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We derive and discuss the hehavior of severnl multilevel madels relevant to the problem of medec

ular multiphotem excitation under the action of » quasrmonochromatic taser field, the ainplitude of
which rises dlowly and fallx rapidly on a certan ritcenal time seale Onr method 19 austable for the
numencal solution of problemy involving the adiabatic excitation of large multbevel syaiems We
find adiabatic invertion to be a geneeal characteritic af the maodels conudered The fuct that acha-
batic inversion is accompanied by marked quelitative and quantitanive changes m the expectation
value of the dipole operator makes our resulty useful for understanding the propagstion of laser
pulses. An exphcit expressnn that is especially convenient for numerical evaluation is presented for
determiming the limiting internal time scaie, which is determined by the energy levels and tranaition
moments of 1he sysiem and the laser frequency. We illusteate the cnterion for adiabatic inversion

hy applying 31 1o & particalar multilevel model

From a denuty-matax (reament we conclude that

coHisnad damping deviroys the coberence roquited for sdisbatic tnvernon On the hans of our re-
wilts we helieve that the athabatc approximalion may he appropnate for swome experiments of

Lurrent nkeveat.

I INTRODUCTION

Methods for achieving selective excitation of atoms and
molecules have reccived much atlention dunng the past
decade, chiefly hecause of the potential spplications of
these methods in spectroscopy, laser chemistry, and laser
isotupe separation.’ In this paper we discuss the physical
principles of a method of adiabatic excilation in which the
laser electric ficld amplitude is varied slowly in compar-
ison with an internal response time of a multilevel atom
or molecule. The systems considered here consist of a sin-
gle ground state with bands of closely spaced levels lying
above it [Fig 1). Such a system is a schematic representa-
tion of the energy levels of many systemns of physical or
chemical interest, such as an atom tin which the splitting
of the sublevels within each band results from the fine or
hyperfine interaction) or & molecule ¢in which the split-
tings result from vibration-ratation and anharmonic in-
teractions). We find that sdisbatic invertion, in which
population is transferred from the ground state to higher
encrgy levels with nearly 1009 cfficiency, is a universal
chrractenistic of these aystems.  Furthermore, the degree
of excitation is sharply Frequency dependent, making adi-
abmlic excilation = peasibic candidate for use 1 laser
chemistry or isotope separation as well vy in the selective
preparsiion of states for speciroacrpy. We find slso that
adiabatic inversion ix accompanied by substantial chango
in the index of refraction of a gas crmimning the active
atoms or molecules. 1n addition to afTecting the propaga-
tion of a laser beam through opticatly thick ssmples, these
changes may afford a means for detecting adiabatic inver-
qion.

Adiabatic excitation 15 accomplished through irradiat-
ing an atom or a molecule with one or more lime-varying
lields whose frequencies and field strengths vary suffi-

it

ciently slowly lor the system to adjust continucusly and
revervibly to the new conditions, but sufficiently rapidly
1o avoid disruption of the necessary alomic or molecular
coherence by collisions. Because of the reversibility of
adiabatic cacitation, a nonadiabatic change of conditions
is required to preserve an adinbatically achieved excitation
after the cutoff of the pulse causing the excitation. Such
a nonadiabatic change <an be accomplished by a sudden
cutoff of the laser pulse, as well as by other meoans.
Adiabatic excitation through slow changes in the taser
pulse amplitude as considered here ocours or can be in-
duced in many systema of current inlerest. Expeniments
n which the atoms or molocules of an atomic heam ca
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perience v gradually rising {(and then falling) laser ficld
ampliuude may satisly the conditions for adishetic excita-
fion in some cases. As we show below, eaperiments on
multiphoton excitation of low-lying vibrational states of
polystomic molecules may be better descnbed in the adis-
batic approsimation than in the opposite (sudden) approx-
imation, in which the laser dectric Ficld amplitude is as-
sumed to change msiantancously from zero to s finite
value  Finally, deliberstely induced state-selective adia-
batic inversion in molecular or atomic systems may find
applications in I-:r clncmulry and nntope separation or
m st and

Adiabatic encitation is well km‘m in the field of nu-
clear m ., where adisbatic inversion ([ast

servables, such ms the expectation value of the dipole
operator. In Sec. [H these results will be applied 10 some
model systems. In ow previous work ' and in 1hin paper
we consider apprecisbly more complicated systems 1han
previous suthors, and show that sdiabatic inversion is mol
limited 10 & few very smple syslems  We slso evalusie
the polarization as & function of laser ficld strength and
frequency. an obwervable not considered by previous au-
1hors except for two-level systems. We find that marked
qualitstive changes occur in the polanization as the field
strength is raised to values at which adiabatic inversion
takes place Section IV wddresses the question of how
lluwly a pmnrhnl field must be vaned to be within the

passage) takes pluu when a de field producing an energy-
level splitting 13 slowly varied in such 5 way m 0 move
the resonance of the sysiemn through the frequency of the
applied rackofrequency field.! The adisbatic approxima-
tion was applied 10 8 Iwo-leved stom by Treacy,' who
found that adiabatic inversion could be induced by o nser
pulsc whost frequency varied slowly from below reso-
nance 10 above it (or vice verss). Trescy and Demaria®

An explici aspecial-
Iy mvemem for numerical evaluption u developed lor
determining this imporiant restriction. The expression is
not tied 10 a particulsr number of bands or kevels, and
while we limit ourseives to variations in & single laser field
sirength, the critetion 13 ensily generalizod to include van-
ations in laser froquency or an externally applied de Field.
We apply Lhe capression to one of |l\e exampies of Sec, 111

later confirmed this resull experimentally in NH, and
SF,. Crischkowsky and Loy inter predicted adisbetic in-
version on & fwo-photon transition using varistions in
ficd srength slone.’ Owne- and two-photon adisbatic in-
wralon was demonsirsted experimentally by Loy wsing »
de Stark fieks to shift the energy levelt during the pulse '
Maore recently, Hulet and Kicppner demonstrated adisbat-
ic inversion using the Rydberg mates of lithium.' Using a
de Stark fiekd 10 shift the energy levels and s microwsve
field 10 induce iransilions, they were sble to populate the
A= |m | w19 states with nearly 100% efficiency Cour-
Lens ndS:nten-dcnedlhﬂd-ﬂ:mmum
in their ‘, is of and
fluorccence.” The Uhcoretical work of Kur'min and
Sazonov is of particular imporiance.'®~ ' They applied
the adisbatic approzimation to » nember of multilevel
SYStems using m-i-lia-ofﬁddmumhnknn.mdfmd
adisbatic inversion 1o be a comnon pbmnmam They
also noted its sharp fi » = a pomibl
b-nl'mi-:hotqum A somewhat diffarent
approsch was takea by Hioe, who considered adisbatic ex-
citation welng the demsity mustria, and conservation bawy
on the trace of powers of the demmty miatrix.!”” He found
adishatic isversion cowld be induced in ladder systemas us-
ing simultsseous vasiations in fidd strength and frequen-
cy of incident lesst pulpes.

In thia paper we dative and discwse the behavior of
scvern) mullliovel modds relevant to the probl of

and pare it with » lime-dep I solution
of the Schrodinger equation in order to verify its validity,
and give some insight into the consequences of violsting
1. Based on the results of this example we believe the adi-
abatic approzimstion must be taken scricusly when
evaluating the behavior of mullilevel systeams for many
laser pulses currently in use. Finally, in Sec. V we clarify
the effects of collisional d ing on the adiab pp
imation by presenting a density-mstris formulation of the

disbeti oy of We lind that the presence
of dnmpmg destroys the adisbatic charscier of the in-

teraction as the density matria spproaches its steady-siate
value with multiple time scales. We illustiate this proper-
ty by presenting a lime-dependent solution of the density-
matria equations of motion which explicitly shows the de-
cay of the adisbstic character of & particelsr mullilevel
system a9 the effects of damping set wn.

