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7.

Industrial Mathematics is booming in Europe.
But what 1s the true nature of industrial math-
ematics?

It can mean many different things to many dif-
ferent people.

Here are some of the things that it does NOT
mean to me:



1. EXPERIMENTS

When an industry comes to a mathematician
with a problem, the answer is almost never to
tell them to carry out experiments. Normally
they have already considered this, and carried
them out or rejected the idea. The problem
with experiments is that they are often:

e Fxpensive

e Dangerous

e [mpossible

e Time-consuming
o [ll-conceived

e Useless to add basic understanding

Of course previous experimental results may guide
us and our work may eventually suggest the best

experiments to do.



2. LITERATURE SURVEY

Well of course this has to be done, but normally
it’s already been carried out by the time the
problem arrives.

Most industries are fairly sophisticated these
days. If the problem has been done before then
they usually know about 1t.

Of course, someone may have specialist knowl-
edge (working papers, theses etc.)

But all in all the number of problems that can
be totally solved by just looking them up in the
literature is small.



3. NUMERICAL CALCULATIONS

Sometimes (often!) industry have carried these
out. But the trouble with a numerical-based

study 1s that:

e Pages of numbers are hard to interpret
e Often they’ve solved the wrong problem
e How can we trust the numerics?

e Cannot provide basic understanding

e Rarely highlights mechanisms

e Can contain many fiddle factors

e Pretty pictures can hide falsehoods

Of course, after the modelling process has been
completed we may well want to do numerical
calculations, but then at least we have a good
chance of solving the right problem and knowing
what we are doing..... - |



HOW DO DO IT

We will illustrate the general process with an
example: some bits of it are made up for the
purposes of the lecture, but much of the pro-
cesses involved are real.

EXAMPLE: PROPELLANT ROLLING

Gun (or if you like air bag) propellant comes
in many forms. One important form is “flake”
propellant which is made by rolling a plastic-
type mixture to thin it.

The basic idea is shown below. (Assume sym-
metry)
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OBSERVATIONS:
e The top roller tends to get hot

e The propellant can flow

e Chemical reactions may take place in the
propellant

e The roller speed and pressure are known

e Conditions at the entrance to the roller are
known

QUESTIONS:

e What size reduction is reasonable?

e What are the key non-dimensional parame-
ters in the problem?.

e What is the maximum U, allowed which
ensures 1T < Tiaz !

e What roller pressure will be required?
e Would it help to cool the roller?
e What changes when the propellant type changes?



OK, so let’s write down the equations. We have:

(MASS)
pt+V.(pg) =0

(MOMENTUM)
pla:+(q-V)g)=V.7T+b
(ENERGY)
pep(Ti + (@ V)T) = kVT + &+ G+ C

Where:

p = propellant density

q = propellant velocity

7 == propellant stress tensor

b = body force

¢, = propellant specific heat

k = propellant thermal conductivity
1" = propellant temperature

® = viscous dissipation

G = compressible energy terms

C = chemical reaction terms

0



THIS IS A *NORMAL MODELLING PROB-

LEM*: Its easy to write down the general equa-
tions, but of course they’re too awful to do any-

thing with. So HOW CAN WE PROCEED?

(Note: If we go to the computer at this stage
then we can expect SEVERE TROUBLE!)

ANSWER: The skill lies in the modelling as-
sumptions!

We have to be very clear what we have assumed
and how these assumptions would change if cir-
cumstances were different.......

NOTE: we are NOT just “approximating”. Fven-
tually we will deal in proper asymptotic expan-
sions. We will be able to say how big the likely
errors are and go to the next term if need be.

This problem provides a GOOD ILLUSTRA-
TION of how we have to “pick oft” the mod-
elling assumptions one by one. discussing each
as we go (preferably with the person from the
industry).



SO HERE WE GO with all the modelling as-

sumptions:

(1) We work in 2-D (z, z) since the rollers are
VERY wide. (Edge effect problems may have

to be done separately.)

(2) We assume that the FLOW IS INCOM-
PRESSIBLE (to check this we can check the
Mach number and many other things after we
have solved the problem).

