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THE KINETIC PSEUDO-POTENTIALS

¢ Constitute an algorithm suitable for deriving rigorous analytical solu-

tions to the reactor kinetic equations;
¢ Are helpful in providing a physical insight into reactor physics;

e Can generate useful benchmarks for code testing.

THE STANDARD TWO GROUP REACTOR DYNAMICS

1 9%r(r,)

—_— = . 2
op Bt DF \7 (I)F(T, t)+

—Zp - @p(rt) + (1= B) - xp - {(vZp)r - Bp(r,t) + (Vg7 - Or(r,t)} +

6
+ Z:l Xir - i Ci(r,t) + Srieat(r, t);

1 . 8<I>T(r, t)

U 6t

= DT - V2<I>T(r,t) + (1 - ﬂ) “XT° {(UE}')F . ‘I)F(T, t) + (VEf)T . ‘I)T(T',t)} +

6
+Zpog - Pp(r,t) — Loz - r(r t)+ 21 Xi - M Cir,t) + Steae(r, 1);

%Ci(r,t) = ;81~ . {(UZf)F - (I)F(T,t) —+ (VEf)T . ‘I’T(T',t)} —_ /\1' . Ci(?", t);

G=1,..6).
(1)



where:
xp+txr=1 xop+xir=1 (i=1,..,6).

Boundary and initial conditions: to be specified.

Formal integration of the precursor equations:

Ci(r,t) = C2(r) - ™"+
. f AWE)r - @p(r ) + WE)r - Sr(rt)} - e X0 (i =1, ...,6).
(2)
The substitution of this result into the first two equations displays the

" historical memory” of the fission reactor.

THE £-TRANSFORM OF THE MATHEMATICAL MODEL

[ o2 1 p _
V®p.c(r,p) — (E + o DF) < ®p(r,p) =

(1) e (B Orc(r ) + V) e} -
DIF {Z Xir - A Cic(r,p) + St.c(r,p) + %@%(T)} ;

1 p
) Vi@p.r(r,p) — (E%: + DT) < ®rp(r,p) =

vr .

=—— (1= 8) xp {(vZf)r - Qpe(r,p} + (WEf)r - rc(r,p)} —

6 1
—— {EF—aT - Qp.c(r, p)+ ; Xir - Ai - Ciclr,p) + Sryclr,p) + vr ‘I’g’("'")}é

Ciclr,p) = pi/\_ SO+ — = {(vZp)p - @ric(rp) + WEf)r - Pricr,p)};

p+ N
L (i=1,..,6).

(3)
As a consequence of the L-transform algorithm all initial values are au-

tomatically included in the above equations.
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Definitions:

the unknown state vector:

petro = | grel?) ), @

the generalized sources for each group:

_ 6 i 1
= . A . i . . _@0 .
SF(r,p) SF.c(r, p)+ 1221 Xi.F Py Co(r) + . F(r); (5)
Sr(r,p) = Srelr,p)+ ZSI s CP(r) + Lo (r);
TP - Te\TH P p Xi,T p + )\1' 1 . T ’
e the known complex source vector:
1
_ | —p.Sr(np)
Sem)=| B >; ©)
—D_T . T(r’p)
e the inverse of the generalized, complex diffusion areas:
1. (L P ) .
AL (p) L% wvp-Dp)’
1 1 P
- = — +—— ] 7
AL() (L% o7 DT) @)
¢ the complex matrix of material properties:
A - a1z ) 8
(apy= (oo, ®
. 1 (vEg)F 8 As
= . {1 -~ oy
a11 A%‘(p) + DF XF ( ﬁ)+ ; ﬂt XI,F P+ Ai ’
w21 { c )y }
a = . {1 — + CXiF - ,
12 Dr Xr - { B) ; 8 Xi,F Y
- {(2) [ (1-9+3 9 AN,
a = —_— V . . —_— ‘;‘ » 1 - L, y
21 Dy fIF | XT 2 XiT P+ A F—T
. 1 (VEf)T { 6 Az }
G = —m Axr-(1=B+ 26 xr .
22 A%(p) DT XT ( ) ; X T P+ \;
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{A(p)} is assumed to be regionwise constant with respect to the space
variable.
The matrix formulation of the L—transform dynamic equations.

