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Complex MHD shock interactions

Stefaan Poedts
(Time evolution schemes)

e explicit / implicit / numerical stability / upwind schemes

[Shock capturing schemes)

® Finite Volume Method

® TVD schemes / Riemann (Godunov) solvers

[Complex MHD shock interactions)

e recent 2D and 3D results on shocks in switch-on regime

e intermediate shocks and compound shocks in 2D and 3D!
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(Model problem|

_ ou ou ou  Ovu _
e consider u(z, t): 2 = V3. O (5 + = 0| with v constant

—> solution: u = u(:L‘ — Ut), 7.€. wave propagating in z-direction
=> dispersion relation: assume u ~ eilkz—wt) T ';EJ] = no dispersion!

dr
— characteristics: — = v = straight, parallel lines

@ ® /t% -
//// v \V/
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[Explicit schemes]

n+1 n n n
U — U U 1 — U
. . +1 1—1
e notation: u” = ulx,. t — ¢ L= —U L
¢ (24, tn) o At 2Ax
lst—ordermxs'ad FD an-orc;;;ntra] FD
At vl —u
= u'r-”+1 = u? — U sl 1—1 ‘FTCS Euler scheme’
v Ax 2 |
¥\
- | S
= O(Aa:z, At) with stencil: n+1 e
ho[eee
® ‘explicit’: U?+1 determined only by u""’s tn-1 "“*:““:F““*I
] 1 1 ’_
of previous time step X. X X X
-1 / i+1

® ‘consistent’: truncation errors vanish for Az — 0, At — 0
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(Numerical stability)

e stable scheme <= round-off errors shrink or do not grow

= evaluated by (local) ‘von Neumann’ method = e(a:, t) = éke’\teikx
E:rH—l
= stable scheme <& -—k—ﬁ— = IBAN‘ <1 foreveryk
“k
e substitute _ : = _F 1, +. € _in backward Euler scheme:
num. sol. exact sol. error
1kAx —ikAzx .
AAZ vAt e —e VAL

= e =1-— =1 — ¢ ——-sin(kAz

Az 2 Ax ( )

= leAAt| > 1 forevery k! = unconditionally unstable!

( addition of ‘numerical diffusior’
= d 3 types of solutions: < use of same space-time symmetry as the original PDE

| use of an implicit scheme
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® replacing uf’ in FTCS Euler scheme by an average value we get:

n T . )
n+1 1+1 1—1 741 1—1 ‘ . | |
Y = —v LLax-Friedrichs
! 2 Az 9
L)
tn+1 i Ja
N T
= O(ASCQ, At) with stencil: t R A
Xl-1 Xi Xi+1 X
o rewriting: b _ _p Ykl — %1 (Az)T g — 2uf u
At 2Nz 20\t (Az)?

. disoretization of ou ou N (Az)? 5%
iscretization of: — = —v
ot Oox 2At Ozl
diffusion term
= ‘numerical dissipation’ or ‘viscozity’ added!
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o von Neumann method on

M = cos(kAz)

=

— 72— Sin

e)\Atl = cos?(kAz) + (

Lax-Friedrichs scheme yields:

VAL
N (kAzx)

vAtL

T

)2 sin?(kAz)

—> condition for stability: [C’

| At
= <

- Az

[

At

[

_______________________________

————————————————————————————

__________________________

i f ,. | I W |
ol v |
______ o domain ofty

® physical meaning:

“AX

ﬂ ~ [‘CFL condition)
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e cf. chars. x = vt: information propagates only in positive z-direction (forv > 0)

e Lax-Friedrichs: information propagates in two directions (£x)

(

Fr _— pn
yntl g m — -t =L forv >0
=> update upwind nodes: | L= n =% o
At i+1 1Y
— forv < 0
{ Az
‘'upwind difference scheme’
® ‘conservative’ form L v>0 th v<O
| b R S SR ..
(model eq.: flux function £' = vu) n T n+1 B A
S S S SO S S
= O(Az, At) , R ] IR
N [TTTRTTTE I e
= with stencil: X X X o x X X