Il THE ADIABATIC APPROXIMATION
AND ITS APPLICATION TO MULTILEVEL SYSTEMS

The multilevel systems under consideration in this pa
per are all of the form portrayed by Fig. I.lndounsnlofl
single ground state and bands of discrete, nearly degen-
erste levels spaced st almost equal intervals. Such s sys.
lem is : lcllemmc lwnunlnuan of many systens of

i wsl, such s the levels of a
spherical- top molu:-le (SF, or UF,) that are radistively

molocular meulitiphotos eacitstion under the action of s
single lowly varylng lascr fidd. In Sec. IT, which lays the
foundation for describing the dynamics of maltilevel sys-
tems under the adishetic approtissiion, the equations of
otioss sre derived and the adisbatic approximation is is-
lmﬂam Wedtnlapl.mlunuh-
itable for the lon of problems involving
adisbatic excitation of large multilevel systems. Thus we
are oot limited to iwo- or three level systems or simple
Iadd nor to limiting ceses of small or large field
srengths. We also present eapressiom for physical ob-

¢ under the approximate selection rule AR =0
The cigemstates may be denoted by [ mA ), where #r labels
the bands and A labels the Jevels within & band. A geni-
eral state of (be systam may be expressed in the
Schrodinger picture s » superposition of these agen-
staten,

=3 c 0t mA) . in
m A

The rotal Hamiltonian is of the form
H=H,—uEtkosiat), 12y

G
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where H is the unpertarbed Hamiltonian, p is the com-
ponent of the dipole operstor paraliel (0 the dectric field,
and Eq(ricoslan) is the incident Lascr ﬁdd. composed of &

frequency w. Since the ddements of H*7 are real and oll of
the A's are real, the vectors g(A) can be chosen to have
real components. As the ficld llmmllpumum.ﬂ'"

r.pdlyurym'urrmof'_ Julsted by a
slowly varying envelope Egis). Tlhn; matrin dlements of
hoth sides of (1), making the transformation

Coust “Ema ™™, 13
and neglecting rapidly varying terms [the rotating:wiave
spprozimation (RWAI] given an equation of the 7 of the
form

df

d‘_ =i, )
where ¢ is & column vector formed from the coefficients
Fuun, and the effective RWA Hamilionian H¥7 is given by

HT=5+0. (&1}

4 is o dingonal matrin of detunings, Apqms=me
— Ema/% [} is an ofl diagonal matrin of mdistive cou-
plings, 1t =Has ma ot/ a0d jg g s it 80
tlanent of the matnix p of dipole tramsition moments.
Only matriz clements betwoen adjacent bands of levels
will be taken as nonzero:

P = Hmam A S g1 16

Two limiting cases may be distinguished in the mul-
titevel dynamical problem posed in Eq. (4). In the sudden
approximation the field is assumed 10 be turned on or of
rapidly in companson with the response time of the sys-
tems, so that immediately afierwards the system is sull in
the same sisle as it was just before ihe field was swiched
on or off. For a two-level aystem the case of rapid switch-
ing on gives rise to phenomena yuch s Rabi oscillations
between the upper and lower levels. The sudden approxi-
mation, which has been loyed ively in siudies of

diagonal and the d d states reduce 10 the un-
perturbed cigenataies apart from s Lime-dependent phase
factor. The excited unperturbed cigenstates have cigon-
values A, while the ground egenstate has agenvalue
zero. I the system 13 initially in onc of the unperiurbed
cigenstalen with E, =0, then the adinbatic itheorem of
quantum mechanica'’ guarantoes that ss K, i incromsed
from xero the system will remain in 1he dressed state de-
rived from the initial state by continuity, provided the
fickd strength and [requency are vaned sufficieatly showiy.
We shall speak of this panticuler dressed state as being
“correlated” with the initial state  For exmmple, the
dressed state |a(Ag)) correlated with the grownd state has
an cigenvalue A; that spprosches tev ss K, approaches
zero. In practice, if one assumes that the eigenvalues of
H* do not cros ome another s functions of E, and w,
an ssumption which bolds for the systerms comsidered
here, matching a given dressed state with the unperturbed
cigenaiate whencr it was desived is & roattey of ordering
the eigenvalues from lowest (o highest and recogniting
thiat the position of o given dressed siate's cigenvalue will
remain the same as when ihe fickd sreagth wes zero.
The ive wse of the sudden apprx ion in cal-

k of multiphot itati Inl created o climate
in whick certain natursi propertios of adiabstically evolv.
ing staies may secmn surprising st fird. For example, m
the field incremses adisbatically (rom zero, the system
temnuining in » single dremod siate, the populsiions in the
unperturbed eigenstates are given by {a,,,(3g} ! and are
therefore independent of time sssde from their parametric
dependence on E, and . Thus no Rabs oscillationa occur
in the adisbati ation. Adwbatic excilation is
sho & revensible pmous if ihe field is sdishatically de-

¥

multiphoton excitation, is discussed briefly in App

d to zero l.ﬂct reaching some munimum field

B, where we plso show thal an inversion of eacitation pro-
duced adisbwtically can be preserved by swilchiag the
field off rapidly. In the opposite lirmit, the adiabatic ap-
proaimation, (he ficld is varied slowly on an internal time
scale established by 1he dynamics of the sy This ol-
lows the sysiem 10 adjust comtinuously and reversibly to
variations in external parumeters such as the field strength
or the frequency of u laser pulse. The caloulation of the
internal time scale on which the extemal Rald's aophitmd

d into other kevels will move
nnnothly h.ck into the initial state, thus leaving the sys-
Lem in its original condition. Thus, if mny excitation is to
persist afier the passage of a laser pulse of & given fre
quency. one must violste ihe adisbatic condition some-
where within the pulse. For example, 2 sharp cutofl of
Eqlr) after u slow rise can trap populstion in excited bev-

e, We give ples of the impping of population in
SuWnndlnafmhmnlmmlhenpphum-d
hiabati ion to laser isctope separation and laser

and phase must vary siowly in order for the adishatic ap-
prosimation 10 be valid, which is one of the main goals of
this paper, is describex] in Sec. 1V,

Cemtral 1o the adisbatic spprozimation are the so-called
dressed sustes, which are the cigenvectors of H* for a
given fiekd strength and (requency, with cgenvalues A:

HMath)y =d|arp) m

The column vectors { representing such sistes take the
form

Sl =glhle™ or @ ifhmag (hle'™, 18

where the column vector gid} is independent of time but
depends parametrically upon the field strength E; and the

chemastry.
Previous discussion of disbatic excitstion have gen-
emlly mlmad on the populstions ¢, i11{?
= [ Cmalf)|? of the original (umperturbed) states. Howev-
er, there is anoiher physically important quentity that can
be calculated stiraightforwerdly under lh! sdishatic ap-
i the dipole induced in the system by
the laser fickd, or, equivalently, the induced macroscopc
polarization (dipole moment per unit volume). For laser
pulses with a sufMiciently lowly verying mnplitude £,(1),
the polarization induced in the meodium during the pas-
sage of the pulse can be approzimated by the polarization
calculsied under the adishatic approximation. The polari-
zalion, In turn, gives nse to & coninbution 1o ihe index of

-3
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lrd‘r-nlm The source term in the wave equation describ-
g the spatial propagation of a bwer pulse smplitode
Epl2,1) lin 1he approzication of slowly varying amplitude
and phase) is proportional to the complex potarization
F-54iC, (9w

whurCmﬁSthﬂovhnniuin—pbneundquad-
Fatiry coanponenta of the real polarizstion

Pit) = Clrlorsten) + S{Osimlan ) . 3.