By mean of the previous definition, we can write the system of trans-

formed PDS’s in matrix form:

V2 + {A()}] - |®c(r,p))=|S (r,p))- (9)

(Vi 0
Vipxy = ( 0 24 )

A preliminary solution of the fundamental auxiliary problem:

where:

{A(P)} - [¥x(P)) = 1e(P) - [i(p)) - (10)

and its adjoint ({A* (p)} represents the matrix complex conjugate of { A(p) }) ;

(Wa(@)] - {A*(P)} - = () - (¥n(P)l (11)

will be useful.

The secular equation, related to the eigenvalue problem for {A(p)}, is:

(an - ’Y) a2 -
an (age — 7) =0 (12)

Two distinct cigenvalues are generated:

(ay; + az) + /(an — ap)’+4-a2-an .
v1(p) = / 5 = 1% (p),

(usually p*(p) > 0, for p = 0);

(a1 +az) — \/(au —a)’+4-a3-an

Yo(p) = = —3(p),

2
(usually — 2(p) << 0, for p = 0).

The associated linearly independent eigenvectors for the direct problem

can be given the column form:



FUNDAMENTAL THEOREM:

in each homogeneous multiplying region the general integral of the two
group, L-transformed, dynemic equations can be given the form of a linear

combination of solutions of the decoupled problems (24), according to:

®p.c(r,p) = fi(r,p) + far, p)
(25)

bro(r,p) = ¥{7(0) - fi(r,p) + 9 (p) - folr,p)

The problem has thus been shifted to that of solving eqs (24), account
being taken of the interface and spatial boundary conditions. This procedure
involves, as a rule, the transformed fluxes and not the pseudopotentials f;
and f, independently of one another: a situation that actually amounts to
recoupling the unknown potential with each other, as it is to be expected

on physical ground. One gets finally:

p-—vt {fl(r p)}+£;—'t {fg(?" p)} >
A AP @) - Ailnp)} + Lk {7 (0) - falrp) )

as the particular integral of egs. (1). It is to be considered the as most

|®(r, 1)) (26)

appropriate form of the analytical solution to our problem.
A comment on the formal decoupling of the two group diffusion egs.

systermn.

Actual recoupling occurs through:

1. regularity, interface and boundary conditions: to be imposed on the

fluxes and not, separately, on the potentials;

2. the source: actually each of the s (r,p) s involves the generalized

sources of both groups.



colve
A parallel situation arises when one a,ttemptsto the classu:al lec-
+iekd, Compon u.t the clasaic
tromagnetic equations, describing the time-depen en tor and scalar

(¢) electromagnetic potentials.
Actually the Lorentz’s condition:

_18¢(r,t) t)

c Ot (27)

divA(r,t) =

together with the request of imposing boundary and ﬁlte;efzce conditions on
oxwelZ eas.
the field componentsand not on the potentlals prevent th;s/\decouphng from

being o€y . formal mofhevsatical fuich.

However the usefulness of e.m. potential algorithm is well recognized.
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IL - Two cROUPS DYNAMICS OF THE BARE
MO MOGENEOUS CYLINDER.,

,De.sp-'te ow sa‘mPI‘ipyrns
easumpl-;ton.s :

-~ No bPeedback effecks on

reackvwhky

—> - Radial simmekry o} He
exciketvon
—(Aa 1'3"3 inCiny fe rﬂv&C"O"))‘

- (One élelsdeol nevkcon Famy )j) ;

- Um'que, exbra Po |¢"e.<:|. redras R./ .
tor botlh Fluxes,

Fhis Problem skl apPe.éf.s oS on UNSOLVED one o

least in iks r'gorous and Sehefal Form deve.lo,:,:ed.

m Fhis pareg ra.Pln ) '

In the Prc..se.n}‘ situalon : @ |
2

x4 (?) ._/u. (P) j:--‘-[(xfi_P—)+(X:+-f— )IVI]

2/ 2 V, D, v, D,

J:. (P) ==V ('P)

whece _ y \

Yryx p P W P

L p) = \/[(":* V.D.)' -(x +-\7;-6¢)]+(‘ Kw({ P )x, *e
Furkhermore o ccording ho the equivelence theorem |

VpeIs= { peC : Re(p)e[p. P, Tmlp)= 0 |

one gets res! ergenvalues of opposite sign -
Ji(P) 2 (py) 70 Y.(p)z-V¥p)<oO
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A ccording lo Fhe general Fheory :