(3) We will assume that the FLOW IS STEADY

so that nothing depends explicitly on time. (There

is also a “start-up” problem that could be done
where things to depend on time, but steady op-
eration is our main interest).

(4) We will assume that SUITABLE BOUND-
ARY CONDITIONS are known. (This sounds
obvious, but often it turns out that nobody
knows the boundary conditions!)



1

(5) We will assume that the fluid is a LIN-

EAR VISCOUS FLUID. (Again, should all be
checked when we have finished).

(6) We will assume that the fluid has a CON-
STANT VISCOSITY g (NOTE: this is almost
certainly NOT TRUE!).

(7) We will assume that the ONLY BODY FORCE
is GRAVITY.

Hmmmm 7 major assumptions already! - what
does this give?
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THE ANSWER: still a horrid mess. We have
V.g=0

p(qV)g=V.T — pg
pey(q.- V)T = kV*T + pdijdi; + C

. 1 6(]1' 6%‘
i =5 (am,- * 8:1:,—)

..... But at least we've done some
INITIAL MODELLING.

NOW we need to know how BIG things are.

Are some terms more important than others?

Can some of the terms in these equations be
ignored?

(After all, where’s the relativity?!!)
To find this out we need to NON-DIMENSIONALIZE



NON-DIMENSIONALIZATION

We want to scale everything with its typical size.
All variables with a bar will be NON-DIMENSIONAL
Obviously we put z = LZ, 2 = hZ.

To preserve continuity, put
u = U,t, w = eUxw where e = h/L.

We don’t know a scale for p yet so put p = Pp

Let Ty = temperature of oncoming propellant
T, = temperature of top roller (assume that we
can control this: of course, we can’t!)

S0 put T = (Tl — To)T + TO
NOTE: T > 0 but maybe T' > 1 as well!

Also for the chemistry put C' = CyC
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When we write the equations out in component
form, we get

(subscripts indicate differentiation)
uy +w, =0

ULy + WU, = ——% + V(’Um + ’U-zz)
Dz
uw, + WwW, = —; + v(Wez +Wzz) — G

1, 1
pep(uTs+wTy) = k(Tez+T2:) 1 W witu,w, +ul+swl)+C
CP X 2 z 2 z

Now let’s transform all of this to barred vari-
ables:

s 4 Dy = ——ps + o (fize + —is3)
Uz Uz = ——F Pk IT zz
T z pU2 px LUOO 2“’
Uz + WW; P Pz V (wzz + “1—?1_122) — ﬁ"I‘f—
pU2.€? LUs €2 eUZ,
- vk - 1 -
ulz + wls = LUOO;,LCP (Tjj + _QTEZ) +
'U'UDO (_2 -2 - = 1 9 l 2_2) LCO =
uz + wi + Uzwz + Uz + —e*w; |+
pLe,(Ty —To) \ 7 2¢? 2 pcpUco(T1 — To)



Now everything is multiplied by 1 except for the
terms that are multiplied by the non-dimensional

. combinations

P v v
pU2’ LUy, LU€
P gL
pUZE?  €eUZ,
vk vk 1Ux
pUsLey,’  pUsoLeye?  Lpcy(Ty — Ty)
LU € 1wl ColL

Lpcpy(Ty —Ty)  Lpcy(Th — To)e?’  peyUso(Th — Tp)
Now we have to make a key observation:

We MUST keep the pressure in as it is the main
physical mechanism!

So we have to choose




(e

OK, so here are some typical sizes of things:

(NOTE: industrial input is crucial here. Also -
we might have to guess some of them.)