® widely used in shock-capturing schemes for nonlinear problems

® produces ‘oscillation-free’ solutions: ‘monotone’ scheme
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(Implicit schemes]

e evaluate spatial derivative in FTCS Euler scheme in th

n+l _ , n+l
B S R N e 25 B | ‘ ,
u, =U; — BTCS Euler scheme
Ax 2
L)
= O(Aa:Q, At) with stencil: f
] net [TTO 9@
® ‘implicit’ u?”L not expressed in u'’s of pre- | | |
vious time step tn il EEbl
= tridiagonal system in each time step { ,F--- j L ”L L j
_ n- | | |
[ . I | >_
o stability: e 2 =1 — iCsin(kAz) X, X X ;X
-1 1 i+1
6’n,—l—l
= |k —| <1, foreveryk: unconditionally stable!
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Total Variation Diminishing schemes)

@
oz

1
® total variation of % on [0, 1] = /
0

N
dr 2% TV (u™) = Z |ul  — ul
1=0

o |schemeis TVDintime < TV (u") < TV(u") Vn

= ‘TV-stable’ schemes always converge!

e.g. all monotone schemes are TVD schemes

® ‘general’ explicit method can be written in form:

Uyl =g + Ai+l/2 \(U?’H — u?l‘"Bi—l/Q \(u? — u?—ll
A“?L/z A“’?:m
Aij1/220 Vi \
= |if B 17920 Vi > = schemeis TVD
0= Ajpijpt Bipgpp <1 Vi
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u?

e example: 1st-order TVD scheme for Burger's equation, with F' = 5

E?u OF @ N un+1 0 At z—l—l F’n for ai—l—1/2 <0

y) ) Ax n n
at 633 F’L — F;'.—-l for (}.’?:_'_1/2 > ()
(
n : n+1 n __
where «; = { FR _ _[Fn
i+1/2 ;Jfl Lo f ug”H —u #0

LY T

=> can be rewritten in different forms, e.g.

Ui — W ———;—p— [ai+1/2Au?+1/2 o 'ai+1/2| Arl"":'l-l-I/Q + Q- 1/ >Auz 1/2 \ai—1/2| Au?_l/g]
( 1 At |
Aiv1/2 = 975 ( C‘fz'+1/2| — %‘+1/2) > 0 Vi
1 At

=4 Bi1/2= 2R; ( 0%'—1/2| T sz'—-l/z) > 0 Vi
@1/ ﬁ—i <1 = CFL type condition!
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(The Riemann problem)

= conservation law + piecewise constant initial data with a single discontinuity

0 0
¢.g. Burger's eq; 51—]-’- +u 5’% = 0 with u(z,0) = { Z’l zi%
T

® case a) ) > ur[ dunique weak solution:

u T < st 1
u(z,t) = { Ui o g Wilhs = i(ul + uy) = ‘shock speed’

(a) (b) (c)

th- -2~ - N---]| u t

0 \ -1 O\ > £ /
1 X 17 -1 X 1 -1 X 1

a)caseu; = 1,u, = —1, b)shock profile, c)caseu; = —1,u, =1
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e [case b) u; < ur o0 weak solutions

([ <yt
e.g. rarefaction wave: u(z,t) = ¢ z/t uit <z < upt
Upr T > Upl

\

us

e for non-convex flux function, e.g. F'(u) = %
case U] < Ur: no admissible shock

— compound shock: sonic shock followed by attached rarefaction:

(a) . (b) . (c)

[i—

)

1 -1 X

a)caseu; = 1,u, = —3/4, b)compound shock, c) shock profile att = 1/2
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[Finite volume methods (FVM))

= Obtained by interpreting u; as the average value of u(x) in [:cz 1, a:Hl]:
-2 2

‘cell interfaces’

P

Xi—3/2 Xi—1 Xi—1/2 Xi Xi+1/2 Xi+1 Xi+3/2
cell
Titl
1
xT.
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e domain subdivided in a set of cells (covering whole domain)
= advantage: discretized equation itself can be seen as an integral law
= ‘most physical’ discretization of conservation law

® methods based on this idea = Tinite volume’ schemes

- almost universally used in CFD for shock-capturing codes
- recently also in MHD!