4 4.
| é,(=p)) = &, (2p)- >+fa.(=-P) > ®
¢ ) N

where -Pt("l’) and Ez(’Z,P) come Fﬂomdolv{n?:

'J§I§T‘r4 d ¥ (

f 4 . N
dzl + 2 d'& +/u (p) ,P' = :)4 (z,p) | (p:evdo-lwl’gop’lms)
e Vpel

da?z { d f 4
D rraliey g% - L) f, - 32 (zp) | ( pscvco-absorbisg)

— @
and

\

) " $
Felzp)= <Y [ 520> = O S ) g0 & (2.p)-

To sclve (418):

Pe(ep)= £ ey + 82" (np)
where :
?,h(z.p) - Alp)Io(pme)r By (p)-Yo(ue) @3
‘f{b (z'l’)' Aa.(P)'Io (Vz) + Bz.(P)' Ko ("’2) @
and :




L |V

.ﬂ, (t ?) --- T /n)j d¢(2'p) Yo (pu )2’ d v’ 4

+Y, (/Az)]a (=, p) Jo(m)de’ }

Pep) = T (uz)jaace,pm(w)wg ,
o, @

+ Ko(u'z.)/:l (2. p) To(ve')2'de’

Our bare reactor s a highly simplitred cese ;

Fhe Boundery Conclibions hlo delermine ﬁn(p)
:nd Be(p) are:

4’1('2"!’): f.(Rp)+ -P;(R,p) =0
$, (R.p) = ¢V 4 (rp)+ ¢ L (R p)=0

Due ko the linear independence of Hhe |y >'s

@&

1 1

+0. @O

Q) (()]

Y Yo

As o c.oh.secruenc.e . (23) cennol be sa Frskred
unless

(R.p) =0
ancl { f‘ 5|‘mu“-eneously
f. (Rp)=0




I

Thus Fhe B s for instance, can be
de.l'ef‘mmed, cach one as o :Vnc"‘oh Op

 Fhe corcesponding Ax . The f,'s beome:

Jo (R
Yo(u R)

jo(.M.R)
Y(/u)]-i'}'(,u)Yo n).g.
R

Jﬂ, (/uz 'zd?.--—T(/u.z)jd, Y(/u.z)’z.-dz-l-
+—- Yo(/lz)/df 3::(/43)”'"]2

ﬂ(”;'P)-'-A [ (/u.t)-—

- ‘ LUR) 2 T (vR) |
fz(Z,P)=A [ o(uz) - :io((ug - KO(UZ]- K,(V ) k. (o7

R

.jd.s ko(ve') z'de’ + T, (ve) | 25 Ko(ve') 2'de’ +

2

+ Ko(uz)/dz T, (ve)z'd=2’

The Fwo Furkher *constents™ ﬁ*_ﬁ_'i)._i"‘" A"(E') can

now b& sze,rmmed, bﬁ rqu|r,n9 Fhe GOhl"t'ﬂVl""g
(rF rmplies bounded ness 1) oF bo b Fluxe,s when 20 .

The Final resull can be achreved by choos'ng

2ec0 velues For all coefFrci enks of Hﬁ&

(losér{\-mrcellg) s\'n3u|°r terms , and skl
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Fek{ns rn o eoc:.ounl- Hhe linesr indipendence
of Fhe I"P_K>'5 :
We wril-ell?n‘n Fhe Form ;

4? (=p)= 7 )ﬁﬂd )—Aﬂi (m) + Jo(mR) Fi("P]',':

4

. | i }'}’ t(F) ko(PK}I (v2)+ T, (VR)R (M,F)f

g

I (v®)

oot ] f
y @b

. where Jﬁ(f’);w'wjenf Ahe €Xa'£atl'0h ,&Mfcfca.&:
R d ‘
g4 (p)-"- J, (2', P)'Io(/u(?)‘z-') 2n de’ i

0

R

qz(P)E /"1 (Z'af’)Io(V(p)'Z')-Z'u"z’dz’, .
7] ,
and Fhe E‘S are de Fned by :
Fy () = —[ Yo (/Ac)]44(a.p) Jo (uw) 22 dne' +

*J (/n)f:sd('z' P) Yo (M) 2172 ]



2. & LIrvY (1(4 l

{ 2
Fz(ZnP) "-“Z;- [Ko (uz)[dz('a'.p) I.o(wz')z‘nﬁz’ d +

+ Ia(uz) /:;('z.‘,,o) Ko(v2') 2! cl'z’]

