
by Karule ¢
with:

ONLEANon of H i the sround swace cakularcd
1974) using the Green'y funciion method.

re

s
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He

'o. | (x Xe He - + 3.5 10781 g8 g

N=4 Natt Ne23

RESONANT PROCESSE §
e PRULESSE S

General formalism using gartitiomng technique
F w2
Zem |
-]
10 Iy w

10’ w" ”' d By the unitary property af the evolut jon operator,
Laser lﬂf.ﬂll", (‘d.cn“’) one can show that:
(T>
—w.. O_, F o) pe) = 4 - g 12 - lug (612 lugq(0)12
= N (0112
(¢ ——
Fig. 5 ionization Population of Population of
In order to illustrate the degree of accuracy reached by the fig. 6 probabiiity fundamental state resenant state
theoret ical predictions based gn the utilisation of *he formuls above,
we present khe following table: This is nothing but a conservat ion relatinn.
—_—
l Comparison with experimental results {45) From Telo(td) = 1 one has
(46) Paglt) + prp(t) Peelt) = 1
Owing to the time evolution law for p(t)
(47} PlL) = ult) plo) u*(e)
1.9 1p-50 . ) At time t = p, ortly the ground state LS populated,
c, (48) 0(0) = jgreq)
B 2.4 1p-109 5.3 107709 o8 o3 one has:

2
Paglt) = <ng(t)lq><qu*(t)|g> = fqu(t) f
L

£49)
Aymar and Crance Dppit) = <thIE) e qlUt(t les = 10n (63 4



- 1Y% -
while
{50) P{t) = t
5 (t} P eclt) (56}
1s the ionizatign probabitity,
- _ Z _ 2
(51) P(L) = 1 foggttr! lugpt

The Resolvent Mmethod requires the sum of an infinjite Aumber of

atomic states, One way to avaid such a difriculty is to yse the pro-

- 16 -

Let us establish the equations (56)

- -1
Jector method, developed first by Feshbach (Partitioning Lechnigue}. (57} (2-H)G

This isg underl ined by the expression gf P{t} which requireg only (58) (Z-H)(P+Q)G =1
the calculation of Gag and G, (59) PIZ-H)(Pa)P = p

We will study the evolution of the system described by H, for a restricte (60) Fz-H)(Pra)ep = 0
number of eigenstates of H_ (which wil] foclude |4 ang [r» ). One defines ¢he We deduce:

operators P anpg Q which Preject onto and outside the Subspace Hp spanned by
then eigenstatey. (61)

(52) P =2 o> ca |
1 1

F(I-H)P PGP + PCZ-H)Q QGP - p
QUZ-H)P PGP + QzZ-H)g QEB =0
2 equations containing the 2 unknowns, PGP ang QGe .

From the second, one derives:

T Z-H)P PGP
a(z-ing WZ-HF Pop

By introduction in the first equation;

(63) P(Z-H)P Pgp _ P(z—HJu-ﬁrfgﬁjﬁ-u(z-u)p.fgf = P

P

PIZ-HIP - P(z-H)G _ 1 Q(z-t)pP

0=%-p

Po.pt q - g (62) qop = -
(53) P2 - p a? - g

P+!]:1 PR =-qgr =z p

[H,,P] = (Hy,R] = g
We want to calculate G(7) inside the subspace Hp defined by
(54) 8}1) =P G(I)p
From here we will only he concerned by the Properties and evolution of
E}Z). (e4) PGP -
Starting from G(Z) = Ggl(Z) + Ga(2) v G6(2)

(55) §(2) = 3:537 . ztg%; v BlDp P(Z-H)P

) Plz-H)Q

G(2-n)q

P(Z-Hy )P - pvp

P{Z-M )0 - pyg
0

*n

i

ey

PrE



- 17 - - 18 -
o P (66)
2 deduce: by PGP - G =z 66 . i
We deduce y PR T According to expression (51), we have to derive qu and qu, then
qu and Ugr, it is therefore obvious that the good choice for subspace
Hp is
~
- —a_
(67) That Ri,y = Pwp 4 py 7, VP €.0.F.D. Pz lrocr o |gocgl
(71}

Q=1.p

———

which means that the ground state and resonant state belongs to subspace Hp,

_ 9
(58) R(Z) =V + ¥ 7:n;tﬁVE ¥ I3
T fq+5hw r
. vy

By iteration: ———— (rn (Z-HD-RJG =P

(69) Rgy=vaevl_y, vy B o
(2) Z-H, I-H, " 7H coe T Egtho—t Llet us calculate
. “noon,
Z‘*’: av\n I I_HD-R(Z')
(70} R =V o+ L . 4 ) iR
(2) A I-H, Eq+hv.---
T i
"
R(Z) is called displacement operator (restricted to subspare Hp), wp z'Eq'“mp‘Rgg(Z) _ Rqr(z)
Y

This denomination comes from the fFact that diagonal values of H{Z) ex- |q> Iq> (73) E_1 .
press the level shifts due to their coupling with the E.M non resenant Fig. 7 'Rrg(ZJ Ik ‘("‘Z)Wp‘Rrr(Z)
fields (the so-called light shifts),

fhese relations are exack, there is no apprnﬁimatlon so far, Z-Er—(n—Z)wp - Rrr(z) _ Rgr(Z)