In Appendia A we show that the complex polarization for
& multibeve] syntem is given by

5?:2:‘.\'., E FT_‘F‘,L”-I“;.,I,I no
LN

where ¥, is the density of stoms or molocwlen. In pub-
Ihhdmmuicnlukulnﬁmndwhemiul.lhpo-
hﬂmionh-mudlybmnkuhldbydimtldmkmof
tk&hrﬁduﬂmmdwwudmoftb
expectation valoe of the dipole moment. Since calculeting
ihe refractive index requines much les computational of.
fort lh_-. solving the Schridinger equation, the adisbatic
EPproRImAlion is attractive s an ingredient of a propags-
tion calculation for dowly varying pulses. One of the
motivations of this work was to prepare the way for ex-
temding carlier work on puise propagstion under the
ndisbatic-following spproximation from two-level to mul-
tilevel systems.  Bocause all compovents of s given
.dressed-state sigenvector im & time
form ™, (he plex polari for a y in»
-iqwdr_dmumhtmfmh {3) and {1V
10 be pure imaginary and o be given by

P =UN, § LEVIET S | % TR

-4 A

tim

fmplying thet the real polarization i in phase with the
field. Thus the susceptibilivy

X =P /Kl b

html.ldlhuehnrulmfncﬁnhm
n =t +4eX) 22| 4 20X for X <1 lcgs unitsh In the
sppronimation, then, the '
;ﬁﬁ-ﬂ:‘n system i purely
Accossting for the effects of coftisioms and other
hnpumhhyudihmdﬁq,w. We
ubuwlalg\"lhhldmcmthmih
primary comsers of this paper 0ocur ouly ow time scales
m-tmahan-ntludnylimuemuhdby
v, B0 0 ot f o
i s~ ing the “adisbatic repid ps
n.lt”of mapid pas-
ntﬂy,ﬂhm!ﬁuﬂnmﬁwdﬂ
ng
probiems wader the adisbatic spproximation which bs suit.
.nbltforn-erlﬂlﬂﬂﬂim.dldﬂdndymw
mclude multileval systemns of realintic complenity. Brief-
ly. this proced kst of caiculating the eigewvectors
mmdﬂ‘,mhmwmb
dremer] states with initia) states, and calclating phywical
mhfmthedmed-mq-fumﬁu-dﬁdd
urm'liflndfruqmy The given expressions for the
populations and polanzstion yield a3 immediate conse-

. of the

quences of adisbatic excitation thet there are no Rabi s
cillations in the populations, and the polarirstion it in
phase with the spplied ficdd. We now consider sorme ex.
amples of multilevel systems in order 10 demonstrate
several other genersl propertion of sdiabslic excitation
which are not readily apparent from the form of the basic
expresaions for the observables.

1. EXAMPLES OF MULTILEVEL SYSTEMS
UNDER THE ADIABATIC APPROXIMATION

The simpie mulilevel sysitem composed of » single
ground state with a single band of N levels above i,
which will henccforth be referred to a9 2 (1, M) system,
exhibits many of the features present in more complex
sysems while remaining fairly (ractable by analytic
methods. The (1, ¥) system has been the pmtmy?c of
siwdies of intramoleculnr relaxstion for many years.'' In
this section we derive analytically and calculate numeri-
cally the belvior of the populations and the dipole expec-
tation vahee {polarization} of (£, N) and (1, M, N} systems
subject t0 am adisbatically varying quasimonochromstic
laser fiekd. In particelar, we show that adisbetic inversion
occurs in 8 {1, N) system whenever the Iaper Trequency &
illwndnlh.lhfllh‘ilhintheuppwhdoflﬂd‘.
and that under these circumstances s strong population
inversion is sccompamied by & nearly vanishing polariza-
tion. More complen behavior occuns in {1, M, N) systems,
where the ground siste can be adisbatically depleted but
where different excited states can be populated, depending
on the lnsex fleld amplitude. In order to provide a basis
for judging whether adinbatic excitation may be important
in eaperiments on infrared multiphoton excitstion, we
have chosen energy-level spacings and dipole transition
maments that are approximately those of the well-studied
molecule SF,.'7

The eigenvector-cigenvalue equations for the (1, &) s
tem are of the form

.
¥ Dol =day(r),

d=i

Myagt V4 Bya, 4k )= Aa,lA) .

(12a)

(126

In these a_qmlicm Qorrody7.0), have been writlen a3
0,,8,.a,. sinct all indices but the last are identical for the
TONZETD matrix clements. These equations may be rear-
ranged to give
n,
a,l»\lzI:E agid), 13a)
¥ o0
A=¥ - L
,‘.‘:'. oy (136}
Equetion (I']'bl s 2 well-known imphicit equation for the
dlulvlluu: Placing these cigenvalues into (13a) then
yields the cigenvectors, which arc the drewsed states of the
(1, N} aystem._
Equation {13b) may be soived graphically for the o
aen-
aloes by plotting the right-hand side, henceforth referred
o s FL) vermm A Superimposing on this graph of
FiA) vervus A the dingonal line A = X gives the eigenvalues

F(A) va X

+ o

FIO. 2. Graphical solution of the cigevactor-cigenvalue

equation for & (1, N) sysiem  The rigenvalues are given by the
mterseclion poenta of the strmight line A < A with F(X)

s the intersection points. An example of such a graph is
given in Fig. 2 for a {1.3) system. Numerical details of
this syytem are given later; deisiled markings of the sxew
have heen defiberatety suppressed 10 bring out qualitative
festures of the graph. The dashead vertical lines on the
graph are the asymptotes of F{A} occurring at the detun-
ings &,

Understanding the hehavior of this plot as the froquen-
cy and lietd wrength are changed i3 of great importance in
understanding the behavior of 8 {1, ) system. The obeer-
vation that F{3) depends on the fiedd srength only
through 1he [actor { Eg)! in the numerator maken clear the
behavior of the vigenvaloes for targe and small E,. For
small £, the curves of F{A) becorne compressed towards
the 1 axis, the intersection points being nearly equal (o the
detonings 4, for sl excepi one eigenvalue, that corvelaied
with the ground state, which approsches zero. For lasge
Eq the curves become siretched oot and the intersaction
points for curves between two ssymptotes approsch the
values at which the curves of F(1} crom the x axis, which
are independent of K, Thus the interior cigenvaloos A
approsch fised finite values for large Ky The imtersoc-

The dressed states may be obtained for small and Large
E, wting the known behavior of the sigenvalue in these
limits. Amuming the system is initinlly in its ground
stste, we soek the panticular deessed state whawe cigen-
value gows to rero i K, approaches zero. The cigenvalue
of interest, Ay in essily identified on the graph of Fii)
versus L. While the relative position of this cigenvalse
with respect 10 all ather cigenvalues does depend upon fre-
quency, it domss nol deped upom the fledd strengih, and
thus having identified s position wnth reapect 10 the
oiber cigenvalues for low flelds one aiso known it Tor high
fields.

Firmt ket E; be small encagh so that Ly <c A, for ol 1,
and let the frequency of tbe ficd be close to the energy of
one of the vpper levels, ie, &, << 8 4y The fh term in
Eq. {1)0) will then dominate all the ottvex terms because of
its smal] denominator. The cigenvalue oquation may then
be writlen

M-ty =] a9

This is precisely the cigenvaloe equation for & two-level
system, and inapection of the cigenvector Eq. (13a) shows
that a, D gy The for £y small and #Aw sufTiciently
close to E; the (1, ¥ system behaves tike s two-level ays-
tem, with the fidd connecting only one siste st o tine
with the ground stute.

If E, is large, the (1, ¥} system displays radically dif-
ferent behavior. There are two subcsses; #v above or
below the tand, and Aw within the band. Suppose fa is
hedow the band {Anr < E; for all 1} En this caee all ssymp-
totes of F(X) versus L will be 10 the tefi of the ¥ axis. 20
the ground-stalecorrelated cigenvaloe is given by the in-
tersection st the far right. Letting A >> A, and ming Eq.
113} one finds
“uwn

1
Ao gy MEo -

Subsiitute this into the eigenvertor equation and neglect

tion points fov curves on the far left and right, h s
do not approach Mixed values but rather grow increanngly
large as E; becomen larger. The bebavior of (hese two
eigenvafues et large field strengivt may be found from the
eigenvalue equation. If A is large compared to all 4, then
one may neglect these 4, in the denominator of Eq. (13b)
to obtain the expression

LN H
A= - na
l?l J‘
of
» 1 »
M-F = ME], M=% L]
Py’ w» i=t

Thus the far left (smailest! and right (largest) dganvalves
of Fig. 2 are proportions! to the field strength for targe
Eq

The froquency dependence of the curves is contained
entirely in the A, so the only effect of increasing or de-
cremsing the frequency is 1o move the curves and seymp-
totes for FIL) beft or right with respect 10 the y axis and
the dingonal line L = 4.