The 54'5, tor non-s:‘nguler be haviour of Lhe
3enera|l'eecl soyrces, are conkrnous ,a nd hence

lu'm{‘-ed,, c-unc'-.‘oh 0(2 rz. , VZ-G[O.Q'],éhd nol'
0""3 VP e« T ) bul almost e.ver‘y where on

Fhe complex p-plene :and, in perkicular,
ok 4l velves of P where Fhe po’e__s OP
Fhe (27)'5 ace localecl
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We REMIND NOw THAT: :
NO DEEP UNDERSTANDING OF REACTOR
DYNAMICS (AN RE ACHIEVED UwWLESS
STATICS OF THE [NJECTED SURCRITICA L
STRUCTURES HAS REeN FuLLY CLARIFIED

So ’e{'{s 30 !:aac f’a Hze au.rou!.rfoyt of l'he Source -
Vnulh'}.lyfaj mede z'n‘terac['c'an and Hze aPen’mm—

£ ol Sk proach to cn'éica(u'fy, within the two grovp
Hneorg .

Formul ae @4), wi Hh I::—'O’ are a}.}m}.n‘abe for ,shw@frg
the interaction between dr'n'l"‘ag bime :'rwﬂ'f;enc(ewﬂ'
neutron fources apd a cyb’n.d«n'osl mulh}lg:}g Shructure, |
whewever their &qf s less Hhou one- |

io
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(ougars On (272) and (27h) Jor the stationsry * swh-
cribicst Proklem:
a) The “}»Uf‘t Jovrce tramsients" owd the role of-
-~ v-type terms. Local dapendence of the eneryy
$|oec,{'rum.
b) The wwique Spdce inde t;e,up(ew{r Source spectrum
kot couges the v woutribution to become

va m'.\l'\.n'nj tj suall -

( s
'S-'D(r): S; ). 4:\;/;(’) = &%m=0
2 1

¢) Tke t'uje.cfion oJC ssurce neuwbrons with bthe
above enerqy slpeofru.m , no wmatter how gl,ah'al(j
d.\'ﬁ'r(\:ul'eol , duses o neu{‘ron response SPed'rum
G) indepoudent of the space coordinstes and
(i) svmilar to .th(: o} the critical structure,,

kav{nj the same material constauts (Ro>1
ra’m'rut).

CU No Fosﬁ\»ik“j oxists o} e,xa‘Hyj o Purv_ V- l:_t;pc,
s‘o-\(e a'MLet;enalent neutron sPcd‘NM- Ths wovld
!'Ml.llj the Pkﬂ;.’ul ex(rtence oj( gources of ! pos-
chive' ond Y nLjAHVCU neutrons dlhj@(‘:(d«f.
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e) The apjroash to criticsl : f‘*"‘(t’«mre)if'-’ﬁf- e |
Prnjres.sc‘ve dowainauce of the critical » Space  inde-
Pendcw{: specteum aud critical (—}u'uddmeu'l'd‘ )
Llij “‘fF“ nction.

—

THE TIHE- DEPENDENT ProRLEM : b looks lrike Hie equd- |

valent o:F _ﬂxic'm‘ﬂ'e@ many e.x,:en'menl's o:{- "aloj-mack
to cn‘l-'cah'-ly", one Hfor eadh eiqen talue . '

The poles of the (23)'s are located ot the roots of
| .0 . 1
Jo({dr)ﬂ)=o,:> P.(,p)-_-ilz'.' => P:h?", J=<Z, Vh

and ot £:> J: (%2,,’0)

Io(Vﬂv)R):o = iV(Pgw :ig‘. :>P: hors N j:.3, Vn
lL——:D' ID(I:V(F;"’) r) -_-Jo(.::.;lr): Seme Fype of

eﬁ endfunsticn |

and the inverse Lipkce ousform cam be pecformed by
MeSus oJl residues thesrem.




FYSYRAW J Y 'ivd ["'

The case BJ[ bare howgoutow SAroctures 1t a ctuc'ée

t:.w(‘fmhr (a(.tjwea{'e) oue :

— There are “ clusters eacle coustitubed by taree (G+R),
el'jenjcuncb'onl Itew{nj the wme spatial shape J;{'%-'r)
Belonji"lj to cblgorewl.' time exj'en valuers .

