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ABSTRACT.

The common parenthood of Master Equations and of irreversible
statistical thermodynamies is Liouville’s equation, With thermo-
dynamics, dissipativity is introduced in Liouville’'s eguation
as a source describing interaction of the system with its
surroundings. This leads directly to Onsager’s phenomenological
equatians and to the discussion of pessible coupling of irrever-
sible flows. The validity of this approach is not restricted to
the the neighbourhood of equilibrium, With Master Equations
dissipativity is implicite in the relevant matrix elements,
Their complexity requires however often approximations which mav

impair the results,



The physical properties of systems at equilibrium may be
described indifferently using thermodynamics or statistical
mechanics. Thermodynamics stresses the system’s macroscopic
behaviour while statistircal mechanics documents in a first step
its motion at the microscopic level. The relationship between
the two approaches is well known and absolutely satisfactory,

Non~equilibrium systems are characterized by irreversible
changes (flows) of their properties in the course of time, Their
macroscopic description requires kinetic equations relating the
flows to some driving forees. Singe Onsager (11, these are coined
as the “phenomenological” equations., They express the driving
forces for irreversible flows as functions of local thermodynamic
properties. They are immediately related to the experiment. Their
validity has been confirmed many times. Their principal merit is
2 description of possible coupling of thermodypamic flows [2].

The statistical counterpart of irreversible thermodynamics
for describing non-equilibrium systems is Liouville’s equation.
This is related to the canonical equations of hamiltonian
mechanics for many-body systems (3], Its most popular trans-
eription is the Master Equation. The latter equation and its smevera)
approximations (e.g. Fokker-Planck equation) have been used by many
avuthors to describe systems far from thermal equilibrium, for
which it is often alledged. that irreversible thermodynamics is un-
suitable [4]. This paper is to comment on the relationship between
the statistical approaches and experimentally verifiable phenome-
nological descriptions of non-equilibrium systems.

The discussion of Licuville's equation is often restricted
to conservative systems, that is when 311 the forces are derjvable
from » potential. This indeed validstes hamiltonian mechanies,
However it is clear that systems are not conservative when
friction or similar forces which are not derivable from a
potential are present (52, This precludes in fact considering
Brownian motion (force praoportionsl te the velocity) unless
a number of additional assumptions are introduced (Langevin

solution) .,

Defining the conditions for dissipativity of the =quatieons
of the motion is a3 fundamental problem in non-equilibrium sta-
tistical mechanics. Dissipativity is the property of many-particles
systems to forget their jnitial conditions in the course of time.
The thermodynamie expression of this property is the trend of the
entropy to grow until it reasaches s maximum value compatible with
the eiternsl constraints imposed o the system., The system is
then said to be "ergadic". Dissipativity has been discussed by
several authors in the past [3] and it is still 2 matter for
discussion [4). It is sometimes considered to be caused by some
non-int=2grable distortien of the hamiltonian {e.g9. Henon-

Heiles systems, hard disks in a stadion etc.,.in classical dyna-
mics) .

At this peoint it is convenient to intraduce an additional
restriction to the definition of conservativity. A set of forces
should be claimed te be conservative only if their sum is
identically W reroc at every moment. This unusual restriction
excludes interaction with earth’s gravitation field and more
generally with all odd power contributions to the hamiltonian,
because they refer to forces having their sources external
to the system (see the Hanon-Heiles system). Hence they are
"stricto sensu" nen-conservative,

The restricted definition axcludes also the forces prevailing
in systems of particles translating in a container and colliding
with the walls. Here the time averaged sum of the forces va-
nishes but their instantaneous Sum is not rero because the
collisions are uncorrelated. Every collision with the boundary
results in transfer of impulse between the container and the
system and this influences the system’s trajectory in the phase
space,

Considering aferementioned restrictions, strictly
conservative systems are integrable and hence non-dissipative,

No matter how complicated a conservative hamiltonian may be, ite
eigenvalues are constants of the motion., Classically this results 4r

quasi-periodic trajectories. Transitions between eigenstateg pr
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Jumps between different quasi-periodiec trajectories requirse
ziternal intervention. Unless such events are allowed to ascur,
the svstem keeps forever the information about its initial
conditions.,

[f © is the guantum degeneracy of a motion, that is the
number of eigenstates which are compatible with the constraints
imposed to the system, the entropy is by defipition:
o= b ln @ (13
If our knowledge about the system is complete, we have £ = 1
and the entropy vanisheg. With strictly canservative systems
the entropy remains zero at all times: in fact with such systems
the concept "entropy" is essentially academic.