A, compared with A to arrive at an expression for the am-
plitude of the ith state:
u
u.ﬂ,hﬁau . tis
Normalizing the sum of the squares of the o, to 1 gives
ajlig) =1 sothat

al(Ag)= ful /Mt U9

Thus the populations in each state mitain & Umiting se-
turation value Tor lnrge Ep. A similar effect hoids for the
polanzation:

Po=2Noaglig) T, o, Aok, = Noa IM = NoM . {201

Sinoe this value it independent of E,, the polarization will
saturuie at o {inite value il E; i3 large and An v outside
the band.

Now take K, large and Aw insice the band  $n this case
the ground-siste-commelated dgenvaloe is determined by an
intersection with a curve trepped betwern (wo ssymptotes.
As Ey gets large the curves of FI1) become nearty verti-
cal lines, 0 that the cigenvalue sppronches a finite value,

-
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oqua) o the value of A at which £(1) croases zero.

The behavior of ihe probability amplitudes and populs-
tions may be seen ensily from Eq. (13a), As 11, gets large,
| @;| must remain bounded by 1. If Ay is sear its finite
limiting value then the only way of keeping la; | bounded
sn Eq. {128) is 10 have a5 ~0. Thus 1he population in this
limit will move from the ground state 1o the upper states,
producing a populstion inversion.

To find the polarization, rewrite the tigenvalue Eq.
(13b) in the form

v
N s Eg/A
A=1g, |y 2T 21
! f?l A“Ai

As E, approaches infinily, A remains finite 80 that the
term in parentheses must approach zero. Next construct
&n expression for the polarization in terms of ay from the
agenvector Eq. (13a)

L]
T Ey /R
Fo=1Nyay ¥ TiTa o

iml &

TE /A

R 22
A=A

N
=1Npay E

d-]

The quantity in parentheses is identical 10 the quantity in
parentheses of Eq. (21). Since the later quasnlity goes to
zero for large Eq and when A=A, and since 4 is bound-
od by unity, the polarization must alse 80 (v zero at this
frequency for large E;. A specisl case of our general re-
sults for the high-field-strength (1, N) sysiems has becn
derived by Kuz'min and Sazonov'? for a (1,2} system.

The resulis of & numencal solution of the cigenvector.
cigeovalue cquations are given n Figs. -7 for a (1,5) sys.
tem. The levels in the band are spaced 0.1 cm ! apart,
and the spacing between the ground siaie and the center
of the band is 948 cm~'. The square of the matrix cle-
ment of the dipole operator between the ground state and
an eacited state in largest between the center level and the
ground state, and fails off toward the edge of the band as
& Loremzian with s half-width i’ half meximum

EIGENVALUES OF A [1.5) SYSTEM

v RT M oem

£
N

H

HGINVALMS  ca')
g

w

gl

L]
FINLD YTABNDTH (ustvatiy /ca )

FIG 3. Eigenvalues of 5 11,%) system vy field strength at
v=94T 96 cm ' Note the two outside values divesge while Lhe
Jalevion values spproach a finike limae

POLARIZATION OF A (1.5) SYSTEM

€ - 100 statrallaem
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FIG. 4. Polarization of a (1,9 system va frequency at & fickd
strength of 10 sistvolta/cm (0.012 MW/cm?). At this relstively
fow field sirength the system bebaves much Jike a series of two-
level systems.

(HWHM) of 0.05 cm~'. The matriz elements satisfy
X u] =104 debyes? .
i

Figure 3 displays the eigenvalues of H™ g3 Tunctions of
fickd strength at a frequency of 947.96 cm - !, which is
well inside the band. Note that the cigenvalue curves do
not cross one another, and that as £, gets large the
highest and lowest eigenvalues diverge while all others ap-
proach limiting values. Figure 4 shows the behavior of
the polarization [Eq. {L1s)] for an assumed density
No=3.3410" cm~" at a relatively low field strength
{10 statvolts/cm corresponding 1o & power of 0012
MW/cm?); the graph is reminiscent of the behavior of a
series of two-level systems. The discontinuities in the
curve at the exacily resonant frequencies arise from the
assumed adiabattc charscter of the field and the absence
of damping. Figure 5 shows the polanzation at a relative-
ly high value of the field (300 statvolis/cm cofTesponding
to 11 MW/cm®). Here the finite value of the polarization
outside the band and its nearly zero value inside the band

POLARIZATION OF A {1.5) SYSTEM

B, » 3000 ateteolta/rra
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FIG 3 Polarizetion of a (1.3) system vy [requency ai a ficld
strength of 300 statvolts/cm (L] MW /cm?) AL this relatively
high field strength the polarization within the band uniformly
approsches zet0 while (he polsnzation outside the band
saturales ai a linite valye

-

T oStEengih at v 947 47 cm !

n ADIABATIC EXCITATION OF MULTILEVEL 5YSTEMS

considered below.

Figures 6 and 7 show the populations of the levels as
funcions of fietd strength. With a laser frequency outside
the band, +=947 67 cm ', 1he Populations clearly display
the saturution behavior predicted anslytically. Inside the
band. v =947.96 cm !, the ph on of adiabatic in.
verson is clearly displayed. Af field strength around
100 siatvolts/cm (1.2 MW/cm?) the Population makes §
clear shift from the ground atage to the upper band.

The cxistence of adisbatic inversion and the interesting
behavior of the polsrization in 1he 1,N) system lead
naturally to the question of whether these effects will
make their appearance in more complicated systems. A
simple extension of the (1. N) system is obtained by add-
ing another band to form a (I, M,N) aysiem, While nuy-
mencal caicuiations for the (LM.N) system are essential-
Iy no more difficuit 1o pecform than calculations for the
smpie (1, N) system, analytic calvulations raprdly become
miractable. Thuys only some genera observations about
this system will be made before moving o 8 presentation
of numencal solutions.

The cigenvector-cigenvalue equations for the (1, M, N)
system take the following form:

M

2 no,:ﬂu:"-ﬂn . {21a)
Pl

"

zl nlm.lj“l} L LTPpY- 2 +8,00 )y =Ady, , (23
i-

W
X 0y ey thnep=hay , lgmeM, Lcn <N,
L=y

23c)

Equation (238) would be the same as Eq. (12b1 if not for
the term involving the amplitudes a;,. Thus one cxpecty
this system 10 behave itke & (1N} system if one may
neglect this term. Dropping this term and substituting
the resulting cxpression for a,, into Eq, (23} yields an
equation for a,,:

POPULATION OF A {1.5) SYSTEM
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FIG 6 Populetion of the sisten of & {1,5) system va ficld
The lnser frequency 15 tuned below
the band of levels ang thus no adiabati mversion ouurs.

POPULATION oF 4 (1.5} SYSTEM
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FIGa. 7. Population of 1he states of u (1.%) systemns vs Field
strength at v=947.96 cm ' The jaser frequeney 15 juned
within the band and adisbatic invermnon occum around 100
suatvolts/cm ¢1.2 MW /cm?).

L]

L4 _ By ey

TS A8 id oA 20

Crudely spesking, amplitudes of states in the second band

are soen {0 on the square of the field strengiha,
while amplitudes in the first band depend on the first
power. Thus one expects the SYstem (o behave xx 5 ( ), N}
system for low enough field strengths, provided the
denominator in Eq. (24) is not near 2er0

14 in Eq. 124) is sufficiently close 1o 4, for some fre.
quency and field strength, the amphtude a,, will be Inrge,
fepresenting adiabatic inversion into the upper band. Thes
possibilicy s clearly seen in the fumerical solutions,
which we now discuss.