Rut even ingrole each cluster He uen&gg spectra¥sre
quite diflerent from edch ether, os well af the rebior
between neutrovg and the wnucled oJC o(.:.(ejea(
neum brou ‘:ruursars)-

= On Hhe con(:rafy, thie excitation t'nfejmﬁr MJ‘ujl'
the same snly Jor tihe fint fvo Fime moodles gidde
eath clutter ;

—The ConerT ofF DYwNAMIC E1GENSTATE oF THESYSTEH.

~ A Veckor statbe dpproach to the came tzro!,(em.




™ . 2 g
4)= A \ro(.lon) {_ o T 4 ht
x @(f,) lf_ﬁ'zn‘];(jo“) 1 ‘.'Z'_I _o_‘ﬁ] . A ¥
dp-p=p;
™) Q) .
2 3 Jon |
+‘_4'_’I - }J;(R )
d.P P:‘.Pg“
x. vy 2 ()
( ;{Z)z _LT- 'o(J"l) {_ () 4 ) 18
’ @r ‘me“ J,Con) 1 ;f s me 1y 0
7(") 4ppeh e
) , .
dv - 2"’3 : 1{/5)(;”00)} Jo(:nr)
rrd IO

# Presursor diU-S!:J:_'li equ.d{?a'om : :['raw @ @

T‘ne.jeueraf trawgient solution comes ovt NATURALLY ¢
Bel'nj ekpre,uea( bj meas g .91[ Q Honicel series e-qaan.h'em
o} both Huxes amd preasrrors .
Thit reprecentation is the [HOST ApPROPRIATE OA{if‘- ITS TIKE
ASYHPTOTIC behaviour s rcprejonfed Hwoujk e sa'nJle Spo -

tal e{g&nfincb'om ) ch botl Jwes oud preaarsors . |
The time .\sjmp{'aéa'c enerqgq spectrum , f'?jeer with the prec- |
vrsors content per newtron Prz.:enf' a&/wmff on the osiocvted.

fund amental £ime etjwwlue_



PART I

A Second Application of the Theory

The Multigroup Approach to the

Neutron Diffusion in a Fluid Core:

Spherical Geometry

A contribution of
M. L. BUZANO®™  S. E. CORNO**)
and F. MATTIODA®

(*) Dep. of Mathematics of University of Turin, Italy
(**) Dep. of Energetics of Polytechnic of Turin, Italy



A) The classical theory with standing fuel.

(10%, (r,1)
: ™" at

i =V [DIV‘I)l (I’, t)] — Erl(pl (r,t) -+ (1 - 6) X1 [(sz)l ‘I)l (I',t) + (UEf)Q @2 (I‘, t)] o
+Xa1AC (r,t) + Seze (1, ) ;

1 3‘-1)2 (I‘,t) .

Vg ot -

=V - [D2V P, (r,8)] — Lga®y (r,8) + (1 — 5) x2 [(uzf)l D, (r,t) + (vZy), P2 (r, t)] +
+x42AC (r,1) + pLr @1 (r,8) + Sezs 2 (1, 1) 5

aC (r,t)
“ at

= =XC (r,1) + B[(VEs), @1 (5, 8) + (v5), &2 (r,8)] 5 reV,
(1)
| Standard nomenclature has been adopted. V is the non reentrant tridi-

mensional reactor region, whose contour is V. Both fluxes vanish on 8V.

B) New formulation of the theory accounting for fluid fuel and
precursor diffusion.

aC (r,t) \
. = DV (r,t) ~ AC (r, 1) +
= (,) = AC (x,1) "

+8 [(VEy), &1 (r,1) + (vEy), B2 (r, 1)
where D, [emm?/s] is the diffusion coefficient of the precursors inside the fluid

core.

A boundary condition is now required for C(r,t), at the (internal) wall of

' the core vessel. The most appropriate, when fuel extraction and reentrance

do not occur, is (n is the outward normal to V')
D.VC (rs,t) -n(rs) =0, rs € V. (3)

Meaning: the heavy radioactive fission products cannot leak through the
vessel wall.

Core Averaging of Eq. (2), after defining:

5 C(t)i%//LC(r,t)dr,
2

-




=3 [Jf e, (=12

04 pcowcos

+8 [(VS), §1(8) + (W), @o(8)]

Due to the boundary condition (3), the first term at the r.h.s. is zero, as

it can be proved using Gauss’s theorem.

C) Accounting for the fuel mixing.