® conservation laws applied on each cell to determine the time evolution of the dependent

variables (= conserved quantities themselves!) in some discrete points of the cells
(='nodes’)

® generalization to 2D (‘volumes’ (cells) are surfaces) and 3D (cells = volumes) is obvious

e very flexible, e.g. also on unstructured triangular grids

- cells can overlap

- choice of cells and nodes decoupled = many different combinations!
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\Complex MHD shock interactionsl

® supersonic flow around object

® anisotropy MHD waves = complex MHD bow shocks

= bow shock

® 4 possible positions of flow speed in direction z:

(2 cpp 22> cpp > B> c5p > @)
= three types of MHD shocks:

(a) fast

(b) intermediate

(c) slow

(d) fast switch-on
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® three wave speeds depend on direction (a) Tast (d) fast switch-on
' M. <l
= three Mach numbers too: \\ Mt Mj:'—“l
vzl b N |
o M fr= —-C-— 1 \ 2
fz \\ 2
M. = |Uﬁ3| My 1 Mg=M, >1
® MAx = p (b) slow (e) slow switch-off
Az M, <1 M, =
v 1
o My, = I_arl_ \\ .............. MA".<
Csr 1 \\\2 2
e fast switch-on shocks =intrinsic magnetic effect M. >l
Msx>1 M:x =]
® only occur when: (c) intermediate | (f) hydrodynamic
0B} > o
y ! // MAx<1
2) Bf > pl’ug 1 1 |2 [ 2
Syl =61) +1 '
=> upstream flow is magnetically dominated M, >l M, =M, >]
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(a) fast

(d) fast switch-on
M fx<1

(g) contact

other discontinuities:

2
M, >1 —
fx M o MAx>1
(b) slow (e) slow switch-off
MSX<1 MSX:
MAx<1
1 2
M >l
Mg,>1 M, =1
(¢) intermediate (f) hydrodynamic
MAx<1 Msx:
MA <1
-
1 2
M, >1

....................

9) vz =0, Bw%o’
only jump in p and
S

hy vy, = B, = 0,
jumpin p, p, and Y
and BH

) magnetic field ro-
tated 180° around
normal, no jump in
entropy
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(Bow shocks in the solar system)
— where superfast solar wind encounters ‘obstacles’
g
/ Magné’tusheath o
Magnetopause )
Cusp ! | ey
/ — Magnetotail
Solar —“\““‘-‘___ i
‘ S R T N T Gl
_ Neutral point/
Examples: Wind f_,.r/"”—"__—h“
e Earth’s bow shock
e all other planets Bow Shock —

® comets
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. AT LIT e,
galactic -~ 3 R
cosmic rays

N

e

1
‘-

T Vo ager |
N Yag

23 T g
aTd 22 - ‘Q,.: :
T ey \ | S
‘f'._ " Pioneer 11 -

-

Heliosphere: magnetic environment of the solar system
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SMM coronagraph images of a CME with 17 min interval (Rgis = 1.6 Rg)

= speed & 1000 km/s, dimpled shock front

e Steinolfson & Hundhausen ('90): fast switch-on shocks occur in CMEs
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(a)

a) standard fast shock, b) topology proposed by Steinolfson & Hundhausen

® Steinolfson & Hundhausen ("90): dimpled fast switch-on shocks occur in CMEs

® De Sterck et al. ("99): all possible shocks occur!
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/
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VX