Figures 811 show graphs of polarization veryus laser
frequency calculated numerically for a (1,5,5) ystem.
The levels in the central band are 0.1 cm "' spart whike

POLARIZATION OF & (1.5.5) SYSTEM

E = 100 statraila/cm
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POLARIZATION OF & (1.5.3) SYSTEM

o 188D ratredln/em

]
3

POLARI AT (19 gy, y

vl e e e,
LI a) e g L 1) ey -ry L 1)
PERRRMLT (g ')
F10. 9 Polarizstion of & i[,5.9 sysiemt va freqoemcy ot
Ey = 100 staivolia/cm (1.2 MW/cm?). The mteraction with the
wpper hand is apparent arownd %46 oy !

for the wpper band they sre 0.08 cm ! apart. The dipole
mairia elements satisfy

T g s 0V = (0.4 debye?
44

fot both m =0 and m =1 The difference in emergy be-
fweem the ground statz snd the cermer of the central band
in 948 cm ' while that between the ceatral band and the
wpper band i 944 cm ' Figare & with Eq=10.0
watvolta/cm 0.0V MW/cm”) has 1 10-" cm ', wivich
h-udaufmmm-d:h-thnlhduwinu Thue
ol exp the g d state and | band to downi

the bobwrior of the polarization; s parison of this
woph with Fig 4 for a 11,5) system shows that the two
fystems have a similar appesrsnce at thiy field 3
Figure 9 with E, — 1000 staivolta/em (1.2 MW/cm?) hae
it~ A; thteﬂc'uoflhelmmmuV-m
cm " are clearfy evident, while the bebavior at 943 con - '
n.il’lh-lhemncchlncla-l.hlnfnll,ﬂm. Flg-
ure 10 with Eg = 320 statvolts/con (12 MW/cm’) clearly
di:phnthtpol-ﬁuﬁmgoingwmn'hmunfrwm
is inside the lower band. Figure |1 with E,~-2000
staivolts/cm (480 MW /cm®) and 11 55 A shows the effect

POLARIZATION OF A (1.5.5) SYSTEM
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FIG. 10 Polarizathon of & (1.9 system vy frequency st
8y~ 320 statvoltacm (12 MW/cm') The imteraction with the
whmhmw.-hihtkmwhnhﬁu
signe of sdiabetic inversion

POLARIZATION OF A (1.5.%) SYSTEM
¥, = FOO0 8 sipivetic/cm

ROLARIZATION (WX 1)
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F13. 11. Polarizstion of » 11.3,5) aystem vy frequency a1
By =000 statvoha/cm (480 MW/cm’). The upper band is
showing vigns of adistatic inversion just = the lower band is.

om the polarizstion of a population inversion for
M6. 13 cP<M46.4; the polarization spproaches zeru in
this region,

Figures 12 and 1) demonstrate adinbatic population in-
version of this sysiem for iwo different frequencies. A1
¥=946.4 cm ™" the population moves to the highest state
of the upper hand when E, rises above 500 statvolts/em
{170 MW /cm?), white at ¥=947.96 cm ' the population
is soen1 to mave to the second and third states of the cen-
tral band at & moch jower ficld sirength, E,=1t00
siatvolts/cm (1.2 MW/em’) As the fidd strength is
raised above 2000 statvolts/cm (480 MW/cm?), however,
the population moves into other states of the ystem,

The results presented in Figs. 1-7 illustemte the fact
that under conditions of adishatic excitation the ground-
statc population and dipole expeciation value {polariza-
tion) of a (1, N} system show the same behavior as for [
two-leved system when the Iaser frequency i tuned ovtside
the band, but show 1 completely different behavior (popu-
lation inversion accompunied by s vanishing polarizstion)
when the laser froquency is such that Aw lies within the
band. For a {1, M,N} system. the ground-state population
can be depleted through adisbatic excitation when the

POPULATION OF A (1.%.5) SYSTEM
v B4 rm !

' L o 1000 L)
FRHD RERNGTI [ iturvain; /om}

FIQ. 12. Popelation of the saie of 8 {1,3,5) systemn vs fiekt

strength st v=946.4 cm . A sharp adiabatic inversion occury
wear » fickd strength of 2000 statvolis/cm (480 MW /cm!

POPIILATION OF & (1.5.5) SYSTEM
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FIO. 13 Population of the states of & {1535 system at

v=947.96 cm "' Adisharic inversion into the lower bund takes

Place near 100 statvolta/cm 112 MW/em'). A4 field strengthy

higher than 1000 statvolts/em (130 MW /cm?) the population
mukes forther transtions within the krwer band.

Imser frequency lies in o certain interval (determined by
the field strength) between the one-photon and two-
photon resonances. In the latter case the state that re
ceives the populstion is detarmined by both the laser fre.
quency and the field strength. High state-selectivity i
therefore possible, as will be discussed in greater detail in
¢ forthcoming paper.

For both (1, &) and L, MM systems, there are values
of lsser frequency and field strength for which the potari.
zation nearly vanishes. In these regions s propegatin
laser field will therefore experience litthe phase change u:
& result of its interaction with the atomic or molecular
systerms. In particular, seif-focusing and self-defocusing
should be minimal under these conditions.

V. CONDITIONS POR, YALIDMITY
OF THE ADIABATIC APPROXIMATION

evaluating how slow iy show encagh. 1In this saction » en-
eral criterion for the validity of the sdisbatic spproxima-
tion' will be apphied o the multilevel system discusmed
in this paper. Special cases of thin criterion have boew dis.
<usmed previously in the context of two-level systonm *

Messinh's adishutic condition"® explicitly shows the
rrobability of finding & multilevel vyshean b 8 dreged
state other than that in which it originally seartid, 1f the
Tystem is assumed to be in it Eround siate of rero fleld,
then the probebility Py, of finding it in & dressed state
i) different from the Sround statecorrelated state
|13q} at nonzerp fiekd is bounded by

Dotduiaa) |
Ro— A, 7~
If the adiabatic SPProXimation i 10 be valid one roqut

Pa g 2%

% a

n ADIABATIC EXCITATION OF MULTILEVEL SYSTEMS |1} ]

in the forin
(ol dH" dr 11, )
L ] o rri;l ;-1;)} T
A convenient form of this condition may he obtained
when 1he frequency of the field i held fiaed so that the

entire time of B is carried by the ficld
strength. Express % and dH /d; ag

H
<« 1 126}

s, B
H + 4 Es, 278
e £ g
H 5 Fo 270
These 190 equations imply thay
(H’""—A}E':H-F =K (2m
E, m™" :

H*"hdimintrndrup&muu.m A is not, 30
that one obtains

Eo '
Y »' l§n

Define & quantity T with units of time as T=(E,/Eq)-"
to obtain

[#4.)

RCILIEYNS
Ag— A, 0

olafay 212

T Lt e 1

Sy ,‘E:m’ Ghe. L1 . {m
Crudely speaking, I iy a of the mini

time permitted an applied Inser pulse for the prodwction
of adisbatic excitation. Pulses that obey Eq. (30) produce
adinbatic excitation, while pulses that strongly violate Eq.
(30} fie, for which T ccr) can be treated in the sudden
spproximation. A similar equation may be otwained for
variations in iaser freq Y.

I general, an analytic evaluation of Messiah's adiabatic
condition is difficult for all i rather elementary
tems, some of which sppear in Rel. 4. Hm.?h:
form of Messiah's condition is particolarly well suited to

A numerical evaluation of Memish's condition on vari.
tions in fiedd strength for o (1,3} system in dinplayed ia
Fig. 14, where the quantity r {in nenoweconds) is photted
-nfmﬁonofthehmfmqmyinm""mdnfthe
common logarithm of the fiekd strength in statvolts/cm.
1t is clear that risnfmmofﬁddnwhwfm
quency, so that the maximum permiissible cate of varistion
of Eqy is larger for some frequency - fleld-strength com.
:ﬂmtiom than for others. The larger valoem of + oocar m

be cxpected from Bq. (305 Note that puise s tiasas of
!hemﬂuof!—-lOmﬂmldhwdwilhinthMc

.|

that Py <o | for an IA bt [ Aa). This may be expreased

pproxi ‘kmomlhcrqia-in'hkhlﬁmhw-
sion occurs for this system. At other frequency—fleld.
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MESSIAH'S ADIABATIC CONDITION

11 8) SYSTEN

100
PRECRRY [ ') oy

F1Q. 14. A plot of Memiah's adish dition * ine) as 8
function of field strength (staivoita/cm) snd frequency (cm '),
O requives the rate of change of the field strength { £, /E, ) to
be slow compared to (ke reciprocal of 1. The peaks in r uauaily
lnbel the positeons of adisbmisc mrersion.

strength combinations vaniations of the ficdld may take
place on times scales much shorter than | ne snd still be
within the aciabatic approtimation.