A violent mixing of the fuel, taking place for cooling needs, has the same
effect as D, — .

As a consequence, no gradient of precursor concentration will be allowed
anymore in the core. So C (r,t) must be coincident everywhere with its

average value C (t).

D) The consequences of the external circulation.

If an outside circulation of the violently mixed fuel is taking place, then
the time-dependent balance of the homogenized precursor density despite the

impervious vessel boundary becomes:

dC’dt(t) =-AC(t)+ 5 [(uE,«)l @, (t) + (vEy), @2(15)] +

—fCW+fCE-0)-e,
where:
i) f is the fraction of the fuel mass being circulated per second and
ii) @ is the average time spent by the fluid fuel in its solenoidal trip
through the heat exchangers.
Due to the fuel homogenization the neutron balance equations take now

a form even simpler than the previous one.



E) The stationary case with mixing and outside circulation.

The stationary counterpart of the above eq. is:
0=B[(vZy), o1 + (W51, 8s) —C A+ - (1 -],

8(WEp), &1 + (VEp), &
[
= B [(v8), @1+ (v5y), @]
Implication: if circulation takes place, only the fraction
g 1
B +f/A(1—e)

of the fission neutrons undergoing delayed emission are actually released in-

AC =

side the system.

F) The simplest stationary model for treating mixing and
external circulation of the fuel.

Simplifying hypothesis: no fast fission occurs and the bare, homogeneous

reactor is strictly thermal. So:

(szh =0; x1=X%X41=1 Xo=Xa2=0

Defining;:
. . w2l £t g
k = - - h = 2 _ a2 =
~ =1N-f-p, where g SN f o P=5 (U means

C‘ﬁlelﬁ ) .
Due to the very particular result now available for the precursor balance,
1.e.

Koo .
,\C(r)=/\CE-I-)-Eag G py; Vrey,

the stationary system, equivalent to egs. (1), takes the much simpler form,

integro-differential with respect to the space variables:
1 Koo

V2, (r) L¥¢1 (r) + mzﬂ [(1 = B8) @2 (r) + 8" - @]
Sea:t 1 (I‘)
_ S ), @)
D
2 ' 1 Er]: Se:rt,? (I‘)
V<I>2(r)—L—%<I)2(r)+pD2‘I>1(r)=—D—2 reVv.

4



A matrix formulation of this problem is:

{VIauz + (A (B)] + [Z (BN} | @ (1) =] Sext (¢)) (5)
where:
o =| orts) ) ©
St =| I D ) "
1 k(1) T
SR T o i) R
D, 2

Vioxs = [ 0 V2.

TS ][ ]

Z(G")= L P D1V
(9)

G) The search for criticality.
It involves the investigation about the conditions under which, in absence
of external source, the integro-differential operator [O]

[0] = VLaxz + [A (B)] + [Z (6] (10)

possesses a non trivial solution, belonging to the null eigenvalue

[O] @ (r)) =0-12(r)) . (11)

To solve eq. (11) we let the unknown vector {Z (8)] | @ (r)) play formally

—C12 >
0

(12)

the role of a “virtually” external source, now called | 52,

ﬁkoozﬂlf

Za2 L @y (1) d .

p DV /v 2(r) r>5902-
0

(6] @ (x)) =| St =

~1



so that we will have to solve, first of all,

(VI + [A(8)]} - | @ (x)) = SE,) -

(13)

Let us ignore for the moment that | S2,) is unknown and adopt the stationary

version of the kinetic pseudopotential algorithm .

Auxiliary problem and its adjoint:

[A(B)] | ¥i) = v | )
(Yu | [A(B)] =np- (¥n |

both leading now to the same secular equation.

The eigenvalues are:

B

B (@11 + az) + _(011 — ag)” + darzan

M = 5 == =pt(B);
(a11 + az2) — [(a11 — az)? + dasza|? L
Yo = 5 === v (B)
1 1
= = k=1,2
00| ey V5| ) =12
a12 k
Ye—an | 1 .
(wk!=<1 e J-V:=< O gl @l (k=12
32
Nh=l+M—, (h=1,2)
Q320

Properties of the base: biorthogonality and completeness:

(Un | Yi) = Onr

2
Yol - (W |=Laxe -
k=1

(14)

(15)

(16)

(17)

(18)

(19)

(20)