Strictly conservative systems are however hardly conceivable,
eicepting perhaps the universe as a whole. For radiating atons,
spontaneous emission {(dipale emission in classical dynamics?
backed by absorption of black body radiation issusd from the
surroundings couples the system to its neighbourhood. For non-
radiating systems there is gravitational interaction with the
surroundings, Considering the constraints imposed by the boun-
daries enclosing the gystem, euxchange of extensive properties
(energy, momentum, impulse, polarization etc...) occurs whenever
the system "feels" its boundaries. This happens even with highly
diluted "collisionless* atomic beamsz, the properties of which
are determined by their initial strong interaction with the beam
forming device.

Dissipative interactions generate incoherent transitions bet-
ween the eigenstates, thereby increasing the uncertainty about the
system. When the incoherent jumps caused by the non-conservative
contribuytions to the egquations of the motion have made all the
2igenstates resgpecting the axternal constraints to be egually
probable, the system has become ergodic and its entropy is mauxi-
mized. Subsequent conservative interactions cannot destroy the
ergodicity of the system's probability distribution.

Liouville's equation is a continuity equation of the proba-

bility denzity (n) in the phase space., If one isolates in the
hamiltonian th2 conservative (H) and the non-conservative contribu-
tinns, the canonical equations indicate that the former ones

lead to 2 flow ([H,nl} in the phase space. The latter contritutions
behave as a source {(J) modifying this flow.

o= [H,nl + J 2

The introduction of 3 source as the expression of the interaction
between the system and its surroundings in Liouville's equation

is uynusyal. It clarifies however the special role of the non-
conservative contributions to the general motion. If the system is
in sgquitibrium with its surroundings the source vanishes.

Description of irreversible processes requires a correct
eupression for the source and of its effect on the system’s
macroscopic properties, The source hag clearly a double role.

By generating incohsrent jumps between the system’'s accessible dege-
nerate states the source ensures ergodicity of the motien, It

allows also extensive properties (energy, impulse, ete...) to

be eichanged or to flow between the system and its surroundings,
thereby relaxing possible initial constraints.

There are in principle two reutes for solving Liouville's
egquation. One of them starts by treating individual jumps in the
phage space by means of kinetig¢ equations and predicts in a second
step the rate of changes of the system’s macroscopic properties by
integrating the individual jumps over the phase space. This is the
"Master Equation” approach. By contrast, irreversible thermodynamics
adresses directly the macroscopic properties and their changes or
flows. The probability density in the phase space is therefore
expressed as a function of the system’s extensive properties, It
will appear that this is equivalent to expanding 1In (m
2% @ linear superposition of a complete set of orthogenal functions
defined in the phase space, a procedure which mimics expansion of
wave fuynctions in a Hilbert space. In a second step the forces are
defined whish drive the irreversible flows. In doing 50 the symmetry

properties of the system’s hamiltonian are considered. We shall

start with the second approach.



EX

In quantum mechanics every state jg campletely determined by its
set of eigenvalyues (Xu) in response to 3 complets zet of
mutually commuting observables (operators) £21. The nUmber of
irreducible Tepregan-

(acting of the zoordi-

tha 2igenvalyes themselves is:

Ry (X, = @ Xu

where Wik is the relevant member of the symmetry
character table ¢ “Win = #1 Y. (e

group’s
'3 Sign reversat of the car-
tesian coordinates reverses the Sign of the impulse whije the

interna) 2NETYY remains unchanged) ,

The classica) counterpart gy quantum operators are functions

dive the corresponding 2upectation

.33 an weighted integratianp in the Phase space

X, = fn(p,q) Bnip,qr gr (43

the claszsicgl entropy g given by.
S = knd/kn(p,q) ~nip,q) 1In nip,q)1 4ar (%)

The discussion whieh follows ;s classica} (continuous phaze

Spa2ce) but it is easily eixtended +qo 2 quantij

which irreversible flows set in may

be Separately jp equilibriym, Each Subsystem (3) is characteri:ed

by its guwp distribution function [n.av] which maximizes jtg par-
-
tisl or loeca] entropy, while considering the loca

Propertieg (indexad "k") as constrajntsg,

1l extensive
Wsing the method of 5.
grangian multipliers, the loeal distribution function turns oyt

te be (classical Hakwell—Bolt:mann statistics):

11‘._(0"') T exp[ Xén - Z*’” )\“ ¢ﬁ(r}] (&)
If the Partition function js= defined 35 follows .