N
By the structure of R(Z} it ig apparent that R{Z} connects two sta- G = x 1
o

tes belonging to the subspace He/jn—between the system js moving in the (74) _Rrg(z) Z‘Eq‘"“b‘qu(ZJ

orthogonal subspace (.

ith D = [Z-[r—(n-Z)wp—Rrr(ZJ] [Z-Eq*nlup—ﬂqq(l)] SR (D) R_(2)

APPLICATION TO A 2 PHOTON RESONANT, 3 PHDTON LONI ZAT ION

We deduce:
I-Er-(n-z)wp - Rep(2)

In order to have a better understanding of the physics we will now (75) " -
75 Goal?) =
describe a 2 photon resonance, 3 photon ionizatjon, Generalisation tg 99 b
higher order process is rather straightforward.
Rop(Z}
n gr
(76) qu(Z) = D



(7m)

- 19 _

RZ) < pwp , py 8.
T

htzy = 2, ealvlisgz
9 12k (n?)
1=(n%)g,

(23 < fvlj><1lvh~>
Rorld) = X LY<ilvies

1 Z-El-q(n-l)usp

(2) lerlvisjz (o
R.(2) - <riviis .
e ; z-fl--(n?nwp

£

-]

Coupling tgq the

discretp Stateg

the fourtep Order
Z

It may he pProved that

(the contribut jopn of the
First orger term jg nul}

¥V cannot Couple |g ¢, g

(It ig 4 2 photan tranaitior‘

from g ¢q r).

l<rlle'>l2 .
Z-E'—(n—1)wp

toup] ing tq the Cont ing

Y4
terms j, v, Rgg {2) ang

R z) h omaller gha & ) ana §2
r * B much gmg er anl!gg(l BndR“.(IJ.

(79)

The 8econd tepm Rgr(z) can be

+ oo B 2
6).{ z'(cr "-v(f;-:)w SRR
P

E

developed according to

L

Mth oy . Tlerlviens )2 8(zgr)

Fig. 8

= R2), ()
(80) Rog = n‘gg + R(S

e

- 20 -

coupling with the Cont inuy,
Ty part expresaing thelekaqe

the cont inuim,

—
o
®
—
[
2
m
s
T
&
-+
L2
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x
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o
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Dt
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v

®ainly thoge
using 5 different method, the effective
Hmiltonian, have deduceg di Ffarent tenus,
the main difference is thgt the 9round

State exhibitg an Imaginary part, gg wel]

vy

1 .
be expreggay es g% -iy
&g g

E

(6} 2
vg = 2nl<g’Rgg>f Eln-3) 4}
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(B1) R _-g (2)+ g4l The non dia onal nen resanant term R(ql is i ; i
gr = Rgp gr 9 £ ’ gr 18 where we have Introduced A - dynamic dntunlnq z L'q ~ E'r. In order tgo
also quite easy to derive, we will give the have a better understanding of these poles, let yg consider the fg]]gw-

> ——— 4 Tesult: ing situation:

I Y‘j (4] - 1ng.Fr)1/2
: 1)

_El A iR
‘ . r ! '
1 j Some prefer tg introduce q = vvgtr:ﬂ (82} M A > Fr,IRgrl fen resonant condition, |et us write 7+ - pe_jr+
. (Nor resppant j

and 7~ - p-_jp-~
ij) —_— A,

with Rqr = /Yg.Fr{q-i], we will see later

fig. 9 on the influence of this non resonant contrj- (86) g = Eg + nub + Ag
bution, which induces interFerence effects between the 7 channels, re- = f

We will consider the one pole approximation to the matrix elements with ag z o | :
9

of R. The max imum contribution corresponds to 7 - Eg + nnp. we will Ar = g

consider only this value, Thig approximatiaon ntroduces a Considerabje

simplificatign, It is quite clear that 7+ jq the dressed ground state,
[2)
Let us define £, = [r+(n-2)mp + 4r ~ Ar = R (Rer ) L7 is the dressed resgnant state,
(2)
£y = Egruy + 4g - Ag = R (Rg§ ) The real part gives the energy of the states, the imaginary part

the width (the inverse being the lifetime).

BgqlZ} and Ggr(Z) can be rewritten (with Tg = 0, for simplification). 7* hag no imaginary part, due to the fact that we haye cansidered yg = g,
for sake of simplicity. It should reflect the width due to coupling with
L -E' +ir
r r
qu(l) = -—*——‘—-————*—f—————-——‘_~2 the continuum, j.e, the non resonant jonizat ign probability (gp),
(-8 )77 air ) - IRyl
I* and 7~ are, generally Speaking, bound tnstable states of the
(84}
dressed atom,
R
e .
qu(l) = E;tET;;E;ITr it ,nglz E'g and £'  are linearly dependent on the intensity, the two lines

may cut. [F the intensity tends tg 0, E'r = b and E'gl = Eg‘
The poles of the denominator are;

T ez lpving)? 4 alr (2172




Erdn.ﬂu

Fig. 10

We may expect a shift in resonances due tg 1ntensity effects, the

So-called dynamic detuning.