Let us change the unknown functions ®,(r) and ®,(r) into the new ones

f]_(l‘) and f;_)(l‘) :
|®(r)) = fi(r) | ¥1) + fo(r)- | ¥2)

(21)



| Siit) = <w1 | Sgn) ) W)l) + <¢2 | Sgn) ) W)Q) = $ | %) + 82 | wz) : (22)

Ignore for the moment that s, and s; are actually unknown. After sub-

stituting into eq. (13) we get:
VEAUE) - ji1) + V2 o) | 0} + 1% - ulx) [1y) = 02 falr) b)) =

(23)
= s1{¢1) + s2ltha).
The formally uncoupled equations for the potentials are:
V2 fi(r) + 2 fi(x) = 1 ;
(24)
V2 falr) — 2 fao(x) = 53 -
To let the space-independent source components explicit:
d 1 2 ez ¢
Sk=<¢k|sim):< L() ¢L()| >"'-“"9k'902 (25)
0
where gx = —c¢12/Ni . Assuming, as usually verified:
p}B) >0,  —r4(8) <0,
and spherical geometry:
sin (pr cos (ur /
flr) = Ay (Ju)+1,5,1 (ur) 2
sinl?; (vr) cogh (vr) “ (26)
f2(r) = 4y . + B, - —92% .

To make both fluxes regular at the center of the sphere it is required that:

lim [B cos{ur) + Bacosh({vr)] =0
(27)
lim [Byy? cos(ur) + Bop$? cosh(vr)] =0,

hence:
{ Bl + Bg =0 ;

By + Byl = 0.

Thus, from the linear independence of the eigenvectors | 1) of the base:
= B, =By=0 |, (28)

7



a sufficient, but also necessary, condition fro flux regularity. Furthermore,
from the boundary conditions on both fluxes and the linear independence of
the | ¥;) s :

= H(R)=f(R)=0,
implying
g1 . R g2 .. R

A= _Egpzsin(uR) P Az= ﬁ%sinh(uR) '

Finally, the formal output of the theory produces the following fluxes:

_ s o __ R sin(pr) 9 B R sinh(vr) _
0i(r) = %2 {,u; Hl sin(uR) r ” Vg {{1 sinh(vR) r }}}’

" @g ([, _ R sin(wr)]] g2 [[{. R sinh(vr)
%(T)_%'{lu"’ Hl sin(uR) H 2 {{1 sinh(vR) }}}

(29)

(30)
or in a shorter, easily identifiable, writing:
. 9 g2
)= (G- G
(31)

. 2) 1 2) 92
0ar) = oo 9L [ L |
Properties of this formal solution:

a) ®,(r) and ®,(r) are both proportional to ¢,, the still unknown functional

of the solution;
b) @,(R) = ®3(R) = 0, for all finite values of @,, as required;
c) both fluxes are limited ¥V r € V and, in particular, for »r — 0, for every

finite value of ¢, .

H) Selfconsistency of the theory.

The selfconsistency of the theory is not yet achieved at the present stage of
the development. It has to be explicitly imposed. It will be established, after
a space averaging of the representation of ®2(r) just derived, by imposing
the identity between the Lh.s. average of the second of the egs. (31) and the
@, entering its averaged r.h.s. Selfconsistency can thus be guarantied if and

only if the following equation is satisfied:

1=y % [~ P % () (82)




where;

0= [ 1= gy |

NN s R sinh(vr) | wr2dr
W= V Jo {1 sinh(vR) r } dmrd

The above formula, relating with each other material and geometrical

parameters, is playing the role of a critical equation for this reactor. It

is actually establishing also the mandatory coupling between the pseudo-
potentials entering the theory: so they will be no longer uncorrelated.

Once (32) has been satisfied, the fluxes will take the new selfconsistent form:

Di(r) = A %[L--JJ—%{{---}}} ;
= ALY -y s
2ar) = A LIS [ - PG 11

wherein just a “critical set of values” of material and geometrical parameters

do enter while all values of the power factor A are acceptable in principle.

L) A significant integral invariant of the fundamental eigen-

state.

Once criticality has been established, it can be proved that the following

formula, including volume and surface integrals of both fluxes, holds:

PG (8,8%) - PEL(B) =1 (33)

where:

f [ / S ®; (r) dr

/]/ 2P (r) dr-l—}tg Ji(rs) ndA+a-V- (p2

/f/ 5,0®s () dr
f/f 5.0, (r) dr+y§ Jo(r,) -ndA

koo : : .
and a= —%, (8- 8"). Inspherical geometry with radial symmetry the

P (8,8") =

above formulae take an even simpler form.