Symmetric 2D result (Hans De Sterck).
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0.08 |
5 e
L} :
> 0.04 E \\ \¢ . |
| b , —\\‘
NN e ST
""" ‘i oy ! ‘\\\
‘L}\" \
~ ﬁi‘\ ¢
oo 2B >
0.225 -0.175 -0.125

Magnetic field lines and M A contour lines (from De Sterck et al. '98)

D-E fast shock (almost switch-on)  E-H
E-F [1H4]intermediate shock
at F hydrodynamic shock

tangential discontinuity
E-G intermediate shock

D-G-H-1 [2~[3H4lintermediate shock
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1.0
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-0.225 -0.205 -0.185

1.4
1.2

1.0 B

0.8

0.6
-0.225 -0.205 -0.185

=]
—

e (a)-(c): cutalong lower dotted line in pre-
vious fig

= fast shock and intermediate shock with

2 2 1

2 2 |
ralrefactlon |

e (d)-(f): cutalong upper dotted line in pre-
vious fig

— fast shock and intermediate shock
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(a) pressure

1.3 1.3 1.1
1.2} | . 1.2 &8 1.0}
N %
1.1} ] 1.1 0.9¢
1.0+ : 1.0} 0.8}
0.9 0.9 0.7
-0.21 -0.18  -0.21 -0.18  -0.21
X X

Cut along solid line (from De Sterck et al, '98)
® E-G shock is preceded and followed by rarefaction regions
o M F = 1 where upstream (left) rarefaction is attached to shock

® Ms = 1 where downstream (right) rarefaction is attached to shock

= E-G:  [1H[2]- [34] shock

= stationary double compound shock!

-0.18
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0.045 0.045
0.040 | 0.040 |
0.035} 0.035¢
0.030+ 0.030}
™ =y
0.025} 0.025}
0.020} 0.020%
0015} 0.015f m :
0.010t 0.010 1 SN
0215 10.203 -0.190 0.215 -0.203 10.190
X X

Two families of characteristics near E-G shock (from De Sterck et al. '98)

— characteristic analysis = stationary double compound shock!

— mathematical equivalent of xt double compound shocks of Myong and Roe ('97)
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w_,.x T i A @
o._lm _::: _ L L
L ™
i il i

R

Nl E527 7777
A

1]

Sweep over parameter domain (from De Sterck et al. ’99)

Complex MHD shock in teractions
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(a) (c)
0.45 0.45 0.036
> 0.00] = > 0.00] > 0.000 ”8
-0.45 —n -0.45 | -0.036
-0.25 0.00 -0.25 0.00 -0.145 -0.125
X X X

Comparison of 2D flow over cylinder and 3D axisymmetric flow over a sphere (from De Sterck et al. '99)
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"

rho®

2.63673
2.43265
2.22857
2.02449
1.82041
1.61633
1.41224
1.20816
1.00408
0.8

3D flow over a sphere @, B = 9°) (from De Sterck etal '99)
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Topology of 3D flow over a sphere (from De Sterck et al. '99)

a) shock front can not be entirely of the [1}2] fast type near a perpendicular pointwith

a [1H2=3] switch-on shock

b) complex shock front needed, in case 0, # 0
A-B is [1H2] fast shock, B-D is [1}{3] intermediate, D-

intermediate evolving into

2=3

E is [1H{2ffast, and D-G is [2H4]
14] switch-off and slow along the shock front
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0.13 // =
B =
B
I 7
7
-0.01 _._(L | ‘J
-0.17

-0.03
X

Detail of 3D flow over 4 sphere (from De Sterck et al. '99)
= density contours (thin solid)

with streamlines (thick solid) and magnetic field lines
(thin solid)
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Magnetopause

Cusp

t

Solar

»

Wind

4

Bow Shnck

= related to SPACE WEATHER!

4 / /
/ f/ Magnetnsheath/ f‘

o Fa

X TG - _‘.
I R s s Pt L A%
2 T
s §’¥; G
£

Magnetotail

A S

Neutral pmnt/
————

Earth’s magnetosphere (from De Sterck et al. '98)