At point B, E'g TE'L(A=0), let yg consider thig situation:

Qfa
CROSSING anD ANTICROSSING RESONANCE

We deduced:
@[ 4:0 (dynamic resonance} with  |garf . Tera b (£'g =L') for A-p
One Finds with these conditions:

" -E . [(R )2-11:_]1/2_ e Ny
(87} 9 gr 4

2

r r
- 2 ;
z _Eq'[(Rgr) -TL]'i+

It is quite remarkable to under]ine that

+ at dynamic resunance! E+

and E” are never equal. The real part of the dressed atomic states
————2"& Never equal
present an anticrossing hehaviour, ﬁ’ﬂ

- 24 -

)

r
SRR R IRy 12)1/2

r rt
7o+ (- IRy 19)1/2

Z-:E'P_j[

E* - -, The real part af the dressed atomic statesg present a crossing
behaviour, (f? ‘fOJ

—_—_—

T

e

il



(R”r) and ' are proportional tq I. The anti-crossing situation pre-
valls for a 3 photon ionizatjon, for any value of { (see page 26). A
Crossing behaviour is presented on page 27, it is a 4 photon lonization,
three photon resonant .

On both figures, Lhe energies are represented for three different
values of the photon Frequency.

The curves have been determined by Trahin and Gont yer.

We have everything required to derive the jonization probability

according te

1441195

. ! -iZ2t
(89} Ugg = EFT'_I‘ Ggq'2) e dz
ar » gr

Values of qu(z) and qu(l} are given on page 21

I-E' + ir .
qu(t) - Z Aeg — L ' e—lzt
- (e-2*)(2-17)
(90)
) R E—th
Ugr(t) = 2. hes —@r ® _
7 (Z-72%)(z2-27)
. (1+-£'r+jFT) exp-iZ™t (7€ il ) exp(-127t)
u t) = —_— +t — —mm——
99 - - - g+
(91)
- I
Ut - Rar exp{'IZ v Rgr exp{‘lz t)
gr - + -t - +
M -2 I~ -7

From which according to page 15, after some calculations:

1 + ot cy—p 42
o I £ il ye-iZ*t e —iZt
(92| P() = 9 72 U £ ifpemiz®t (o il Jexpil Tt

. e 2
. |'Rgr|2|E"z+t - e-iZ7ty) J
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Fig. 13
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The classical expression that hag been widely used is (derived from 92):

[
e~ (M4l g
(9sypPty =1 - 7 "% a 8in h(I*-T")t + b sin h(r*.r-)t
(E*-£7)24(r*1-)2

- ccos(EY-E"}t - ¢ sln(L+-L-)t_}
This expression is valid at any order N of multiphoton process, The
difference is taken intg account by the constants appearing in P(t),
let us examine how P(t) changes at resonance from a Crossing to an anti-
CTOSSEiNg situation:

1

T
ﬂ:ﬂ.IR } > -l;, anticrossinq resonance.
s qr 2

After some caleylation it may be shown that:

-Ft
e

- 2 z2
{94) P{E) = 1 = [Q(Rgr) - 'l cos 2t - F'e @ s1n Q)

0l

; _ 2 211/2  represents the difference £+ - -
(95) with @ = Lath)? - 1) rep

between two energies of the dressed states, at the anticrossing point,

it is very analogous to a genersl Rabi Frequency of the 2 levels coupled %
by the E.M. field. 0ne notices that P(t) ig oscillating at this very
frequency,

For amall time intervals at t <« /e, P(t) = t - e_Trt + The expo-
nen! tal ronstant being directly related to the life time of the dressed
atomic states (I'*:I'"), we are considering a systenm having two levels
with small iosses.

|
.

T
r
(:) A=0;|Rgr! < E‘ s Crossing resonance (E¥=F- , T+,
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flmay be shown that: if 20 = (1] - a(p,)2)1/2 (96)
-let
e B
OD Py 21— [-a(nqr)? *+ T ch @L - T, 2 s h Q't]
2

ftiere is no oscillating behaviour when the resonant level is mare

strongly coupled to the continuum than to the ground state.

2
To sum up, let us consider: Q- [ll(Rqu2 - Frl1/2

For 92 >0,

[9) and [cj strongly coupled,
the system oscillates, and leaks

slowly in the continuum.

ir] and |c] are strongly coupled,
the oscillating periond is longer

than the damping term. No oscil-
i

! lation can be sustained, Each
t

I particule "arriving” in |r»> is
P

,ﬁ(f{l"f P‘/;_ immediately ionized !
Fig. 15

(:),A big with JR_ [ << T, ,

After a short time, P(t) = 1 - e Wt o0 Fpt >> 1

-3 -

zrln, 12
(98) with W= —_F 9r

(rate of ionization}

Lorentzian curve

For Wt small

P(t) = 1 - (1-Wt) = we

Fig. 16

For 3 photon jenization: |R

2. 2
gr| o |

Dut of resonance & >> T'p , W : G photon process)

At resaonance A =0 . W

It is quite interesting Lo notice that if we introduce as we did earlier

the non resonant contribution of Rgr y i.e.
(z
r i} ith 15551__
Rgr =Y 7g-Tr (a-i with q = ==

with

If q is not too big, W Bppears as an asymmetric curve Fano profile due
to the interfe rence between resonant and non resonant paths, this does

not show up for large values of q.
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2 2
2y (Ry)
In such g cage {9 large) w . “Y9 9° A -

EZ+1 9—1-1.['
r? r

r

{valid for q >> 1)
r ~

and we find the PTeviayg expression with ng asymmetrjc effects (98).