To test Memiah's condition, we performad numerical
solwtions of the time-dependent Schridinger equation
wnder the rotating-wave approaimation {Eq. (4] for a
11,9) system. The field sirength was given the form of s

Permi pulse,

E,
l’“"m}j [11])
with — 707 <70 na, mnd the syston wa initially placed
in its grousd siate. A y of 1be results of theae cal-

culstions for ¥ equal 10 947.82 cm’ is given in Fig. 13 for
several values of 7,. In this figure the net populstion in
the upper band is plotied e & function of time. On the
basis of the adisbatic approximation one expects adisbatic
inversion 10 ocom ®f 94782 cm~' when E,-1%0
statvolta/cm (1,7 MW/cm’) and 1, > | ns, a8 may be veri-
fied by inspection of Fig. 14. Figure 13 clesrly shows adi-
sbatic bebavior for 1, =10 ns. At 1, =1 na the adisbatic

UPPER MANTFOLD POPULATION va TIME
K, = 100 stabeaila/om  ve B4708 war'

Tt i—.-'..-n-l
FIG. 13. Towl populaiion in the upists band v time for three
Fermi paleey with tigse constants r, = 10, |, and 0.01 ns.

€. D. CANTRELL ]

approximation is still quite good apart from » slight rip-
ple arising from the onset of Rabi oscillations associated
with small devistions of the 1ystem from s dressed state.
At 7, =0.0H na the Ratn cacillations are very pronounced
as the sdisbatic approximation breaks down.

The sbulity 0 trap populsiion in exciled states using
pulse cnvelopes with slow rise times and rapid fall times
may be demonstraied with & pulse shape of the form

24
Eotnr= expli /) penpl - 1/7,) ' ua
which approsches zero a3 1 —+ t 0. The parameter 1,
provides 8 measure of the rise time and fall time of the
pulse. A time-dependent solution of the Schrodinger
equation for two sets of parameters is surmmarized in Fig.
16. In this figure the \otal population in the upper mani-
Told of & 11.5) sy is plotied as a funclion of time, The
solid curve represents s rise time and fall time of 10 ns,
with 4 =300 statvolts/cm giving s maximum field
sirength of 300 statvolts/cm (11 MW/cm’). Such s pulse
is adiabatic for all time and a4 & consequence the populs.
tion is seen to adisbatically invert into the upper manifold
83 the pulse approaches its maximum value, and then re-
vert back (0 the ground state s the field adiabatically
falls 10 zero. In contrast the dashed curve represcnts a
rige time of 10 ny followed by mpid cutoff of 0.01 ns
ir,=10 m for 1 <0 and =001 m for 1300 As be
fore, the populstion adisbetically inveris into the upper
manifold, but e the fickd strength falls rapidly to zero in
the tail of the pulse, the adiabatic condition is violated
and 1he system is trapped in an inverted siate
In view of the rapid varsistion in field strength permit-
ted by the sdisbatic criterion {Egs. (191—{¥XH) for
energy-level spacings, irmnsition moments, and laser fre-
quencics that sre close 10 those of interest for real sysiems
such as SF, it app that the adinbatic app 1
must be taken seriously in interpreting the behavior of
Ivibevel sy bjected 10 Iaboratory lases fields. We
ote that the sell-mode-locked 0O, laser pulses frequenily

EXCITATION WITH SLOW AND RAPID CUTOFF
b T ot

1"

FIG. 16. Total population in 1ke upper bund ¥y time for 1wo
HiTerent laser pulses wi v=947% cm "', The sobid curve re-
sults from & pulse with & show rise ond fall time. The dashed
curve repults from s pulse with & slow rise time and repid (ail
time. Note thai simost sll of the population is trapped i upper
levels when the pulse m cutoll sharply

, ©
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employed in experiments on multiphoton excitation have
& temporal _ﬁn: sruclure with s subpulee width of rough-
Iy t o, -In!e “clean” pulses cbuained by the use of an in-
tracavily gain cell'" have & rise lime 7'-25— 30 ny Cur
calculations shaw that the clean pulses will produce adie.
batic excitation (and deexcitstion) of the first few vibwa.
n_unnl levels, while 1he self-mode-locked pulses may
violate the adiabsticity criterion; these considerations may
help 1o explain the differences observed in SF, (Rd. 200
ft:l excitation with clean pulses veraus self-mode-locked
pulses,

The calcul of 1his demonstrate that it s
ressonable to sttempt inversion of population from the
molecular ground state to & kow-lying vibrational siste {or
from the atomic ground state to an excited state) by adia-
batically varying the amplitude of an incident laser fickd
the [_requmcy of which is close fbut not exactly equal) 1o a
mnlttho!on resonance frequency. In order to produce: a
pruynnc.lly useful inversion, the laser puise employed must
violate the adiabaticity criterion {Eq. t303] after the laser
fieid lm?lllllde has exceeded the minimum required for
an inversion: that i, the laser pulse must rise adinbutical-
Iy IT >, Eq. (30)] and fall suddenly (in a time short
compared (o r). N el calculations to be reportod in
another paper demonstrate that substantial inversions may
be produced by this technigue.

V. THE DENSITY-MATRIX FORMULATION
OF THE ADIABATIC AFPROXIMATION

Theumnmdlhuuncofeollilimddnm in, i
" on ti
scabes of Interest in adinbatic excitation has l:-:e pl:-l::
an analysis in terms of state vectors rather than the denwi-
'y matris. However, previous ipplications of the adiaky
i approximetion to two-level lrunn have boen .
formed with the density mairix, ! chiefly because d'p;e
pictorial representation of the demity sstriz alforded by
the modd of Feynman, Vernon, and Heltwarth.? [ the
presence of collisional damping, solutions of the deneity-
matrin equation of motion such tht dp/di =0 are some-
times 1ermed adisbutic, although utions i
distinct from the sdisbatic soluti .ﬂlf‘ ‘b::_q::
the sake of clarity we shall l’d'ﬂ'loluhﬂw.d'dp/dl-ﬂ
a llc-_iy-_lutc density mstrices. In the steady siate the
Sysem is in & dynamic equilibriue between thee collisional
dmyn!ld M\M&ﬁmmﬁuﬂuh!&hﬂdﬂﬂﬂ.
l‘n‘.lhul-edmn. we show (i} that the denmity mastrix of o
" ol 2y approsches the -State
ln_x on multiple time scalen dﬂﬂm‘:z by mﬂﬂﬂt: :
lain tigenvaluc problem; lil) that in the Honlt of o
ﬂ-m_pn;, lhe Weady-siate density matriz approaches a
quty Matrin dencribing & system under the sdisbatic ap-

tut) that adisbatic ation can be achicved omly

on time
phthlmMmpuullonyoflhchmhﬁc
ﬂmufwlhelmioflhesmmﬂlemm

climination of atomic variabicy) ists of rept
eaact solution to the density-muatrix equlllm'd motion

with the steady-stste solution 5. This " nimation i
valid as long as the pulse dunelmn lor, fot":mpuhe whh.:
ncmmou!h envelope, the time in which the pulse envelope
changes significantly) is long compared with both (he
texisiic response and relaxation ti ysiem
The limit ¢ of the sicady-state dunit::uo:i:h::ﬂn re
laxation times spproach infinity is diagonal in the
dressed-staie basis, with populations that are determined
only by I|!e initial conditions. If (he yman w 1o be
d_ucrlbul {in the Limit of no relaxation) by & wave fum-
ngumha ch_mby-dnn’ly matnix, then only une of the
diagonal entries in 3™ can be nonzero. In the latter cone
(hg:ylu:m remains in the dressed state tha 18 correlated
with the initial state prior 10 turning on the laser pulee
fn this sense the multilevel adiabetic-following spprosi.
mation for the wave function is » limiting case of the adi-
lhut_: Spproximation for the density matrix. These poinis
mdflc_edin detail below. We sssume that ihe dengity
mmainiz oheys an equation of motion of the standard form

e =] i .
5 2 B —Ea)—y,, 0t -5,5,,;’“_4_.‘
+1E0 >

redl E_‘FM .ol = Pod.uCHaca)

+6'a"£""‘-'¢' Wt v —Putea W),

Rk}
where

Vedal BY g o0 (34

is thedephaun.nudndrd-mdduuit matri
-matni

eluuennlklud W1 it the mate of population tru’;fq pu.'