L ~ 0.5m

h ~ 0.001m

Uy ~ 0.2m/s

p ~ 200kg/m?

u ~ 1000kg/m/s

k ~4J/s/m/K

¢, ~ 2000 /kg/K

Ty ~ 300K, Ty ~ 310K
Co ~ 4 x 10°

Now we will identify the sizes of each term:






To leading order the governing equations are
therefore

Uy +w, =0
Dz = WUz,
p. =0
oszz2+gu§+c

(redimensional)

Hooray ! we now have some “working equa-
tions”:

Of course, we need some boundary conditions
too:

Suppose the top roller is z = h(x)
w(z,0) =0, u,(z,0)=0

u(z,h(z)) =U,, w(z, h(z))=UN

T.(z,0) =0, T(z,h(z)) =T,



Actually we can make substantial progress with
these equations, but before we even solve any-

LOOK at all the things that we now know about
this problem WITHOUT EVEN TOUCHING
A COMPUTER!

We know that:

e Inertia is irrelevant.

e We can say how small the inertial effects
are.

e Convection of heat is irrelevant.
e The pressure is only a function of z.

e The only important momentum balance is
between the pressure and the viscous effects

e We know the order of magnitude of the pres-
sure forces.

e We know exactly how the process speed en-
ters into the problem.

e The flow problem may be solved indepen-
dent of the temperature problem.

1



e There will be boundary layers at the en-
trance at the exit of the rollers.

e We know the thickness of the inertial enfry
boundary layer.

e We know the thickness of the thermal entry
boundary layer.

e Gravity is totally irrelevant.

e The key heat balance is between diffusion,
viscous dissipation, and the chemical reac-
tion term.

e We know ezactly how important the chem-
ical reaction is.

e We have a heat scale for the problem

e We have identified the mechanisms that might
heat up the top roller.

This is “good business” for a few minutes work.....



Although hopefully the point has been made, it
seems a shame not to go on and integrate the
equations.....!

Using elementary methods we find that

Where the pressure p(z) satisfies a second-order
ODE (whose boundary conditions we have to
think a bit carefully about),

Some other things need to be thought about as
well now, for we do not yet know how much the
propellant thins or where it leaves the top roller.

There are many other details to be cleared up,
but basically we understand the flow problem.

2\



What about 77 well T satisfies the equation

oszzz+gu§+c

where u is now known. We must say something

about C.
Simplest:

C = Cyexp(—F/RT)

where R = gas constant, [/ = activation energy.

This then gives a nonlinear PDE for the tem-
perature

Now this could be solved numerically (using

MAPLE, for example).

NOTE: In reality, we might expect the reactions
to be complicated. There are probably multiple
reactions.

(General observations:

(i) The gas constant R and the activation en-
ergy F are in most books.

(ii) Nobody in the world EVER knows Cp

22



NOW would be a good time to do some numer-
ical calculations.

Using an off-the-shelf CFD code, we could try
to confirm

(1) the parabolic velocity profile

(ii) pressure is constant across the gap between
the two rollers. '

(iii) how the roller shape affects the results.
(iv) etc. etc. etc.

Of course, once this was all clear we could put
in things like

(a) multiple chemical reactions
b) complicated constitutive laws

(
(c) temperature-dependent viscosity
(

d) temperature-dependent k and ¢,



We could also now try to interpret the results
of any experiments that have been carried out.

Again, we could look for general similarites in
the predicted flow behaviour.

Also, since we now know all of the important
non-dimensional parameters we could try to col-
lapse the results on to one graph.

Knowing the non-dimensional parameters can
also be VERY useful when it comes to inter-
preting the numerics.

In a few problems we have been able to dramat-
ically cut down the number of numerical runs
needed 1n this way.



Now that we understand the problem, we can
also start to think about some extensions that
will add to the realism in the modelling. For
example:

e Almost certainly p = p(T). We could find
a suitable law for g and drive the problem
with a variable viscosity.

e The assumption of linear viscous flow is du-
bious. Experimental data suggests that vis-
coelastic flow may be more appropriate.

e The pressure boundary conditions need to
be carefully thought about. (This comment
applies to numerical calculations as well).

e We need more details of the chemical reac-
tion.

e It may be necessary to solve a heat conduc-
tion problem in the roller.

e [t may be necessary to introduce a free bound-
ary that marks where the material starts to
flow. |

e Do we have to worry about the trapping of
air where the propellant leaves the roller?
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