For 4 : 0, we Tecover the value of 2 page 28, (95)

photon Cesonence pn intermedjat e states (7 p1/2 and 7 P’/z). F. is

smaller than Rgr » this corresponds tgo an anti—crossing resonance,

50

tns
-b.

-1 -
do * 0 ¢cm -— o = 21946, 66 cm !

Fig.17

Pth
10?
0’
o 30 00
LRI T LS ',“
LT IR

B

e
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These authors have also studied the influence of the interaction

time T ap resonance from 19-14 sec. to &0 nanoseconds,

Jacven o o,

21500 22000 22500

Fig. 19

We notice thqt for T = 1p9-14 sec., there is ng resonance effect . The
explanation hoids in the Fact, that at such smal) time, the dressed ato-
mic stateg experience only few Rabi oscillations, the resonant condj-
tions cannot pe established |

The authors have also studied P(L) For very small time.
We observe two different regimes, at small time 3 dependencn - 3
later on a t dependence, with the Bppearance of an oscillatory regime,
S5till later & saturation appears and P(t)——-4, ground state jg comple-
tely depleted, The only part where a rate of ioniration can be defined

corresponds to the ljineqr regime.

Jaouen J a[.

The critical time torresponding to the transition from t3 tq t, is

6 1/2

o e, =f — 86
< A2+4lerl2

It may be noticed that t3 can be forgotten and that the process can be
conveniently described by one rate process {which gives the dominant
contribution to p{t),

Let us magnify the quantum beat reqime.

Let us remember that pulsation 2 = (A2 . ﬂlngr'z)'/z pege 31 It ig
quite apparent on the Figure that w increases with A, (f;J zfj

The whole pictyre being congistent with our previous remarks: the

system presents Rabi oscillation between the dressed non Crossing atomic
states.
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Jaouen J' a/.

fig. 21

They Progressively leak in the continuum, the oscillat jons disap-

Pear, gaturation ig reached, ground state is completely depopulated,

POPULATION oF RESONANT STATES AND CONTINUUM
T ————""2A't5 AND CONTINUUM

In order to have g complete view of the vitustion, we need an
ilIuminating insight on the population of the resonant state.

e calculation concerns 3 phaton resanant (6F atate), 4 photon
ianization of cesium. Thig carresponds to Crosaing resonance (no ogcil-
lation for A = p).

What is remarkable in these results schematized in fig gz of page 36
is the following obser;ation:

When the linear regime for N*(t) is reached, this corresponds to a

plateay of the densitz of population of the resonant state N, which

e

=
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remains constant until the ionizat jon saturation gets in, then n, falis

back to zero when n{t)—e1. In the resonant regime (platesu), transi-
tions are such that the jncoming Flux to the resonant state equals
actly the out flux to the cont inuum,

>

2

ex

This has heen Numerical |y
l‘p
rl'

as well asg for N*(t), There ia no oscillation, ag expected,
Far & ;- p,
Figure 23 gives the same evolution for | - 2.1018 Wemd,

re is 103 times larger, piateay is reached for timea 193 smaller

and expected totai ionization sets in much sooner.
General behaviour of such procesges enl ightened by these numericai

results js conceptual by gimpie,

EFFECTIVE HAMILTONTAN METHOD
TR NCAN METHOD

Let us consider the total Hamiltonian
H:HO+V
with V - Da 4 p*a* (interaction Hamiltonian).

Let us consider the dressed atomic states;

initial state: fg. Eg + N>

final state: IF, E « (n-N} >
resonant state:'r, E. + (n-p)>
—_—

quency w and phase Yit),

- 39 -
Close to resonance, the absorption is deg-
cribed by:
1) a 2 stage process (a) p photan absorpt ion

described by an effective Hamiltonian Hp,

L]
(b) (N-p) phaton absarption described by z

HN-p‘

2) a direct process excluding the resonant

Fig, 24 state |r» described by Hy-
The states are fon-degenerate, ang one single cont imyum is introduced.
©
(102) Hy = [g|q><g' + Erlr><r]+f EIFE><fE]dE
Ee
Let us introduce P ag we already did, and keep only the BRergy-
conserving terms in the Hamiltonian (rntating-wave approximation) b
o N

Hyny = !r><r|Hp|g><g|+ u)le><fEIHN_P||r><rldE
' (=]
+
EG

+ lr><rlHDIr><rf +

(103) |f€><fElHng)<q|d£ +C.C.

lg><qlH, g5 <)
HINI is the Hamiltonjan describing the effective interactjon,

IFR -v & VAG, Qv + VQELQvaG, Qv 4+ ., (displacement operator) (g9)

(104) W0 - vgg vy .. (even terms),
In fact H
RND

RD

INt=PRND p oD,

non diagona) elements of the displ acement operator,
“w " "

diagonal
At the loweat order if we introduce the E.M. field of intensity £, fre_
we get for the matrix elements of the Hamilto-

nian interactipn HINT'
qIth;) = K exp [-ipluter(r)))
L e,(p[--i(N-p)(mt+,!"(t))]