(7>
Yoix: feer LE,,, X d(r)jelr

N 1 p sy to verify that the extensive properties (X;k) are
it i3 eas =

i i -1 = ! by the following
linked *o the conjugate intensive variables (XWQ \

equations: -
RKew = N3G b IN )
: =
Using equation (5), the local entraopy becomes:
I . ()
Srkg | (BT/NE) = T, Noe Xiu] .
I;“ o:rflal derivatives versus the avearage value of the extensive

=r i S C B 3 25
opertizsg yvieldg the senjugate intemsive variabl
|24

(10}
25, /a)("k 7 ke ’\LA
Hence the time derivative of the 2ntropy reads:

. -k v < (11
5‘ - 'ka(’\.’ﬂ N, # ZA.M/ A ik X.’&]

= ns r [ et x etry operations ich keepn
W ider now the set of svmmetry operations which
& CONs \

= 3 ltonia unchanged, he ent Py 1S by definitiny 1nvariank
ths amiltk < =] [a]

nder any such operations Considerin 2uztiaonzs (9 ] nd 11
4 ) s [} i 5, O s1de g 2quations &1 3
. a = S
it appears 1at the swtensi = propertizs and their cor 1aats -
§ C

= = B nt)
i iatles are contrsvariant (their Froduets are invarga
tenzive veriatlss are -

[nteractions batwesn sybzystems im 3 non-equilibrigm
system or between the system and its surroundings (thermostat)
Ioads to exchange of entensive propertiss, The fir=t law of
thermodynamics (canservation law) says that efflux frem any
subsystem eguals influw ko its surroundings. We consider echange
between a system and a thermostat,

E:cha g2 cause the ermostat’ s entr opYy 9 change aqcordjng
nehange zes + th tat + t h

“ = ange
to a zquuation analogous to eq. (11). The total er tlopy ch 9

(sum of that of the system and that of the thermostat) apgears

to be: J s

é = ks [ /\~|J~ + z:hgﬁ /\k " l . L

where A is the “sffinity" conjugate to flow J,, This equatio
N bhe

i tot 2 o
i 11 known in irreversible thermodynamics £%1. The totasl entropy
is we 2

ili i ilibrium
h is positive and it vanishes at eguilibrioum, Eguil
change =

is characterized by vanishing affinitiesg,
i £ f entrop
Discussion of irreversible processes in terms o Y

i ! g i e
tion is not very useful unless it ig supplemented by suitah)
creg L wve

kinetic equations relating the flows to the affinities. Onsager
i

e
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has zuggested to uyse linear phenomenaslogicat equations,

I

2re linesrity i3 only a convenient appro;imation but it

seemsz *o te verified under wide ranges ot experimental aconditions,
Coupling of flows generates cff-disgonal coefficients 13

Jo = L. Loe A, (1)
Onsager has demonstrated in his famous paper that the matri; of the
phenomenslaogical caefficients is symmetric ( Lkl = Lﬂk T
Introducing eq, (13} in eq. (12) vields.

5 o= kg Zkze Lre AuAy (14)

We apply now any abovementianed symmetry operation to
Fauation (14), If the et of eutensive properties which hasg bean
chosen to describe the system responds to equation () (linearly
independent okbservables), invariance of the entropy creation
implies that the matrix of the phenomenological coefficients
be diagcnal. If not, we have necessarily coupled flows,

The conclusion is that fer the kinetic equations relating flows
to generalized thermodynamic forgces to be diagonal it is compulsary
that the generalized forees bae affinities (differents or gradients
of intensive variables) and the flows must be related to linearly
Independent observables, This is a generalization of Curie’'s
weil known symmetry rule C[93.