h.mve from u,4 10 v,B. For a Two-level system, we

(T '=w, 4wy, -

‘le-'=rll"'h| v 136}

which are the familiar relazstion constants. W
the physical origin of the y's sad W's mp collisions WT:
mmmdnwﬁmlllihﬁﬂdaﬂymmm.
prganmd, "
In Appendia C we define » tranformed demity matsia
ﬁmmmm:,-m;mdm;u[h
M) can be wricten s 45/t = 4 § for & certain mairiy g

5-4_..“3:,5‘:“‘

+ F B XM, i

At py C.p
X Dyc AW plta) , (3D

where the cigenvalues A are determined by i
solving the
ulsr Eq. (C15), and should not be confused -mhnt‘he d::

Py

)

P

-
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values of Ihe divsmed vistes  Thae the density matris ap-
promc hes the steady state dermdly meatrix 7 with time
commtanty given by Red s A rums over the st of dgen-
vahurs,

The stemdy vinte denmity matinx 7 must he determined
(analyticafly o sumencallyl foom the equations

Y I i i i

LI
together with the trace condition, Bg. (C21). That Eqe.
(CZ1} and (48) determine 7™ uniquely foliows from the
fact that there are MM 1177 independent ofT-diagonal
{genernity compleat chements of £ and Eqs. (38) {as may
be seen from the explicit form of 4 [Bg. (CH]) while
theve are M | independent dingonal of 7~ and
Fge. (3 (xince the iraor comdition {Eq. (C2D] ?mpliu
that one of the diagrnal Fge. (38) can be derived from the
othvers ).

Ax the damping coeffickents | and I in Eq. (331] ap-

proach rer, A [Eq 1C5)] sppronches the matria

AL o e = HH B ban  HE DB 8,00 (O

The mquircment that the limiting sicady-siale density me-
trin

g™~ kim Hm g% (0
Y

wetiefy d=/di=d'"G" ) implies, sccording to Ega.

In order to demonstrate the resnits of this section we
performed a numenical solution of the denalty matria
equations of motion under the roMating-wave approxima-
tion [Eq. (C1] fox the (1,9) system considered earlier The
plt  colliion dmmpng  rates weve  takem o b
Ymanp=F- 001 ns ' Hard coflisions tramferred pope
Intiony [romm excited states back into the ground siste o
that W _ .- W 0001 m ', whik no population
trunsfes wae ssgumed 10 occur from the ground atate to
the excited siaten, Wy, = The system was subjected te
o laser pulse of the frrm given by Eq. (VM with r, =20 m
snd Eq= W0 statvolte/cm (] MW/cm®t The reralts of
this calculstion are summanired in Fig. 17 The solid
curves give Lhe populstions of the individual excited
states, while the dashed corve represents the sum of 1he
populations in these states. The solid horizontal line at
0.79 represents the total eacited population obtained in o
steady state. Al first the system is seen to behave adiabat-
icalty, with mdishetic inversion occurting at (=0 m
However, the damping soon desiroys the cobertnee of the
scisbetic state and the population is seen to approsch the
steady-state valoe ssymptotically. Furthermore, the pres-
ence of damping destroys the rather sehective nature of the
adishetic excitation, scaftering the populstion in & more
uniform fashion throughout the ciciied levels

Vi QONCLUSION

PP o

excitation of multilevel systems displays a

(CA} wnd (39, thet {H T .G"|=0 A simple cab
then imphies 1that @™ must be disgonsl in & basiy of cigen-
vectors | A1) of ¥ i, that

IS ERTVIT n
X

budeed any set of 7y, will give & 7™ that commwtes with
H™. Thus the limit expressed in Eq. (40 i momuniqee.
An expectod, the steady state solwtion of the desmity ma-
trix depeads on the form of the dumping, and not on Lhe
initial comditions, bowever shafl such demping rmay be.
The adishatic approximstion of g mechanics
implies that if the Hamiltonian H*" is chonged sallicien-
ly sbowly in time (m & result of chamges in the smplitude
of the incident field, for exmmple), then ench dremed rtate
[A(N) evolves into n wique state |A(1')}, which is the
dremsed state (et i correlated with | Lin}:

| R D) e, 0} | AIFY) ' an

Since @ir',1} s the adiahatic crolwtion operstor in the in-
teraction pletere given by Eq 1) or Bq. (C11, the density

matria cvolros aoconding 10 the squation
Falls I ol (TR “n
-;"t..wnuunr , 148

where the drossed sl prpulations #,,, In contramt to the
stendy - siste cose, are determined by the intisl conditions.
Evidently Bq. (44) is shurply the denwity-matrix gemerulits-
thom of the adisbetic spprozination. Whea 4, f noarero
only for ome A, we recover the wave-Tunction version of
the adisbatic spprovimation

number of intercating properties, and musi be 1aken evi-
owly in undertanding the behavior of atoms and mole
cubes under the actions of laser fiekds We have devsdoped
s procedure {or solving adisbetic problemas, based on the
dressed sates of the rotating-wave Hamiliomian, wiich s
well suitad for nunerical evaluation. Apphcation of this
procedure to two classes of maltikevel models has vhown
adishatic inversion 10 be 8 rather generst property of mul-
tikkwel sysiemns. The Inversion is seen 1o be sharply fre-
quency deperdent, and accompanied by substential quali-
tative changes in the polanization An spplication of
Messiabh's adisbetic condition provides an explicit en-

ADIABATIC EXCITATION WITH DAMPING

v AT

Ml:-.-.n.l
nag 17 Wthwhﬂﬂli‘uhlkm
enct of demping st v=947.96 am " The poft collision rate
r=10 "' me ' The haed colllsion rese is W =10 'ns ' The
wmm&_dmmnmmmm
band.

L1]

teriem for determining the limits of the adisbatic Approxi-
mation. Il is & genernl Eriterion for all multilevel sywiems

t:\_ie:' rf | ns may he sufficiently show 10 lie within the
' spprozimati The p we of collisional
damping has been Found 1o destray the adiabatic behavios

of 8 multilevel sysiem. Consequently adisbatic excitation
must take place on & time scale short oompared to the
mean oollinion time.
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APFENDIX A POLARIZATION

The ;'inhriuﬂm density  (dipode  moment per it
volume! in a dilute medinm is given by

Pl =No (o) g | fta)) (A1)

where Mg in the molecular or stomic number density. In

' .
!:::. of the matnia dements of the dipole operstor 4, we

PUl-Ny F Terpliin - il Ul A PR A2

LN )
By Eq. (6) this hecomes
P=N o
u‘z‘;'lﬂﬂ IR e | M ) o

APl — fwt)p i | g Lemal. (A}

In order to calcwlate the 1
mtion smplitede 9 [Eq. (9a)] we mﬂw-hmtm
phase snd quadreture smplitodes C wnd § (respectively)
dﬂq,lw.lmmdmhrﬁldww
Lamb, and W-ﬂ!ﬂﬂy fmumlﬂdmlm te
tbemnlﬁlevdlptunmmid:mdbau

lnthﬂmm,wlﬂmam;l.mwllmd

B and uec the Tact that the dipole operat. o Hermitian
reduce Bg. (A3 to - N

Pit)=Ctthconl we +S(Nsinlwn ,

(Ad)
where
Cin=b D",
Stn=itb — p*y, "
and
DuN, ¥ &2,2,
<, RARL RN VY I (Ag)
From Ban. (91, (AS), and (AS], we find that
mn-un.um,-g.f:,r,,,..p“,,,,,. A7)

ADIABATIC PXCITA TION OF MULTILEFYFPL. $SYSTPMS

s

APFENDIX B: THF SUDDEN APPROXIMA TION

The lientting cave of & rapidly - switched on polee
) i n one
in which the laser ficdd iv swntched instantsneoualy from
rero to a finite value [n (his limut, the state vector at the

vector at the instant after awitching (n

[0 = F 7 101 ma}
- A

w.z‘lr‘_.(ﬂla:,,lkl[k) an

Then the probability wnplitudes e tubsequently
o= E r:wfhh_.(lh;‘ﬂk‘"‘—fﬂl

Awd

—caplimat) {mA | )} [ ¥4

The popalations in the original basis states | m 4 ) are
FAVILTRES ¥ ¥ explsin A}

Al wt wi-

RLSPLES L3 S LN LI e
X Cpe 10N, (10) ({.3]]