(105) <felHyplrs =
<fg 'HN]’> = I exp["m(“" teAL)))
8Fy = <glHPlg > |
BB = <r|WD|p » i

%
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dressed atom,
e <, Hw | 1Y
(a6) gy L ag(t) expmibylt)) . ap(t) exp=i(Epepulty
+ Sg(t) expiltgehulty, it

The mot jon equations gre abtained by the usual proceduyre or projection:

“alé> = 4 - 1ika, . f dg Jpag )

(107) erlps < (ap - idpa,) = } (K a, +f dELEaE]
E

dﬂ@>:(%-—m5%)

H
—
—
™
]
=]
+
-
™
o
-
-—

n, L
thhﬁr:Eg-Er+pw

(108) i
AE = Eq - Ei + No

the system can be solved far aq(t) and a (t}, as we have already seen,

the number of ions produced is:

(109) Ny f
£

4 4
dEla; (\)= N1 - la, (0)f- lag (t){l}

2

The second expression is easier tg derive than the First ore, Hy deve-
loping the calculations, one finds the resylt Bppearing on next figure,
One must remark that for smal] T, the Rabi oscillations between the

coupled states do ngt appear, the non resenant channel jg competing with

the resonant ane, setting asymmetric Fano profite,

-4 -

o2

Get

0.5

.1 _6_‘_
~—=7 , Wt

-3 -2 -1 O t 2 3

CTC[ nce j en EUi/l&
4
Fig. 25

With 0= (2}

1) When © < 1, transient regime,

2) For © > 1, continuous regime.

3) Curves correspond Lo 3 rectangul ar pulse.

4) Nd is the number of jong produced by pure nan resonant effect,
5) When 0 jg not toa big, the interference between rescnant and non

resonant processg 8ppears in the characteristic Fano profile.
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COMPARISON OF THEQRY wirH EXPERIMENT

We will |imit ourselvea to few examples. Let us consider figure 27

} photon resonant, 4 photon ionization. The Tesanance curves ate show: 5

on figure 2 Zfor four different intenaities. The laser pulse duration is 10 —
15 picosecond (lager bandwidth 1,4 cm=1). It is remarkable to notice
the shift in resonance due to dynamic Stark shifts, J

Let us compare the'intensity dependent shift with theoretical pre-

-

dictiona. 4

10
AE (em™) e
[ Shift of the resonance peak ner

o 10 -

,/
6Fg,, ,~_TRAHIN et
. GONTIER

‘*,L"—‘ :CRANCE

1 10

1 |
w3~ LomPRe MAINFRAY.
p MANUS . THEBAUT Lcm,:ré dal.
MANUS, THEBAUT

‘/’efP Laser tntensity 10
W} 2.=15.10-125

[}

!

!

i

]

|

,' {b)
! 8

[ 11810 yy/cmz
|

e R
(a)
Fig.26 '
There is snother way to describe fesanance, by plotting the change Laser frequency
in intensity at constant jon rate production (N 1 | | l I | f p
: e

9440 9444 89448 —
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f k- 8Log Ni
Slog |

30 |

20 -

Trohin, Genfier

N=4

Crance 0

1]

0 10 20

=30 -20 -10

M_d_ﬁﬁ__i__
W 5 0 -5 Resonance detuning {cm-1)

Resonance detuning tcm™")

Fig. 29

Fig. 28 Calculation has been done by Frahin and Gontier, they have taken inte

The theoreticg) turve has been derjveg by the Effectjve Hamiltonian In all thege Comparisons an excellent agreement between theory and
methad (AgF), experiment jg reached.

We may conclude that the theoretieal approach descrlbed, 83 well as

—_—
the ABF method (Effectjve Hamlltonian), 1s perfectly adapted ta the un-
d Log N,
The dependence of K = E-Log I has been studied 89ainst resonance derstanding of resonant mult iphoton Process. we hgye pPresently an ex-
detuning. cellent control of the basic physicg related tg these highly non-1inear

process,
But so far, we have only been concerned with interaction with ane
photen of one frequency (pure monomade coherent behaviour), we have to

quest ion what waulg happen in the c83e of a whole set or Frequency, of

an "incoherent® beam interact in, with atomg 7
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INFLUENCE OF THE COHERENCE OF LIGHT

- 47 -

let us begin with the simplest approach and consider g *
light beam.

chaot ic"

N
Multiphoton ionization ig proportional tg (l(t)7

<[?t)> :J.il(t) STV T gr Loy N
T
1 Q

(111
N
<](t)> is proportional tg the Nth

order-coherence of the light, fN = Nt
In the case of g pure coherent monochromat jc beam

y where | is non
Fluctuating, in the case of.i(t) =1

s the probability of Multiphoton
ionization is directly related to }N.

t

coherent beam ——— — 3 -IN
Prnhabilily of Multiphaton absorption
Fig. 30

I{t} is fluctuat ing erratically around a mean value of the intensity I,

Gaussian incoherent
It can be represented as a sum of an infinite number of waves with

—_—

beam - : N1 N
(of same mean value
of the intensity})
fluctuating independent phases,
Let us consider a random walk situation corresponding to a Gaussian
distribution of the intensity I({t} with p{l}) = - e-1/1
I (1o}

M.A. (chaotic light )
" = !
M.A. (coherent light) N (1z)

This very simple although dramat ic increase may be derived by a pure

quantum approach rigorousiy, result is the same.