To the latter symmetry rule there are no limitations regarding
to how far the system is remaved from equilibrium with its
surroundings. Possible non-linearity of Onsager’s phenomenslogical
equations dees not impair the general conelusion,

We turn now to the "Master Egquation" approach. It is based on
tha kinetic treatment of individual Jumps in the phase space [107,
Its predictions concerning coupling of thermodynamic flows should
be identical to those presented above.

The “"Master Equation® has been discuzged by many authers [41,
It may b2 written:

A0 = S (r's rYyseir) st r’ - fwireriy m(ryor’ €1%)
It is a transcription of Liouville's equation (2). Dissipativity
is assumed implicitely in the transition probabilities,

Quoting Haken one could argue: "The crux to derive a

Master Equation ig not so much writing down the expression which is
rather obvious, but to determine the transition rates explicitely™,

In fact, with truly conservative systems there is ng mechanism
to drive iumps between the system’s eigenstates. It has been
stressed above that transitions require external intervention.

{One of such interventinns may be spontaneous emission where the
system couples with the light field).

Let us assume that the transitions required by equation {(1%) are
stimulated by some unspecified meechanism. Our present goal is to
predict experimentally observable macroscopic flows of extensive
properties {(relaxation = relief of constraints). This implies
integration of the relevant contributions in the phase space,

Defining the transition probabilities from first prin-
ciples is difficult and approximations are required.

With Brownian motion, relaxation involves exchange
of "impulss® (friction) with the thermostat. Though transfer
of impulse is hardly conceivable without simultaneous exchange of
kinetic energy (heat), the latter is assumed tao be so fast that the
average kinetic energy remains locked to its heat bath value. This
allows adiabatic elimination of the fast process. Relamation
is then controlled by its rate determining step: friction,

In this particular case, the properties that are accessible to the
speriment are clearly linearly independent (see comment after
equation (3)), Flow of impulse and of kinetic energy are not
coupled. The non-equilibrium (steady state = dynamical equi-
librium) value of the system’s temperature equals it true
2quilibrium value, that is the temperature of the thermostat
(statical equilibrium). This is the ideal case to be solved by
Haster Equations.

In many cases however, irreversible flows are coupled (e.g.
Soret effeoct, Hall effect, Knudsen effeect ete.). This happens
2lso in quantum optics (laser physics C111) where interaction of
light with radiators causes several extensive properties to flow
betuween the system and its surroundings. Some of them may be

linearly independent {energy or inversion and polarization)



for symmetry reasons but their intensities are not (the polarizatior

squared and the inversion are not linearly independent),

The driving forces for the relevant flows, obtained by integration
of the transitions in the phase space should reflect this inter-
relation of the relaxing properties. Approximations which would
ignore their coupling should be rejected,

Some flows (e.,g. inversion and impulse in gas lasers or in
laser driven systems) are linearly independent when the electro-
magnetic field is off and grow oblique when the electomagnetic
field is turned on, The resulting shift of dynamical equilikria
versus the static values for the fastest rélaxing properties, the

flows of which may be eliminated adisbatically, are the cause of

very interesting non-linear phenomena, (e.g. laser cooling (12,131,

radiation induced osmosis C11] ete,) . Their prediction using
Master Equations requires care in considering the symmetry
properties of the transition probabilities. Errors are easily
generated on introducing the necessary additional assumptions or
approximations.

It is npot the PUrpose to censure Master Equations "in sge",
Only some of the assumptions are questioned that lead to
results where irreversible flous are expressed as functions of
the relaxing properties themselves (rate equations) and not of
differences of intensive variables taffinities), as the equatian
for entropy production suggests they should.

It has been stressed above that statistical thermodynamics is
based on fundamental properties of hamiltonian mechanics
(Symmetry), Excepting perhaps possible distortion of the lingarity
of phenomenolegical equations far from equilibrium, nothing res-
tricts its principles to the immediate vicinity of equilibrium,

Thermodynamics is based on simple mathematical tools. Its re-
sults are immedjiately transferrable to the <uperiment. As
@ conclusion it is suggested that the present condemnation

of irreversible (statistical) thermodynamics be reconsidered,

also in quantum optiss,

Lo
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