The proof of eq. (33} involves, of course, taking into account the critical
equation that allows, for instance, the elimination of {{-*-}}.

The results for the PY) (j = 1,2) are:

PO, = )
3 (g— [ + g5 - ‘”m 7 [[*n)
K 3

2 (2)

(2) 2

- 1 5 . v Veegn . a%

K2 _9_1 2 4= — —g g2 + a1 [[]] — 4 1 2 —

1 ([12 [[ ]] ¢:(22} (2) [[ ]] 1 — 52 1[[ ]] gz) (22) JU'2 H ]] D1

and
(2) H‘%
Pyi (IB) = 2)
w3 — P + gl [[)] — gow? — 12 + —rva (]

wherenfi-‘—?ll n2ﬁ§33.

M) The subcritical response to a stationary neutron source:
neutron amplification.

Under subcritical condition a stationary source can sustain fluxes of lim-
ited values;

These fluxes can be derived from a selfconsistent application of the pseudo-
potential theory, too.

Starting from the pseudo-potentials:

sin (pr cos (ur 7 s
(r) = 4,22 )+ B, :” )4 1—“"§+—;§’“ :
sinh (v} cosh (vr) 902 52 ext
——— B2—_ :

T T 22 v?

fa(r) = A2

H

where the constants sy ex's are now the actually known, constant projections

of the external source on the | ¥,)’s:

Skext = <¢k | Sext) .

According to the previous proof, the conditions B; = By =0 are still
to be taken as sufficient, but also necessary ones, for the regularity of both

fluxes inside the whole device.

10



From the boundary requirement f; (R) = f2(R) =0 we deduce:

(91@2 + Sl,ext) R

A= — :
1 W2 sm(uR)

(92(272 + 32,ext) R

Ay =
2 v? sinh(vR) ’

and the following, still not physically consistent fluxes:

(I)l( ) (91@2:‘ 81 ext) [[ ]] _ (9292)2:;32@“) {{ . }}

Po(r) = 52) (9102 + S1ext) ) - 1'b(zz) (923 + S2.ext) {({-1}.

12 2

By rearranging the expressions of ®;(r) and ®,(r) we obtain:

@(r)x@z-{%u---n e }}} e ) 22 )

2

Ba(r) = {w)gl-u---n P2 AL }}} PRS- -

(34)

By imposing the self-consistency condition it is easy to find out that ¢,

has to be proportional to the intensity of the external source, as expected,

according to:

n (2} Slext [[ ]] 2) 52ext {{ }} (35)
Yo =
8L s 92
1 (wl %) - o ()

After inserting into formulae (34) the above expression of ¢,, both ra-
dial profiles of the subcritical fluxes are finally obtained in their rigorous,
selfconsistent form. '

We note that:

i) both fluxes are proportional to the intensity of the external source;

ii) the energy spectrum is source- and space-dependent and differs sub-
stantially from the critical one;

iii) the “amplification” of the neutrons injected by the source can be

easily evaluated.

11
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N) The experiment of approach to criticality and neutron

energy spectrum.

By considering egs. (34) and (35) it is easy to recognize that, when the

initially subecritical, injected reactor approaches its critical state, i.e. when:
2091 1~ 292 (¢ - -
(51— % (5)) — 1

the last terms at the of r.h.s.’s of both of eqs. (34) become more and more
negligeable with respect to the ones in front of which ¢, appears as a factor.
As a consequence, when we get closer to critical conditions:
i} both fluxes tend to infinity, their shapes approaching the critical ones;
i) the energy spectrum (%(%) tends to be more and more similar to
the one of the critical reactor, independently of the intensity, spectrum and

space location of the forcing source, i.e.:

o,(r) no)\ el
(‘1’2(7")) - (q)?(r))critical B w{lz)% {[-1- gz) * {{---}}

v? Critical
i) the number of neutrons leaking out of the system per injected neu-

tron tends to infinity.

12
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PART 1V

A Third Application of the Theory

The Neutron Amplifier Theory

A contribution of:

M. L. BUZANO() S. E. CORNO(**)

(*) Dep. of Mathematics of University of Turin, Italy

(**) Dep. of Energetics of Polytechnic of Turin, Italy
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