The temporal fluctuation of a laser beam can be described by:
1) = Ty.6(e).ice)
where fh is the maximum time averaged intensity,
G(t) is the normalized temporaj distribut jon Function envelope of
the laser intensity,
Fig. 31

e

-

s

R
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it} ts a stochast ic Function related to the incoherence of the
beam Intengity,

On next fiqure, g coherent monomode beam jg shown, as well a8 an incohe-

. ’
. ;

— 20 ns
rig. 32

Let us consider a pure monochromat ic coherent light: IC

Ie = ly.G(t)

Y

C

rent beam

the number or ions formed by N order multiphoton abserpt ion

(coherent light},

N Bf[ﬁc?'t}dt (113)

In the case of an incoherent light with same temporal envelope:
. N N N *
- iNgt - ; -
‘4/;”.: = B_/.l" G(t) < 1dgt = Jy:oh s SR(pye L‘Mcnh . fN (114)
In the case of g Gausaian chaot ie light, fy = N !

f(incoherent light) :|Jr(coherent light)-fy (115)
The increase of ionization due to the change in temporal Cuherence wily

give a direct Measurement of the N the arder-coherence of the light.
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COMPARISON WETH EXPERTMENT
L AT EAPERTMENT
The demonstration of such an effect js given in Figure 33. We have
plotted, in the case of a four photon naon resonant 1onizatron, the num-
ber of jons against the intensity, by using a s81ngle mode laser pulse,
The laser is then operated with a large number of modes {phase indepen-
dent). The UPPETr curves show an increase corresponding to 4 ' for each

value of the intensity,

Multimode
laser pulse
(3 GHz bandwidth)

fons {ard unitg)

Single mode
laser puise

LOn-fm' d al,

Luser inbensity (aep uhitsh

Fig. 33

The most dramatic experimental demonstration af these effects hag

been performed in the 11 photon lonization of Xy atoms by varying the

mode structure of a Ng glass laser praobe From 8 single-mode to 160 modes !
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Fig. 34

C lecowrre o a.
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ry -

The enhancement of the number of jons js plotted against the number
nf modes, or the inverse of the coherence time in sec {Fig. 34),

The number of ion is increased by nearly 107

A comparison is made with a calcylation assuming that modes are
phase-independent , Experimenta) velyes are syatematically smaller than
theoretical prediction |

The difference could be due to phase~locking effects between ad ja~

cent modes due to the high—intensity field appearing in the laser cavity,

W

¥e have just examined the rdle of coherence on non resanant M.P. Let yg

examinge the same process in the case of resonance.
COHERENCE EFFECTS IN R.M.I.
=215 IN R.M. 1.

On figure 3% the Fersonance curves abtained with incoherent lager
pulses are observed to he shifted and broadened (b) with regard to thase
(a) induced by coherent pulses with the same average intensity,

The statistical enhancement of Lhe fesonhance shift jg clearly de-
monstrated in figure 3& which shows the 2 jaws of variation of the resg-
nance shift asg 5 Function of the laser intensity, with a coherent puise
(dashed line) and an incoherent laser pulse (full line).

The difference between the 2 lines gives the additional shift dye
to the laser intenaity fluctustions, t.e. 3,6 + 0.3 cm~1,/Gu/cm2.

Ibr ratio between the 2 shifts ig ~ 3,

sy
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BOUND-BOUND MUL TIPHDTON TRANSITION AND SPECTROSCOPY
Doppler-free transition;

¥e wili consider mainly 2 photon transition, accarding to figure 3%

Erargy

|
, L™

Fig. 37
The transition From Eq to Ee depends strongly on A*ﬁ'
If we consider the First photon absorbed, the atom, because of the yn-
certainty principle, stays in the J level a time = 557 + The two photon
transition takes place if a gecond photon isg absorbedjdurinq the time
spent by the atom in the J state, JFf &mj 15 reduced the time increases
and therefore the probability also increases.

Many different spectroscopical ang collisiona) Properties of the
excited states Formed have been studied. Lines are broadeneqd by Doppler
effect, ali the Experiments have been performed by using a Doppler-free
method,

-

The first order Doppler shift is Propertionai to k.¥, if the direc-
tion of the light is inversed, the shifg is —:.;.

Let us consider a 2 photon-transition between Eg and E,. In its

-

rest frame, the atom interacts with 2 opposite travellinq waves: wak,y

s
and w-kV,

- 55 .

[F the atom absorhs one-phaton from each travelling-wave:

. e .
£, - Eg = Eeq = hlw + kV) + hln-kV) = 2 hy (118)

~ All the atoms, irrespective of their velacities, can absorb 7 phatons -

- Tneoretical two-photon line shape 1p 3
BN StandTng wave

The superposed Gaussian curves jig due to the absorption af photons From

the same travelling wave,

Some important results have been obtained:
(1) in 55 o D transitions in Rydberg atomg from n = 25 tg n= 45 (by
thermoionic detection) . (Coiling)
(2) in 15 - 25 transitions jn H (1S Lamb shirft and 15-25 isotope shift
has been measured

(3} collisional broadening and shift,

vy

=

P

g
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__ Energy diagram of <odium showing
a two-photon transitions which can be easily
observed {the wavelengths of the optical

500 MH:

b CaJnac d al.