Evidently Rabt oacillations eocur w every

l- -A" for which the corroaponding product of amptitades
differs mgnificantly from z2.0ro0

I we use the amplitudes of Pq (Bl in Eq (10, we ob-

tain for the comples polenrati i
—o polenration i the sudden approxi-

F=t Y PLexpl ith QT (B4}
A
where

Fu=2N, ¥ ¥ an e thhal ~tA')

LEL SPN Xal

X1 g AW (DN, 10}

XPe dm 18 (L]

(hmlpin,nndllathw-mil’umlnufm
quency A - A'. Since the response of the sedinm to the
taser field (a3 summarired in ) containg these additional
frequencies. the polarization # cannot simply be writtes
% (Y(EQIEy »a in the adiabatic spproximetion. Thes in
m:uddmamalmlﬂultilmpcﬁl*bﬁﬂﬁn

smsoeptibllity Y(E,) that dependn on time hrowgh
the varistion of K, (if any). o

If the laser palse is switched on adi
then _uuchul ofl nanianeously af time ¢ =ty then the
tinte immedistely alter 1, i

Wigtae''' 0 )
~Fd ., Ims). [1.71)
-4

The phase (1} s
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where the diensed sinte cigenvalue L = AJdE i1t} de-
peneds on ame through the lases Freld amphiude £, We
3o have

Ao €™ | Agt1g1) B8}

Sence the subsequent evalulion of the state vector 1 Eiven
by

C Y CANIRELL

Wo=Fd e Ty e
-~

the populaions in the original basis states [md ) for
times afier the switching-off time 1, are given by

[ e [P ) Cmd [ Rdt 1)) ! (B

thus showing that an adiabaticatly excited population can
be “teapped’ tn the eacited state by capadly switching off

the laser pulse

APPENDIX C: PROPERTIES OF THE DENSITY MATRIX OF A MULTILEVEL SYSTEM

In order tor remove eapidly varying terma in Eq 1331, we make the transformsiion

Puren mApl - tbu - vhetlF g .

LI )

use the rotating wave spproximstion, snd find that Eq (33 reduces 10

& s, R
d’d: B B) Ferss() BBenllieens

!!2‘[1.4-;|(ﬁ-o1r'.|+".4. LePe 1 C o~ Padn s il
-

Lol Pusonrc S cual

on

+ 8,0, E 2 et at Wt a4 =P waWoa wi -

- ik el

We note that the causal 1erms tnvolvin
from 1he baxic equation of motion + Adg /3r =|H" 5}
The densnty mainx Eq. (C°2) may be written formally as

Wur s .
"".57" B Z z Au.-l,;t ADPy gD -
re i D

where the elements of 4 are sufficiemly slowly varying 1o be considered constant Equation ()

ten as & finite-dimensions| matns eguation of the form
FT de.

where we assunic that the basis | | uA )| has been truncated
and 4 asan M7 M? matna the componcnis of which are

Avas pi o= + DoBryBabpplita,, 4, Yuauntl

g the optical field 11 are obiained direcily from the clfective Hamihonan and

Ch

may be formally wat

w4
1o M vectors. We then regard gasan M! < 1 column vector

I PP T I FNT S TS S | SO

RELNZTRC SR | MY NI | I
+ 5.0 BpgBupbiny JW,‘ wall Bbyd buby X003 W, ] . 10's)
Flpwt Fraql
————
Since Eq tC4} is linear in g and of first order n 1, 1 In the same spirnt ay the fl?tnfum!lnn cxpansion of p
used by Guodiman and Fhiele,” we eapanid 1 as

xascwses & solution of the form

FLI R PN PR P {C#)

where [/ satiafies the ininal condition

Ul tgt- 1 wh

I we put Eq (C8) imo g 104 and note that Alig) s
compietely arbitrary, we obtain

au
oy s
o 4V

(Note that 4 1 comples 1

Air '
Ueeop gttt Fe " "' 0t afi w0
i

The complex numbers A aze determined From an cigen
value equatinn derived below
By Eq 10711t follows that

XDy AN, el bbb By wim
1y

Thus, the matna 0, A [with columns ordered by A
and rows by (pCqD)) is a left inverse of the matnn

iy

1
I ADIABATIC EXCITATION OF MULTILEVEL Svs TEMS o

Connall) [with rows ordeyed by A and columes
(ud,0B)|. Since & left-inverse matrix is albo & right ir
verse, i follows that  apd L sl obey an orthogonality
condition with respect to the index L of the dressed-state
norgies:

:‘.:. ‘.}.';C.._..wb.,,.,u'lmsu . win-

We next show (he significance of the matri Ir
rut Eq. (C%% into Eq. iCB), we abtain te "

Sl rg
;‘.f CAD,g G, , pid)

Ar gy
- 1‘:' pz. ?':3' ’ Autodpt g0 Gt A 3Dy 4 (R) .

Loy )]

'i'he above must be irue for each distinct crgenvalue A
|11 ]

CAD g oy =X ?‘;’; i sn g0 Coc goDig i . IC1H
py T
Since the matrix clements of D gre the same on both sides
we oblun the csgenvector equation )
A -
E ‘%| vans o gp t AB B8, By, Wopc gpA) =0,
Cr4)

where the cigenvalues A T
o 5 are found from the secular equa-
deiig +A})=0, (C13)

and the C's are the dgenvecion. The o

. genvalues may be
ather real or comples. We thus see (hat the mlulio: of
the denmity-matria equation of motion is

Pram=F F T e 7, o it

L pg b
X Doc oA By galt) . (Cle}
IF we note that 15} must be constand, ie.,
E*;-f wd
.).'; B =0, 1cm
t foliowy that
d
PN L (t,45) =0 :
& 5 Vs ppnitng [ E]]

ubstiuting the expression for I/ given by Eq (09 then
Ives

-':.; I:IT, lq-;nl: Canirell, § M Freund, end | L Ly
X ozer Hamdbook. edited M L
Hollang, Atmicrdam, 1979), Vo, ].::; dos-Lsrsamh (North-
L AM, The Principles of Nuckar Magnertsm (Ouford
Um"ﬂ"uly. New York, 1978, pp. 34- )6
B Treacy, Phyy Leny ITA, 411 (1968)
B Treacy and 4 J Demang, Phys Lett 294, 169 (1969

= kit g
-A¥e Chanathl=0 cm
wd
For L £0 it fotlows that
Conaslli=0, .
..2: dad 1]
while for A =0 we are free 1o choose
C2n

X CoruatOd=1 .
w A

Considered as un M < M matrix, CIA) has wnit trace of
f\:f)nnd ZL10 trnce olherwise. W we sct 4 =y ang A=8
in Eq. iC10) and sum on 4, A, we find that the elements of
£(A) can be evaluated for A=0

D o041 =88, . tc22)

The eigenvalue 4 =9 to the st

cady-sate soju.
tion of Eq. (C2), 1.2, ihe solution 6™ in which pu:npi:g
by the fiedd i3 exactly balanced by collisional relaxation, so

that
%"-
a <Y
I Ftg)= 3=, then glor = g i
, £ 1ot > 1y by definition of the
steady state. Inspection of ACI8) sh is i
e ol 1 Eq shows that thiy iy
X 30,00 =b.o
re OO
which by Eq. iC1n implies thal the M x p¢ i1 ()
is the sieady-state densuty magns. meinn ¢
3. eb = Cpe 03, icz3)

With this physically important result, the density matria
of Eq. (CI6) can be partitioned tnio » steady-state pan
and a transien; pat:

1C21

1C24)

Pritl=pln s 3§ 3
L) Ae UD

LU
¢ Corualhy

%Dy optA W qolly)
{C2e8)

Fhe transient part [with 4 £0) 4, roaches

becommes large compared to thcpr:vern o{’f;: :-:Jm::;:
ReA. The aApprotimation of replacing the generyl o) by
the sludyala(euﬁ‘" for all 4 goveralizes (he adiabat
ehminstion of -chagona| denaty matna o, mcn::
tommonty employed for twe-leve! systems "

’[:I'(;;-chiu-ur and M. M T Loy, Phys Rev. A 1y
N .
:::_icm M.T Loy, Phys. e Lot 1 ke nere

ichnel M T Loy, Phys. ey Leu 41, LR RTL S ]
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