— =,
Laser Frequency

—_ . Expermenta) recording of the Doppler-free two-photon transition 35 - 4p
n sodium (f?uorescence intensity vs the laser frequency}, It shows the four com-
penents predicted in Fig.4.6. The small Doppler background produced by absorption
of two photons of the same travelling wave can alsgp be observed (4,728)

—

N\

transitions are indicated in Angstrom units)

Na Xe

35-4D /‘wﬁ, pressure

Hl tarr

Na(35-4D) colliding with

X, at different pressure.

’ Loser frequency

75 Mhy

Cajnac g d. e

Theoretical approach

Let us derive the population of the excited state and appreciate if
the light shift plays ar not an appreciable raje in the type of experi-
ments we have described.

The problem is well suited to the use of the density matrix equation,

it is written:

d 1 a_
g PR LMy +RY, o 1 - (dt p)rel. (n7)

R is the displacement operator. It can be seen as an effective Hamilto-

nian torresponding to a 2 photon-transition,
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fhe laser electrical fField jg E(t)

- the saturation width of the 9~J and j-
~ the 2.photon detuning i?ﬁu—[egl-

The jnteraction Hamiltonian is ~ DF
+

Fe is the inverse gf the radiat jyve

lifetime of e laye}

d
{119) (dt DGG)re1 = T.o,,
d N Fog =T
(dt eg)m T egleqg #9 " ez

in the steady atate regime, let s

calculate the steady state solutiogn, Ir Ny is the number gf atoms ju

the le> state,

N0 number of atoms in the focaj volime:

2T alsz
= Dee(m) H 9

32] =

(120)
(Eeg +5 - an)2 , 4 r§§(l+az)

- 59 _
S is the light shift.
£ 1 D ]
5 = a [<eiR les- <g|R fg»]gz (121)
2 Nl n2)2 1 i ;
and a® = | g|g fg): { {saturation parameter) (122)
RS Te Toq

The width of the 2 photon absorpt ion Iine~shape is reg v 1482 |
We dedyce that the eXpeT iments mygt be performed at lnwzg, in order

to have g Lorentzian line which is not enlarged by the saturation para-

N
meter g, NE b 10-6tg 19-8,

o
¥hen a <1, the shift is normal ly mych smaller than the natural

line-width,

Faroﬂ photon it may be calculated that the light shjft is 100 times
largerI of the order or larger of the Doggler width. Thijg is the funds-
mentaj limitation of multighuton sgectroscoez.

TRANS I T 1ONS IN THE CONTINUUM
T =2 & CONTINUUM

Some experimentalistg had obgerveq, emission of electrons having

energy higher than required by energy Conservation, Evang and Thoneman ,

Martin ang Mandel, Hollis, .,

The questian arises: pan photon pe absorbed above the thresholy
ionization ?
e -

such a question,

™
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let us fipst twagine what shoyly happen F something |jke muliipho-

ten in the continuum shou| ¢ exist. The

COUNTS/S50 LASER PULSES
absorption of N.g photons shoulg rreate a 3720

100

discrete spectrum of eler:trnns, each peak

1C3 ~—

T J\r(El being separate from the olher by an energy 3/2.1
_; equal ta the Energy of - pint,. Agoﬁﬁn; C‘t Q[.
(3> e
J 8 72,0
Fig. 41 50 3/22

This is what may be seen on the next two flgures.

Theoret icaj descriptign
————=x31 descriptiop

Let us simplify the problem ang consider the following situaliun, a 2 3 4L 5 6 7 E(Vl

three-gstate problem, The atom is ionized by absorption of one photon,

P‘/z . N=12

and by two-photon absorption. The discrete state is coupled to twg dif- P]/2 =1

ferent continua. 1t jg warth noting that such a problem had been al- r

ready encountared jn molecular physics and the theory given by Jortner :(rﬁir- et dl
N+1 - N

e e

and Beswick, . ,

These states are describeg by:

) . Xe] A = {06/1-"

I¥s = cytas o dEqpy (4 o, ley +de202(L2)L‘hsz2> (123) e
Two methods may he successful 1y applied, the resolvant or . the effec Ne2 h—h_v__‘

tive Hamiltonjan, In order ta preserve the unity of these lectures we

will restrict ourselves to the firgt one already used in chapter one (Resolven:

Fig. 43
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With

Ce (t) =

We use § - GUVG + Gy

With Go(e) - 1+in n o g+
o

By (126), we deriye

'dd and G1d'
in the cont inyyy,

1 v
Cagl€) = —0

de
E‘Ed+in+ E"Ed+ir7f d[1 04 GTd(E) + ‘Téd*'iri dfz 5P} GZD(E)

v
{12q9)

. 1d Y12
Gygle) E:E;:Tﬁcdd(E) + Etf;:;iI.dEZ P2 Byy(E}

v v
- 2d 21
sz(E) = —'_~'—-E_E2+inﬂdd(f:) + meﬂ[f Pq GTd 6[}

Let yg defing:

[ = a”vmfzﬁ

{129)
[az = Zm"’dzlzfz

each contingug,

12 = n2ly,, |2 105 (130)
it can pe Considereqy a5 khe

to the other

r + I
We introdyce Td = 9z

1
Mgl e 1

Eq - Dy + 177 Fd

EE]

Faz + T r
Pot) = daz dl T12

It
Fd (1 +r

- ~d
'2)2 {1 exp

con

sider transitjon from jd> ¢q 1)
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Physical Meaning of (1p)

-T
dence exp

(2) The hranchjnq ratio of the 3 continua g Qiven by R

e P T Ty, M2

(135)
P2lt) gy s Tar 15

where =0, [ERLE (136)

If 1]2 ts large , g . 92 (137)

A slrong coupling between the 2 continua indyce an inversion between the

pPopulation pf the continua,

(3) 1t s WOrth noting that as:

oo T e Ty,
gz a2 (138
1+ r12

Ty is reduceg when Ty, ceases to be negligible, Caupling between two

states of the tontinua reduces the depopulation of the groung state,
This resyijt could not pe obtained classically, it underlines an inter-

fering effect betwean the population of the continua,

- &Y -

When mare elaborate and complete caleulationg are performed {Trabin
and Gontjer, Crance) and values of FN+S are derived, it jg shown that
UNeg = Fyr (for Tyt only one continuam |s Populated) fgr Nt - N+S,
whatever 4 may bhe,

This can be uvnderstood in the following Way: characteristic 1jfe
time nf a gtate of the continuum is mych smaller than g discrete state,

i.e. Ip-14 to 10-15 5er, this isg the same order of magnitude than the

the continuam, if the intensit! 15 not too large, and if only one elec-

tron is involved behaves 1ike "classical trangitiong" below the cont inuyum.
This was experimentally verjifieg by a study on cesium (by F. fabre

el al.,.
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Z: gives a real and imaginary part representing shift and width af
APPENDIX F R

IR> due to the coupling with the continuum.

Ty

A : . : . . . ity)
T Yei vz neglect in Firgt approximation the shift (low intensi
/_QUANTUM THEORY oF 2 PHOTON PROCESS / (with ionization)

F> —d— ey
@

d
[

'R> ﬁém &

Width ip = oI (single Photoionizat ion of state IR:)
according to p, Lambopoulos, Ray {13%)

The basic equation jis:

(Z-wr)Gpry = 1+ vpae Gpy (147)

Let us consider Gry and GIl

oy
©
19> ——— Gy = Gep (fey Ve Gy (140)
> ° | ) (a1) (Z-ug-iTR) Gy = Vg Gy (148)
. G =6 1« v 41
Fig.44 I 11 e 1M Gyp .
I = |q,n> it
absorption of phe photon excites state Ie
F=lrnaz> - il
' b= — 2R AR (149)
State Detuning js 4 = 4. (wpmog) = w - tag (142) ! (Z-07)(Z-ug=iTg) - (vg)?
The near resonant state |R> = frln—1 > must be considered,
Other non resonant atates of Same parity have to be considered |Bs - Yol (150)
Gy =
lb,n-1> R1 (Z—mIJ(Z-—wR—iFR) - (VRI)Z
Ig) + IR), 'b) -+ 'f') i
Roots af the denominator are: ;
Selection ryleg allow single-phaton transition:
¥r1 = 0, Yol Vel YrR, Vpg are nof-vanishing, 11-: ;~ (mI +ug o+ ilfp) + (a4 iFR)z + 4[VRI|2]f(151) ;ﬁ
The M states correspond to R, and the ensemble lB) . )
Let us introduce GRI
v ¥
2wy = 1 4 vyp gy +§,’ ¥186a; (143) ; ; ‘R RL (152)
By intraducin = "
. Y s | (ZwpN2-7%)(1-7)
(Z-up)Ggy = vpy 6yy » Yer Gry (144) () in (3)
(Z'QF)GFI - VFR GR[ + VFBGBI (145) From which we can calculate UFI by:
Let us neglect the contribution of the B non resonant states
Solving (3) for Gpy and aubstituting into (2), gives: U (D) = EILI fe'lztﬁ(l)dl (153}
2 [N
Ivrgl
(Z-updigy = vp, Gp; +Z T (146)
= F
We can replace 7 by 4y because it jg only in the vicinity of wp that ' '

this value ig significant ,

P
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From which

1 expllwrt pr'lz‘t exp‘lz_t
U ple) T = ViR¥Rg ‘f;_ﬁ__H+_¢___ﬁ___ﬁ_+_ﬁ‘ — J{154)
2m (wp=2*) -7y TASUSYFLWES (0 17777
i (wp-Z*Y j(u’,_——ZL)t
- hupt PR YR trexp! I g
ety = exp — e —p1y
Larirg)2 o 4y, j2)1/2 wy -2+ we-2"
T2 = [+ irg? (Vg 12172
It is easy tg check that where the detuning ig dominant jn [*-Z*, out of
resonance tonditions, we Find:
1 v,y 12
W= im Clugio)z . —E R {156)
R A

- H'
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